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Regularity of solutions to Kolmogorov equation with Gilbarg—Serrin
matrix

D. KINZEBULATOV AND YU. A. SEMENOV

Abstract. In Rd, d > 3, consider the divergence and the non-divergence form operators
—A—=V-(@a—-1)-V+b-V,
“A—(@—-1)-V*+b-V,
where the second-order perturbations are given by the matrix
a—1= c|x|_2x ®x, c¢>—1.

The vector field b : R — R is form-bounded with form-bound § > 0. (This includes vector fields
with entries in L9, as well as vector fields having critical-order singularities.) We characterize quantitative
dependence on ¢ and § of the LY — wlaqd/d=2) regularity of solutions of the corresponding elliptic and
parabolic equations in L9, g > 2 Vv (d — 2).
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1. Introduction

1. In this paper, we are concerned with the second-order perturbations of —A,

~A—V-@-1)-V,

—A—(a—1)- V2, M

ajj(x) = 4;j —|—c|x|72x,-xj, c> —1.

These are model examples of divergence/non-divergence form operators that are not
accessible by classical means such as the parametrix [8], [19, Ch.IV]. Although the
matrix a is discontinuous at the origin, it is uniformly elliptic, so, by the De Giorgi—
Nash theory, solution u € W'2(R%) to the elliptic equation (u — V - a - V)u =
fomw>0,f € LPN L2, p e]i, oo, is in CO%7, where the Holder continuity
exponent y €]0, 1[ depends only on d and c. The operators (1) and their modifications
have been studied by many authors in order to make more precise the relationship
between the regularity properties of the solutions to the corresponding parabolic and
elliptic equations and the continuity properties of the matrix, see [1,3,5], [18, Ch. 1.2],
[7,9,20-26] and references therein. In fact, there is a quantitative dependence of the
regularity properties of solutions on the value of c. In this sense, the matrix a has a
critical-order discontinuity at the origin.

The critical-order perturbations of — A and its generalizations have been the subject
of intensive study over the past few decades as they reveal otherwise inaccessible as-
pects of the theory of the unperturbed operator. For example, consider the Schrodinger
operator —A — Vo, Vp(x) = 8%|x|_2, onR?, d > 3.1f0 < § < 1, then the self-
adjoint operator realization H~ of —A — Vpon L?= Lz(]Rd ) is defined as the (minus)
generator of a Cp semigroupe "#~ = s-L2-Tim, g e~ (Vo) V,(x) = 8% Ix|72,
|x|§ = |x|>+¢,& > 0.Ford > 1, however, by the celebrated result of [4] (see also

[10D),

_tH*(Vs)uo(x) =00, t>0, x¢€ Rd, ug >0, ug #0,

lime

el0
i.e.,all positive solutions explode instantly at any point. This phenomenon is not ob-
servable for any Vo =48V, V € L%, regardless of how large § > 0 is (in this sense,
the class L2 does not contain potentials having critical-order singularities). The per-
turbations V- (@ — I) -V, (a — I) - V?,a — I = ¢|x|™%>x ® x, of —A can be viewed
as the second-order analogues of the critical potential Vj(x) = 6% x| 2.

Our goal is to determine to what extent adding V-(a—1)-V,(a—1)- V2 affects the
perturbation-theoretic and the regularity properties of —A. Our interest is motivated
by applications to diffusion processes, and so we restrict our study to the first-order
perturbations of (1).

2. The following result concerning the special case a = I (i.e.,c = 0) will serve as
the point of departure. Consider on R?, d > 3, the Kolmogorov operator

—A+b-V, b:RY > RY
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We will need the following

Definition. A measurable vector field b : R — R is said to be form-bounded (with

respectto —A) if |[b] € leoc and there exist constants § > 0 and . = A5 > 0 such that

1
b1 = A) 222 < V8

(write b € Fs).
Here and below, || - || ;4 denotes the || - |[Lr— L4 operator norm.

The condition b € F; is equivalent to the quadratic form inequality
(bf.bf) <8(VE V) +cs(f. f), forall fewh?

for a constant c¢s (= AJ), where, from now on,

(h) = fR heodx, (h,g) = (1),

The constant § is called the form-bound of b. It measures the size of critical singularities
of the vector field, see examples below.
It is clear that

bieFs ,byc¥s, = bi+beFs, 6:=8 +/6.

Examples. The class of form-bounded vector fields Fs contains vector fields » with
|b| € LY + L™ (i.e.,b = by + by, where |by| € L%, |by| € L), with § > 0 that can
be chosen arbitrarily small (by Sobolev’s inequality).

The class Fs also contains vector fields having critical-order singularities. For ex-
ample, by Hardy’s inequality, the vector field

d—2
2

b(x) :=+/8 x| 2x, & >0,

having a model critical-order singularity at the origin, is contained in Fs (with 1 = 0).
More generally, the class Fs contains vector fields b with |b| in L4 4 [ (the
weak L? class, by Strichartz’ inequality [16]), the Campanato—Morrey class or the
Chang—Wilson—Wollff class [6], with § depending on the norm of |b| in these classes.

For every ¢ > 0, one can find b € Fs such that |b| ¢ leots, e.g.,consider a vector
field b with
1 -1 _
b(x))> = C—BOIHO Z B0y Sy g<k < 1.

] — 1] (= In []x| — 1]y«

See, e.g., [11, Sect. 4] for other examples and more detailed discussion concerning
the class F.
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Here is our point of departure. By [15, Lemma 5], for b € Fs with§ < 1 A (d%z)2

andg € [2V (d —2), %[ the solution u to the elliptic equation

(ﬂ + Aq(b))” =f, felLl,

where A (D) is an operator realization of —A +b-V in LY as the (minus) generator of
a positivity preserving L> contraction Co semigroup (see details in Sect. 3), satisfies

1
IVullg = Ki( — o))" 21 fllg.

1 (%)
IVl g = Ko(e = po)e 2111 llg
for all & > o, where constants wg = uo(d, q,98) > 0, K; = K;(d, q,8),i =1,2.
In particular, if additionally ¢ > d — 2, then by the Sobolev embedding theorem u is
in C%7 (possibly after change on a measure zero set) with Holder continuity exponent
y=1-— d=2

3. In our main result, Theorem 2, we show that the perturbation —V - (@ — I) - V of
— A preserves, under appropriate assumptions on c, the properties of —A that allow
to establish estimates () for u = (,u + Ay(a, b))_1 f, where Ag4(a, b) is an operator
realization of the formal operator

~A—V-(@a—1)-V+b-V, beF;

in L7 as the (minus) generator of a positivity preserving L° contraction Cp semigroup,
constructed as the limit of the semigroups corresponding to smooth approximations
of a, b. The existing literature on —A — V - (@ — I) - V + b - V dealing with discon-
tinuous/locally unbounded coefficients, provides a detailed regularity theory of this
operator in the case a = [ + c|x|_2(x ® x) and b(x) = c|x|_2x, see [5,7,20-24]. In
the present paper, we are dealing with a substantially larger class of singular drifts b.
Our results thus do not depend on the specific structure of b such as differentiability
or symmetry, and, in fact, follow from the a priori estimates () for solutions to the
corresponding elliptic equations with smoothed out coefficients.

Now, define vector field Va by (Va); := Zflzl Viair, 1 < k < d, where, from
now on, V; := dy,. Then Va = c(d — 1)|x|~2x , so by Hardy’s inequality Va € Fj,
Sa = %. We construct an operator realization in L4 of the non-divergence form
(formal) operator

d d
—a-V24b-V==3" a;)ViVj+ Y b(x)Vi, beFs
i,j=1 k=1

as Ag4(a, Va + b) (we have —a-V24b-V=-V.-a-V+Va+b) V) Asa
result, we can characterize the quantitative dependence of the regularity properties of
u=(u+Ay(a,Va + b))’lf, feli onc,d,q,pn and 8, see Corollary 3. In this
regard, we note that the class of admissible first-order perturbations b - V, b € Fs of
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—a - V? cannot be achieved on the basis of the Krylov—Safonov a priori estimates [17,
Ch.4.2]. (We note that the operator —a - V2 with O aij € L4 has been studied
earlier in [2], see also [3].)

Concerning the application of (x) to establishing the C%¥ continuity of u, we note
the following. Let d > 4. In the proof of Theorem 2, we establish a stronger than ()
estimate:

q
IVIVulZ|3 < K| fId

(andsou € CO7,y =1 — dq;z). We do not appeal, for the purpose of establishing

Holder continuity of u, to W2 estimates on u for a large r. In fact, the condition
b € Fs, 8 < 1 yields only u € W?2. The latter allows to conclude that u is Holder
continuous only in dimension d = 3.

In Theorem 2, we tried to find the least restrictive assumptions on ¢ and é (a measure
of discontinuity of matrix a and a measure of singularity of vector field b, respectively),
permitted by the method, such that the estimates (x) hold for a b € Fs. (We emphasize
that our result is not of Cordes type.) The weaker result that there exist sufficiently
small ¢ and § such that the estimates () are valid (still not accessible by the existing
results prior to our work) can be obtained with considerably less effort by following
the proof and discarding the corresponding multiples of ¢ and 4.

The question of optimality of our assumptions on ¢ and § in Theorem 2 is difficult.
Even in the case ¢ = 0, it is not yet clear whether the corresponding assumption on
dGe, 8 <1A ﬁ), although dictated by the method, is optimal. (We remark that

4

the constant T incidentally, coincides with the constant in Hardy’s inequality for

d > 4.) In this regard, we note the following:

1. We believe that the examples showing the optimality of the assumptions on ¢
and § in Theorem 2 (at least in the limiting cases discussed in the fourth remark
after Theorem 2) could be obtained once one fully exploits the method, e.g.,in
the context of the problem of constructing the corresponding diffusion process.
(In this regard, we note [12, Example 1].)

2. In [23,24], the authors constructed an operator realization O, of —A -V - (a —
I)-V +b-Vin L? for the model vector field b(x) = c|x]| —2x and characterized
the domain of Q ,, establishing W7 and W27 regularity of any u in the domain
of Q. The results in [23,24] do not follow as a special case of Theorem 2 if
we take there b(x) = c|x|2x. In fact, for this vector field, one can modify our
method to take into account the sign of the divergence of b (cf. [11, Corollaries
4.9-4.11]); however, this still does not allow to obtain as a special case the related
result in [23,24].

We note that having a complete characterization of the domain of (an operator
realization of) —V - a - V in L? for some ¢ does not help on its own to characterize
regularity of the domain of =V -a -V +b -V, b € Fs in LY (as is already apparent
in the case a = I discussed above).
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The method of this paper is suited to treat second-order perturbations —V-(a—1)-V,
—(a—1)-V%of —A more general thana—1 = clx|2x®x, for example,a—1 = vQu,
where a bounded v : RY — R9, v ¢ WIL’CZ (Rd , ]Rd) satisfies

(3 (Vo) eF, @)
k

(although not distinguishing between positive and negative c¢). Our method also admits
extension to

aij(x) =8 + Y eikij(x =y, kij(x) = x| Pxixj,
!

cy ::ch <00, C_ :=ch>—1,

>0 ;<0

where {y'} C R?. Let us also note that arguments in this paper can be transferred
without significant changes from R to the ball B(0, 1).

After this paper was written [13], in subsequent paper [14] we constructed and
investigated the diffusion process corresponding to —a - V> + b - V with a as in (2)
using analogues of estimates (x), although valid, if restricted toa = I + c|x|’2x R x,
under substantially more restrictive assumptions on ¢ than in the present paper.

Outline of the method Let us give an informal outline of the proof of Theorem 2,
i.e.,estimates (x) for solution u to the elliptic equation (u —V -a-V +b-V)u = f,
w>0, fell qg>d—?2 (sufficiently close to d — 2).

Step 1: The basic equality. We multiply the equation by carefully chosen “test
function” and integrate to obtain the basic equality

q
I Vulld + Iy + (g = DJg = L. 1+ IS Ty = 1VIVul2 3. (BE)

The term I, is greater than J,, so if we replace it by J,; we arrive at

Step 2: The principal inequality. The terms [. .. ] in the RHS of (BE) are estimated
from above by « J,; with a sufficiently small coefficient x > O (using the structure of
the matrix a and the condition b € Fs). Thus, we obtain from (BE)

wlIVullg + (g = 1)Jg < xdg +CISIG

and so if k < ¢ — 1 (< our assumptions on a, b are satisfied) then we obtain the
principal inequality

ulVullg +nJy < Clflg, n>0.

Step 3: The sought estimates () on u now follow from the previous inequality by
applying the Sobolev embedding theorem to J;.
Structure of the paper In Sect. 2, we state our results in detail. In Sect. 3, we illustrate the
use of our method by applying it first to operator —A+b-V,b € Fs.In Sect. 4, we prove
our main result, Theorem 2 concerning the divergence form operator —V-a-V+b-V.
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2. Main results

1. In what follows, we consider C* smooth approximation of the matrix a(x) =
I+clx|2x®x by

a* =), 1<i.j<d,
where

. -2 .
af; = 8ij +clxlg“xixj, |xls =/ lx|24+e, &>0.

For a given vector field b € Fs, we consider its C* smooth approximation defined
by

by, :=cpye, *1,b, n>1, c, 11, 3)

where 1,, is the indicator of {x € R? | |x| < n, |b(x)| < n}, y. is the K. Friedrichs
mollifier, for appropriate €, | 0 and ¢, 1 1 so that b, € F;s for all n > 1 with
A # A(n), see Remark 2 for details.

In the course of the proof of Theorem 2, we will first prove the required regularity
estimates (x) for solution u®” to the elliptic equation with smooth coefficients (u —
V-a® - V4+b, - Vu®" = f, f € C, u > o for constants uo > 0Oand K;,1 = 1,2
independent of ¢, n. Taking ¢ | 0 and n — oo, we will establish estimates (x) for
solution u to the equation (u — V -a -V + b - V)u = f. However, first we need to
specify in what sense the operator —V -a - V 4 b - V is defined; we will also need the
corresponding convergence result; see Theorem 1.

Recall that there is a unique self-adjoint operator A = A, > 0 in L? associated
with the sesquilinear form t[u, v] := (Vu - a - Vv), D(t) = w2,

D(A) Cc D(t) and (Au,v)=t[u,v], ue D(A),v e D®X).

The operator —A is the generator of a positivity preserving L*° contraction C
semigroup 7, = e A ¢t > 0, on L2. Then, since T) is a L contraction, Tq’ =

1 . . . . . .
[T2’ [LanL? ]z;)s_) 1« determines by interpolation a contraction Cp semigroup in L7

for all ¢ € [2, oo[ and hence, by self-adjointness, for all ¢ €]1, oo[. The (minus)
generator A, of Tq’ (= e~44) is an operator realization of the formal operator V-a - V
on L9, g €]l, ool.
In what follows, given a Banach space Y and a sequence of bounded linear operators
T,,T:Y — Y, wewrite T =s-Y-lim, T, if Tf =lim, T, f in Y forevery f € Y.
We will need

Theorem 1. Letd >3. Letb € Fs with 81 :=[1V (1 +¢)"2]8 < 4. Letq > 2_2

e

The following is true.

(i) There exists the limit

s-L9- lim ¢~'Ma(@bw)
n— oo

(locally uniformly int > 0),
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where Ay (a, by) = Ay+by-V, D(A4(a, b)) = D(Ay), and determines a pos-
itivity preserving, L™ contraction, quasi-contraction Cq semigroup e~ Aq(a.b)
in L9. Its (minus) generator A4 (a, b) is an appropriate operator realization of
the formal operator —V -a -V + b -V in L4.
(ii)
A
e 1hq(a:b) <e®' >0, w, = ——.
|| lgg < = 3T
(iii)
(1 + Ag(a, b)) =s-L9- lim lim(n + Ag(a®,by)~",  forall p > w,,
n—o00 g0

where Ag(a®,by) = =V -a® -V + by, -V, D(Ay(a, by)) = W24,

Proof. Assertions (i), (ii) are a special case of [11, Theorem 4.2] or of [11, Theorem
4.3] (both valid for an arbitrary uniformly elliptic matrix a).
Proof of (iii). By [11, Theorem 4.6], for every n > 1,

1+ Aga,by)~ ! = s-L"-lifg(u + Ag(a®, b))~
&

It remains to apply (7). 0

2. We are in position to state the main result of the paper. Let us introduce the
following quantities:

. =c ! Ve (d—2)%8 (d—4)(d—-2)
st [ty + -] [435 U=22 7]

_ 92 _ _
Lz(c,s,d):=—c[2d—4+§(d—2)(d+4)]+[(d 42)8+(d 4)2(d 2>«/§].

Clearly, L1, L, are small if ¢, § are small.

Theorem 2. (The operator —V -a -V +b-V). Letd >3, a(x) =1+ c|x|_2x ® x,
c>—1,andb € Fs, 5§ > 0.
(1) Letd = 4. Assume that c, § (i.e.,a measure of discontinuity of matrix a and a
measure of singularity of vector field b, respectively) satisfy [1 v (1 + ¢)]V/8 <
2 — ﬁ and one of the following conditions:

@)) c>0and1—|—c(1 — Z(dl—l) —w) > 0, and

Li(c,6,d) <d —3.
2) —1 <c<0and1+c(l+%§)>0,and

Ly(c,8,d) <d —3.
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Then for every q > d — 2 sufficiently close to d — 2 there exist constants
o = pold,q,c,8) (= wy) and K; = Ki(d, q, ¢, 8) (I = 1,2) such that, for all

d
w>poand e L u:=(u+ Ay (a,b)~' fewhin wlaz and satisfies

IVully = Ki(n — 10)” 2||f||q,

()
IVl g = Ko(u = Mo)q 2IIfIIq

(ii) Let d > 3. Assume that c, § satisfy 8 < 1 A (1 + ¢)? and one of the following
conditions holds:

4 d+3
c>0, 1—cL———ww6@ + +O]—6>Q

(d —2)2 d—2
or
4d—1) d+3
—1<c<0, I—M{L+u 2y+vr@2—§+0]—3>0

Then (x) holds with ¢ = 2 and moreover, u € w22,

Remarks. 1. In Theorem 2, if ¢ = 0, then the assumptions on § are reduced to
S<1An ﬁ, so we recover the result in [15, Lemma 5].
2. In assertion (i) of Theorem 2, we could also include d = 3, ¢ > 2; however, for
d = 3 assertion (ii) yields a stronger regularity result u € W22
3. Following closely the proof of Theorem 2, one can obtain conditions on c,
8 and g > d — 2 that provide estimates (x), not necessarily assuming that
q is close to d — 2. In this case, we would have to replace hypothesis 1) in

Theorem 2, i.e., “1 +c(1 — 2(d1—1) — W) > 0and Li(c,8,d) <d — 3,

by “1 + ¢(1 — 2(d 5 ql/g) and (¢ — 1)(”1;—22)2 —£1(c,68,q,d) > 0, where
L1 is defined in the proof of Theorem 2. Similarly for hypothesis 2). We opt to
work with ¢ close to d — 2 to keep the assumptions of the theorem tractable.

4. In the assumptions of Theorem 2, the second estimate in (x) and the Sobolev
embedding theorem yield that # is Holder continuous (possibly after a change on
a measure zero set). For the illustration purposes, let us state the corresponding
result in the case when either § is small or ¢ is small. Let d > 3, a(x) =
I+ c|x|’2x ® x,c > —1, and b € Fs. Assume that

ce]—2+2,2(d—1)(d—3)[ >4, ) )
e and § > 0 is sufficiently small,
cel— 9 4[ d =3,
or
. . 4
|c| is sufficiently small and § < 1 A ———.
(d —2)?
Then, for all d > 4 and all ¢ > d — 2 sufficiently close to d — 2

d-2
(W+Agla.b) LI cC™, y=1- 7
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and, for d = 3,
(u+ M@, b)'L> C C¥, y = %
3. We now consider the non-divergence form operator. By Hardy’s inequality,
Va eFs,, 8, = %

(where, recall, (Va); := Z:.jzl Viair, 1 <k <d),so

Va+beF; V6:=6,+5.

We construct an operator realization of —a - Vi4bh-V (=-V-a-V+Na+b)-V)in
L% as Ay(a, Va + b) and obtain the following result as a consequence of Theorem 2:
Theorem 3. (The operator —a - V2 +b - V). Letd > 3, a(x) = I + ¢|x|7>x @ x,
c>—1,and b € Fy.

(1) Letd > 4. Assume that c, § satisfy the assumptions of Theorem 2(i) with § there
replaced by 8. Then for every q > d — 2 sufficiently close to d — 2 there exist
constants (Lo = no(d, q,c,8) > 0and K; = K;(d, q, ¢, §) (I = 1, 2) such that,
forall w > poand f € LY, u = (u+ Ay(a, Va+ b))~ f e whin Wi
and satisfies estimates ().

(i) Letd > 3. Assume that c, § satisfy the assumptions of Theorem 2(ii) with § there
replaced by 8. Then (*) holds with g =2andu € W2,

Remark 1. One can prove Theorem 3 directly by carrying out the same analysis as in
the proof of Theorem 2. This leads to somewhat less restrictive assumptions on c, §,
see [13] for details.

Remark 2. Let us show that the smooth vector fields b, defined by (3) are in Fs with
A independent of n for appropriate €, | O and ¢, 1 1.

Indeed, let us define first l;,, = Y, *1,b where ¢, | 01is to be chosen. Since, clearly,
1,b € Fs, we have for f € L?

1
(= A)_7f||2 111,b](x — A)‘ffllz + by — 1,6l — A2 f13
_1
<SNFI3 + Mba — Ll — A) "2 113
In turn, by Holder’s inequality and the Sobolev embedding theorem,
1By — 1,61 — A2 F13 < By — 1ubll2all(h — A)_7f||22d < Csllby — Lublall £113-

Since 1,b € L* and has compact support (and hence y; * 1,b — 1,b in L*? as
g | 0), for a given §, > 8 8 J 8, we can select g, n = 1, 2 . sufficiently small
so that ||b, — 1,b]2q < > and hence I16n — 1,b|(A — A)_7f||2 < (6 — 8)||f||2
Therefore, |||bn|()L - A)_Ef”z < Bn ”f||2

Itisnow clear thatb,, := c,,l;,, asin (3) withc, := 4/ 85,1_ Lisin F; with A independent
of n, as claimed.
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3. Special case: operator —A +b -V, b € F;

For illustration purposes, we first prove Theorem 2 in the case ¢ = 0.
Letd > 3. Assume that b € Fg, § < 4. We consider the approximating operators

Ap(by) = —A+by -V, D(Ayby) =W>P[RY, 1<p < oo,

Recall that the resolvent set of operator A ,,(by,) contains {u | 1 > wp}, wp = #ﬁl),
_2
2—/5’

and for every p €] oo[ we have

et Ar®a)| ., < et 4)

cf.Theorem 1 witha = I.
The proof of our main result, Theorem 2, is modeled after the proof of the following

Theorem A. (see [15, Lemma 5], see also [11, Theorem 4.8]). Let d > 3. Assume
thatb € Fs, § < 1 A (ﬁ)z. Letg € [2V (d —2), %[ The following is true.
The limit

s-L9-lim(u + Aq(bn))_l, w> wy,
n

exists and determines the resolvent of the (minus) generator A4 (b) of a positivity
preserving L™ contraction Cy semigroup in L4. The operator A 4 (b) is an appropriate
operator realization of the formal operator —A + b - V in L9.

There exist constants o = uo(d, q,8) (> wy), Kj = Ki(d, q,96), 1 = 1,2, such
that, for all w > po and f € L1, u := (u + Aq(b))flf e whin Wl’dqfd2 and
satisfies

1
Vully < Ki(p — po)" 21 fllg-

1_1 (%)
IVl g < Ko = po)? 21 fllg-

In particular,

d-2
(W+ Ag(b)~" L9 — ¥
wheneverd > 4, q € ]d -2, %[ and @ > po. Ford =3, (u + Aq(b))’1 L1 —

0,1

1
C™' " 4 whenever q € [2, %[, W > .

Proof of Theorem A. First, we show that the estimates (xx) hold for 0 < u, := (u +
Ay (bn))_lf, 0 < f € C2°, with constants o, K;, [ = 1, 2, independent of n. Since
b, is smooth and bounded, we have u, € W34, For brevity, write u = u,, b = b,.
We will use the following notations:
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w:=Vu, w;:=Vu, w;:= Vywyg,

d
¢ ==V wl == Viwi|wl!?).
i=1
Step 1 (The basic equality). We multiply the equation for u,, by the “test function” ¢
and integrate to obtain

((w = Du,¢) =—(b-Vu,p) + (f. ¢), &)

where, recall,
(h) = f heodx, (b, g) = (h3).
]Rd

In the LHS of (5), we integrate by parts twice to obtain

d
(—Au, ¢) = (= Aw, ww|??) = Y (wi, wirlwl?2 + (g — 2)|wlIw Vi wl),
i k=1
thus arriving at the basic equality
wlwld + 1, + (g =2 Jg = (—b - we) + (f. ), (BE)
where
d
Z Vi 2wl =2), g ——rlwwlzuz (V1w [wl2) (< 1)-

Step 2 We bound the RHS of the basic equality (BE) in terms of J,;, [|w ||372 and || f ||§.
These bounds will give us the principal inequality

-2
(= po)lwld +nJy < Cllwllg IIfllﬁ, (PI)

for all 4 > po, for some constants g > wy, n = n(q,d,8) > 0 and C =
C(q,d, ) < oo, from which the required estimates (xx) will follow easily upon
applying the Sobolev embedding theorem to J; (Step 3 below).
We rewrite the “test function” ¢ as

¢ =—wl"2Au — (g — 2)|w|!w - V]wl,

where, using the equation for u = u,,, we represent —Au = —puu — b - w + f. Thus,
we obtain from (BE)

wlwld + 1+ (g = 2Jg = (b-w— fi w2 (uu+b-w— )+ (g — 2)wl? w - V]w).
Using I, > J,;, we obtain
wlwld +(q—Ddy <(b-w— filwl! 2(pu+b-w— f)+ (g — 2wl >w- V|w|). (6)

We now estimate the RHS of (6) in terms of J,, ||w||3_2 and ||f||(2]. We will use (set
By :={|b - w|*[w]97?)):
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—2
(D) (b w, (w4 ?pu)y < = w B IIwIIq2 1flg G=7 < a = luly = (n -

wg) I fllg- see (4)).
(2) (b-w, w72 - w) = B,.
1 q=2
3) [(b-w, [wlT2(= N < B wlg> 1 fllg-
11
@ (@ =2)b-w, [wlfPw-V|w|) < (¢ —2)B7 Jg -
(5) (= £, lwl*2pu) < 0. .
(©) (—fi|lw|??b-w) < B} IIwIIq2 I llg-
D) (fo w2 ) < Jw|d ||f||2
-2

®) (g —2(—f. lwl? 3w - V]w|) < (q—2)J IIwIIq2 Ifllg-
Using (1)—(8) and applying quadratic inequalities, we obtain (g, x > 0):

1
RHS of (6) < (g —2)eJy + (¢ — 2)(k Jy + 4_3‘1)

1 u? 42y o2
+(1+38)Bq+(1+4 +E(M—)Ilwllq Ifllg- (D

In turn,

202
By < |blw|2 13

(we are using condition b(= b,) € Fs)
q
< 3IIVIwl2 5 + A8 lwlg
8q2

= Jat Adllwlg.
Thus, one sees that the RHS of (6) can be estimated, by means of (7) and the above
bound on By, interms of J,;, |wll4 and || f ||4 only. (Then we will re-group the resulting
J4 terms in the LHS. Since the LHS of (6) already contains (g — 1)J, withg — 1 >
(1 vd—3) > 1,itis clear that, by fixing ¢ > 0 sufficiently small, we can ignore in
(7) the terms multiplied by ¢.)

Select k = %X. We obtain:

2
RHS of (6) < [(61—2)MJr Z ] q+(q—2)an+38qTJq
q q 1 " q=2\ 2
+(1+ +3£>k8||w||q+<1+4 + e )2>Ilwllq 1
Thus,
g8 8q* %3
wlwld + [q—l—(q e st Lk 1/

2

q g q 1 I a2y £12
1+—+38>A8||w|| +(1+—+——>|le| | WAlle
( NG ’ de Ao (u—w?) T
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In view of our assumptions on ¢ and 8, the coefficientg — 1 — (¢ — 2)%5 — % is
strictly positive, so selecting ¢ > 0 sufficiently small the principal inequality (PI).

Step 3. By the principal inequality (PI), (n — /L())HU)HZ < C||w||Z_2||f||2, w =
Vu,, and so

=

_1
||V”n||q§K1(M_MO) 2“f“q’ K| :=Cx2.

Againby (PI),nJ, < C||w||g‘2||f||2, Jy = ;—2||V|w|%||§,so by the previous inequal-

ity 7|V Vi 212 < £ KT (1 — 120)' = 41| £119. The Sobolev embedding theorem
now yields

q—2
q

1_1 . d _1 L1
IVunllgj < Ko = p0)s 2 fllg. j o= =5 Ka:=Csn 9(¢*/4)iCTK,
It remains to pass to the limit n — oo. For this, we will use the first assertion of
the theorem which is, in fact, the content of [15, Theorem 1]. (We could also refer to
Theorem 1 witha = I.) Thus, we have u,, — u stronglyin LY, u := (u+ A, (b))_lf,
where, recall, 0 < f € CZ°. Furthermore,

= w137 < Nl = wn Gl = wn I < Nl = unllg 2l flloc)¥ =7 — 0 (n — 00)

since ||ut]|oo, [ltnlloc < || flloo < 00. Since V is weakly closed in LY, L%, a standard
weak compactness argument now yields (xx) for f € (C2°)4. Using a standard density
argument, we obtain (xx) for all f € L:’_. The assertion of theorem follows for all

f € L? upon replacing K; by 4K;,[ =1, 2. 0

Remark 3. 1. In fact, the proof above yields a stronger variant of the principal
inequality (PI)

-2
(w— po)lwllf +€ly + (=€) Jy < Clwlg "I f17, 1> no

for constants € > 0, n > 0, C < oo, where, recall I; > J,. Indeed, it suffices
to replace (6) in the proof above by

ulwllg + eIy + (g =1 =€)y =(b-w— fi|wl? *(uu+b-w— f)
+(q — 2wl w - V]w).

Since our assumption on § > 0 is a strict inequality, we take € > 0 sufficiently
small so that ¢ — 1 — € stays as close to g — 1 as needed to repeat the rest of the
proof while keeping the extra term €/,,.

2. In Theorem A, we could have chosen b,, := |ll;_||b|”’ |bl,, == |b] A n. Although
this would only give (i + A4 (b,))~'C® € W24 (rather than W39), it is still
possible to “differentiate” the equation (1 + Ay (bp))u, = f, f € CZ°. Indeed,
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define ¢, = e%q), m > 1. We multiply the equation (u — A)u = —b,, - Vu+ f
(where u = u,) by ¢, and integrate:

(= Dy, ¢p) = (=by - Vu + f, dm).

We evaluate integrating by parts twice:

(=AU, $) = (—Aenu, ¢)

A
(Aem wy, wi|w|772)
1

d
A _ A _
(e Viwg, Viwgw]972) + (g —2) Y (e Vywg, welw]9 >V w])
k,i=1 k,i=1

= Iq,m + (g — Z)Jq,ma

|
M= -
Il By

d A _ d A _
where Iy m = Y5y {em wik, wirlw|972) and Jgm = Y5y fem wig, [w]473
wy Vi|wl). Thus, we obtain

A _
miemw, w|w|q 2) + Iq,m +(q — 2)Jq,m ={(=by-w+ f, on).

Using the fact that wy, w;; € L9, we can pass to the limit m — oo in the LHS of
the last equality appealing to Holder’s inequality and to the standard properties
of mollifiers. Its RHS is

(=b w4 £, ) = (em (b - w — f), (w92t + by - w — f) + (g — 2wl w - Vwl),

so, using the inclusions u, wi, wijx € L? and f € C2°, b, € L* and appealing
to Holder’s inequality, we can again pass to the limit in 7. Thus, we arrive at the

same basic equality:
plwl?) + 1+ (q —2)Jg = (=bp - w + [, §).

Now we continue as in the proof of Theorem A.

4. Proof of Theorem 2

Proof of assertion (i). In what follows, we will be working with a smooth approxima-
tion

ax) =1 +cx|;2x®x |xle :=v|x2+e, €>0

of the matrix a(x) = I +c¢|x|~2x ® x rather than with the matrix a itself (a;, generally
speaking, inherits the features of a). This is needed to ensure that the solutions to the
corresponding elliptic equations are sufficiently regular so that all manipulations with
the equations (such as integration by parts twice in Step 1 below) are justified.
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In what follows, we follow the structure of the proof of Theorem A.
By the assumptions of the theorem, [1 Vv (1 + c)]\/g <2 — ﬁ, i.e.,

2
——— <d—2, where,recall,§; :=[1V (1+c —23s.
S 1:=[1Vv( )71
Therefore, by Theorem 1, for every g > d — 2 the set {iu | 1 > wy} (Where w; =

2(%1)) is in the resolvent set of the operator
Ag@@, by) =~V -a*-V4b, -V, D(Ay(a, by))=W>1
foralle > 0,n > 1. Set
0<u®":=(u+Ag(a b)) f, 0<fecC®.
Since a, b, € C, itis clear that u®" € W34, For brevity, write
u=u®" w=uw"":=vut".

Set

d
4
I = (VewPlwl™?), U, :=q—2||V|w|%||§=(|V|w||2,|w|q—2).
r=1

We will use the equation for u = u®" to obtain the principal inequality: for every
q > d — 2 sufficiently close tod — 2

-2
(= pollwld +nJ, < Clwl§ “IF1Z, > wo, (PIp)

forsome constants n = n(q, d, ¢, §) > 0,0 = no(d, q,c,8) >0,C =C(q,d,c,d)
< 00. We will obtain from (PI,), applying the Sobolev embedding theorem to J,; (Step
3 below), the estimates

_1
Vu®"l, < Ki(uw — o) 2l fllg,

11 (x *x %)
||Vu£’"||% < Ko(pu—po)? 211fllq

for all u > o for constants (w; <) 1o, K; (I = 1, 2) independent of ¢, n. Then the
required estimates (x) in Theorem 2 will follow upon taking ¢ | 0, n — oo using
Theorem 1, see details below.

We will also need the following auxiliary quantities:

d

x =Pl x Ve =Y (0w,
i=l1
= (lx - Vw x|x| 7 w]|973),

q,Xx
Jgy = {(x - VIwD?x x| 2 |w]?72),
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H, = (x'|x|lwl9), i>0,
GW T w)? w7, i =0,
Hy = H, 0 := (x| w9,
G, —Gq,xo (x4 - w)? w172,
We will need
Lemma 1.
x (=PRI < 1
Iy =z 1q.x, Jg=Jgx

Hy i 2 Hyyiv Ggyi 2 Gayi 1=,
H, ,i=G, i, 120,
(d —2)? .
Jy s— Hy (the Hardy inequality)
q

If we were to ignore the necessity to work with the smooth approximation of a,
then we could take x = 1 (< ¢ = 0), in which case we would have a more compact
albeit formal proof.

We prove (PI,) in two steps:

Step 1 (The basic equalities)

_ - d
p,llwllg + Iy +clyx+(q—2)Jg+cdyy) — c(l +(q — Z)E)Hq.)( + 2c(d — l)Gq,Xz
(BE4)

-2
+2chHq.xz+8ce<|x|;6<x-w)"‘|w\q*2>=m+ —by - w, $) + (f. §).

_ - d
pL“w”Z + Iq + ch,X + (g — 2)(Jq + ch,X) — c(l + (g — 2);)Hq,x +cdG

q.x2
(BE-)
21”2y 4 -6 2 1a-2y _ L b,
+2c——H, 2> +4ce(lx]|; " (x - w) w] )——552 (=bn-w, ¢)+(f, ¢),
where

d
¢ =-V-wl == Viww??) (“test function”),
i=1
By = —2c(x|; x - w.x - (x - V) |w]773),
By = —2c(q — 2){|x|7*(x - w)x - VIw], [w]973).
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Remarks. 1. In comparison with the basic equality (BE) in the proof of Theorem
A, here, in addition to terms [, and J,, we get other terms. However, we will be
able to estimate them in terms of I, and J,, using Hardy’s inequality, see details
below.

2. We will use equality (BE_) to treat the case ¢ > 0, and equality (BE_) to treat
the case ¢ < 0. One can still use (BE_) if ¢ < 0 or (BE_) if ¢ > 0, but this
would lead to more restrictive assumptions on c.

Proof of the basic equalities (BE_), (BE_). We multiply the equation pu + Agu +
b, - w = f by ¢ and integrate:

ullwllf + (Abw, wiwl972) + ([V, ALl u, wlw|™?) = —(b, - w, @) + (f. $).

where, recall, Az =-V.a®* - V=—-A—-¢V- les_z(x ® x) - V, and we denote by
[F, G]- the commutator of two operators,

[F,G]- :=FG—-GF.

We evaluate (Agw, w|w|?2) by integrating by parts twice (cf. Step 1 in the proof
of Theorem A):

-2 =y T
(Agw, wiwl?) = I, + el + (g = DU+, ),

where, recall, I, , = (|x - Vw|?x|x| 2 [w|972), J,.y = ((x - VIw])?x|x]| 2 |w]?72).
Thus, we have

ulwlld + 1, + eI, , + (g =Dy +cl, )+ (V. Al _u, wlw|97%) = (. ¢).

(3)
It remains to evaluate:
d
([IV, A1 u, ww|972) = ([V,, AL u, wew|?7%) =) ([V,, ALl u, we|w]|?77).
r=1
Remark. From now on, we omit the summation sign in repeated indices.
Note that
[V, ASl ==V - (V;a®) -V, (Vea)ix = clx|; >8rixx + c(x]28mxi — 20| xixex,),
SO
V,, A 972y = —c(wp Vi(|x|; 28, 28,0 Vi 92
([Vr, q]—u’wr|w| ) = —c(wg 1(|x|g rl-xk)+|x|g riXk ViWg, Wr|wl )

+ (X7 28mx; — 20x | 7 xixex ) w, Vi (wy|w]972))

=la) + a,.
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We have
_ -2 . —4q -2 q—2
ap = —c{(|xl; 70k — 2|x|; " Srixexr)wi + |x]; “x - Vw,, welw|?77)
= —c(lx|72w|?) 4 2¢(|x |74 (x - w) P w]972) — e(|x|72x - VIw], [w]?7h).
Then
d—2 c 4
— _ -~ _ - q
o) = c(l p )Hq,x +2€Gq,x2+2q8<|x|8 |w]?)
due to
_ I
(IxI7%x - Viw], [w|?™") = 5<|x|52x-V|w|q>
1 B d 2 _
= (wl'V - el %) = —Hax 5<|x|2|x|g4|w|Q>
d—2 B
= Hyy - 5e<|x|g4|w|q>.
Next,

oy = c(|x|72w, x - Vw|w|972)) = 2¢(|x| %% - w, x - (x - V(w|w|772))).
Then
ay = By + By +cllxl;2x - Viwl, [w|?™h) + e(g — 2)(x ] 2x - Vw], [w]?7")
d—2 2 4
=P+ —clg—D—H, , + =e(xl;* wl) ).
q q
In view of
1 —6 2 -2
Bi =—§ﬂ2+6(d—2)Gq,Xz+468<le5 (x - w) w777,

we rewrite a; +a, = ([V, AZ]_u, w|w|?72) in two ways:

d—2
(V. AG 1w wlwl ™) =~y - c<1 +(q- Z)T)HQ'X +2¢(d = )G, .

qg—12 _ _ _
- 2¢ e(lx]Hwl?) 4 8ce(lx| 0 (x - w)? w72

and

2

1 d—-2
-2 _
([V, A;],u, w|w|q > - 5/32 - C<1 + (q - 2)T)Hq,x + CdGQsX

—2cq_

2 _ _ _
e(lx]*wl?) 4 dee(lx]70 (x - w)w]772).

The last two identities applied in (8) yield (BE_), (BE_). O
Step 2 The principal inequality (PI}) will follow once we estimate properly the terms
(—=bn-w, @), (f, ¢)and B; (i = 1,2)inthe RHS of the basic equalities (BE_), (BE_).
For that, we will need the next three lemmas.
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Lemma 2. For every g9 > 0, there exist constants C; = C;(gg) (i = 1,2) and k;
such that

Vi1l N/ IR
(b w.9) = leld +3) =Gy oJi +1el =0, I
2
q-8 qv/s -2
+ (T +(q - 2>T>Jq +kigoly + Crllwly + Callwl§ 11 £12.

Proof of Lemma 2. We follow the argument in Step 2 of the proof of Theorem A. For
brevity, below we write b = b,,. We have:

(—=b-w, ) = (—Au, [w|!2(=b - w)) — (g — 2)(|w|!w - VIw|, —b - w)
= F1+ F>.

Then, clearly,

)

IA

L1
(g —2)B;J;, where B, := (|b-w*|w|17?).
Next, we bound Fj. Using the equation for u (= u®"), we represent
—AM:V(QE—I)w_MM_bw_’_f’

and evaluate

Fi=(V-@ —D-w [w?(=b-w)+ ((—pu—b-w+ f), [w|? (b w))
(we expand the first term using Va® = ¢(d + 1)|x|£_2x — 2c|x|2|x|£_4x)
=c(d+ D{x|72x - w, w972 (=b - w))
= 2c(xlx]7%x - w, (W] (b - w))

+ c(lx72x - (x - V), [w]? 72 (=b - w))
+{(—pu—b w4 ), (w2 (=b - w)),

where, recall, x - Vw = Zle (x; Vi)w. We bound F; from above by applying con-
secutively the following estimates:

1 1 ,
(1°) [(x]72x - w, [w|972(=b - w))| < G; XZB,} (where, recall, G, i == (x'|x|™*

(x - w)?wl]472)). o

1 1 1
2°) [xIxlx - w, (w2 (=b-w)| <G} ,Bf <G_ ,Bg
_1 1 _
(3°) [(Ix15%x- (e V), w72 (—b-w))| < 17 By (recall Iy = {|x-Vw|*x|x| >

[w]|?72)).
g2
2

1

(@) ((—p), [w]172(=b - w)) < - BF wllg® 11 £lly (here lluglly < (1 — @)™
I fllg by Theorem 1).

(5°) {b-w. [w]*2b - w) = By
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1 g2
(6°) (f, |w|?™(=b - w))| < B2||w||q2 I1fllg-

-2

In (4°) and (6°), we estlmateB ||w||q2 Ifllg < squ+4£O ||w|| ||f||§ (g9 > 0).
Therefore,
(—=b-w, ¢) 9

TR 1
<leld+3)G, »Bj +lcllg B + By + (g — 2)B Jq + 0By + Ca(eo)llwllf ™ 2Hfllé-
Since b € F; is equivalent to the inequality
(bPle) < 8(IVel®) +28(l¢l%). ¢ € W',

we have

2
q q q-8
By < |blw|Z 15 < 8[IVIw| |3 + A8[lw]|§ = 7 a + A8[wllg,

and so
L8 )
;sq JZ +slwgllf.

We apply the last two bounds in (9) and estimating the resulting terms that contain
q

\/)L5||w||3 as

1 q Ad
G Vidllugl? <0Gy 2+~ llug I,

48()
_1 q - Py
VA8 lwgll? < eoly + Ellwalq,

1 q )
Jg VAsllwg 2 < eodq + EIIWIIZ-

We use Lemma 1 to bound G g.x2 I_q, J, in terms of I, and obtain that there exists a
constant k1 = kj(c, d, g, 8) > 0 such that

2
_ )
€1 +3)60Gy 2 + Ieleoly + (q = edy + =600y < kaeoll.

The assertion of Lemma 2 now follows. g
Next, we estimate the term ( f, ¢) in the RHS of (BE_), (BE_).
Lemma 3. For each gy > 0, there exist constants C = C(gg) and ky such that
(f. ¢) < kagoly + Cleo)lwld 2 £112-

where, recall, I, = Y"0_ (V,w)?|w|972).
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Proof of Lemma 3. Clearly,
(f. ) = (f, (=Aw)|w]") = (g = D(f, [wl"w - VIwl) = Fi + F».
Since —Au=V-(@®* —1)-w—puu+ f,wherea® — I = c|x|s_2x ® x, and

Fi=(V-@ —=D-w [w?f) + (—pu+ f), [w]?>f)
(we expand the first term using Va® = c(d + l)xlxlg_2 — 2c|x|2|x|€_4x)
= c(d + D(Ix]7%x - w. [w]972 f) = 2e(x]x|72x - w, [w]772 )
+eflx|72x - (- V), [wld72 ) 4+ (—puu + £, [wlf72 f),

where, recall, x - Vw := Z?:l (x; Vi)w. We bound F| and F; from above by applying
consecutively the following estimates:

1 g2
() (xl7%x - w, [wl4=2 f) < H wlly? Ilzfllq-
1 g2
@) (xIxl72x - w, w72 f) < Hy llwllg” 1 f llg-

g2
@) {xl2x - (- V), (w2 ) < () wlly® 1fllg  (recall Iy = {|x -
Vwl?x x| 72 [w|472)).
@) (= f [w]?2pu) < 0.
) (f w2 f) < lwld 1 F12.
q-2

1 q=2
©6) (¢ —2(—f. [wl¥ 3w - VIwl) < (¢ — 28 lwllg> 11£1ly-
Now, (1)—(6), the quadratic inequality and Lemma 1 yield the lemma. O

It remains to estimate the terms 81 and —% B> in the RHS of the basic equalities
(BE-), (BE-).

Lemma 4. We have

25

2 —1
B < c@lqﬁx + cb Gq,x

and
7 —15-1
B2l < 2lel(q = 2)(0J,, +47'607'G, ).
In both inequalities, 6 > 0 will be chosen later.

Proof.

—4 2 2L -4 2 2 —2\1
By < 2c(lxl " x - wlTw]?T7) 2 (x| x| - Vo [Tw|177) 2

L1
< ZCG;,;H I 4
(we are applying quadratic inequality)
7 -1
=cll, ,+c0 G

q.x*
18,1 = |2¢(g — 2)(IxI; 4 - wlPx - VIw], [w]?73)|
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(we apply quadratic inequality)
<2lel(q =2)(0J,, +47'67'G, »).

0
We are in position to complete the proof of the principal inequality (P1).
Proof of (P1,) in the case ¢ > 0. We will need
Lemma 5. (Hardy-type inequality).
d2 q2 _
—d+2H, »+3H,,5 < qu’x (HI)

Proof. Set F := |x|7 |w|%. Then

j = {(Ix|;"x - V|w\%)2) =((x-VF+xF)*) = ((x - VF)*) + (x*F?) + 2(x - VF,  F).

#"Q

Now (HI) follows from the inequality

2 2 d2 2 dz
(x-VF)") =|lx-VF|3; = ZIIFIIZ = ZHq,X
and the equalities
) > be>
20x - VF. xF) = =d{xF*) = (F*,x - Vx), x-Vx=2( ) =2x(1=0).
2 fxl?

Put
k:=k + ko,

where k| and k; are the constants in Lemmas 2 and 3. Thus, applying Lemmas 2—4 in
the RHS of (BE_), we obtain

/’L”wHZ‘F(l_kSO)Iq +C(1_9)I_q,)( +(q_2)(Jq+qu,)()_C( +Td) q.x

2y (10)

q.x
q

qf q~/5 ! (q25 qf) ’

+e(2d—1)— 9_1)Gq,xz +2c2
scd+3)—-G J te Il I+ +(@q@-2—
+ Ci(eo) |wld + Cz(so)llw\lq_ ||f||$,

where Ci(g0) = C1(g9), Ca(0) = Ca(g0) + C(e0).
We have to consider two sub-cases:
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Case 1. Suppose that 1 — #g > (0.Let 0 < @ < 1 (one can verify that the choice

of & > 1 leads to more restrictive constraints on ). Using inequality J; , < I, ,, we
replace c(1 — G)I_q,x by c(1 — G)J_q,x in (12), arriving at

pllwlld + (1 —keo)Iy + (g —2)Jy +clg — 1 — 01Jy 4
-2
— c(l + q—d)Hq,X +e(2d-1D—-0"1G,
p :

-2
+2c1""H, ,» < RHS of (12),
q ,
Next, we apply to J_q, » the inequality (HI) to obtain

2

wlwlld + (1 = keo)Iy + (g — 2)Jg +c[2(d — 1) — 671G
+e(M()lx| 2 wl?) < RHS of (12),

q.X

where
4 (d? -2 -2
M(x) = |:(q -1 —9)—2(— - d+2x +3X2> - (1 + Ld) +2Lx]x.
g\ 4 q q
We take 0 := m, so that
pllwlld + (1 —keo)ly + (g —2)J, + (M (x)lx| " {w|?) < RHS of (12).
Next, we claim that, for ¢ > d — 2 sufficiently close to d — 2,

1 (d —2)?

) q
2(d —1) q*

—(1+%2(d—2))<0.

012121 MH)y=M1)=(¢g—1-

(It is easily seen that if ¢ | d — 2, then M (1) | —2((11—71) < 0. To show that the
minimum is attained in # = 1, we argue as follows. Put C = ;—z(q — 1 —0). Then
M(1) = 3Ctf(t), where f(t) = 2 + %(2‘2;02 —d -2t + % — 51+ ‘fq;zd).
Since f(1) < 0, f(t) = 0 has real roots #; < t». Clearly, it is enough to show that
% > 1.0nehast)+1H = %(d +2— 2%), and so, since ¢ > d — 2 is assumed to
be sufficiently close to d — 2, we have % > 1 (equivalently d > 4+ %(1 — qi%))
for d > 5. Another elementary calculation also gives the desired for d = 4.)
Since 0 < x < 1, we obtain

pllwlld + (1 —keo)ly + (g — 2)Jy + cM(1)H, < RHS of (12).
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Thus, applying H, > G, ,2 in the RHS of (12), we obtain

MIIwIIZ+(1—k80)I +(q =2, + cM(DH,
g8 q~/_ q%s qf)

< (d+3)—H 12+ 1,07 +<T+( —2)—

+Crllwlf + Callw)f > IIfIIq.

Applying the quadratic inequality twice in the RHS, we obtain (let 6, 63 > 0)

ullwll + (1 — keo)ly + (g — 2)J, + cM(1)H,

2
= (cl+3)q\7[(921¢,+02 Hy)+c f(93qu+93 Jq)+<q4—6+( —2)M>J

+Crllwld + Callwll 112

We select ) = 45, 63 = 1. Then

wlwlg + (A = keo)ly + (g —2)J, + cM(1)Hy
qvs [ q d—2 g8 - %8 q/8
< (d+3)— (mlq + THq) +cT(1q,X +Jy) + o T (g — 2)— Jq
-2
+ Cillwld + Callwld ||f\|§.

cq\/g

Since by our assumption 1 — > 0, selecting &9 > 0 sufficiently small so that

1 — ke — “1*[ > 0, we can estimate, using I, > I, , and I, > J,,
1)
(1 — keo)l, — Cq;/_ I, = (1 —keo— Cq‘/_)l > (1 — keo — Cq‘;/_)Jq.
Thus, the previous inequality becomes
V8
mlwllg + <61 —1—keo — q—>J +cM(1)Hy
avs [ q d—2 gv/'s q*s Q\/_
<cd+3 J, H, —J, — q—2)—
c(d+3) (d_2q+q q)+c4 st tle-2

-2
+ Cillwllg + Czllwllz Lr13-

We now regroup the J,; terms together in the LHS. Then, applying Hardy’s inequality
J, > d=2?
9= 7

H, to the H, terms (which enter the LHS with a negative coefficient), we
obtain

q2
_Ll(C, 8, q, d)]m.]q

(d —2)?
wllwld + [(q -1 —kSO)T

~ ~ ) 2
< Cillwllg + Callwlig "Il £115



21 Page 26 of 33 D. KINZEBULATOV AND Y. A. SEMENOV J. Evol. Equ.

where
q-2 I \@d-27°
£i(c,8,q,d) =c|l4+——(d—-2) — —
60 q. D C[+ g @7 (q 2<d—1>) P2
5 ((d—2)?
B(U=2 4]
2 q
2 2
q°8 g8 —2)
— —2)— | —.
+ [ 1 +@—-2) > } p
By the assumption of the theorem, d — 3 — Li(c, 8, d) > 0. It is easily seen that the
latter yields, forall g > d —2 sufficiently close to d —2, the inequality (g — 1) (d]z 2

L1(c,8,q,d) > 0. Thus, selecting g9 > 0 sufficiently small, we obtain the principal
inequality (PI}) (with pg := C’], C = C~’2).

Case 2. Let 1 — ”"/g < 0. Similar argument applied in (12) yields (the only
difference with the case 1 is that we keep for a moment the term Ol_q,x ,0 = 5 dl—l)

intact, and so we define M (1) differently):

1
ullwllf + (1 — keo)ly + (g —2)J, +c(1 — e Mgy +cM(1)H,
d-2 5 - 25

< (d+3)%[($JQ+THq>+c;—[(1q,X+Jq)+<q—+( —2)i> g

~ ~ -2
+ Crllwlg + Collwllg I £ 13-

where M(1) = (g — 2) @=2" _ (] 4 222(d - 2)) < 0.

If1-— LI ESY) d T q“T[ < 0 then, regrouping the terms I 4. together, we have c(l
1 V3 1 g5 .
@D — DYy = (1= 3@ — T)Iq since I, Z\;“. Hence
AN
(1 — kEO)Iq + (61 — 2)Jq + C(l — m — T)Iq’x
1 qx/g
>[1—k - -
—[ 80+C( 2(d—1) 4 )]q
1 8
(by the assumptions of the theorem 1 4+ ¢(1 — ——— — M) >0,
2(d—1) 4
so we select gg sufficiently small to have coefficient [...] > 0)

; — M)] J
2@—-1) 4 /77
Applying the latter in the previous inequality, we obtain

1 q/8
2d—1) T)]

< (d+3)"f<dfzfq+d;2 >+ %J +<T+( 2>ﬁ—)

>[I —keo+c(1 —

pllwlld + [1 = ke + (1 - Jg+(q—2)J, +cM()H,

-2
+ Cillwld + Callwlg 1115
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We regroup the J,; and the H, terms:

1 6]«/5
a —1—k l-———
mllwllg + [q & +c 2d D) 2

(vt
Vo(d — 2)}

q>/s

>—c(d+3)m

n |:cM(1) Ced+3) < Erllwld + Callwlld2IFI2.

. , . . d—2)?
Applying Hardy’s inequality J, > ¢ 2)

the LHS with negative coefficient), we finally obtain

H, to the H, term (which, clearly, enters

q d—2) q’ ~ q & q=2y £12
wlwlg + | (¢ — 1 = keo) e —1i(c,8,q,d) qu = Cillwlg + Callwllg "I f 15
(11)

where, by the assumptiond —3—L1(c, §, d) > 0 of the theorem, (¢ —1 —kso)(d;—z2>2 —

L1(c,d,q,d) > Oforallg > d—2 sufficiently close tod —2 and all ¢g > O sufficiently
small. The principal inequality (PI,) follows (with ug := Cq, C := C»).

) 5\ =
If 1 — 5 — 472 > 0, then clearly (1 — keo)l, + c(1 — sy — 22) Iy =
J5

(1—kep)Jy +c( — 2(%—1) — qT) J_q, - Arguing as above, we obtain (11) and therefore
(PIp).
Proof of (P1,) in the case —1 < ¢ < 0. Sets := —c¢ > 0 and

k:=ki + kp,

where k; and k; are the constants in Lemmas 2 and 3. Applying Lemmas 2—4 in the
RHS of (BE_), we obtain

- - d
ulhwll§ + (1 = keo)l, —sI, , + (g —2)(J, —s(L+6)J, ) +3 (1 +(q - 2);) Hy

q—2 1
— ZsTH N —sdGq 2 —4sG e +4quYX3 —s(q — 2)764,)(2 (12)
1 25
<s(d+3)L[G2 7 +sq«[1qzxj +(qT+( _2)i> .,

+Crllwllf + Collwilg 2 1F115,

where Cj(g9) = Ci(e0), Ca(e0) = Caleo) + C(eo). Applying Hyy > H, ,» and
Jy = jq,x (recall that this and similar inequalities appearing below is the content of
Lemma 1), we have
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_ d—2
wlwld + (1 —keo)l, —sl, , +(q =21 —s(1+6)J; +s (1 +(q -~ 2)T> H,,

1
3 —5(q@—2)—G , <RHSof (12).

—sdG 2_45Gq,x2 +4sG 18 Cax

q.x q,X

Since s(1 + (¢ — 2)%) > 0, we can apply H, , > G,y to obtain

_ d-—2
wlhwlly + (1 = keo)l, — 5T, +(q = D1 —s(L+0)J, +s (1 +(q - 2)T> Gy
—s5dG  _, — 49G 2 +4sG 3 —s(qg — 2) , < RHS of (12),

q.x a.x q.x 460 q x

that is,

ullwld + (1 — keo), — sI, , + (g —2)(1 — s(1+0))J,
+ (MO0 I ™ (x - w)?lw]772) < RHS of (12),

where
d—2 1
M(y) = [1 +(@—-2)—— + (—d —4+4x —(q —%—)x}x.
q 460

Select 6 := %quz Next, we claim that, forg > d — 2,d > 4,

1 d—2
min M(¢) =M(l)=—-d+ 1+ -(g —2)—— < 0.
0<t<I 2 q

Indeed, write M (t) = 4tf (1), where f(t) = 1> — —(d +4+ )t —I— —I— (d 2).
Then f (1) < Oandso f(¢) = 0hasreal roots t1 <.t sufﬁces to note that “ +12 > 1.

Indeed, 11 + 1, = 4% + 922 > 2 ord + 422 > 4 clearly holds for d > 4.
Since 0 < x < 1 we obtain

ulwlg + A —keo), — s, , + (g —2)(1 —s(1+6))J,
+sM(1)G, < RHS of (12),

and so, applying G4 > G, > in the RHS of (12),
wlwld + (A —keo)l, — s, , + (g —2)(1 —s(1+0))J, +sM(1)G,
<s(d+3)ic J2 +s q;/—lqzsz <q728 +(q —2)M>Jq
+ Cillwl§ + CzllUJIIZ_ZIIfII;-

Applying the quadratic inequality twice in the RHS of the last inequality, we obtain
(62,03 > 0),
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plwl§ + (1 —keo)l, —si,  + (g —2)(1 —s(1+6)J, +sM(1)G,
V3 - Ve - - > V3
qT(equ +6,1G,) +qu(931M 10710, + (L - 2)%)@

<s(d+3) 7
~ ~ 2
+ Crllwll + Collwld 115

Selecting 6, = 15, 63 = 1, applying inequality I, > I, , and regrouping the terms,
we obtain

wlwld + [1 — keo —s<1 n %E)}Iq
tla-2(1-5(1+37%5)) S LRNRE S

2d -2 4 d-2
2
q°8 qv's
- —g-2=1y
4 (q ) ) i|q
gv/sd -2 - - _
+s|M(1) — (d+3)——— |Gy < Cillwl + C2llwl|F 2IF12.
4 q q

By the assumptions of the theorem, 1 — s( 14 %g) > 0, so selecting g¢ sufficiently

small we may assume that the coefficient of 1, above is positive. Now, using inequal-

.. —_ 2 — 2 .
ities J, < I, and J, > (dq—zz)Hq > (dqzz) G, we arrive at

6]2

d-2)?

d—2)?
wllwlld + |:(q —1- kso)q—z —£2(—s,8,9,d)

Jq
~ ~ -2
< Cillwllf + Callwllg I £17.

where

—7)2 _ 92
Ea(~5.5.q.d) ::s[d—1+(q—1)(dq22) +?(<d 2 +<d+3)(d—2>>]

2 2
q%s g/87d —-2)
+|:T + ((1 _Z)T] q2 .

By the assumptiond—3—L» (¢, 8, d) > 0of the theorem, (q—l)“i;—zz)z—Lz(—s, 8,q.d)
> 0 for all ¢ > d — 2 sufficiently close to d — 2. Thus, selecting o even smaller, if
needed, we obtain (PI,) (with g := C‘l, C .= (:‘2).

Step 3. Repeating Step 3 in the proof of Theorem A, we obtain that the principal
inequality (PI;), the Young inequality and the Sobolev embedding theorem yield the
estimates (x * *):

_1
[Vu®"lly < Ki(p — o) ; IIIfIIq,
Va1l ga < Ko = no)? 11 fllq
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1 R =

with constants K| := C%, K> :=Cgn 4(q*/4)aC1 K,? and 10 independent of ¢,
qd

n. Since the weak gradientin L9, L i is closed, Theorem 1 and a weak compactness

argument in L9, L 42 allow us to pass to the limit in the above estimates in ¢ | 0 and
then in n — 00, obtaining (x):

_1
Vully = Ki(p — o) ; IIIfIIq,
IVill ga < Ko = po)? 211 fllg-

foru := (u+A4(a, ) 'f,0<fe C2°. Now, a standard density argument allows
to conclude that these bounds hold for all 0 < f € L4. Finally, we note that these
bounds hold for all f € L9 with K; above replaced by 4K;,[ = 1, 2.
The proof of assertion (i) of Theorem 2 is completed.

Proof of assertion (ii). The proof of the basic equalities (BE_), (BE_) works forg = 2
as well. Let us write for brevity w = Vu®", where 0 < u®" = (u+ Az (a®, b,,))_lf,
0 < f e C¥ & > 0. We multiply the equation for u*" by the “test function”
¢p=—-V-w=-— Z?:l V,w;, obtaining

w3 + (A5w, w) +([V, AS]_u, w) = (=by - w, =V - w) + (f, =V - w). (13)
For ¢ > 0, we evaluate in (13) (arguing as in the proof of (BE_)):

([V, AS]_u, w) = —B1 — cHa y +2c(d — 1)G,, 2 + 8ce(|x|;O(x - w)?),
sO

wlwl3 + I+ chhy — i — cHay +2c(d — )Gy 2 + 8ce (x| 0 (x - w)?)
= (=by-w,—=V-w)+(f,—V-w),

where 8 = —20(|x|8’4x -w, x - (x - Vw)) and, recall,

d d
L= (VewP), DLy=(x-Vwlxll™?), x-Vw=) @V)w,

r=1 i=1

Hyy o= (xlx| 2 wl?), Gy 2 = (P1x] 74 w)?).
We estimate 81 as in Lemma 4 (with 6 = 1), arriving at
w3 + b — cHy y +¢(2(d = 1) = 1)Gy 2 < (=by - w, =V - w) + (f. =V - w). (14)
For ¢ < 0, we evaluate in (13) (arguing as in the proof of (BE_)):
(IV, AS]_u, w) = %/32 — cHyy +¢dG, 2+ 4ce(|x]70(x - w)?), B2 =0,
SO

wlwl3 + L+ chy — cHay +¢dG, 2
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+ dee(|x|70(x - w)?)
=(=by,-w,—V-w)+ (f,—V-w),

and hence by I, > I_Z,X and Hp y, > Gp

plwl3 + (1= leD b + 1c1Ga , — [eld G, 2 — 4lclGy 42 + 41l Gy, o

ie.,
wlwl3 + A = leDl 4+ lelM GOlx ™ (x - w)?) < (=by - w, =V -w) + (f, =V - w),

where M (x) = (1 —(d+4)y +4X2)X- Since ming<;<; M(t) = M(1) =1—-d <0,
we arrive at

ullwls + (1 =l + le|(1 = d)Ga < (=by - w, =V - w) + (f, =V - w). (15)

Inthe RHS of (14), (15), we estimate (—b,-w, —V-w) using Lemma 2, and ( f, —V-w)
using Lemma 3. All the terms that appear in these estimates are further bounded from
above by I using inequalities I» (> Jo > (df)z H, >) (df)z Hz,x"’ %Gz’xi,
i >0 (Lemma 1).

We estimate the LHS in (14), (15) repeating the argument in the proof of (i) above.

In the resulting inequalities, taking into account our assumptions on ¢ and §, we
arrive at I (u®") < K| f |2 with K independent of ¢, n. So, by passing to the limitin &
and then in n using Theorem 1, we arrive at I (1) < K| fll2, u = (u+ Aa(a, b))~ f
= u € W22, By the density argument, the latter holds for all f € L? (with K replaced
by 4K).

The proof of assertion (if) is completed.

The proof of Theorem 2 is completed. g
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