J. Evol. Equ. (2022) 22:24
© 2022 The Author(s), under exclusive licence to Springer

Nature Switzerland AG :
1424-3199/22/010001-29, published online March 8, 2022 Journal of Evolution

https://doi.org/10.1007/500028-022-00787-6 Equations

®

Check for
updates

Time periodic solutions to the 2D quasi-geostrophic equation with
the supercritical dissipation

MIKIHIRO FuJin

Abstract. We consider the 2D dissipative quasi-geostrophic equation with the time periodic external force
and prove the existence of a unique time periodic solution in the case of the supercritical dissipation. In
this case, the smoothing effect of the semigroup generated by the dissipation term is too weak to control
the nonlinearity in the Duhamel term of the corresponding integral equation. In this paper, we give a new
approach which does not depend on the contraction mapping principle for the integral equation.

1. Introduction

We consider the 2D dissipative quasi-geostrophic equation with the time periodic
external force:

%0 +(—A)0+u-Vo=F, teR, x € R2, (0
u="RL0 = (—=R10, R16), reR, x € R2, '
where 0 = 6(t,x) and u = (u;(¢, x), uz(t, x)) represent the unknown potential

temperature of the fluid and the unknown velocity field of the fluid, respectively. The
given external force F = F (¢, x)is T-time periodic, thatis F satisfies F (t+7T) = F(t)
(t € R) for some T > 0. The two operators (—A)% O<a<2)and Ry (k=1,2)
denote the nonlocal differential operators so-called the fractional Laplacian and the
Riesz transforms on R?, respectively, and they are defined by

1§

In this paper, we prove the existence of a unique 7 -time periodic solution of (1.1)
with the supercritical dissipation if the given 7'-time periodic external force is suffi-
ciently small.

Before we state the main result precisely, we recall some known results for the
initial value problem of the 2D dissipative quasi-geostrophic equation with the case

A f=F [P F®)],  Rif =0y (-A) 2 f=F" [@f@] :
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F=0:
30+ (—A)Z04+u-Vo=0, t>0,xecR2
u=7R0 =(—R120,R10), >0,x¢eR2 (1.2)
0(0, x) = Hp(x), x € R2,

Based on the scaling transform and the L (R?)-conservation, the dissipative quasi-
geostrophic equation is divided into the subcritical case 1 < « < 2, critical case
o = 1 and supercritical case 0 < « < 1. In the subcritical case, Constantin-Wu
[6] proved the existence of a weak solution and decay estimates with respect to L?
norm for the initial data §y € L>(R?). Wu [14] proved the global well-posedness for
small data in the scaling subcritical setting 8y € L” (R?) (p > 2/(x — 1)) via the
contraction mapping principle for the corresponding integral equation. In the critical
case, the order of the spatial derivative in the dissipation term coincides with that in the
nonlinear term. Zhang [16] used this property and provec; the existence of the global in

time mild solution in the scaling critical Besov space B ; I (RZ) (1 < p < 0). Global
well-posedness in the Triebel-Lizorkin spaces F, q(]Rz) (s >2/p,1 <p,g<o0)is
proved by Chen-Zhang [5]. In the supercritical case, the order of the spatial derivative
in the dissipation term is less than that in tlie nonlinear term. Therefore, the smoothing
effect of the fractional heat kernel e (=) 2 is too weak to control the spatial derivative
in the nonlinear term. This implies that it seems to be impossible to construct a solution
of (1.2). It is able to overcome this and the local well-posedness for large data and
the global well-posedness for small data in the scaling critical Sobolev H>~%(RR?) by

Z_g

Miura [12] and Besov spaces Bll,_tf (R?) 2 < p < 00,1 < g < 00)by Chae-Lee
[3] and Chen-Miao-Zhang [4]. Their method is based on the energy estimates for the
iteration of the transport-diffusion-type equation, and they control the nonlinear term
by the divergence free condition V - u = 0 and the commutator estimates.

On the other hand, despite the large number of previous studies on the well-
posedness of the initial value problem (1.2), the study on the existence of time periodic
solutions to the 2D quasi-geostrophic equation is hardly known.

In this manuscript, we consider the supercritical case and prove the existence of a
unique time periodic solution to (1.1) in the scaling critical Besov space if the given
time periodic external force is sufficiently small. More precisely, our main result of
this paper reads as follows:

Theorem 1.1. Let T > 0 and 2/3 < a < 1. Let exponents p, q and r satisfy

2 4
<r<p<-—, 1 <gq < oo. (1.3)
200 — 1 o

Then, there exist positive constants § = (o, p,q,r,T) and K = K(«, p,q,r, T)
such that if the given T -time periodic external force F € BC(R; BBOO(RZ)) satisfies

sup | F(0)ll g <8,
teR ’
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then there exist a unique T -time periodic solution 6 to (1.1) satisfying

142 —q 2
0 € BCR; B,,” (R?), [6]_ <K. (1.4)
L

2_
'Bl+p a
+Bp.g

Remark 1.2. (1) If 6 and F satisfy (1.1), then
0,(1, x) = 22O, ax),  Fi(r,x) = A2 F (A%, Ax)
also satisfy (1.1) for all & > 0. Since it holds

sup 16,1 1,2, =sup OO 1,2 _,,
teR By, teR B,,"

sup [| Fx (D)1l go

teR 2/Qa—1),00 2/Qa—1),00

= sup [[F (1]l go
teR
1+2—
for all dyadic numbers A > 0, the function spaces BC(R; B), ;" a(Rz)) and
BC(R; Bg OO(IRz)) in Theorem 1.1 are scaling critical and subcritical setting,
respectively.
(2) The assumption 2/3 < « in Theorem 1.1 ensures the existence of p and r
satisfying (1.3).
Our approach can be applied to the time periodic problem on the half time line
(0, 00):

30+ (—A)20+u-VH =F, t>0,xeR2
=R = (—Ra0, R10), t>0,xeR?, (15)
O(va) ZQO(X)’ X GRz,
Here, we note that F is a given T-time periodic external force and the initial data 6
is unknown. In this setting, we prove the existence of a unique suitable initial data

6o such that (1.5) possesses a unique 7'-time periodic solution 6. More precisely, the
following theorem is obtained:

Theorem 1.3. Let T > 0and 2/3 < o < 1. Let exponents p, q and r satisfy

4
<r<p<-—, 1<qg < o0 (1.6)
200 — 1 o

Then, there exist positive constants § = é(«, p,q,r, T) and K = K(«, p,q,r, T)
such that if the given T -time periodic external force F € BC((0, 00); BBOO(RZ))
satisfies

sup || F(0)ll jo_ <.
t>0 ’

1+2 —q
then there exist a unique initial data 0y € B), ;" (R?) and a unique T-time periodic
solution 0 to (1.5) satisfying

142« 2
0 € BC([0,00); Bp 4" (RY)), ||9||Zoc g+2o S K. (1.7)

. P
(0,00;B) 4
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In the study of the Navier—Stokes equation, the existence of time periodic solutions
is often proved by applying the contraction mapping principle to the corresponding
integral equation. (It was in [10] that first used this idea.) However, in the case of
our problem, the supercritical dissipation prevents us from using this scheme. Indeed,
when we apply the idea of [10] to (1.1), we meet the difficulty that the smoothing

effect of the fractional heat kernel ¢~"(=®)? is too weak to control the first-order
spatial derivative of the nonlinear term and it is pretty difficult to find a Banach space

X satisfying

t a
sup f e~ UTIEMZ (RLG () - VO(T))dT
—00

teR

2
<C (Sup I|9(f)||x> .
X

teR

As another approach, let us consider the successive approximation defined by the
transport diffusion-type equation

(1.8)

819(n+1) + (_A)%g(n+1) +u® . vprth — F t e R, x € R,
u® = RLogm, teR,x e R?

Then, we can obtain the a priori estimates for the approximation solutions by the
energy method, with some commutator estimates, which is the similar method to the
analysis of the initial value problem. However, it seems to be difficult to construct a
time periodic linear solution 0@+ of (1.8) when 0™ is determined. Therefore, we
are not able to proceed in parallel with the energy method of the initial value problem
for the supercritical case.

We now introduce an idea to overcome these difficulties and get a time periodic
solution. Once Theorem 1.3 is proved, then we can get the time periodic solution on R
by extending the time periodic solution on [0, co) to the other half time line (—o0, 0)
periodically. Thus, in the following, we only consider the time periodic problem (1.5)
and Theorem 1.3.

Outline of our idea is to construct a specific initial data 8y and the corresponding
local in time solution 6 on [0, T'] satisfying 6(T') = 6(0) = 6y. Then, we geta T-time
periodic solution by extending 6 periodically in time. In order to construct such a
solution on [0, T'], we define a new approximation sequences.

Let us explain the new approximation system more precisely. If a solution 6 to (1.5)
satisfies 0(T) = 6(0) = 6y, then we have

(1—e TRy =0(T) — e T2, (1.9)
Therefore, from this observation, we approximate (1.5) together with (1.9) succes-
sively and define the iteration scheme {Oé”)};’lozo and {9(”)}2020 as follows:
300 +t) 4 (—A)T9nFD 4 () gt —
um = RLgm.
e(n—i-l)(o x) — eén-i-l);
(1 — e TEMHrtD _ g (1) _ o= T2E g0 (),

(1.10)
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((1.10) is the formal definition. See Sect. 3 for the accurate definition of the approxi-
mation sequences.)

Finally, we remark the estimates for the approximation sequences. It is well known
that the uniform boundedness is a key property of the convergence of sequences. The
uniform boundedness of {9(")};’[0:0 can be obtained by the classical energy estimates
(see, for instance, [1]). However, the new idea is required for the uniform boundedness
of {Gé")}gozo since {95")};’1":0 is defined by solving the following time-independent
equation:

(1—e TEMy, = I

To obtain estimates for {95") ;’;0, we establish Lemmas 2.6 and 2.7 in Sect. 2 which
are inspired by the idea of [8, Theorem 2.4].

This paper is organized as follows. In Sect. 2, we summarize some notations and
introduce lemmas which are used in the proof of the main results. In Sect. 3, we prove
Theorem 1.1.

Throughout this paper, we denote by C the constant, which may differ in each line.
In particular, C = C(ay, ..., ay) means that C depends only on ay, ..., a,. We define

a commutator for two operators A and B as [A, B] = AB — BA.

2. Preliminaries

Let . (R?) be the set of all Schwartz functions on R2, and let .7’ (R?) be the set
of all tempered distributions on R2. For fes (Rz), we define the Fourier transform
and the inverse Fourier transform of f by

FUNO = &) 1= [ v, T = s [ e e

respectively. {¢;} ez is called the homogeneous Littlewood—Paley decomposition if
o € 7 (R?) satisfy supp o C (27! < |51 <2},0 < @) < 1 and

dgiE) =1, geR\({0},

JEZ
where @5 (&) = @(27/&). Let us write
Ajf = (pj % f

forj € Zand f € .7’ (R?). Using the homogeneous Littlewood—Paley decomposition,
we define the Besov spaces. For 1 < p, g < oo and s € R, the homogeneous Besov
space BZ, q (R?) is defined by

By R = f e Z®: 1114, <o),

)

1/ 15, = H{ZjSHAjf”LP},

J€EZ

19(Z)
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where yé (Rz) is the dual space of
Fo(R?) := {f e S(R?): f x” f(x)dx =0forally € (NU {0})2.} .
R2

Note that B;’, q(RZ) is a Banach space with respect to the norm || - [ zs . It is well
s p.q

known thatif 1 < p, g < oo ands < 2/p, then we can identify Bls?’q (R?) as:
fe SR f= Z Ajf in ' (R?) and 1l , < oo
JEZL

(See for the detail in [11] and [13].) Fors > Oand 1 < p, g < 00, the inhomogeneous
Besov space By, , (R?) is defined by

K 2y .1 2 2
BS (R?) := B (R*) N LP(R?),
Ifllss, = IIfII[;;,q + 11 flee-

In this paper, we also use the space-time Besov spaces defined by

L. 7; By ®2) == {F: 0.7) > H®: IFllpri,) < )

JEZL

IFNzr 0,7:8,) = H {2sl||AjF||L"(O,T;LP)}
: 19(2)

forl < p,q,r <oo,s e Rand0 < T < o0.
Next, we introduce the semigroup generated by the fractional Laplacian (—A) I It
is given explicitly by using the Fourier transform:

eft(fA)%f _ g [e*”f'“f(g)].
Then, this semigroup possesses the following properties:
Lemma 2.1. Leta > O0and 1 < p, q < 00. Then, the followings hold:

(1) There exists a positive constant C = C(«) such that

—t(— g _—1oaj
eTTERIA P < Ce A fllLe

Lr

holds forallt > 0, j € Zand f € S{(R*) with A; f € LP(R?).
(2) Let 51,57 € R satisfy s1 < s2. Then, there exists a positive constant C =
C(a, s1, s2) such that

52

22 |t Il < e 2 A f e

Lp
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holds forallt >0, j € Zand f € yé(Rz) with A f € LP(R?). In particular,
it holds

52

< Ct™
-

[*3 S
R e
p.q

s

forallt > 0and f € B} ,(R?).
(3) Lets € R. Then, for each f € B;’q (R2), it holds

lim =0.
t—00

e—l(—A)% f

X
Bp,q

Proof. (1) is proved in [9] and [16]. (2) is immediately obtained by (1) and

s

. —1 i =51 .
282 g=CT 291 oy 81

Let us prove (3). The density property yields that for any ¢ > 0, there exists a f, €
S(R?) such that || f. — fllgs < e. Then, we see that
pP.q

O T e I
B} 4 B} 4 B} 4
_1
SCIf = fellgs  +Crall fell gs—1
p.q p.q
_1
<Ce+ Ctoallfell g,
which implies
lim sup 1M ¢ < Ce.
=00 Bs
p.q
Since ¢ > 0 is arbitrary, the proof is completed. O

Next, we derive some bilinear estimates. We first recall the definition and basic
properties of the Bony paraproduct formula. For f, g € .%(R?), we decompose the
product fg as:

fe=Trg+R(f.8) +Tyf,

where

Trg:=Yy Siffig. R(f@):=) D Acflg

leZ I1€Z k=1<2

Here, S; f is defined by

Sif ==Y Af. 1€l

k<I-3
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Then, considering the supports of the functions of the Fourier side, we have

ATrg= > AjSifAg).  AjR(f.g) = > Aj(ALfAg).
I:1—j1<3 (k.1y:max{j k1 >1=3,
D k-11L2

Using them, we have for 7 > 0, 1 < p, g < ooand 51, s2 € Rwiths; < 0 (ifg = 1,
then s1 < 0) that

+5-2)j
2(51 52 p)J||Aijg||Loo(0,T;Ll’) < C||f||ZOO(O,TB;{q)

> 2% Mgl 7iLr) (2.1)
[1=jI<3
and it also holds for 1 < p, g < oo and s1, 52 € R with s1 + 520 > 0
IR D)z 7o) < O Mmoo 18 im0 iz 22)
See [2] for the idea of the proof of these estimates. From easy applications of (2.1)
and (2.2), we obtain the following lemma:
Lemma 2.2, Let2 < p < ooand1 < g < 00. Let s1, 52 € Rsatisfy s; +s2 > 0and

S1, 52 < 2/p. Then, there exists a positive constant C = C(p, q, 1, $2) such that

.2 <C > B ~ Y
||fg||Z00(0,T;B;{:327F) X ”f”LOO(O,T,Bpl’q)”g”LOO(O,T,BPZH)

holds for all T > 0, f € L®(0, T; B} ,(R?)) and g € L=(0, T; B}, (R?)).
By the standard argument of the proof of commutator estimates (see, for instance,

[2], [12]), we get the following lemma:

Lemma 2.3. Let2 < p < ooandl < g < oo. Let sy, 52 € Rsatisfysi+s2 > 0,0 <
s1 < 142/pandsy < 2/p. Then, there exists a positive constant C = C(p, q, 1, 52)
such that

{2(314‘52—%)./' ”

Lf: Ajlglim.rien] < O oo 721 18 Fogo, 752
J ( ) i) 10z L>(0,T;B,) L®(0,T:Byy)

holds forall T > 0, f € ZOO(O, T, B‘;,l,q(Rz)) and g € ZOO(O, T, Bf,%q(Rz)).

The next lemma helps us to control the product term which will appear in equations
of the perturbation such as (3.5), (3.22) and (3.32).

Lemma24. Leth > 0,0 >0, < o,2< p<Looand]l < qg < oo Letsy,so e R
satisfy s1 +s2 > 0,2/p < 51 <2/p+ o and s» < 2/p. Then, there exists a positive
constant C = C(A, a, B, p, q, S1, $2) such that

T . i 24 a
{ / P INTO IO T g)uud’}
0 JEZ

19(Z)

=B _ L2 Lig =2
<cr'itemaG=p {||f||LOO(o,T;Lp) 1 (1 4Tl ,,)) IIfIIzw(O‘T;B;{q)} gl g2,
(2.3)
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holds for all T > 0, f € L°(0,T;LP(R%) N L0, T; B
By (R).

: B) ,(R?) and g €
In particular, if B < «, then the following estimate holds
Z/ zﬂj —AZ“I(T t)”f(r)e—r( A)- ” TIJHZ 2d'[
JEZ

1-8_Lle—
< CcT P a(él

1 2
DA lsorian + (1T D) U fliz o, 18142
Remark 2.5. Let 1/2 < a < 1 and 2

2.4

p < 4/Qa — 1). Then, it immediately

follows from (2.3) with s; = s. := 1 + 2/p — « and the continuous embedding
L0, T; BS |(R?)) < L™(0, T: L”(R?)) that

o —2y; 5

H 20 g H A= 0AR =D AL (f (1)) g)||LPdT}
B —o

CTl_E(T_]T

JEZ 19(2)
DI xpallglgs .
where X29 = L0, T; Bg,l(RZ)) N L®0.T: B
yields that

(2.5)
(R?)). If B < «, then (2.4)
Z/ Zﬁ] —)\ZWJ(T r)“f(_r)e—‘[( A) || J1+3272d1'
JjE€Z

B —a
<cr'\-erE

p.q
DA xpallgl g
and (2) of Lemma 2.1 that

(2.6)
pr.q
Proof of Lemma 2.4. First, we prove (2.3). It follows from an inequality of (2.1) type

o, _; i
/ 2Bi A2 (T=1) (51452 ”HA Tf(t)e’f( 82 gollrdt
0

S At CTIFED S e P,
0 ,f] 1-jl<3
T . . 1
<c [ e
0

> 27| Agliee.
L“(O T:B
By virtue of s1 —2/p < @ and 8

2.7)
pl)u Zi1<3
o, it is easy to see that
T .
sup / B g2 (T =)~
jezJo

ddr < CT!

—Ga=3)
Hence, taking [9(Z)-norm of (2.7) and using

A1 2
L0.T:8)

< Y20 1A fleoren + | {2
j<O0

sl)]}

< (Mflemoren +1f Iz~ r.s,)

l‘ﬁj(N) ”f”Zoo(O,TB )

2.8)
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we obtain that

T . i 2. o
H {/ zﬁ]e—kz f(T—r)2(S1+Sz—p)j ||Aij(,)e_T(_A)2 g||Lpd‘E}
0

JEZ 19(2)
<er' e (e + 1 g7, ) 181 (2.9)
B L>(0,T;LP) LOO(O,T;B,,!q) 8 sz,q. .
Since it holds
T g _aowi 2); 5
/ 2RI =0 =DI A R(f(2), e TN )| de
0 Lr
T . . a
< / zﬂje—kz‘”(T—r)d.rz(sl-iﬂ?z—%)] AjR(f, e 1(=0)2 Q) (2.10)
0 L*(0,T;LP)
taking [9(Z)-norm of (2.10), we see by (2.2) and (2) of Lemma 2.1 that
T g _soai 2y; 5
{/ 2/3}6_)‘2 (T—‘[)Z(SH'SZ—;)] AjR(f(t),e_T(_A) g) df}
0 Lr JEZL 149(Z)
T . a
< sup/ i P2 T g | R(f, e "D g) aey 2
JEZJO Z?O(OvT;Bpl,q ? ")
_B
SCT' "l fligmo, i, 18032, - @11
Here, we have used
T . o B
sup/ i T < cT' 7w,  B<a. (2.12)
jezJo
Similarly, it follows from (2.1) and (2) of Lemma 2.1 that
T ) .
{/ zﬂjef)LZW(Tft)z(SH“Sz*;)] AT o f(‘L') d‘L’}
J —1(=A)2 .
0 e 8 LP Jez 14(2)
T o
< sup/ 2Pi =22 T =D gr | T ¢ f(1) 2
jezJo R A 7 0N &Y. AR
_B VNS ;
SCT "\ fllgmrign, e e
o L(0,T;B)%,)
1-£ ,
<CT' N fllgmqoro,, I8l 52, - (213)
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Combining (2.9), (2.11) and (2.13), we complete the proof of (2.5). Next, we show
(2.4). By similar inequality to (2.1) and (2) of Lemma 2.1, we see that

— j 5
Z[ 2Bj p=A2 (T~ r)”Tf( e TED 2 g sz_;dr
JEL Bpy

o L =2
<C / 2P T a1 £ 3 Nl
Z ZOO(O,T;B;I) Bra

JjEZ
1-2_1-2)
<CT @ ey (||f||L°°(0,T;LP) + ||f||zoo(0,T;B;|q)> I8l g2, - (2.14)

We also obtain from (2.2) and (2) of Lemma 2.1 that

> / 21T ‘R(f(f) e A”g)‘ N
JEZ

Z/ 2Pi o2 (T=0) g | R(f, e T2 gy b2

jez L®0,T;8,4 =~ )
<CT‘”||f||Lw(OTBl)||g||B : (2.15)

Here, we have used the following inequalities in (2.14) and (2.15):

Z/ Wie= 2 T-0-Lyr < TV b5, pea,y<a,

JEL

Z/ 2bi =12 (T < oTl=h g g (2.16)
JEL

Similarly, we have

Z/ 2ﬂj —)»20‘/(7" ‘1,’)2(3‘1-‘4-8‘2—7)]

JEL

dt

o).

—1(— A)Z Al+32

T“*nfnw@”n lglg, - 2.17)
Hence, we complete the proof by combining (2.14), (2.15) and (2.17).

To derive some estimates for initial data related to a time periodic solution in the
proof of the main results, we introduce the following two lemmas whose ideas are
inspired by [8].

Lemma2.6. Leta > 0,1 < p <00, 1 < g < ooands € R. Then, for any
fe B (Rz) N B (Rz) the series

e8]

Z —Tk(= A>2 (2.18)
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converges in B; q (R2) and u satisfies
a- e_T(_A)%)u =f inB) R?. (2.19)
Moreover, there exists a positive constant C = C () such that
gy, < C (T Ny +1/ 05 ) - (2.20)

Proof. Let m, n € N satisfy m < n. Then, it follows from (1) of Lemma 2.1 that

n o q q
IR I o )
k=m LP

n o
Z e THDZ A p

B»va JEL k=m
n \ ¢
<2 (2“‘ 18 flle Y Ce‘c“”"”‘> . @2
jez k=m

where C is the same constant as in (1) of Lemma 2.1. Since it holds
. C q
SINA - I
> (2 ||A,f||Lp1_€_C12W.T>
JEZL
) C—lzajT ) q
= E <2”||Ajf||Lpl—-C22_°‘/T—1>

20 T <1 —enCTHE
J: <

: C q
SJ . -
+ Y (2 ||A.,f||Lp1_e_C12ajT>

jeiT>1

C g g .
S =) (T Wgsa + 1S,
(1 - e_cl> ( 1714, ||f||%>
< 2C 4 71 ‘ e -
T\ 2! ( ”f”B;—qa + ||f||3;q) < 00, (2.22)

we have

n o0
. _-1 of . _-1 of
2N A flle Y CemC TR LT A flle Y CemC TR

=2‘Y'j||Ajf||Lr’1

- - @ q
— e €11,

Hence, it follows from (2.21) and the dominated convergence theorem that
q

n o
Z o~ Th(=2)2 f

k=m

lim sup
n,m—00

n q
sj ) . —Cc 'Yk _
< E (2 A fliee m’lrzgoog Ce ) =0.
=m

B, JEL
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Thus, the series (2.18) converges in B[S, q (Rz), and we find that u satisfies (2.20) by

q
. .
luel), —2(2” )
LP

o0 o
S ement s,
k=0

p-q

JEZ
00 o q
gk
jez k=0 Lr
00 ) q
<> (2”' 1A fllee Y Ce—C‘”“’k>
JEZ k=0

o 2C 1 -1 . O\
< (=) (T s + 00, )

where we have used (2.22). Finally, we show (2.19). Let

N-1 .
uy = Z e Th(=4)2 £, N e N.
k=0

Note that u converges to u in B;, q (R?) as N — oo. By a simple calculation, we see
that

(1—e TEMyyy = f— e TNEMZ ¢ (2.23)

Here, it follows from (2) of Lemma 2.1 that

H(l —eTTER yyy — (1= e TER7 )y

B
<lu—unllg + e @ —uy)
X bs
By g
< - o
< Cllu—unll,,
-0 (2.24)
as N — oo and it holds by (3) of Lemma 2.1 that
He—TN<—A>2 I —o (2.25)
By

as N — oo. Hence, letting N — o0 in (2.23) by (2.24) and (2.25), we find that u
satisfies (2.19). This completes the proof. 0

Lemma27. LetT > 0,0 >0, 1 < p<oo 1 <qg<ooands < 2/p. Then, for
any T -time periodic function F satisfying

t a
F@t) = f e TIEM F()dr € BC((0, 00): BY *(R*) N B, (RY),
0
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there exists a unique element ugp € BIS, q (Rz) such that the function

u()y =e "N ug+ f(1), =0

is T-time periodic. Moreover, uq satisfies

3 < -1 ps—o RS ) s .
luoll gy, < € (T A (Dlggg +1F (D, (2.26)
where C is the same constant as in Lemma 2.6.

Proof. By Lemma 2.6, the series

o o
1o = Ze—Tk(—A)z £(T)

k=0

converges in B;, q(Rz) and u satisfies (2.26) and

a- e*T“A)%)uo = f(T). (2.27)

By the periodicity of F, we have

fU+T)=f@O)+e TN (T), t>0. (2.28)
Therefore, it follows from (2.27) and (2.28) that

Ut +T)=e OO TER2 4 704+ T)

— 0 g — )+ f) + e (T

=u(t)
for all # > 0. Hence, u(¢) is T-time periodic. Next, we prove the uniqueness. Let vg
be an arbitrary element of B;,q (R2) such that v(r) := e_’(_A)% vo+ f(¢)isa T-time

~NT(-A)3

periodic function. Then, since ug — vo = u(NT) —v(NT) = e (up — vo)

holds for all N € N by the periodicity, we obtain by (3) of Lemma 2.1 that
e_NT(_Aﬁ(u > 0
Bpq

ug — v s = — U
|| 0 0”3;’q 0 O)

as N — oo. Therefore, we have ug = vg in B;, q(Rz) and this completes the
proof. 0

Finally, we recall a positivity lemma for the L?-energy of the fractional dissipation:

Lemma 2.8. ([4], [15]) Let0 < o < 2and2 < p < oo. Then, there exists a positive
constant A = A(«, p) such that

fRz 1A FIPT2A; FE)(=A)2 A fFx)dx = 229 |A; f1I7,

forall j € Zand f € ZJ(R?) with A} f € LP(R?).
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3. Proof of main results

In this section, we prove Theorems 1.1 and 1.3. Once Theorem 1.3 is proved, then
we can get the time periodic solution on R by extending the solution on [0, co) to the
other half time line (—o0, 0) periodically. Therefore, we only prove Theorem 1.3.

Let 7T, «, p, g and r satisfy the assumptions of Theorem 1.3 and let o satisfy
a—2/p <o <2/p. We use the following notation for simplicity in this section:

Sc =14+ — —a,
X1 := L0, T: B) |(R*) N L0, T: B, (R)).

We consider the successive approximation sequences {05")}210 C Bgyl(Rz) N Bf,fq
(R?) of the initial data and {#™}°2 ; X7 of solutions to (1.5) defined inductively
as follows:

First, let 6 (x) = 0 and 8@ (¢, x) = 0. Next, if 63" and 6 are determined, then
we define GS"H) and 6"+ by the following linear equation:

300D £ (—A)Te0TD 4y et =g L F, 0<t<T,xeR?
u™ =R, 0<r<T,xeR? (3.1)
0D (0, x) = S,446 1, x R,
where HS"H) is given by
e a a
Oyt =) TR <9<">(T) — T2 9<">(0)> . (3.2)
k=0

For n € NU {0}, we put ™ (¢) := 6" () — e *=2)2 9™ (0) and
- . .
An = max {106 g0 g, 10 g }
— |pntD (), +1 - .
By =105 — 60" gy + 107D — 0Pl 1oy -

The well-definedness of the sequences is assured if the series in (3.2) converges in
Bg’l (R N Bf,f q (R?). In the following lemma, we check the convergence and derive
some properties of the sequences.

Lemma 3.1. Let n be an positive integer. Assume that 9(;") € Bgl R?) N Blsﬁq (R?)
and 6 e X?’q. Then, for every F € BC((0, 00); BSOO(RZ)), the series in (3.2)
converges in Bgﬁl(Rz) N B;}fq(Rz) and it holds

(1= e TEMT D _ gy _ =TC0T g (g (3.3)

in 321 (Rz)ﬂB‘;{q (Rz). Moreover, there exist positive constants §1 = 81(«, p,q,r, T)
and C1 = Ci(o, p,q,r, T) such that if F satisfies

sup [[F(H)llgo <61,
t>0 oo
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then it holds
03" s0 ~pse < 2C F
sup ”() g0 Apse 1sup || (t)”BO )
meNU{0} pl TP >0

sup 6" [ xpa < 2C1sup |F ()l go
meNU{0} >0 k

(3.4)

Proof. To prove the convergence of the series in (3.2) in Bgy | RHN B}, (R?), Lemma
2.6 yields that it suffices to check

9(")(]’) _ e*T(*A)%Q(n) 0) = 1)ﬁ(”)(T)
c (B;fq(Rz) n BYC‘“(RZ)) n (Bg’l(Rz) n B;‘;‘(R%) .
Since ¥ ™ satisfies

atw(n) + (—A)%I//(n) 4 =D Vw(")
a1 Veft(fAﬁ@(n)(o) = S,.4F, 3.5)

applying A to (3.5), we see that

Ay ™ 4+ (=A)2TA ™
= SupaAjF + [V A1 vy ™

—u" D VA Y® - A Ve A7 g (). (3.6)

Multiplying (3.6) by p|A ;¥ ™[P=2A ;%™ and integrating over R?, we have by the
Holder inequality that

d o
d—(||A,-w<"><z)||ip>+pf LAY (2, P2 A9 D (1, ) (= A) 2 Aj ™ (1, x)dx

L CpllA;FO oA ™ O, + plu® D), Aj1- V@ Ol A9 017,

—p/ 1A @, 0172859 ™ (2, )u" D, x) - VA ™ (2, x)dx
FpIA; V@) - Ve DT 0 O A @ @)1 (3.7

By Lemma 2.8, we obtain that

/R N8 @AY 008y a 0dx 2 127189 D@l (3.8)

for some A = A(x, p) > 0. On the other hand, it follows from the divergence free
condition V - 4= = 0 that

A;z 1A @, )P 2A D (e, )u" "V, x) - VAP (1, x)dx = 0. (3.9)
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Substituting (3.8) and (3.9) in (3.7), we have

d .
EIIAW"’)(I)IIH + 229 A D @) e
< CIAFD) e + Iu V@), Aj1- VYD @)l 1r
1A @ V() - Ve ' EAZ 9 (0))|| 1,

which implies that
T .
1A (T < C / N0 A F (o) | Lot
OT .
+ /0 IO (), AjT- VY () edT

T . a
+/ T A WD (1) - VeI D g 0)) .
0

(3.10)
Lets € {sc, Sc — a}. Multiplying (3.10) by 2%, we have
298,49 (Dl
T 6+2-2)j _awicr
< [ 2RI A o de
0
T ,
+/ 2(ot+s—sc)je—)\2°‘1(T—r)dt
0
2sc—1—2)j -
x2® P[0, Ajl- VD | Looo.7:Lr)
T .
+/ 2(oz+s—sc)je—)\2"‘/(T—t)
0
2y 3
32T A @V () - Ve TR 9 (0)) | odr.
3.11)

Taking [9 (Z)-norm of (3.11), we see by (2.12) that

iy

T 42-2yi _soai
<C Z/O 2(S+r p)]e—AZ J(T—T)dz. Sug HF(t)HB?QQ
> !

JEL

Sc—s§ — _2 i

+CT « H{z(ZSC 1 p)J”[u(n—l)’ Aj] . VI//(n)”LOO(O,T;LP)} ‘
]GZ lq(Z)
T .

+ H {/ p(@ts=sc)j =224 (T —1)

0

—1=2y; 5
w2 @se=1=5)] IA; (u(n_l)(‘t) . Ve—r(—AﬁQ(n)(o))HLFdT}
JEZ 19(Z)
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Hence, it follows from Lemma 2.3 and (2.5) that
1 2_2
I ()lg < CT' ™ 770 sup | F ()]l g0
pa >0 o0

Sc—s§
a

Sc=5 —1
+ CT 1 Pllgqo, 1) 1V N 0,785,

sc—S l—a
ses o 1 (n—=1) ) (O) [ 2sc
+CT « (T + D™ P lpa 107 (O] e -

Using

VRN
W .75, < 10 Iz 755, + 1€ V0D Oz o 15,
<8P Nz, + CIO Ol e,
( (),
<16 lxpa +Cll6" N s,
< CA,y

and the boundedness of the Riesz transform on the homogeneous space-time Besov
spaces, we obtain

l—Llgy2_2
I (T g < CT' @S5 =0 sup [ F (1)l go
P-4 >0 100

Sc—s§

+CT ™ 10" Vligseo, 1, i5,) An

Sc—s§

1—a
LCTSE (T +1)||9<"—1>||X¢,q ||95")||3;,sq~ (3.12)

Hence, it follows from (3.12) and Lemma 2.6 that
(1) 1 D TV e O (T o
10" Pl < CO™M YD Tl greoe + 1™ (Dl )
Log—1-2) —la
S CT« sup [F(@)llgo +CA+T7 @ )Ap_14,. (3.13)
t>0 100

Lets’ :=s — 5. € {—a, 0}. Multiplying (3.10) by 25"/ and
taking /! (Z)-norm, we see that

(NG SYI
Iy ( )IIB;1
T 62-2)j e (7o)
<c2/ 25T Ddz sup || F (1) zo
ez ’0 >0 oo

T .
+ Zf 2(a+x—2sc)je—12°‘1(T—r)d_L,
JEL 0

X

25c—1-2)j -
{2< S [N W(’”IILW(O,T:L”}

T .
+ Z/ 2(a+s72sc)jef)»2°‘f (T—1)
0

JEZL

jEZ 14 (Z)

% ||u(”_1)(r) . Ve—r(—Aﬁ 9(")(0)” .2sc—1—%d":'
B

p-q
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It follows from Lemma 2.3 and (2.6) that

1_l"+g_£
Iy (D)l < CT' 7«77 sup || F (1) go
P! >0 oo
2s¢—s

—1
+CT 7 1 Pligsgo, 1., 1V PN z0.7:85,)

2s¢c—s

-«
+CT e (T + Du" Vlgpall6™ Ol 5,

Therefore, by the same argument as above, we have

sc __Se=s 1 12
Iy (T e < CTaT™& Ta@=1=D sup | F (1)l go
P4 >0 e

Sc—s§

FCTST T (14 T3 ) Ay Ay

and we see that the series in (3.2) converges in Bg’ | (R?) and

1 —
166" g0, < AT Y@ oo + 19Dl o)
se Loy _1-2) ) Sc _l-a
<CTeTx Dsup [F(0)llgo +CTe(1+T7 & ) Ay Ay

>0

(3.14)

Combining (3.12) and (3.14), we find that Lemma 2.6 implies the series in (3.2)
converges in Bg)l (R?) N B¢, (R?) and (3.3) also holds.

Next, we prove (3.4). Since A jQ(”“) satisfies

9 A00TD 4 (—A)2 A ;00D
= SutaAGF +[u™, A;]-VOUTD g A9t

the same argument as in the derivation of (3.10) yields that
. t .
180D @) e < e 1A;0 () Lr + C f eI AF (D) rdT
0
t .
+/ SO WM (), A1 VOTTD (@) LpdT,  (3.15)
0

which implies that

25| A ;0" (@) | Lo

. 4 2 . of
< C2%I A6V 1L + Cf 2UH7 = o= 2D A S F (1) | 1 rd T
0

t : o 12y
+ [ 29620042 DO, 21V 103116
0
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Taking L?°(0, T')-norm of (3.16) and then taking /9 (Z)-norm, we see by Lemma?2.3
that
||9(”+1)||Zoo(() T-B'YC )
1
<CIOg" Vg, + CT 7170 sup | F ()l o _

t>0

25c—1—2)j
e ” {2( W™, A VQ("+1)||L°°(0,T;LP>},'€Z

19(Z)
<cledt g, + CT«® 1= qup IF g0,
t>0

On the other hand, by (3.15), we see that
1A;60" 1 (D)lLr

t
< CIIAjG(g"+1)||Lp+C/ 2= g2 =0 gr up IFO o
0

t>0

t .
+/ 2(a—sc)je—}»2”-/ (t_r)dl'
0

2sc—1—2)j
{23 W™, A1 V0 o ien |
J

. (3.18)
19(Z)

Taking L{°(0, T)-norm and then 11(Z)-norm of (3.18), we have
||9(n+1) ”ZOO(O’T;Bg,l)

t
C||9("+1)||B +CZ sup f2(1+ —a)j =22 (1 T)drsup||F(t)||Bo
ez 0<i<T Jo 10

t .
+Z sup /2(“_‘%)163_)\2%’_”511
ez o<i<rJo

X

25c—1—2)j
{2( * 2™, Aj]- V9<n+1)||L°<>(0,T;LP)}

i)
Using Lemma 2.3 and the second inequality of (2.16), we obtain that
10 lize 750,y < g™Vl +CTE Fa e 1- sup IFO g0
+CT?C ”9(11) ||ZOO(O,T,B;£[1) ”9( ) ”ZOO(O,T,B;C(I) (319)
Hence, combining estimates (3.12), (3.14), (3.17) and (3.19), we obtain

Apy1 S Crsup [[F ()l + CrA—1An + C1AnApt) (3.20)
t>0 100

for some C; = Ci(a, p,q,r, T).
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On the other hand, since 6V satisfies
30W + (—A)ZT0W = 4F, t>0,x € R,
M0, x) =0, x e R?,
the simpler argument than above yields that

A< Crsup [F(Dllgo_ - (3.21)
t>0 oo

Hence, if F satisfies

1
sup [F(H) |0 <81 := —,
>0 Broo 8C?

then by (3.20), (3.21) and the inductive argument, we obtain

Am <2Csup||[F ()]l go
t>0 ne

for all m € N U {0}. This completes the proof. 0
Next lemma ensures the convergence of the approximation sequences.
Lemma 3.2. There exists a positive constant 5, = 8(«, p,q,r, o, T) < &1 such that

if F € BC((0, 00); B (R?)) satisfies

sup [[F(D)ll go_ < b2,

t>0
then it holds
o0 o0
(n+1) (n) . (n+1) ()~ ,
9 - 9 o 9 - 0 o0 - RO Q.
ZO 16y o ”Bp.q + X(:) Il Iz (0.7:B9,) <
n=! n=

Proof. Due to

o o
2 1 _ —A)2
e(ng- ) Gén-i- ) § :e Tk(—A)2 (W("+1)(T) _ 1/f(")(T))
k=0

and Lemma 2.6, we consider the estimates of ¥ "+ (T) — 4™ (T) in Bg,;“ (RH N
Bg’q(Rz). Since ¥ ®tD — ) satisfies

3t(1/,(n+1) _ 1/,(n)) + (—A)%(w(”+]) _ w(ﬂ)) 4 u®™ . V(l//("+l) _ I//(n))

+u® . ve 1D gt () _ g (0)) 4 @™ — Dy . VoW = A, F,
(3.22)

we see that
08, ("D =y ™)+ (=0T, —y)

= Ant1AF + [u("), Ajl- V(w(ﬂ+1) _ w(n)) —um . VAj(t//("'H) _ 1)//(n))

=A™ Vet T 0D () — 90 0))) — A (@™ — u® D). Vo).
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Thus, the similar energy calculation as in the proof of Lemma 3.1 yields that

IA; ("D — (T Lo

r i 1_1y;
<cC f T2 | A A F (@)l de
0
T o
+ / eI (), A1 V(@) — P (@) rde
0
T o 5
+ / e IOA ;@ (x) - VeTTENE @D ) — 67 0)) | Lrd
0

T .
+ fo eI A (@™ (2) — u™ V(1)) - VO (0))|| Lo

Let s € {0, 0 — a}. Multiplying this by 2% and
taking [4(Z)-norm of this, we obtain that
Iy @) = (D gy,

1 2
< CT;(Zaflf;)zf(sCﬂr)n Sug ”F(t)”Bﬁ’oc
> ’

o—S v - _2 i
LT {2(3c+(a 1) p)]”[u(rl)’ Al V(oD — ')/f(n))HLOO(O,T;LP)r i
JE€&\19(7)
I H {/T 2(ot+sfa)jefk2"j(Tfr)2(5c+(0—1)—%)j
0
12, @™ - Ve =R @D (0) — 9<”>(0>)>||md’}
J€Z 19z
+CT% |u™ —u®=D) . Vo™ b2 -
L®0.T:B), Py
Therefore, it follows from Lemmas 2.2, 2.3 and (2.5) that
Iy @) =y )y
o—s 1 2
< CT™a T =070 sup | F(1)]| go
t>0 ’
IS () )~ Ny (1) _ )y~ .
+CT 10 Nz, ) 1V V0,155,
o—s 11—«
HCT™ T (L T7) 6" [0 077 (0) = 077D (O 35
M |~ . m _ gin=1)~ .
+CT « |6 IILOO(O’T;ch_q)IIO 0 IILOQ(O,T;BZ,({). (3.23)

This gives
(n+1) )
160" = 65" Il
<A@y @) =y (D)l oo + 11y T =y (Dl g )

1 2
< CT«em =070 sup | F (1)) o
t>0 '

Y CAWBy +CU+ T 5 )AuBoi. (3.24)
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Since 6"+ — 9+ D satisfy
3,(00 D _ gDy 4 (LAY (9D _ gty
+ G V(Q(”+2) _ 9(n+1)) + (u(n-i-l) _ u(")) vt — Apio F,
we see that

azAj (9(n+2) _ 9(n+1)) + (—A)%Aj(e(""'z) . 9(n+1))
= AjAp2 F 4 [u) A1 V(O — gty
_ u(l’l+1) . VA/(Q(n+2) _ 9(n+1)) _ A/((u(l’l+1) _ u(l’l)) . V@(l’l‘l’l))

By the similar energy calculation as in the proof of Lemma 3.1, we have
1A ;0" (1) — 6TV (1))l
< e A0 0) — 60D 0)1 L

t . i
+C / 26 =P 2D A Ay o F (D) | 1rdT
0
t .
+/ e (1), A1 VO (2) — 00D (1) Lod
0
t .
+/ DA (@Y (1) — u™ (2)) - VO (0)) || Lrde. (3.25)
0

Multiplying (3.25) by 2°/, we see that
2991802 (1) — 0TV (1) |1 1o
<29911A; 02 0) — 07V ) 1o

! 2 ; aj
+ C/ U+5—)j =224 (1 =7) g sup ”A”+2F([)”B“§J”)
0 "

>0
+/tzaje—klai(t—z)d.[z(sc‘HU*l)*%).f I, A1 VO™ — 00 D)o i)
0
N /’ 247 =120 g @+HOD= DI A (@D ) L gDy
0
By taking L{°(0, T') and then [9(Z)-norm, it follows from (2.16) and Lemmas 2.2
and 2.3 that
||9(n+2) — 9(n+1) ”ZC’C(O’T;BZ.{])

<02 (©0) — 0"Vl g,

1 2
+CT &2 1mP 270 up | F (1) ] o
t>0 '

10" Voo, 107 = 0" Pz 0,05,

+C||9(”+1) ||Z°°(0,T;Bf,€q)||9(n+1) _ Q(n)”ZDO(O,T;Bg_q)' (3.26)
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Since it holds
2 1
107+2(0) = 0" DOl g < USwrs @™ = 05" g+ 180120 Vg
2 1 —(Se— 1
< C||9(§n+ ) _ e(gn+ )”ng + c2 (sc (T)n”g(gl’H- )”B;}Cq

< C||9(§n+2) -~ 9(§n+1)”3;{‘q +C2 ey
we have by (3.26) that
+2 +Dj~ .
[0¢F2 — gn )”LDO(O,T;B;q)
2 1
< C”9(§n+ ) Gén-‘r )“BU
p.q
y 1 2
+ 2 se=o)n <Ta(2alr) sup ”F(t)”39.<x> + An+l)

t>0
U6 P lpa 6D =0 Iz 0,75,

+CI0" D pall0 ™D =07V lza 0 7455 - (3.27)
Therefore, combining (3.24) and (3.27), we obtain

Buy1 < C2707 (sup IF @)z + AnH)
>0 >

+C2Aan—l + C2(An + An+l)Bn + CZAn+an+1 (3-28)

for some C, = Cy (e, p,q,r,0,T) > 0. Here, we assume that

1
sup IF ()1l g0 < 8 =: min {51, } .
s Bloc 16C,C>

Let N € N satisfy N > 2. Then, summing (3.28) over n = 1, ..., N — 1 and using
Lemma 3.1, we have

N—-1 N—-1
Z Byt1 < Créy Z 2~ (ema)n
n=1 n=1
N-—1 N-—1 N-—1
+2CCy Z B,_1+4CC, Z B, +2C1Cy Z B+
n=1 n=1 n=1

for some constant C7 > 0 depending on T'. This implies

N N-—1 o) 1N—2 2N—l 1N
Zancm;z Se °"+§’§)Bn+§;3n+§};m

n=2
oo 1 N
<o Y2t Ly,
n=1 n=0
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Hence, we have

1 o (s
3 > B, < Créy 278" 4 By 4+ By < oo,
n=0 n=1
which completes the proof. 0

Lemma 3.3. There exists a positive constant C3 = C3(«, p,q,r, T, o) such that
60— 5 T oo . po
16 = 81l 7o, 7.5,
< C3 (10 gqo, 12,y + 1107550 ) 10 = Bl iy, (329)

for all T-time periodic solutions 8 € BC([0, 00); Bf,fq (Rz)) N X;’q and 6§ € BC
(10, 00); By, (R?)) N L=(0, 00; Bjt,(R?)) to (1.5) with the same T-time periodic
external force F.

Proof. Since 6 — 6 satisfies
3O —0)+ (=A)TO —0)+u-VO—0)+ u—1u) V6 =0,
where u = R0, i = R0, we see that
A0 —0)+ (~A)2A;(0 —0)
=[u, Aj1-V(O —60) —u-VAj(O —0) — Aj((u—T) - VO).

Therefore, it follows from the similar energy calculation as in the derivation of (3.27)
that

e — 9”200(0,]";3;4)
<16(0) = DO 45
+C (||9||ZOO(0,T;B;CJI) + ||9||ZW(O,T;B%)) 16 = Bliz~0.7:55,)- (3:30)

Next, we derive the estimate for 6 (0) — i} (0). Since 6 — g is T-time periodic and the
Duhamel principle gives

0(1) —8(1) = e (0(0) — 6(0))
t o -
—/ e UTOEMZ (1) - VO(T) — Ti(z) - VO(T))dT,
0
we have by Lemma 2.7 that

160) =)l 55, < CT MY (T) =T (Dlljga + W (T) = F(Dllgg ). (33D
where ¥ (1) := 0(1) — 107 6(0) and ¥ (1) := (1) 17 6(0). Since it holds

YW =)+ (=D (Y — )
=—u-VO—9)—u-Ve 'V 00) —0(0) — (u — ) - VO,(3.32)
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applying A to (3.32), we have
BN =)+ (—N) A — )

=[u, Aj1- VW —y) —u-VA; — )

—Aj(- Ve 'TRZO0) —6(0) — Aj((u — ) - VO).
Hence, by the similar energy calculation as in the derivation of (3.23), we obtain

T (T) = (D)oo + 19T = T (Dl g

_la ~ ' ~ (3.33)
<CA+T7%) (16l xps + 180 zwio, 125, ) 16 = Bl 725,

Here, we have used

1000) =B Ollz5, < sup_[16() = D)l

<0 = Ol50 150 -
0<t<T O1:85.4)

P
Combining (3.30), (3.31) and (3.33), we get (3.29). This completes the proof. O

Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Let «, p, q,r and T satisfy the assumptions of Theorem 1.3
and let o := /2. Then, o satisfieso —2/p < o0 < 2/p. We put

§ := min {6y, &2,
8C1C3

and let F € BC((0, 00); BY  (R?)) satisfy

sup [[F(D)lgo_ < 8.
l>0 r,00

It follows from (3.4) that

sup |6 xpe S2Cisup [F(0)]zo <2018 =: K. (3.34)
neNU{0} t>0 ’

From Lemma 3.2, there exist limits 6y € Bg‘ q (R?)and 9 € L>®(0, T; Bg q (R?)) such
that
o
1 . .-
0o =Y 05" —6y") = lim 6" in By (®),
n=0

o0
0 = Z(W“) —omy = lim 0" in L™(0,T: B ,(R?)).
n=0

By Lemma 3.1 and (3.34), we see that §y € B}y, (R?), 0 € X1¥ and

1011700 0,735,y < 10l xp0 < K. (3.35)
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It is easy to check that 0 is a solution to (1.5) on [0, T']. Next, we show the continuity
in time of the solution 6 by the idea in [7]. Let (s, p) € {(sc, ¢), (0, 1)}. Since it holds
A0 =AF—(—A)IA;0 — Aj(u- V6), we have

E2N
< C29|3,A;6| Lo
. 1 1y . . . .
< C2ITPPCTWDIN A F @) |11 4+ C29F A0 Lr + C257H u(@) [ Lo 16 (1| o
1

ol _1y; . . L
C2TRCT sup | F @)l gy + €270l o i ) + C2TH 16120,
t>0 ’ ’

N

which implies 9;A ;60 € L*(0, T; B;, p(Rz)). Therefore, we have
Omi= Y A6 €C(0.T]: BY (R N B, (R?),  meN.
[j1<m

It follows from g < oo and (3.35) that

1©m — QHLOC(O,T;B%IHB';,&])

<C Y180l +C H{2S°j|IA19||Lw(o,T;Lp>}
|j[>m

ielilzm | g

— 0, as m — 00.

Hence, we see that § € C([0, T1; Bg,l(m@) N By, (R?) C C([0, T]; By, (R?)).
Since

16 0) = boll o
< ClISues (" = 00)ll g+ 11 = Sur3)6oll g
< ClIEg" = boll gy + 11 = Su3)60ll g5 — O,
= e,r(,m%)eénﬂ) —a- efT(fA)%)QOHB;q
< ”9(()n+l) _ 90||1§ng n ”e—T(—A)%(GénH) _ Go)llgg#
< Cleg™ = bollg, = O,
10 (1) — =% 670)) — O(T) — e gl
< 10™T) — 0Tz, + ||e—T<—A)% ©™(0) — )l 3,
< o™ - Oll oo, 7385, + Cllo™ ) - bl = 0

as n — 00, we obtain by letting n — oo in (3.3) that

(1—e TEDY g =0(T) —e TN gy, 6(0) = 6,
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which implies
0(T) =6(0) = 6p. (3.36)
Let us extend 6 to the function on the interval [0, co) periodically as
0(t) =6t —NT), forNT <t< (N+ 1T, NeN.

Then, 6 € BC([0, 00); Bf{q(Rz)) and 6 is a T-time periodic solution to (1.5) sat-
isfying (1.4). Finally, we prove the uniqueness. Let 6 be arbitrary solution satisfy-
ing (1.7). Note that since 0 < o < s., we see that 6, g e L°(0, T, LP(RZ)) N
ZOO(O, T, B;fq(Rz)) C Z"O(O, T, B;’q(Rz)) holds by the similar calculation as (2.8).
Then, it follows from (3.29) and (3.35) that

6 — 9”200(0153774) < C3 <||9||X¥~‘1 + ||9||Z°°(0,T;B}‘,?q)> 6 — 9”200(0];3;{])
<2KG3)160 — GHZOO(QT?BZ,,,)

< 5”9 - 9”200(0,7";3;#)'

Thus, we see that 6 =0on [0, T']. The periodicity of 8 and 0 implies 0 = 6 on [0, c0).
This completes the proof.
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