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A minimising movement scheme for the p-elastic energy of curves

SIMON BLATT@, CHRISTOPHER P. HOPPER AND NICOLE VORDEROBERMEIER

Abstract. We prove short-time existence for the negative L2—gradient flow of the p-elastic energy of curves
via a minimising movement scheme. In order to account for the degeneracy caused by the energy’s invariance
under curve reparametrisations, we write the evolving curves as approximate normal graphs over a fixed
smooth curve. This enables us to establish short-time existence and give a lower bound on the solution’s
lifetime that depends only on the W2:P-Sobolev norm of the initial data.

1. Introduction

For closed curves y : R/Z — R" in the W2”-Sobolev class, we shall consider the
energy

1
E(y) = —/ |K|pds+A/ ds, (1.1)
P Jr/z R/Z

i.e. the sum of the p-elastic energy EP) (y) = % Jr Iz |k |Pds and a positive multiple
A > 0 of the length of the curve. A family of regular curves y = y(¢,x): [0, T) x
R/Z — R" in the class

L>®([0, T), W>P(R/Z,R™)) N W"2([0, T), L*(R/Z, R™))

is said to be a weak solution of the negative L2-gradient flow of E if one has

T T
/ / (3, ¥) dsdt = f 8y, E(y,) dt (1.2)
o Jr/z 0

for all test functions ¢ € C°(R/Z x (0, T),R"), i.e. the curve y satisfies 9,y =
—V2E(y) weakly, where y, E(y;) = % E(yr 4+ e¥1)|,—q is the first variation of the
functional E atthe curve y; = y (t, -) in the direction of the test function ¥, = ¥ (¢, -).

While the L>-gradient flow of (1.1) has been extensively studied when p = 2, both
in the Euclidean (cf. [4,5,9, 15]) and manifold constrained (cf. [3, 15,20]) settings, very
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little is know in the degenerate p # 2 case. For example, a second-order evolution
equation has been considered for closed curves and planar networks (cf. [21,22]) and
the asymptotic of the flow has been studied away from degenerate points (cf. [24]);
however, short-time existence for the Eq. (1.2) has yet to be established when p # 2.
The aim of this article is to address both short and long time existence in the case
p > 2 for the geometric evolution (1.2) with initial data in the W2P-Sobolev class.
Our approach is to rewrite the evolving curves as approximate normal graphs in order
to utilise de Giorgi’s method of minimising movements (cf. [6]).

It is well-known that the invariance of the energy (1.1) under reparametrisations
of the curve y leads to an evolution equation (1.2) that fails to be strongly parabolic
(evenin the p = 2 case). This characteristic is in common with many other geometric
evolution equations. For example, the failure of the strong ellipticity of the Ricci
tensor is principally due to the second Bianchi identities.! For this reason, short-time
existence for the Ricci flow was originally established in [13] by appealing to the
Nash—Moser implicit-function theorem (and the earlier exposition in [12]). DeTurck
[7] subsequently showed that the Ricci flow is equivalent to an initial value problem for
a parabolic system modulo the action of the diffeomorphism group of the underlying
manifold. Thus, in a dramatic simplification that bypassed the Nash—Moser argument,
one can pass from a weakly parabolic to a strongly parabolic system of equations by
an appropriate choice of a 1-parameter family of diffeomorphisms. Perelman [23] also
exploited the same diffeomorphism invariance in his gradient flow formalism for the
Ricci flow. Versions of the DeTurck trick have also been used to obtain short-time
existence for the mean curvature flow (cf. [2,14]), the Willmore flow (cf. [16]) and
the gradient flow of the elastic energy in both the Euclidean and manifold constrained
cases.

In seeking to pass from the degenerate flow (1.1) to a strongly parabolic system,
one can consider a time-dependent family of curves y; = y (¢, -) that are written as
normal graphs over a given fixed smooth curve ¥, i.e. a family of curve of the form
yr = Y + ¢ where ¢, = ¢ (¢, -) is a perturbation normal to the fixed curve ¥. In this
way, we obtain an evolution equation of the form

T T
/ / (y, 0-yr) dsdt = f 8y, E(yy) dt (1.3)
0o Jr/z 0

for all test functions ¥ € C°((0, T) x R/Z,R"), i.e. the curve y satisfies B,Ly =
—V;2E(y) weakly, where the normal velocity B,J-y is the vector component of d;y
normal to the fixed curve ¥. Then in order to obtain a solution of (1.2) from a solution
of (1.3), one can consider solutions ®; = ®(¢, -) of the ordinary differential equation

0:09(t,x) = F(t,O(t, x))

®(0, x) = x, 14

n fact, the diffeomorphism invariance of the Riemannian curvature tensor naturally yields the Bianchi
identities (cf. [17]). Thus, the strongly ellipticity failure of the Ricci tensor is due entirely to this geometric
invariance.
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where F(t,y) = —W and y is a solution of (1.3). The existence of ODE
solutions can thus be established on a time interval 0 <t < ¢ for some ¢ > 0
independent of the initial point x € R/Z. Therefore, if ®, = O (¢, -) is a solution of
(1.4) and y; = y(t, -) is a solution of (1.3), the composition y; o ©; is a solution of
(1.2). By taking this approach, one can thus establish the existence of solutions for
geometric flows with initial data in the C>%-Holder class even though the original
equations may be ill-defined (see, e.g. [10,19,26]). In fact, a recent paper by LeCrone,
Shao and Simonett [18] showed how to reduce the regularity of the initial data to the
Cl®-Holder class.

In order to carry out the aforementioned programme, one has to guarantee that a
given initial curve I' can be written as a normal graph over a fixed smooth curve .
Since it is not possible to write every curve I" in the W>”-Sobolev class as a normal
graph over a smooth curve, we are spurred on to introduce the notion of a unit quasi-
tangent 7 (cf. Definition 2.4) which then defines an approximate tangential projection
PTT and an approximate normal projection PTJ- =1- PTT (cf. Definition 2.6). In
which case one can write the curve I" as equal to ¥ + @ up to a reparametrisation,
i.e. as an approximate normal graph over a smooth curve y with some perturbation ®
orthogonal to 7 (cf. Lemma 2.12). Then by applying a minimising movements scheme,
it is possible to establish the existence of a family of curves of the form y; = ¥ + ¢,
for a suitable perturbation ¢, orthogonal to 7, that satisfies B,Ly = —V2E(y) weakly.
Indeed, we have:

Theorem 1.1. (Existence) For any given initial curve T € W?>P(R/LZ,R")
parametrised by arc-length there exists a smooth curve ¥ € C*®(R/LZ,R")
parametrised by arc-length, a quasi-tangent T to the curve y, a finite time T =
T(p, ), E(T')) > 0 and a family of perturbations ¢ in the class

L>®([0, T), WP (R/LZ,R") n (W2 nc'/?)([0, T), L*(R/LZ, R"))
which are orthogonal to T such that the family of curves
y(t,s) =y(s)+¢t,s), 0<t<T,

satisfies the initial condition y (0, -) = I" o o for some reparametrisation o of R/LZ
and

T T
/ / (Bf‘y, ¥)dsdr = —/ Sy, E(y)dt (1.5)
0o JR/LZ 0

Sor all test functions € C2°((0, T) x R/LZ, R") orthogonal to <.

Note that the time of existence only depends on the energy of the initial curve. So
we are very close to restarting the flow and deduce long time existence. We discuss in
the final section, why this is not as straightforward as it might seem.

By assuming the solution has some additional regularity, one can show that Eq. (1.5)
holds for all test functions (i.e. our solution solves the original weak form of the desired
evolution equation).
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Corollary 1.2. If the solution y(t, -) of Theorem 1.1 belongs to the W3P-Sobolev
class for almost all 0 <t < T, then

T
f / y Y)dsdt = / Sy, E(y)dt
R/LZ 0

Sfor all test functions € C2°((0, T) x R/LZ,R").

2. Minimising movements scheme

It is remarked by De Giorgi [6] that a generalised minimising movements scheme
could provide a formalism for the existence of steepest descent curves of a functional
in a metric space. In order to establish the existence of weak solutions for (1.2), we
need to take care of the twofold degeneracies arising from the invariance of (1.1) under
curve reparametrisation and the fact that p > 2. We tackle this issue by writing the
evolving curve as an approximate normal graph over a fixed smooth curve so that we
can work with the normal velocity (rather than the time derivative) of the evolving
curve.

2.1. Tubular neighbourhoods

For an embedded C¥-submanifold M of R” without boundary, the normal bun-
dle (TM)+ — M is only of the class CK~!. If we define the ‘endpoint’ map
E: (TM)*t — R”" by sending

x, V)~ x+v

and assume k > 2, one can use the inverse function theorem to show that there exists
a tubular neighbourhood U of M in R” that is the diffeomorphic image under the
C*~!-map E of an open neighbourhood of the zero section of (T M)L. Moreover, the
squared distance function ¢ (x) = %dist(x, M)2 is a function in C¥(U) (cf. [11]) and
the Hessian matrix V2¢ (x) represents the orthogonal projection on the normal space
to M at a point x (cf. [1, p. 704]). Of course, these results no longer hold in the case
k = 1, i.e. when the inverse function theorem is not applicable.

2.2. Approximate normal graphs

As the normal bundle of an embedded W2 ?-curve in R” is only of the class whep,
one cannot directly apply the standard methods of Sect. 2.1. In particular, we need to
overcome the loss of regularity on the level of the tangent space in order to write the
solution of our equation locally as a graph over a fixed smooth curve. This problem
can be resolved by regularising the tangent using Friedrichs mollifiers (whilst taking
into consideration the size of the constructed tubular neighbourhood). We will call
this smoothened tangent quasi-tangent.
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Definition 2.1. A functionn € C*°(R) is called amollifier if it satisfies the conditions:
(i) n = 0onR, (i) n(x) = 0 for all |x| > 1, and (iii) fR n(x)dx = 1. The associated
rescaled mollifier is the function n,(x) = %n(%) for any ¢ > 0.

Now consider a curve y € W27 (R/Z, R") parametrised by arc-length. The molli-

fication of y is defined to be the function

Ve(x) = (¥ xne)(x) = /RJ/(X — VIne(y)dy,

i.e. the convolution of the given curve y and the rescaled mollifier 7,.
For the mollified curve y,, we derive the following well-known estimates. Firstly,
from the mean value theorem and the Sobolev embeddings, we find that

[ye(x) —y(x)| = /R(y(x -y - J/(x))na(y)dy‘
<ely'lr
< Celyllwrp- 2.1

Likewise, we find that

V() — 7' ()] = ' /R e (x — y) - y’(x))dy‘

<Vely'licn
< CVely'llwrr- 2.2)

For higher derivatives, we can use the Sobolev embeddings, Holder’s inequality and
integration by parts to obtain the L°°-bound

Iy 52 ()| = ’ / 1)y (x = y)dy

k
< 1n®Nzally” Lo

—k—141

< Ce "I

|y
= Ce Ry (2.3)

for integers k > 0 with % + % =1
We will use the next lemma to fix the smoothing parameter ¢.

Lemma 2.2. Ifforan M > 0, we have a curve y € W>P(R/Z, R") parametrised by
arc-length which satisfies ||]/ lwi.r < M, then there exists an ¢ = ¢(p, M) > 0 such

that the unit tangent T = Iy ,‘ satisfies

IT =yl < 2.4

I
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Proof. Using (2.2), we get ||y, — y'llze < C/elly’lwip. As the retraction map
Il: x — \i_l is locally Lipschitz on R"\{0}, the tangent © = TI(y,) = % to the
mollified curve y; satisfies (2.4) for some ¢ > 0 sufficiently small.

Corollary 2.3. If for an M > 0, we have a curve y € W>P(R/Z, R") parametrised
by arc-length which satisfies ||y'||w1.» < M, then for an ¢ = e(p, M) > 0 as in
Lemma 2.2 the mollified curve ys has a unit tangent map t: R/Z — S"~! that is
smooth and satisfies

IT'lloe, 17"l < C 2.5)

for a constant C = C(p, M) > 0.

Definition 2.4. We say 7 is unit quasi-tangent to the W>P-curve y if it is the unit
tangent to the mollified curve y, for some ¢ = ¢(p, M) > 0 as in Lemma 2.2.

Definition 2.5. We denote by P/ w = (w, ﬁ) ﬁ the orthogonal projection of w onto
the line Rv for any vectors v, w € R". Likewise, we denote by P,)J-w =w-— PvTu) the

orthogonal projection of w onto the orthogonal complement (Rv) of the line Ru.

Definition 2.6. If 7 is unit quasi-tangent to a W?-curve y, we denote by (W>? )
(resp. (Wz’p)ﬂ-) the set of all w € WZ2P(R/Z,R") such that PTJ-w = 0 ae.
(resp. PTTw =0a.e.).

We will now prove the following statement that gives a lower bound on the thickness
of the set of regular curves around y.

Lemma 2.7. If for an M > 0 we have a curve y € W*P(R/Z, R") parametrised
by arc-length which satisfies ||y'llwi.p < M, then there exists a constant K =

K(p, M) > 0 and a unit quasi-tangent t to the curve y such that the curve y + ¢
satisfies

1
inf / /’ > -
R AL
and hence
1
. f / / > _
xéﬁ/zly (xX)+ ¢ (0)] > 5

foreach ¢ € (W2”’)ﬂ- with ||¢|| L~ < K. In particular, y + ¢ is a regular curve.

Proof. We first note that (y', ) = |y + (Y.t —y) > 1—|t —y'| > % by
Lemma 2.2 and the fact that || = 1. Upon differentiating the orthogonality condition

(¢, ) =0, we get (¢, t) = —(¢, T’). In which case the estimate (2.5) implies that
(¢, ) = (¢, T')| < ClillLee < 7 whenever |¢]l 1= < g = K. Thus,
3 1 1
/ /
> - — — = —
V+eo.t)z-7=7

whenever ||@¢||r~ < K, i.e. y + ¢ is a regular curve. As t is of unit length, we also
have |y’ + ¢'| > 5 on R/Z. O



J. Evol. Equ. A minimising movement scheme for the p-elastic Page 7 of 25 41

We will now deduce the following lower bound for the L”-norm of the curvature
of a curve ¥ + ¢ in terms of the L”-norm of the second derivative of ¢. This bound
extends to our situation the well-known analogous result for the case of a real normal
graph over a smooth curve.

Lemma 2.8. If for an M > 0 we have a curve y € W>P(R/Z, R") parametrised
by arc-length which satisfies ||y’ |lw1.» < M and a unit quasi-tangent T to the curve
y, then for the constant K = K(p, M) > 0 from Lemma 2.7 we have for each
¢ € WHP)p with ||¢||L> < K

lv] < C|PV T4Vl

for all v € R" pointing in an approximate normal direction and

/ |¢”|Pds < C(l +f |KV+¢|pds>
R/Z R/Z

for some C = C(M, p).
Proof. Since (y’+¢’ ) > 1 5 from Lemma 2.7 and |y’ +¢'| < [y'| +[¢'| < 1 + A,

we see that (l s ¢/ ,T) > 2 =K + + - Hence, the angle between y’ + ¢’ and 7 is bounded
strictly away from 7. In which case we have

vl < CIPy, 4ol

for all v € R” pointing in an approximate normal direction.
For the second estimate, we recall the curvature formula given by

P;7+¢/(‘}/N + ¢//)
ly' +¢'I?
Now by the triangle inequality, we see that
1 1
P +|Phs

since |y’ + ¢'| < || +|¢'| < 1+ A. To control the tangential part P! ¢", we
differentiate the equation (¢, t) = 0 twice to get (¢, 1) = —2(¢', t/) — (¢, T"). It
then follows that

Ky+p =

< Clky+pl +1¥"D.

Pl @) =

1Pl 9" = 110", ) < (¢, T") + 21", T')| < C(K + A),

since both 7/ and 7" are bounded by Corollary 2.3. In combining both the tangential
and normal parts of ¢” and using the fact that the angle between y’ + ¢’ and 7 is
bounded strictly away from %, we find that

16”1 < C(IPy "I +PF ") < CA+1y"| +licy19l)

from which the desired integral estimate follows (since |y”[lz»r < M by
Lemma 2.12). O
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Next we show that there exists a good substitute for the nearest neighbourhood
projection which yields a local tubular neighbourhood. We also obtain a lower bound
on thickness of the tubular neighbourhood that only depends on the W27-norm of the
curve.

Definition 2.9. If 7 is a unit quasi-tangent to a W ”-curve y, the (n — 1)-dimensional
subspace

Ny ={v eR": Pl v =0}
is called an approximate normal space to y at a given fixed point xg € R/Z.
By considering the map Hy,: Bs(xg) x Ny, — R" given by
(x.v) > y(X) + Piv (2.6)
for some 0 < § < 1, we obtain the following:

Lemma 2.10. If for an M > 0, we have a curve y € W>P(R/Z, R") parametrised
by arc-length which satisfies ||y’ || w1.» < M and a unit quasi-tangent t to the curve y,
then there exists a sufficiently small constant § = §(p, M) > 0 such that (2.6) maps
Bs(xo) x Bs(0) diffeomorphically onto its image and

Bs4(y (Bsja(x0))) C Hy,(Bs(xo) x Bs(0)). 2.7

Proof. We first show that H,, is a local diffeomorphism by way of the inverse function
theorem. To do so, we calculate the partial derivatives

oH
Wx" =y/(x) — (v, T'(xX))T(x) — (v, T(x))T' (x)
8HX 1 € i

BUO = PV =v+ Priyv — P,

since v € Ny, and hence PTJZXO)U = v. Then from the estimates (2.4) and (2.5) together
1
with the Sobolev embedding W27 (Bs(xq), R") — chly (Bs(xp), R™), we find that

9 Hy,
0x

— t(x0)| < ¥/ (x0) — t(x0)| + Clv| + |y (x) = ¥'(x0)
1 -1
< +Clol+Co'7

for some constant C = C(p, M) > 0. By taking some § > O sufficiently small
(depending only on p and M), we have
dHy,
ox

for all x € Bs(xg) C R/Z and v € Bs(0) C N,. Likewise, whenever § > 0 is
sufficiently small, we also have

1
_ < _
T(XO)‘ =3

‘ 0H,,

‘ 1
—v < =
Jdv -2
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for all (x, v) € Bs(xg) x Bs(0).
Let us now assume that 7(xg) = e; without loss of generality. From the above
estimates, we see that the Jacobi matrix D H,, satisfies

IDHy, — Il < =, (2.8)

N =

where || - || denotes the operator norm. Therefore, D Hy,, is invertible and so H, maps
Bs(xg) x Bs(0) diffeomorphically onto its image by the inverse function theorem.
Moreover, (2.8) implies that

1
|Hy, (z1) — Hyy(22)| = ‘/0 DHy (22 4+ 0(z1 — 22))(21 — 22)db

> |21 — 22 — 321 — 22
= %lz1 — 22l
In which case the map H,, is bi-Lipschitz and hence injective on Bs(xo) x Bs(0). From

the fact that dist(9(Bs(xo) x Bs(0)), Bs/2(xo) x {0}) > % and the latter bi-Lipschitz
estimate, we have

| >

dist (on (8(Bg(x0) X 35(0))), J/(Ba/z(xo))> =

which then gives (2.7). U

We can now use Lemma 2.10 to show that any W2 P-curve y can be written as
an approximate normal graph over a given W2P-curve ¥ whenever the curves are
C'-close to each other.

Lemma 2.11. If for an M > 0, we have a curve y € W>P(R/Z, R") parametrised
by arc-length that satisfies ||y’ |lw1., < M and a unit quasi-tangent t to the curve y,
then there exists a sufficiently small constant p = p(p, M) > 0 such that for each
curve ¥ € WHP(R/Z, R") satisfying |y — Vlc1 < p we have some ¢ € (W>P)t+
and a reparametrisation o of R/ 7 for whichy oo =y + ¢.

Proof. Firstly, choose § > 0 as in Lemma 2.10. Since R/Z is compact, there exist
points x1, ..., x¢ in R/Z such that the balls Bs/4(x1), ..., Bs/4(x¢) cover R/Z. Let the
mappings Hy; forj =1, ..., ¢bedefined by (2.6) and let I, : 85/4(y(35/4(xj))) —
R/Z be the corresponding retraction maps given by

_ ~1
Iy, =moH,,

where 7 : Bs(x;) x ./\/;C,. — R/Z sends (x, v) — x, i.e. the projection onto the first
coordinate. We can then set

o(x) = I; (¥ (x)) (2.9)

for any x € Bs(x;) in order to get a well-defined C _mapping. Note that the affine
subspaces y (x) + N and not their parametrisations determine the projections Hy ;-
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Hence, they agree for different x; if the domains of definition overlap. Furthermore,
from the inverse function theorem applied to ITy; and the estimate (2.8) we see that
o’(x) > 0 whenever p > 0 is sufficiently small (1 e. o is bi-Lipschitz). In addition,
by setting q) =Y — ¥ oo we see from (2 6) that ¢ belongs to (W27 )TOU Therefore,
y oo is aregular curve equal to ¥ — qb. In order to change the roles of y and ¥, we
apply the inverse function theorem to o to justify the reparametrisation o 0! =
yoooo~! +$oa‘1 =y + ¢, where we set ¢ = 500‘1 € (Wz’p)ﬂ-.

O

Using the above lemma, we can write every W2 ”-curve y as an approximate normal
graph over a smooth curve ». Be aware that from now on till the end of this article we
consider normal graphs over the curve y instead of y.

Lemma 2.12. Let y € W>P(R/Z, R") be a curve parametrised by arc-length. For
every g9 > 0, there exists a smooth curve y € C*°(R/Z, R") parametrised by arc-
length with ||y — ¥Ylw2r < €0, a unit quasi-tangent T to the curve y and some
¢ € (W>P)L such that

yoo=yY+¢ (2.10)

for a reparametrisation o of R/Z.

Proof. Firstly, there exists a smooth curve ¥ € C®°(R/Z, R") parametrised by arc-
length such that

17 = vllw2r < €0

by the density of C*°(R/Z, R") in w2p (R/Z, R™). Moreover, we have

ly =Vlcr = Ceo = p

by the Sobolev embeddings. Thus, by taking some gy > 0 sufficiently small, Lemma2.11
implies that there exists some ¢ € (WP )rL and a reparametrisation o of R/Z such
thaty oo =§ + ¢. O

The representation of y by a normal graph ¢ over ¥ we obtain from Lemma 2.12
satisfies the following C! estimates. These enable us to control the second derivative
of ¢ by the curvature of y using Lemma 2.8.

Corollary 2.13. For the decomposition (2.10), there exists a constant C > 0 depend-
ing on an upper bound M on ||y’ ||y1.» and p such that

[l < Clly = ¥Vlize and ||¢le < CA+ly" = P lILo).
Proof. From the construction of o given by (2.9), we see that

lo(x) — x| =]o(x) =0 oo ') < o' llp=lx — o (x)]
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and
e =00l = 1M () = Ty, ()] = (max | DL 1) 1700 = y @)
since there exists some ball Bs(x;) such that x = Iy, (Y (x)). As we have

)] = ly (@) =y @) < ly(e(x) —y )|+ 1y x) = ¥l

and [y (o (x)) =y (0)| < [l¥/lleelo (x) — x|, it follows that

Ipliee <= A+ Clly'llwro)lly — Pl

by the Sobolev embeddings. In addition, we have

9l = l1(y 00) =¥ lliee < Mly" =¥l + 1y e + (v 0 0)llzo
< y" =¥Vl + Clly'llwrr

from the uniform bi-Lipschitz property of o and the Sobolev embeddings. g

2.3. Existence of discrete-time approximations

After breaking the reparametrisation invariance of (1.1) by way of the approximate
normal graphs, it is now a straight forward matter to prove the short-time existence of
solutions for the minimising movement scheme.

Let us first consider an initial curve ' € W>?(R/LZ, R") of length L parametrised
by arc-length. In the following, it will be essential that all estimates only depend on
an upper bound on the energy of this curve.

We first note that an upper bound on the energy also implies a lower bound on the
length, since by Fenchel’s theorem together with Holder’s inequality we have

1
1
27 5/ lc|ds < L‘p(/ |K|pds)p
R/LZ R/LZ

el @0
~ pE®(I)

so that

By scaling the results of Sect. 2.2, we can drop the assumption that the curve is of unit
length and recover all the previous estimates concerning approximate normal graphs
(with proviso that the relevant constants now depend on A and the energy bound). In
particular, we say that the unit vector field T is quasi-tangent to a W2P-curve y of
length L whenever 7 (1) is quasi-tangent to the curve y (¢).

Now for the initial curve, the result of Lemma 2.12 implies that there exists a
smooth curve y parametrised by arc-length, a unit quasi-tangent 7 to the curve ¥ and
a perturbation ® € (W27 )TL such that T o 0 = J + ®. Moreover, by combining the
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norm bounds of Lemma 2.12 with Corollary 2.13 and the Sobolev embeddings, we
see that

[®llzee < g and [ P'fe < W

for some sufficiently small constant © = u(p, A, E(I')) > 0 and some constant
W=W(p,xr, EI)) > 2.

For a series of discrete time steps 0 = f9p < #; < t» < ---, we seek to define the
curves

Vi) =V + ¢ (2.11)

with the initial case y;, = ¥ + ®. The time differences 7;1 — ; = h are set to be
equal to a fixed parameter & > O (that we shall ultimately send to zero). We want to
recursively define ¢;, | for the next time step as the minimiser

. ~ 1 ~

b1y = argmm{E(V +¢) + E/ IP;;‘ G+o-— y,j)lzly,/j|dx},
peV R/LZ j

where the class of admissible perturbations is given by

V=V, W) = {p € (W)L 1 ||gllpee < 3, 19 [l < 3W).

The following lemma states that these discrete-time solutions can be constructed for
at least a short time.

Lemma 2.14. There exists a finite time T > 0 depending only on p, A and E(T") such
that the solutions y;; = Yy + &y, exist for the series of discrete times 0 = 1) < 11 <
th <--- <ty <T where N = L%J.

Proof. We seek to establish the existence of the perturbations ¢, , that are minimisers
of the functionals

Fi@)=EF +¢)+ ﬁ/ [Py (7 + ¢ — ) PPly) ldx
R/LZ "'
over the admissible class #'. To do so, we proceed by an induction argument with an
initial base case ¢, = ® given by the decomposition of the initial curve I". Indeed, let
us assume there exist minimisers ¢, , of 7; over the class ¥ fori =0, 1, ..., j — 1.
Now as Fi(¢y,,) < Fi(¢y) fori =0,1,...,j —1(.e. ¢, is a competitor), we
note that

E(y) < E(yy) = E()

and

— 1Py (i — vi) Plyldx < E(ry) = E(riy)-
2h Jryrz i
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In which case Lemma 2.8 implies that the L”-norm of y,/j " is uniformly bounded by a
constant which depends only on p and E(I"). In addition, we have

1

_/ Vi1 — y,i|2dx = C(E(Vli) - E(Vfi+1))'
h Jr/Lz

Then by summing up the latter inequalities, we get the a priori estimate

j—1

1
> / Wi — vil?dx < C(E(viy) — E(vi))). (2.12)
; R/LZ

We also recall from Holder’s inequality that

llvs; Vt, ll 2
i = villz2 < Z i h

1
2

i1y > i1

Z _/ |Vli+1 VY |2dx Zh

iz IRz i=0
CVE(y)/tj (2.13)

and from the Gagliardo—Nirenberg interpolation inequality we get

IA

/ / " " l—a
lyey = v/ e < Clivg = ¥ 150 v — v25 1112

witha = 5;—’_’2. Since Lemma 2.8 implies that the L”-norm of the second derivatives
of yp and y;; are uniformly bounded, we conclude that

lygy — v, I < €1

for a constant C > 0 depending on p, A and E(I"). Furthermore, there exists a
sufficiently small 7 > 0 depending on p, A and E(I") such that

Iy, o < lggllzee + vy, — vllze

<W4+C/mp'
< 2W (2.14)

whenever 0 < ¢; < T'. Since
1—
1y — vyl < Cllv = vi Mo v — w1 ,2”
with B = Sp 5 by the Gagliardo-Nirenberg interpolation inequality, we also have

s llLoe < 2p (2.15)

whenever 0 < t; < T.
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In fact, we can show that the same estimates hold for a suitably chosen minimising
sequence. Let us assume that (¢,) is a minimising sequence for the functional F; in
the class 7, i.e. Fj(¢n) — infycy F;(¢) and note that F; is bounded from below
by construction. As ¢;; is still a competitor, we can assume without loss of generality
that

Fj(@n) = Fj(dr)) = E(vi;) = E(vi)

for all n € N. In which case we can repeat the argument from the above to obtain the
bound

v = valle < CG/t)' ™
with y, = ¥ + ¢,.. It then follows that
17, I < 2W 2.16)

forall 0 < tj41 < T. We then use the Gagliardo—Nirenberg interpolation inequality
to obtain as above

s, oo < 2pe. (2.17)

Compactness. As a consequence of Lemma 2.8, the minimising sequence (¢) is
uniformly bounded in W27 (R/LZ, R"). It then follows that there exists a weakly
converging subsequence in W27 (R/LZ, R") which we also denoted by (¢,). In addi-
tion, the Rellich—-Kondrasov compactness theorem implies that the subsequence (¢,)
is strongly convergent in C! (R/LZ, R"). Let us denote the limit of this sequence by ¢.
Since we have already established that ||@, ||z~ < 2u and ||¢), ||z < 2W, it follows
that |||l L < 2w and ||| Lo < 2W. Therefore, the limit ¢ also belongs to ¥

Lower semi-continuity. Let us finally prove that

Fj(¢) < lim inf F; (n).

As the L?-term in the functional F ;j converges by the theorem of Rellich-Kondrasov

and the angle between 7 and y/, is uniformly bounded strictly away from 7, it suffices
J

to show that

EP (¥ + ¢) < liminf EP (¥ + ¢,,). (2.18)
n—oo

Note that the length term A f]R L2 ds appearing in the considered energy E, cf. (1.1),

can be dropped as well due to the convergence of the sequence (¢,,) in CY(R/LZ,RM).
In order to prove (2.18), we use the curvature formula for k3,4, to rewrite

V" + ¢, |ds

1 S ml|P
(D) _ P)';/_,_% "+ d)n)
EPF + ¢,) = b
R/LZ V' + @177
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as the expression

1 ~10 7 p
‘P~, G+ @)
EP () =/ Hf/ — LY 4 ¢lds + A+ S+ 5,
R/LZ [y +¢'IP

where

/ ( P 7+ DI = |P~/+¢f<7’+¢,,>|”)Mds,

IV’+¢£LI2P
1
_/ <|J/ +</>n|2”_|)7’+</>’|2”>‘ 7

P ~// 1 p

P /‘ ¥ ¢/( +¢n) <|~,+¢/| |~/+¢/|>d

3= 14 - §
R/LZ V' + ¢'|?P "

The terms .#, % and .#3 vanish in the limit due to the convergence of the sequence
(¢,) in C'(R/LZ, R") and the uniform bound on the W2 ”?-norm of ¢,. Moreover,
the expression

~0

"7+ ¢, lds,

PJ_ ~1 Vi p
3 Py G+ 87
IG + ) = /

~/ /
= + ¢'|ds
R/LZ 1V + ¢'1?P v+ el

is convex and continuous on W>?(R/LZ, R") and hence lower semi-continuous by
the following standard argument: Mazur’s lemma [25, Theorem 3.13] gives for every
no € N a sequence of convex combinations

l

Pl=20l£,¢n, 0<oe <1, Za =1

n=ngo n=ng

such that P! — ¢ strongly in W>?(R/LZ, R"). The convexity of .# now implies

f(y+P)—f(Za 7 + ) < Za’f(ywn) < sup I (¥ + ).

>
n=ng n=nq n=no

Passing to the limit / — 0 on the left-hand side, we get from the continuity of .# and
P! — ¢ in W2P that

T +¢) < sup I (Y + dn)

n=ngp

for all ng € N. This yields

I +¢) < inf sup IV +¢p) = hmlnff()/ + dn)-

no€N n>nq
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For later reference, let us also state the following a priori estimate for the piecewise

linear interpolations that results from (2.12) and (2.13).

Corollary 2.15. The piecewise linear interpolations

t—1;
¢(h)(tv ) :¢[j + Tj(¢tj+1 _¢lj)s tj <tr= tj+17

satisfies the estimates

gy — ¢ N2 < CVIT =1

l/

and
[”
/ / 3™ (1. 5)Pdsdr < C(Ey) — E(yn)
v Jr/LZ

forany0 <t <t < T < oc.
Remark 2.16. We thus obtain a piecewise linearly interpolated solution
W =5 +eM, 0<i<T, (2.19)

for the minimising movements scheme.

3. Weak solutions
3.1. Euler-Lagrange equations for the approximations

In order to improve the regularity of the approximations, we derive the Euler—
Lagrange equations related to the minimising movement scheme.

We recall the following expression (cf. [9, Lemma 2.1]) for the first variation of the
p-elastic energy, namely

1
Sy EP(y) :/ k1P~ (k, 8,/,/<>ds+—/ lic|P(0sy, ds)ds (3.1
R/LZ P Jr/LZ

where 8y k = (831#)L — (K, 0sY)dgy — 2(dsy, 5 )i, cf. Proposition A.1. The first
variation of the length term appearing in the definition of the energy E, cf. (1.1), is
given by

5w(/\/ ds) =x/ (857, d5)ds. (3.2)
R/LZ R/LZ

Combining (3.1) and (3.2) with the fact that

1
oY = _/axl/fs
'l
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where |y’| = |0,y |, we get

1 1 1 1y
020 = () = oty - (D oy
T\ T Y TRy

so that

lelP=2
Sy E(y) 2/ ——— (&, 0y ¥ )dx + R(Y),
r/Lz V'l

where R(v) has the form
RO = [ (b
R/LZ

for
kP2
4G
Note that b € L>L! for any time-dependent family of curves y € L W?>?, whereas

a notational shorthand L>L! stands for L>([0, T), L' (R/Z, R™)).
On the other hand, solutions of the minimising movement scheme solve

_ 1
',y —lkelP 2 (e, y e — (2 — ;)ww’.

@y, Pr) = =8y E(y) (3.3)
for all Y € ( Wz”’)j Therefore, we conclude that

| |p—2 2 ~

— (K, 0 ¥)dx + R(y) =0, (3.4

rR/LZ V]
where
Ron= [ woonaxs [ ptam. v
R/LZ R/LZ
3.2. Higher regularity for the approximations
To deduce regularity from the equation above, we consider a smooth local orthonor-

mal basis vy, ..., v,—1 for our approximate normal spaces. If i is a test function that
is decomposed into the form

n—1
Y= vYiv
i=1

such that the scalar functions v/; vanish away from the neighbourhood, we find that

n—1
Nyr=> (3,%%1&' +20x¥idxvi + 1#5331&')-
i=1
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Therefore, the evolution equation for the approximation yields

lic|P—2

n—1
Zf ——— Vi, Pivi)dx = Q(h), (3.5)
= Jr/ez 1Vl

where

Q(h) 2/ (br, dxYr) + {cr, ¥) + (PE@y (2, ), ¥)dx.
R/LZ

The following lemma helps us to deduce regularity from this form of the equation.

Lemma 3.1. (L'-estimates) Let I = (a, b) be an open subset of R. If there exist
functions u, f and F in L'(I) such that

/<u8§<p+Fax<p) dx:ffg&dx
1 1

forall p € C°(I), then

M(X)I/ (F()’)-i-/y f(Z)dz)dy+m(x—a)+d

with d = limy\ 4 u(x) and

y
m(b —a) = lim u(x) — (/ (F(y)+/ f(z)dz> dy+d>.
x/'b 1 a

Moreover, the function u € WLL(1) with

lullwrr = CAfliLe +1F ).

Proof. Let us first set
we) = F+ [y

X
v(x) = / w(y)dy
a
and note that v € W11 (1) with v/ = w. Then integration by parts implies that

/v(x>a§go(x)dx = —/v’(x)axtp(x)dx
1 1

=~ [ (Fwaveo + ([ rma)aem )
= —/I(F(x)axw(x) — f(D)e(x)) dx.
Therefore,
f(u — v)8§<pdx =0
I

forall ¢ € CZ°(I). In which case u — v is an affine function from which the conclusion
easily follows. 0
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‘We can now use the latter lemma to establish:

Theorem 3.2. (Higher regularity) If y,(h) is a solution to the minimising movements
scheme given by (2.19), there exists a constant C > 0 independent of h such that

—2pl
s,

<C. (3.6)
Lz([O,T),lel)

In particular, we have « uniformly bounded in L>*L1 and y' uniformly bounded in
L2([0, T), Wh9) forall 1 < g < oc.

Proof. This higher regularity result directly follows from the application of Lemma 3.1

to our evolution equation for the minimising movement scheme approximations. In

(h)

particular, from Corollary 2.15 we see that y, " satisfies

T
/ / 18,y ™ (2, 5)|*dsdt < CE(yp).
0 JR/LZ

Applying Lemma 2.8 to (3.5) together with a covering argument hence yields

iy
1@y Fr

Since (y ™Y’ is uniformly bounded in W!! and W' ! is a Banach algebra, this implies

<
L2([0,T),Wh1)

1772 Pl 20,7, w1y < C-

3.3. Convergence to weak solutions

We will use the following result in order to obtain the convergence of solutions.
This result is crucial for the control of the terms involving the energy.

Theorem 3.3. Let y, = y + ¢, be a sequence bounded in L WP N C2 L2 such
that |k,|P 2k, is uniformly bounded in L*W 1. Then there exists a subsequence
such that the curvatures ky; converge in L>W?>P,

The proof of this theorem relies on the following interpolation estimate.

Lemma 3.4. There exists a constant Cy > 0 depending on p such that for any WP -
curves y1 and y> with curvatures k1 and ky we have

—2 -2
ki = r2lle < Colllr [P~ ket ll 2w + k2l P 2l L2wr.)lvf — vall L2 oo

If these curves are furthermore approximate normal graphs over y as for the solutions
to the minimising movement scheme, we get

I — w2llLr

—2pl —2pl
< Co(|llx1]? P; killp2wia + 2 |? P; K2||L2W1.1)||J/1/ - )/2/||L2Loo

where now C = C (X, p, E(I')).
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Proof. First note that

/ k1 — K2|Pds < Co/ (|K1|p_2/(1 - |K2|”_2K2) (k1 — k2)ds

(cf. [8, §1, Lemma 4.4]). Then integration by parts and Holder’s inequality implies
that

/ lk1 — Kk2|Pds < —Co / ds <|K1|”*2K1 ~ |K2|p72/<2> (O5y1 — dsy2)ds

= o[kl + w2t L) A =l

wll

So by integrating over time and using Holder’s inequality again, we get

/ |k1 — Kk2|Pdsdt

< Co(”l/ﬂlp*z/ﬂ’

+ |l

I = vl

LZwl,l LZWI‘I

For the second estimate, we proceed in a similar way. We apply Lemma 2.8 to improve
the first inequality to

[ = satras = o [ (1172 P = el P 6 - ks

Integrating by parts then yields

/ k1 = k2l "ds < ~Co / o (beal” 2 Per = ial” 2 P ) (31 = da)ds

—2pl —2pl
= Co(|ir2ph  + [l 2Pt )i = il

Wl,l

0

Proof of Theorem 3.3. Using a diagonal argument and the compact embedding
W2P < L2, we get a subsequence Ya; converging in L? for all times € QN [0, T)

(and hence forall 0 < ¢ < T due to the uniform bound in C% L2). This result, together
with the uniform bound on the W>”-Sobolev norm and interpolation estimates, im-
plies that y,,, — y € C%([0, T), W0y with o = 5’;;_12. Thus, y,; converge to y in
L>W?P by Lemma 3.4. g

Proof of Theorem 1.1. From the construction in Sect. 2.3, there exists a solution yl(h)
to the minimising movement scheme given by (2.19) for all 0 < ¢t < T up to some
positive final time 7 that depends only on p, A and the energy E(I') of the initial data.
We think of this solution as solving a discrete version of the negative L2-gradient flow
of E. Theorem 3.3 and Corollary 2.15 can then be applied to get a subsequence that
converges in L2W?? such that 3, " weakly converges in L. Now in order to show
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that the limit satisfies the desired evolution equations, we use the fact that the solutions
of the minimising movement scheme satisfy

/ / 0y, yydsdr = / 8y, EG e (3.7)
R/LZ R/LZ

for all test functions ¢ € C2°((0,T) x R/LZ,R"). Here, )7,(]1) = yn(Z) for t €
[nh, (n+ 1)), n € N, denotes the piecewise constant interpolation of the minimising
movement scheme.

Let us now take a sequence h,, — 0 for which the piecewise linear interpola-
tions of the minimising movement scheme y ") converge to a family of curves y in
L2W?2P guch that 8,y<h") converges to d;y weakly in LZ([O, T),R/LZ). Then also
the piecewise constant interpolations ") converge to y in L2W>?. As y'"n) con-
verges strongly to y’ in L2, we see that the weak convergence of 9, ") to 8, in L?

implies
r L. (hp) ’ 1
0,7y, ", yr)dsdt — (07 yr, Yr)dsdt. 3.8)
0 JR/LZ 0 JR/LZ

Convergence for the right-hand side of (3.7) is also straight forward. If we denote by

ky the curvature of y,( ") and integrate (3.1), we find that

/&mE(y,(h))dt /f | P 2 (i Syt dsdr
0 R/LZ
// ke |2 (357 ), 9 )dsdr
R/LZ

+A/ / (37" | dgyr)dsdr.
R/LZ

Since «,, converges to « in L>([0, T'), L?(R/LZ)) and d; () converges to dgy uni-
formly, the second term on the right-hand side of the latter equation converges to the
corresponding term for y in lieu of 7). One can deduce the same fact for the first
term via the formula

yn = (079) = . D) — (09 Tk,

since it implies that 8 k;,, converges to dy « in L%([0, T), L?(R/LZ)). Therefore, we
get

T T
/ 8y, EG"ydt — / 8y, E(y)dt. 3.9)
0 0

In which case Eqgs. (3.7), (3.8) and (3.9) imply that

T T
/ / (yi, 8- ¥)dsdr = —/ 8y, E(yr)dr.
0 JR/LZ 0
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3.4. Flow in the direction of the normal velocity

Using the fact that the unit tangent belongs to W>”, we can finally prove Corol-
lary 1.2 under the conditions of Theorem 1.1.

Proof of Corollary 1.2. In abuse of notation, let T = h):_:l € W>P(R/LZ,R") be the
unit tangent and the vectors vy, ..., v,_1 be a smooth local orthonormal basis of our
approximate normal space. Due to the fact that any ¢ € C°(R/LZ,R") can be

written as

n—1
¥ =vot+ Y vivi

i=1

with functions ; € W>P(R/LZ, R"), we find that

T n—1 .7
[ [ ety =3 "] oty s
0o JrR/LZ 0o JrR/LZ
T

i=1

= —/ Sy, E(yy)dt,
0

since both 8y, E(y) = 0 and (Btll/fo, 7) =0. O

4. Epilogue

Although the minimising movement scheme leads in a rather straight forward way to
the short-time existence of weak solution for our gradient flow, there are three key
questions one would like to resolve, namely:

(1) Are weak solutions unique and do they have long-time existence for0 < ¢t < 00?

(2) Can one use test functions for the gradient flow that are not orthogonal to a
quasi-tangent?

(3) Does our notion of solution depend on the choice of the reference curve and the
approximate normal directions?

For long-time existence, it looks as if one could, in principle, restart the flow and
the above short-time existence result to get an eternal solution. However, one should
be aware that this solution might have kinks which our methods cannot rule out. If
one has uniqueness and some way of modifying the approximate normal, long-time
existence would be possible. Our Corollary 1.2 is a firstindication that a more fastidious
regularity theory is needed in order to resolve the above issues.

The question of uniqueness seems to be completely open. For the more standard non-
homogeneous evolution equations involving the p-Laplace operator, papers discussing
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uniqueness have only appeared rather recently. In particularly, the method used to prove
uniqueness in [3] breaks down for our curvature equations.
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Appendix A: First variation for the p-elastic energy

Recall that for closed curves y : R/Z — R" inthe W2 P-Sobolev class the p-elastic
energy is given by

EP(y) = %/ lic|Pds.
R/Z

For the convenience of the reader, we give further details on the derivation of its
first variation. The upcoming statement is proven along the line of [9, Lemma 2.1], for
which we identify the arclength element by ds = |9, y| dx and the arclength derivative
by 85 = 3,y 0.

Proposition A.1. The first variation of the p-elastic energy EP) for y € WP (R/
7, R™) in direction of y € W>P(R/Z, R") is given by

5¢E(p)(7/) Zf |K|p_2(K, 5¢K>ds+l/ |K|p(as)/a Os¥r)ds.
R/Z P Jrz

1L
where §y Kk = (831#) — (K, 05 YY) 05y — 2(0sy, Os V) k.
Proof. We first observe

(p) -1 1
Sy EV(y) = p/R Sy (I |P)ds + p/ |k |78y (ds).
/Z R/Z
By applying the notation from above and the chain rule, we get
5y (1”) = 4 [ 12y +ew)l”|
[P 10207 + 2w, 82y +69)
= p lc|” 72 (8y (). &)

p—2
|T

(02 +ev). 2y +e9))]

e=l
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and

8y (ds)

de [|ax(y +‘91/f)|dx]8 -0

= e y+ew>| (B (v + ey, Do )dx]
(
= (0

m, o y|)|8x7|dx
sV, OsYr)ds.

Similarly, we achieve

_d 1 1
8y () = 75 [|ax<y+ew)\ Ox <|ax<y+ew)|ax(y + 8‘”))]820

= [~ O 0+ ov). 000k (e + o) |

1 1 1
+ [ g O (7 + 6, ) 0x (v + 69) + g e axh)] _

_ 0y  OxY¥ oxy ( Oxy  OxY \ Oxy )
=~ 5 B et (Fo) — et (B m) Bk) + e ()

—(0sy, Os ¥ )k — 05 ((Osy, s ¥) 05 y) + 332’/’

and hence by rearranging and the Leibniz rule

Sy (k) = 329 — (dyy, 32Y)dsy — (32, 3s¥)dsy — 2(dsy, s )2y
= Pi, (929) — 2035y, ds )k — (k. ds ) dy
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