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Abstract. We investigate limit models resulting from a dimensional analysis of quite general heterogeneous
catalysis models with fast sorption (i.e. exchange of mass between the bulk phase and the catalytic surface of
areactor) and fast surface chemistry for a prototypical chemical reactor. For the resulting reaction—diffusion
systems with linear boundary conditions on the normal mass fluxes, but at the same time nonlinear boundary
conditions on the concentrations itself, we provide analytic properties such as local-in-time well-posedness,
positivity, a priori bounds and comment on steps towards global existence of strong solutions in the class
W;,l‘z) J x Q; RN), and of classical solutions in the Holder class C(1+“'2+2“)(7 x Q; ]RN). Exploiting
that the model is based on thermodynamic principles, we further show a priori bounds related to mass
conservation and the entropy principle.

1. Introduction

In chemical engineering, catalytic processes often play an important, if not pre-
dominant role: Certain chemical reactions taking place within a chemical reactor are
supposed to be accelerated, whereas other, usually undesirable, side reactions should
be suppressed. This aim can be accomplished by adding substances which catalytically
act in the fluid mixture (homogeneous catalysis), or e.g. by using suitable coatings
for the reactor surface (active surface) which may then act as a catalytic surface to
accelerate the desirable reactions on the surface. In many cases, such heterogeneous
catalysis mechanisms are actually more efficient by several orders of magnitude than
homogeneous catalysts, and, moreover, one may often avoid the need for filtration
technology to separate the desired product from the catalyst. Heterogeneous cataly-
sis mechanisms and sorption processes may be modelled starting from a continuum
thermodynamic viewpoint by reaction—diffusion systems in the chemical reactor and
on the active surface which are coupled via sorption processes, i.e. the exchange of
mass between the boundary layer of the bulk phase and the active surface, cf. [20]. In
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accord with their purpose, catalytic accelerated chemical reactions on the surface are
very fast, i.e. both the surface chemistry (at least for the desired reactions) as well as
sorption processes take place on very small time scales. Hence, it is natural to consider
limit models, for which the surface chemistry and sorption are taken to be infinitely
fast, i.e. surface chemistry and sorption processes are modelled as if they would attain
an equilibrium configuration instantaneously. Using a dimensionless formulation of
such coupled reaction—diffusion—sorption bulk-surface systems, several of such limit
models have been proposed in [5], including a general formulation of such a fast sorp-
tion and fast surface chemistry model. The mathematical analysis of such systems has
been accomplished for the case of a three-component system with chemical reactions
of type Al2 + A2E = A3E on the surface, neglecting any bulk chemistry (the latter
being no severe obstacle, and for the construction of (uniquely determined) strong
solutions not a highly relevant assumption). In the present manuscript, the mathemat-
ical analysis is continued for limit systems of the same structure, but for general bulk
and surface chemistry. In particular, the results on local-in-time existence of strong
solutions, positivity, first blow-up criteria as well as a priori estimates for the solutions
will be extended to the generic case.

The paper is organised as follows: In Sect. 2 some basic notation is introduced and
some preliminary results are recalled. Thereafter, in Sect. 3, the class of heteroge-
neous catalysis models considered in this manuscript is introduced and the underlying
modelling assumptions recalled from the article [5]. Section 4 constitutes the core
of this article and is split into subsections on L -maximal regularity of a linearised
version of the fast-sorption-fast-surface-chemistry model, on local-in-time existence
of strong Wg’z)-solutions and classical solutions in the Holder class C(1:2)-(+®) on
an abstract blow-up criterion as well as a priori bounds, e.g. entropy estimates, on the
solution. There is a vast amount of literature on reaction—diffusion-systems or general
parabolic systems in the bulk phase with homogeneous or inhomogeneous, linear or
nonlinear boundary conditions, e.g. [14,17] for a start, and quite recently thermody-
namic principles have become a resourceful driving force for entropy methods, e.g.
[11-13]. Astonishingly, however, up to now (at least to our knowledge) combined type
boundary conditions, i.e. systems where at a fixed boundary point z € 92 Dirichlet
type boundary conditions are imposed on some of the variables (or, a linear com-
bination thereof), whereas the remaining variables satisfy Neumann type boundary
conditions, have only been considered rarely in the literature, see, for example, [14,
Chapter 7, Section 10] and the references given therein. Instead, so far most authors
focussed on other types of generalisations: for example, in [1,16,21] parabolic sys-
tems with nonlinear boundary conditions have been considered, but these were always
assumed to be of a common order, cf., for example, the non-tangentiality condition
in [16]. In, for example, [6,10,19], general parabolic systems or reaction—diffusion-
systems with dynamic boundary conditions have been considered, i.e. typically two
parabolic systems in the bulk phase and on the surface are coupled. In [9], on the other
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hand, the authors consider more general structures leading to parabolic systems based
on the notion of a Newton polygon.

2. Notation and preliminaries

Throughout, all Banach spaces appearing are Banach spaces over F, the field of
real numbers R or complex numbers C, and |z| denotes the modulus of a real or
complex number z, Rz its real and Jz its imaginary part. Real or complex vectors (or,
vector fields) v = (v, ..., vN)T e FN will be typically denoted by small, Roman

letters in boldface and have Euclidean norm |v| = ,/ Zf\/: 1 lvi |2, whereas matrices
M = [m;j];; € R™™ (or C"™) most of the time are written in Roman capitals

and boldface. The set of natural numbers or integers are denoted by N = {1,2,...,}
(or Np = {0,1,2,...)and Z = {...,—1,0, 1, ...}, respectively, and vectors of
integers ¢ = («q, ..., ay)t e zZV by small Greek letters in boldface, and with length

lee| = ZIN=1 lei |, but v = [v; ;1; ; € ZV*M may also denote integer-valued matrices.

Q C R" typically denotes an open and nonempty subset of R", € its closure, 32
its boundary, and J C R an interval. Function spaces that are frequently used are
C(R) and C(£2) (continuous functions on 2 and Q, resp.), CK(22) and C¥(Q) (k € Ny
times continuous differentiable functions on 2 and €, resp.), Ck+7 (Q) (k € Ny times
continuously differentiable functions with bounded and y € (0, 1] Holder continuous
derivatives of order k), L, (£2) (Lebesgue spaces of order p € [1, oo], where as usual
function classes are identified with its representatives), W’I‘,(Q) (Sobolev spaces of
differentiability order k € Ny and integrability order p € [1, 00)), W;, (2) (Sobolev—
Slobodetskii spaces, s € Ry, p € [1, 0o]). Similarly, one also has their corresponding
boundary (for sufficiently regular boundary), Banach space E-valued and anisotropic
versions, e.g. L, (2; E) (E-valued Lebesgue spaces), L, (3€2) (Lebesgue spaces w.r.t.
surface measure) and

C2me(J x Q) =C*(J; C°(Q) NL®(J; C*™(Q)), meN, aecRy,
WS % Q) = Wi (1 Ly(@) NL,(J; W™ (), meN, seRy
etc.

Remark 2.1. (Sobolev—Slobodetskii spaces and Besov spaces) Recall that for suffi-
ciently regular domains Q € R”, one has Bf,,p(Q) = W;(Q) for s € R4 \ Ny, but
BX (Q) # WE(Q) fork € Nand p # 2.

For the definitions, basic properties and more information on these spaces, the
interested reader is referred to the literature, e.g. [2,3,15].

3. The model

In this paper, the following, rather general fast sorption and fast surface chemistry
limit model will be considered:
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0;¢c+divJ =r(c) in (0,00) x 2,
(€, J-n)=0 on (0,00)x X, k=1,...,N—m> =:n>,
exp((WZ9, ™)) =1 on (0,00)xZ,a=1,...,m=,

(GFLM)

where the appearing variables and coefficients have the following physical interpreta-
tion and relations with each other.
Thermodynamic and geometric variables and vectors:

e c=1(cy,..., cN)T : R xQ — RY denotes the vector field of molar concentra-
tions, i.e. ¢;(t, z) € R is the molar concentration of the chemical substance A;
attime ¢ € R in position z € Q, fori=1,...,N;

o J=1[j jnl:RxQ — RN for j, : RxQ — R” the vector field of
individual mass fluxes of species A;,i =1,..., N;

e n:9Q2 — R", the outer normal vector field to 2 on 9L2;

e r(c) = Z?: 1 Ra(c)v?, the vector field of total molar reaction rates in the bulk
phase, modelling chemical reactions given by the formal (reversible) chemical
reaction equations

N N
ZafA,- ﬁZ,Bi“A,-, a=1,...,m,

i=1 i=1

where a¢ = (af,...,a%)T, B* = (B{, ..., BT € NY and the stoichiomet-
ric vector of the a-th reaction is given by v* = B¢ — a® e Z". Moreover,
R, (c) denotes the molar reaction rate (forward minus backward rate) for the
a-th chemical reaction in the bulk phase;

pZa = gRa _g¥a c 7N g =1, ... mZ%, are the stoichiometric vectors of
the surface chemical reactions

N N
Y,a % Ya % )]
E a A :E BTAR, a=1,...,m",

i=1 i=1

where ™% = (a7, ..., an )T, B5¢ = (B, ..., )T € N and the
adsorbed versions Ai): of species Aj;.
Modelling assumptions:

e The bulk concentrations are assumed to be very small (compared to a charac-
teristic reference concentration cref of some solute which is not included in the
model, 0 < ¢i(.2)/c.r K 1, dilute mixture), and the fluid in the bulk is at rest (the
basic problem with vanishing barycentric velocity field which will be considered
here) or (v, Vc;), i.e. the inner product between the barycentric velocity field v
and the gradient of individual concentrations, is considered as a perturbation, so
that Fickian diffusion,

fi = —d;V¢; with some diffusion coefficients d; > 0,i=1,..., N
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is a reasonable (though, not thermodynamically consistent) model for the
diffusive fluxes;
e the chemical potentials w; in the bulk phase are modelled as those of an ideal
mixture with

wile, ) = @)+ RoInx;, i=1,...,N,

where u?(z?) corresponds to some temperature-dependent chemical equilibrium
and x; = ‘?’ is the scalar field of molar fractions, where ¢ = Z,N: ng ¢; 18 the total
concentration in the bulk phase, including the concentration of some solvent
Apn+1. Instead of including the solvent Ay, in the model, we replace ¢ by
some constant approximation crer to the actual total concentration ¢, so that we
may consider the vector x = (x1, ..., xN)T = ¢/cyer and its dynamics instead
of ¢. Formally assuming cef = eX”, we then have u;(c, 9) = ,u?(l?) + Ing;.
Additionally, an isothermal system is assumed; hence, ,u?(l?) = ,u? e Ris
simply a constant;

e the molar reaction rate R,(c) of the a-th reaction is modelled (consistently with
the entropy principle) as R, (c) = kC{ v — kg P’ with kC{ s ki’ > ( satisfying the
relation

f

o = (v, a),
a
for o = ()i
e Throughout, we assume that all equilibria of the surface chemistry are detailed-
balanced, i.e.

=1 =.m=

2k are linearly independent.

Then, e € RV, k = 1,...,n% := N — m*, characterises linearly indepen-
dent conserved quantities under the surface chemistry, spanning the orthogonal
complement of the surface stoichiometric vectors {(v=“ :a =1,...,m>}.

Moreover, we use the notation ab = (ai’l e afn’") for any two vectors a € (0, oo)k,
beR keN.

Under these assumptions, and the additional assumption that the sorption processes
and surface chemistry take place very fast, i.e. on much smaller time scales than the
bulk diffusion and the bulk chemistry, it has been demonstrated in [5] that (GFLM)
is a reasonable limit model for the limiting case of infinitely fast surface chemistry
and sorption processes (actually, independent of whether one of these two fast ther-
modynamic mechanism is even ultra-fast), and the condensed form of the limit model
(including initial values) reads

;¢ —di Aci = ri(c) in (0,o0)xR,i=1,...,N, €))]
(ek,Da,,c)zo on (O,OO)XE,kZL...,nE, )
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N X.a N X.a
KT =k on o) xT a=1,....m>=N-n" @)

c0,) =2, in (0,00) x Q “4)
where ¥ = 0 denotes the boundary of €2, acting as an active surface, D =
diag(dy, ..., dy) is the diagonal matrix of (Fickian) diffusion coefficients, and some

initial values ¢” : @ — R are given.

4. Local-in-time well-posedness for general bulk and surface chemistry

This section is devoted to the local-in-time well-posedness analysis for generic fast
sorption and fast surface chemistry limit models of the form (1)-(4).

Under the imposed modelling assumptions, the system (GFLM) under consideration
takes the form:
0, — DAG =Y kq (exp((@", /i) — exp((B*, i) 9 in (0,00) x 2,

a

@, D3;¢) =0f on (0,00)x %, k=1,....n%,
c =Kqf on (0,00) x X, a:l,...,mz,
(5)

with the equilibrium constant k, = exp(—(v>¢, u°)). A possible linearised (around
some sufficiently smooth reference vector field ¢* : (0, 00) x Q — (0, 00)) version
of this nonlinear system is obtained by taking the partial derivatives

aiqaﬁ;,a _ Viz $E|%z.a
for ¢;|x # 0, and reads
ohv—DAv=f in (0,00) x €,
(e*, Do,v) = gi on (0,00)x %, k=1,...,n%,
N
Zvl): v *)" = on 0,00)xX,a=1,...,m>,
i=1
or, for short,
v —DAv = f, in (0,00) x Q, (LP)
(e", Dov|s) = g on (0,00)x X, k=1,...,n%,
(CHv=9 v|g) = hy on 0,00)x X, a=1,...,m>,

where C* = (¢*|5)*" " diag(cf 15N, : (0, oo) X ¥ — RVXN,

Remark 4.1. Since only concentrations ¢;, ¢;* > 0 have physical significance, only
linearisations around states for which all components are (uniformly) strictly positive,
i.e. only uniformly strict positive initial values, will be feasible by this approach
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towards linearisation. Regularisation effects for reaction—diffusion systems (cf. the
strict parabolic maximum principle), however, suggest that this is no severe restriction
as (under slight structural assumptions on the chemical reaction network) for any
initial values c? > 0, but not identically zero, the solution immediately becomes
strictly positive, cf. the strict maximum principle for reaction—diffusion equations
(see, for example, [18]).

The program of the remainder of this section is the following:

e Show L,-maximal regularity of the linearised problem, provided sufficient reg-
ularity of the reference function ¢*. This can be done based on abstract theory in
a slightly extended version of the results in [7, 8], or with techniques presented in
[14, Chapter 7, Section 10], so that mainly the validity of the Lopatinskii—Shapiro
condition and regularity properties have to be checked.

e Use L,-maximal regularity of the linearised problem and the contraction map-
ping principle to establish local-in-time existence for the fast sorption and fast
surface chemistry limit, provided the initial values are regular enough, have
uniformly strictly positive entries and satisfy suitable compatibility conditions.

e Moreover, this procedure will give a “natural” blow-up criterion for global-in
time existence, where by “natural” it is meant that this norm appears in the
contraction mapping argument for the local-in-time existence.

4.1. L,-maximal regularity for the associated linear problem

To show that the linearised problem (LP) possesses the property of L,-maximal
regularity, let us first consider the case of constant coefficients (i.e. a constant reference
function ¢* € (0, o0)™) and a flat boundary (i.e. consider the special case of a boundary
¥ = R"! x{0} for the half-space domain €2 = R"~! x (0, 00)). The corresponding
linear initial-boundary value problem to be investigated, on the half-space, then takes
the general form of a parabolic reaction—diffusion system with boundary conditions
of inhomogeneous type. For technical reasons (unboundedness of the domain €2), we
include a damping constant &« > 0. The system then reads as

dv—DAv+pv=f, (t,z)ed xQ=(0,00) xR x(0, c0),

9
(e, D —v) =g, (t,Z2) e J x £ =(0,00) x R" ! x{0}, k=1,...,n%,
Zn
(CivE vy =h,, (t,7)eJxZT,a=1,...,m*,
v(0,) =1, zeR" x(0, ). (6)

Here, we write z = (z/,z,) € R"™! x R for the spatial variables, and the right-
hand sides—as the analysis of the linearised problem will reveal—have to satisfy the
following regularity conditions:

(M) feLy(J x 2RY);

) g e W20 g s R"®):
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() h e WP U720 (g o s Ry,
@) 0 e Wi P (@ RV,
The corresponding maximal regularity result on the half-space reads as follows:

Proposition 4.2 (L ,-maximal regularity on the half-space for constant coefficients).
Assume that ¢* € (0, oo)N is a constant and let p € (1, 00). Then, there is o >
0 such that for all u > o, the half-space problem (6) admits a unique solution
ve W2 (7 x RN ifand only if f € L,(J x Q; RN), g € Wil2 (2720 (7 o
% R”Z), h e W;]’Z)X(lfl/z”)(.]x 3 IR{’"Z)andv0 € Wf,fz/p(ﬂ; RM), and, moreover;
the following compatibility conditions are satisfied, if the respective time traces exist:

3
(et Dﬁ”()) =gili=0,» Z eR" k=1,...,n%, (if p > 3).
n

3
(CZVE’“, l3) = halio, ZeR" L a=1,....m*, (if p > E).

In this case, there is C = C(p, n) > 0, independent of the boundary and initial
values, such that

[ollyua < €. (Hﬂ

L, Tle ||W§)1,2>-<1/271/2m + ”h”Wll;l/zP + o wa;”l’) :

Proof. Starting with the system of PDEs (6), taking the partial Laplace—Fourier trans-
form F for (A, §) € Ca“ x R"~! and setting y = z,,, leads (formally) to the following
parameter-dependent initial value problems

2, 52
(+d; |&| )Ui—diﬁvi

+udi (0, €' 3) = [0, €y, (8.3 €Cy xR x(0,00), i =1,...,N,
(. DL E.0) = & (. 8, (.§)eCy xR k=1.....n%, D
(Cxv™ H(h, E)) = ha(h, &), (E)eCl xR a=1,..., m=,
90,8, y) = ¢, y), &, y) e R x(0,00),

where v; = Fu;, fl = F f; etc. For fixed (1, &) € a x R*~1\{(0, 0)}, the general
solution to the ODE in the first line of this system is

1/
00 €', y) = exp (((%—“ + &) ) y) 01+ (. 8)

row (= (5 +167) ") )i-o.e,

As we look for a solutionin the class v; = F~1(¥;) € L,(0,T); L[,(R”*] x (0, 00))),
one necessarily needs to have limy v; (A, &,y) = 0 and hence, (provided the
square root z'? is chosen such that Rz"/?> > 0 for all z € (C(T) b+ (A, &) =0forae.

(&) e a x R"~1, and in that case

J . 0 2\ .
i 0106 0) = ~d ((Aj—“ + ) )vi(x,s’,m.
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To match the solution with the boundary conditions at ¥ = R" —Ix {0}, we thus need
to solve the linear system
—(e". DRv(L.E.0)) = §(h. 8),  (L.E)eCy xR k=1, n"
(Cv™ v, E,0) = ho(0, &), (LE)eCI xR a=1,...,m>,

N
where R = diag (()\j—"‘ + |§|2)]/2)_ 1.This systemis uniquely solvable forall (A, §') €
1 i=

(CTT x R"~! if and only if the matrix

(eHT

()T

NxN .- .
(D IR*Ciy= T e C"*" isinvertible.

— — . z
_(D ]R *C;anvE,m )T_
All matrices D, R and C;; are diagonal and the matrices
Ci=(c*)"""C, a=1,....m

coincide with the N x N diagonal matrix C = diag(c;“|g)i—=11 __n Up to a nonzero

factor (c*| g)"z‘a. The matrix M is invertible if and only if
o (i)vE,l)T T

~ ) )
(Dv=" T | s

is invertible,
(ehT

()T

where D = D"'R™*Cisan N x N diagonal matrix with entries [D;; € (CE)|r on
the diagonal. Due to Lemma 4.3, this is the case. Using the inverse partial-Fourier—
Laplace transformation F~!, system (6) for f = 0 thus has a unique solution which

is given by

v(t, X', y) = F @)@, x', y)

12 5
=F1 (diag (eXp (— (kj;iu + |’§/|2> y)) R™'D™'M! ( ﬁg>) (1.2 )

= F! (ﬂ.ﬂ(;’, WR'D'M™! (;lg)) t, %', y).
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By Duhamel’s formula, the general solution of (6) is then given by

v, x', ) = F N (ThuE WR'D'M! (‘,f) + (T F)E )@ X9,

where * denotes convolution with respect to the variable y > 0, and v lies in
W;,l’z) (R4 x R™), provided . > po and g > 0 is chosen sufficiently large. This
solves the problem of L,-maximal regularity for the constant coefficient case on the
half-space. 0

For validation of the Lopatinskii—Shapiro condition, we employed the following:

Lemmad4.3. Lers,m e Nand N = s +m. Let v, ..., v" € RN andw', ... w’ €
RN be linearly independent, real vectors such that

W wly=0, i=1,....m, j=1,...,s.

Leté; € C, j=1,...,N, be such that 0 & conv{s; : j = 1,..., N} and the matrix
M e CN*N be defined as

(Do) ]
Y (Dv™)T =+ - NxN
M = @HT where D = diag(§y,...,0n) € C .
)
L @)
Then, M is invertible, i.e. Dv', ..., Dv", w', ..., w’ form a basis ofCN.

Proof. As M € CN*V is a square matrix, it suffices to demonstrate injectivity of M.
Let u € N(M). Then, in particular,

N
0=[Mulyj=) wlu, ieulw/, j=1,.s

i=1

Therefore, there are y; € C,i =1, ..., m, such that

m
u= Zyiv’.
i=1
Writing V =[v! .- v" ] € RN*™ from Mu = 0 it follows V' Du = 0, thus

0=V 'Du=V'DVy, for y =1, ..., vm) €C".

In particular, since vl = y* (as V has real entries), for the inner product on C"” one
finds

.2
Vy)i

m
0= (VIDVy.y)cn = (DV7. Vy)er = ) 6
i=1
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As |(Vy),~|2 > 0and 0 ¢ conv{s; : i = 1,...,m}, this can only hold true if
u = Vy =0, hence M is injective. 0

The general L ,-maximal regularity theorem (for bounded C?-domains ) can then
be derived via the standard technique, i.e. first a generalisation to the bend-space
problem and, thereafter, a localisation procedure. For these techniques to work prop-
erly, one needs additional conditions on the (then non-constant) reference function
¢t Q — RY Inour case, the bulk diffusion operator —D A does not depend on
the spatial position z € 2. Therefore, there is no need to consider perturbations of
it, i.e. A" = 0 in the language of [7,8]. Neither do the conserved quantities e*,
k =1,...,n%, but only the matrix C’(z) = diag(c*|x) ! (z) (which is C? up to an
a-dependent factor (¢*| )3)"2'“) depends on the spatial position z € Q. Using the same
strategy as in [7], one may write

(CEv™ v|x) = (Ci(zo)v™", v) + ((Ci(z) — Ci(z0))v™“, v)
=1 (C¥(zo)v ™9, v) + (CMall (7)p T4 p),

where C f‘lma” (z) corresponds to a small perturbation of C7(zo). As in [7], one may
then consider the problem

(A= DAY, 2) = f(1.2), ) e Cf.z e R x(0, 00),
8 -
(e", D—-5(,7,0)) =0, reCl, 2 eR k=1,...,n%,
y
(C 0™ v(h, 7, 0)) = —(CS™y 2 y(h, 2/, 0), AeCl,z eR',

Letting Ag = —D A on the domain
0
D(Ag) = {v e Wr(Q: RY) : <ekD—v|2> =0
dy
(k=1,....n%), (Cv*“ v|5) =0 (a= 1,.-.,m2)}’

one then derives a fixed point equation of the form:

m
v=(0+ A f =) SHCT A )y,
j=1
Proceeding as in [8], cf. the upcoming paper [4], one finds that one should demand
the following regularity of C, hence of ¢*:

There are s, r > p with % + % <1- ﬁ such that

-

C e WU (g s s RN = Wl
(J; L (%5 RNXN)) NLs(J; Wf_]/P(E; RNXN))’
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hence, the reference function ¢* should be uniformly positive and

¢ e WA U2 (1 3 RY)

=W, (L RY) N Ly (F; W77 (25 RY)).

Details will be provided in [4].

Remark 4.4. Note that for regularity of C, one has to consider the regularity of the
functions (c,t)_l, hence of

31 g a1 o 92 1 _81,,31_/6;{‘ Bz, ci 0z, cf

dep (P e (@ dmdzl ()P ()}
Provided ¢} > & > 0 is (a.e.) uniformly positive, this implies that

1 1 1
“ l/c/f”w;}*z)uxsz) S ° + 8_2”07; ||W(pl’2)(.]x§2) + ,9_3H ‘Vclﬂz ||LP(J><S2)’

where, provided W% (2) = L2, (£2) (which is true for p > %), |Vc;:|2

A

”L,,(Jxm

\

Hence, for p > n, it follows from c,’(‘ € WE,I’Z)(J x ) and c,’: >

)
|| €k ”Lp(J;wg,(sz))'
e > 0 that I/c; € WP (J x Q) as well.
Since the reference function should lie in the function class ¢* € Wél’z)'(l_l/ 2p) (J x
¥: RY) and be uniformly positive, one naturally may take s = r = p (other choices
are possible as long as the parabolic Sobolev index stays the same, namely 2 — %),
and then the condition on the values of s and r (here, both equal p) reads

n+1 | 1 n+2

-— &
2 T 2p P=

Note that in this case the embeddings W;,l’z) (J xQ) — C(J xQ) and Wf,_2/ P(Q) —
C() are continuous.

Theorem 4.5. Let p > 52 and ¢* € W92 (J x Q; (0, 00)V), where J = (0, T)

for some T > 0 and Q C R" is a bounded C*-domain. Then, the linearised problem

v —DAv=f, (t,z) € (0,00) x 2,
9
(ek,Da—v)zgk, (t,2) € (0,00) x =, k=1,...,n>,
n
(Civ®4, v|5) = hy, (t,2) € (0,00) x =, a=1,...,m>,
(0, ) = 0, 7€Q

has a unique solution in the function class v € anl’z)(J x Q: RN) if the data are
subject to the following regularity and compatibility conditions:

() fel,(J x % RY) =L,(J;L,(2;RY)),



Vol. 21 (2021) Analysis of some heterogeneous catalysis models 3533

@) g e WD (gos RITY = W (L (5 R )AL, (s WY

(Z:R™),
By h e WHPUTP sy = WL, (S R™) N L, Wy 77
z
(Z;R™)),

@) 0 e WP (@ RY),

(5) (€™ 0°|5) = hali=o,

©) (¢", D5;0I5) = gkli=o (if p > 3).
Inthis case, the solution depends continuously on the data, i.e. for some C = C(n, Q) >
0 independent of the data it holds that

”v”wy,z) <C (”fHLP + ||g||w(pl,2).(l/271/2p) + Hh”W;)I,Z)-(l—]/Zp) + H v Hwéz/p(m> .

A proof of this result will follow from a subsequent paper on the extension of the
abstract results in [7,8] to the case of combined type boundary conditions, see [4].
More precisely, the following result will be demonstrated in [4].

Theorem 4.6. (L,-maximal regularity) Let E be a Banach space of class HT, m € N
and Q@ C R" be a domain with compact boundary of class 3 € C*". For j =
I,...,m let m; € Ny and linear, continuous projections P; € B(E) such that
PijxPjx =0fork # k' and E = @Zio R(Pj i) forevery j =1,...,mj, be given.
Let p € (1, 00) and suppose that assumptions (E), (LS), (SD), (SB) and (RB) hold
true:

Let linear differential operators A(t,x, D) and Bj(t,x, D) and their principle
parts be defined via their symbols

At 2B = Y aa. 08 BB =Y B, 5. 98P

|| <2m k=0 ‘E)sk

(E) Ellipticity of the interior symbol: Forallt € J, z € Q andg e §" 1 it holds
that

o (A, z, §) € Cy,

i.e. A(t, z, D) is normally elliptic. If Q is unbounded, the same condition is
imposed at 7 = o0.

(LS) Lopatinskii-Shapiro condition: For all t € J, z € 0Q and all & € R" with
E-n(z) =0,andall \ € (Car such that (A, &) # (0, 0), the initial value problem

() + At 2,§ +in@) HHv() =0, y >0,

3
Bj,#(f,Z,EJrin(z)@)v(O)=hj, i=1,....m,

has a unique solution in the class v € Co(Ry; E).
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(SD) There are 1y, s; > p with % + ZrZrl <1- ﬁ such that
d € Ly, (J5 [Lyy + Lool(2; B(E))), | =1 < 2m,
ay € C/(J x Q; B(E)), lae| = 2m.
1 n—1

(SB) There are sj i1, j k1 > p with <Kjr+ % such that

Sjk.d 2mri k.
biwg € Wy lh(J x 0 B(E), |Bl=1<k<mj.
(RB) Forevery j=1,...,mandk =0, 1, ..., m;j it holds that
bix,sR(Pjr)) CRPjr), Bl =k.

Then, the problem

u+ A(t,z, D)yu = f(t,2), tel, 7€,
Bj(t,z, Dyu = g;(t,z), tel, ze€dQ, j=1,...,m,
u(0, z) = up(z), Z2€Q (8)

has a unique solution in the class
ue W (J x Q; E)

if and only if the data f, g and ug are subject to conditions (D) as follows:

(D) Assumptions on the data:
(1) fely(J xQ;E),
(ii) gjx € V”\l/;,l’zm)«j‘k(J x 0Q; E), where kjj = W, and we then set
8j = 2izo 8jk-
(i) up € W' (Q; B),
(iv) ifkjx > 1/p, then B;(0,2)Pj xuo(z) = g x(0, 2) forz € 9Q.

In the concrete situation of this manuscript, we may choose m = 1 and E = RN ,

ag(t,z) = D fora = 2¢;,i = 1,...,N, and ay(t,z) = 0 otherwise. Moreover
bjte(t,2)v = (e/,v - Dv)ey fork = 1,...,n=, and broo(t, 2)v = b 10v =
> (Co, 2)pEa, vie s, a=1,..., m* . Furthermore, Py ; is the (orthogonal)
projection in RY onto span{D~'e* : k = 1,...,n*} and P10 is the (orthogonal)
projection in RY onto {D~ ek : k =1, ..., n¥}L. Thus,

[Bi (1, x, Dyuli = (e", v - DV(P1,1u)) + 0 - Py ou
= (X, Doyu), k=1,...,n%,
[Bit, x, Dyulys 1 = (C5t, )™ )Pyt + (Ch (e, v ™ u) Py g
= (CH(t, 2> u),a=1,...,m* = N —n*.
As typical for many semi-linear systems, L ,-maximal regularity, and (in this case)
L,-L,-estimates can be employed to find a (unique) strong solution of the quasi-linear

problem. This will be the aim of the next subsection.
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4.2. Local-in-time existence of strong solutions, blow-up criteria and a priori bounds

Having maximal regularity for the linearised problem at hand, we may now come
back to the semilinear problem. L ,-maximal regularity will play the typically crucial
role in the construction of strong solutions via the contraction mapping principle.
Thereby, rather as a by-product, a condition for continuation of the solution to a
maximal solution will be established, where in general the solution may be global
in time (which might be expected for a large subclass of the systems considered
here), or one may observe a blow-up in finite time. Whereas the boundedness of the
W?fz/ P_norm cannot be guaranteed in general, or more precisely, it is unclear whether
boundedness holds true without any restriction on the bulk and surface chemistry,
for slightly weaker norms a priori bounds are possible, indeed. The latter will be
considered in the second part of this subsection.

4.2.1. Local-in-time existence and maximal continuation of solutions
Recall the form of the fast sorption and fast surface chemistry limit (5), and addi-

tionally consider given initial values ¢® : € — R which should be regular enough
(in a sense to be made precise later on):

de—DAc=Y (kjc“" - kj;cﬂ”) v', (t.2) € (0,00) x Q, )
a
(e*, D) =0, (t,2) € (0,00) x =, k=1,...,n%,
= ep(— 0T @), (D) € 0,00 x T, a=1,....m%,
cli—o = c°, z7€Q.

Moreover, let Tp > 0 be any fixed, finite time horizon and ¢* : (0, Tp) X Q — RN
be a (sufficiently regular) auxiliary function which admits a time trace and ¢*|;—g =
0. Introducing v(¢, z) := c(¢, z) — ¢*(¢, z) leads to the reaction—diffusion—sorption
system for v as follows:

dv—DAv=Y, (k{(v +ehH* — kb + c*)"“) ve

—[3; — DA]c* in (0, Tp) x Q,
ek, D3, v) = —(eX, Do, c*) on 0,Tp) x =, k=1,...,n%,
(CHv=a, p) = (CHv™a p)—(c*+0)* " +exp(—(v=4, p0®)) on (0,To) x X, a=1,....m=,
v);= =0 in Q,

where C} = (c*)_"z'a diag(c*)~! : (0, Tp) x & — RV*N_ Next, assume that p >

#, and for > 0 consider the nonlinear solution operator

. : Dy € W2 ((0, ) x Q RN> - W2 ((0, D) x Q RN>
given by v — w, where

Dy = !v e W2 ((0,7) x 2 RY) : v],mg = 0}
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and w is the unique strong solution to the linear problem

dw—DAw=Y_ (kj(v T LAy T c*)ﬂ“) pa
a
—(0; — DA)Z*  in (0,7) x Q,
(e, Doyw) = — (", Doyc*) on 0, 71)x =, k=1,...,n>,
(CEv™ w) = (Civ™ v) — (" + )"
+exp(—(w> wl@®))  on 0, 1)xT,a=1,....,m*,
wli=0=0 in Q.

This problem can now be handled in the way typical for semi-linear parabolic prob-
lems, employing the maximal regularity of the linearised problem and the regularity
of the nonlinear maps on the right-hand side, which allows for a fixed point argument
via the contraction mapping principle. To establish the regularity properties which
are needed, one first needs the following auxiliary result on embedding properties of
W},l’z) (J x ) for bounded intervals J and bounded C2-domains €2.

Lemma 4.7. Let p € ("TH, 00) and 2 C R" be a bounded C*-domain. Fix Ty > .
For T € (0, Tp] and

Do(T) = W2 (0, T] x ) = fu e W20, T) x @) : u(©) =0},
the embedding constants for the continuous embeddings
Do(T) — C(J x Q)

can be chosen independently of T € (0, Tp), e.g. C) = 2'/1’CP(T0) where C,(Tp) is
an embedding constant for T = Ty.

Proof. Since for u € Do(T) one has u(0) = 0, it follows that

u(t5 ')7 re [05 T]’
ﬁ(t9') = M(T_ta ')7 re (Ta 2T]7
0, t > 2T

defines a function & € W;,]’z) (R4 x€2) and for its restriction to [0, Tp] x €2 it holds
that

”f‘ Hwﬁ,‘*”((o,ro)xsz) <2 ”””w;"z)((o,T)xQ)’
]l = [ul .-

From here the assertion follows easily. 0
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Theorem 4.8 (Local-in-time existence of strong solutions). Let p > % and assume

that @ C R" is a bounded domain of class 32 € C2. Then, the fast sorption and fast
surface chemistry limit problem (5°) admits a unique local-in-time strong solution, if

¢ e TH®) = {c” € Wy 7P(2: (0. 00)Y) 1 (X, Donc’|z) =0,
X.a
Iy = exp(—v™ - w (@)

More precisely, for every reference initial values ™ € I;,L(Q), thereareT > 0, > 0
and C > 0 such that the following statements hold true:

(1) Forall ¢ € 1}(Q) with [ ¢® — ¢! |I,,(Q)

c e W2 (J x Q; (0, 00)") of (5) for J = [0, T].
(2) Forany two initial values ¢, & e I;(Q) with ||c0—cref szfz/p,
P

< ¢, there is a unique strong solution

}EO_cref ” Wffz/p

< ¢ and corresponding strong solutions ¢, ¢ € W;,l’z) (J x S RN) one has

< C”co — EO ||Wi,2/p(9).

e - E”W;}’Z)(JXQ)

(3) Any strong solution ¢ € W;,l’z)(J X Q) can be extended in a unique way to a
maximal (Hélder) strong solution ¢ : [0, Tmax) X 2 — (0, 00)N (with Tmax €
(0, 001), where ¢ € WS"2((0, T) x ; (0, 00)N) for every T € (0, Tax)-

Proof. Let n > 0 and initial values
Fell(@:={":c)=n (=1....N)onQ}
be given. Let pg, Top > 0 be such that
3], < Z forall 3 € D7 := (5 € WI2((0,7) x 2 RY) :
5(05 ) = Oa ‘

v”wﬁ,"z’((o,r)xsz) < p},

where p € (0, pol, T € (0, Tol. (Such a choice is possible, e.g. by Lemma 4.7.) More-
over, let £ be alinear, continuous extension operator from Wf,fz/ P@)to Wg’z) (0, Ty)
x ©) and from C(R) to C([0, To] x ). Moreover, w.l.o.g. assume that v > Z on
(0, Tp) x € whenever v > n on €, and let pg < % where C(Tp) > Ois a
common embedding constant for the continuous embeddings VOV;LZ) ((0,T] x Q) —
C([0, T] x ) from Lemma 4.7. Then, Ec° + v > { forall p € (0, pol, T € (0, To]
andv e D, 70n(0,T) x Q.

We are looking for a solution ¢ € WS’Z) ((0, T) x Q; RN) of the reaction—diffusion
system with linear, combined type boundary conditions

d;c — DAc =r(c) in (0,7) x €,
—(€, Ddpe) =0 on 0,T)x%, k=1,...,n>,

vZ,a_ _ X
c =Kq(>0) on 0,T)xX,a=1,...,m*~,
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c(0,) =c° in Q.
We set ¢* := Ec¥ € Wﬁ,l’z)((O, To) x 2; RY) and v := ¢ — ¢*. Then, in order for ¢ to

be the solution to the reaction—diffusion—sorption system considered here, v has to be
the solution to the following initial-boundary value problem:

v —DAv=r(c*+v)— (3 — DA)* in (0,T) x Q, *)

—(e*, Da,v) = (X, D, c*) on 0,T)x=, k=1,...,n>,

(c*+v)"2'u=/<a on (0,T)xZ,a=1,...,m>,
v(0,)=0 in Q.

To derive a semilinear formulation of this problem, we rewrite the nonlinear boundary
conditions on v as follows. By Taylor’s series, we may write

N N
(c* + v)"z’a = (c*)"z’a + Z viE’“ (e ) + Qu(v, ")

i=1

for a function Q, which is continuously differentiable of arbitrary order, at least on
{(v,c*) e RY x(0,00)Y : v; +¢f > 0} )

. .. X.a .
Hence, we may express the nonlinear boundary condition (¢* 4+ v)""" = k, in the
equivalent semilinear form

* Ea Y a (c*)v sy p2d *
(Chv™ Z =ka — ()" = Qu(v, ).

l
Then, v € D, 7 is a solution v € Wg,l’z)((O, T) x Q: RN) of (*) if and only if

v—DAv=r(c*+v)— (0, — DA)¢* in (0,T) x , (**)
—(e*, Do) = (X, Dd,c*) on (0,T)x%, k=1,...,n"

(CvZ ) = kg — (€)= Qu(w,¢®) on (0,T)x X, a=1,....m~,
v(0,)=0 in Q.
Therefore, v € D, 7 is a solution to (*), if and only if v € D, 7 is a fixed point of
the (well defined, due to the choice of py, Tp) map @ : D, 7 — W}}’Z)((o, T) x
Q; IR{N) defined as follows: For v € D, 1 let ®(v) := w be the unique solution to the
inhomogeneous, parabolic initial-boundary value-problem
ow — DAw =r(c"+v) — (3, — DA =: f(c*,v) in (0,T) x Q,
—(*, Do, w) = (", Do) =: gi(c®) on 0,T)x=, k=1,...,n%,
CvZw =k, — (M) = Qu(v.¢*) = ha(c*,v) on (0.T)x X, a=1,....m",
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w(©,)=0 in Q.

By L ,-maximal regularity of the linearised problem, the solution w € Wi,l 2) (0, T)x
Q: RN ) exists and is uniquely determined, for every v € D, r. That is, ® is well
defined. Since the initial values w(0, -) = 0 are zero for all the functions constructed
in this way, the constant C7 = Cp, > 0 in the maximal regularity estimate

||<D(”)||w;,‘*2)((o,r)x9) = Cp ([ fe*, v ”Lﬂ((O,T)XQ)
+ Hg(c‘*)Hw;1v2>-<1/2—1/2p>((0j)XE) + [[r(e*, v) Hw;}~2>'“-'/2p>((o,r)x2))

for v € D, r can be chosen independently of T € (0, Tp]. This can be seen, for
example, by using the following mirroring type argument: Set

g(tv ')7 re [O, T],
~ f(tv ')7 te [Oa T]v ~
f@, )= . 8(t,)=18QT —1t,), te(T,27T),
0, t>T,
0, t > 2T,
h(t, ), tel0,T],
h(t,) = {hQT —1).), t e (T.2T),
0, t > 2T,
and consider the problem with time horizon 7p:
dw— DAw=f in (0, Tp) x Q,
—(e*, D3 w) = g on (0,T)x=, k=1,...,n%,
CZVE’“w:ﬁa on 0,Ty))xE,a=1,....,m=>,

w(©,)=0 in Q.
Then, there is a constant C = C(7p) (from L,-maximal regularity) such that

”w”wﬂ‘z)((o,ro)xsz) = C(”fHLp((O,TO)xQ) + ”g”W;"Z)'(I/Z_I/ZP)((O,TO)XE)

kgm0 01

Then, by construction (and uniqueness of solutions), w|[o,7]x g is the solution to the
problem with time horizon T € (0, Tp] for the given data (f, g, k) and

||w|10,TJXQ”w;}z)((o,r)xg) = Hw”W;}’Z)((o,TO)XQ)
<C (”i”Lp((O,TO)XQ) + Hg”W‘(Ul,z).@/z,1/2,:)((0]0))(E) + ”il||ngz"(]*]/zm((O,To)x):))

= 2'7c <HfHLp((0,To)><Q) + HgHW;}ll)-(1/2—1/2p>((0YT0)X2) + ”hHW;}J)-(l—l/zm((QTO)XZ)> .

We will demonstrate that p € (0, pp] and T € (0, Tp] can be chosen such that ®
is a contractive self-mapping on D, 7, and hence attains a unique fixed point by the
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contraction mapping principle. To this end, we show that for suitably small p € (0, po]
and T € (0, Tp], @ is a strictly contractive mapping from D, 7 into D, 7.

First, note that since ||v||OO < % forevery v € D, r with p € (0, pol, T € (0, Tp], we
may denote by ||r H and || [P H the respective norms as functions on [, | ¢* || ot %]N .
Secondly, we will frequently use that v(0, -) = (0, ) = 0, g(c*)|;=0 = g =0
(as ¢ satisfies the compatibility conditions) and k(c*, v) = h(c*, ) = 0. Therefore,
forevery v,v € D, 7 and p € (0, po], T € (0, Tp], and after fixing some auxiliary
value p € (n+2/2, p), hence v"vg’z)((o, T1x Q) < C([0, T] x ) with an embedding
constant C (7Tp) that can be used uniformly for all T € (0, Ty], we obtain estimates

Hr(c* + ”)”L,,((o,r)xsz) =(T |Q|)l/p”"”oo’
||r(c* +v) —r(c*+ 17)|

Ly (0.T)xQ) = Il o v — | L, ((0.T)xS)

T ' Yp
1Pl (1 e = a6 a5k} gy o)

= 71T 100 = 98], 0.7
= [ 77 v - 3|

[EACe]

’w;’~2>((o,r)x9)’

W;71,2)4(1/2—1/2p)((O’T)XE) < C” Onc* “W

< [y

2)-(12=172 >
;I, -C2=120) (0, Ty x %)

”ha (c*’ U) HWE},Q)_U,

20,7y x 3 ~Ka HWE,”)'“*]/Z”R(o,T)x2)

*
+ | Qalv. ¢ )||W§,1.2>»<17

[hate®, v) = ha(e*, D)

29 (0.7)x 5’

W;71,2>~<1—1/2p>((0’T)XE)

=] Qu(v, ") — Qu(@. C*)”W(l,z)-(l—
P

20 0,7y x 3"

Here, the critical terms in the estimates for the norms of /1, can be estimated as follows:

|| Qa ('l), C*) - Qa (‘T)v C*) ||W;l’z)'(lil/ZP)((O,T)XZ)

< C(To) || Qa(v, €*) — Qu(d, C*)HWQ'Z)«O,T)xQ) 3 vl—o =0 =0, with
” Q.(v,c*) — Qu(v, C*)”Lp(((),]")xg) = ” 0y Qa ”oo”v - 5||Lp((0,T)><Q)

= ” 0y Qq ||oo(T |Q|)l/lJ “I) - 5HW§,|’2)((0,T)XQ);

and for the time derivative

9:(Qa(v. €*) — Qu (. "*))”Lp((o,mxg)
< [8,Qu(w, €*) - 8v — 8, Qu(@, ¢*) - 3t5”L,,((0,T)xQ)
+ | 0ex Qu (v, €*) - dc* — e+ Qa (D, €*) - Oy ||Lp((O’T)XQ)
< [00Qu(w. ¢ - v = D) (0.7)xq) + (30 Qu(@. ")
— 0 Qa(@,¢M) - 9,D) ”L],(((),T)XQ)
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+ [ Qa (v, €*) - pc* — Bex Qu (B, €*) - Byc* ||Lp((O’T)XQ)

< 185 Qall o[l Br0 =33 0.1y 2y T8 Qaloc 2 = Bl N8N, 0.7yx 0
+ ”avaC*Qa ”oo”v - EHOOHBTC* HL,,((O,T)xQ)

< C(TyT""=" v — 5Hw(pl'2)((0,T)xQ);

for the second-order spatial derivatives,

[V2Qa(w, ) — V> Qu(, c*)“Lp((O,T)xQ)
< [82Qu(v. ¢*) : (Vv ® V) — 37Q4(3, ¢*) : (VD ® Vi) ||LI)((O’T)XQ)
+2[80¢+ Qa (v, €") 1 (VO ® V™) = dyes Qu (. ) : (VDR VN | (o 1))
+ 96 Qa(v.€%) 1 (Ve* @ Ve*) = 93 Qu(B.€%) : (Ve* @ Ve | o740

< H 85Qa(v, ¢ (Vv® Vv — Vi ® V)

}L,,((O,T)XQ)—F

@5 Qa (v, €*) = 97 Qu(@. ) : (VIR V)| 0,10
+2[800e Qa (v, €") : (Vo = VD) @ Ve | 0.7y
+2[(Buder Qa (v, €) = Dyder Qu(B. €M) - (VIR VEN | (0 7y
+ [ (02 Qu(v. ) = 83 Qu(@. ) : (VE* @ VE | (0.1

< 105Qa]l (V] + V3] ) | V2 = VB

L],((O,T)XQ)+

” agQa ||oo||” - '~’Hoo||v'~’||izp((o,T)x9)
+ 2” 9+ Qa ”oo”V” - Vﬁ”Lp((O,T)xQ) ”V"* Hoo
+ 2” 8380* Qu Hoo“v - l~’”oo”Vf’”Lp((o,T)xQ) HVC* Hoo
+ ” avacz* Qu ||oo||W - V5||OOHV"* ||i2p((0,T)xQ)
<2c™ Haf@a ”oo(T |Q|)1/2p'0”” - 5Hw§,"2>((0,r)xsz)
+C ” 83914 ”oo(T Q)" p? Hv - 5||W§,1’2)((O,T)><Q)
+ 20 [0y des Qu | (T 12D '2P | Ve*|| v — B

L, ((0,T)x)

+ 2] 930 Qa| o (T 12DY27 0 [ Ve™ | [0 = Bl w02, 1) xr

2 2 ~

+C* ” Oy 0 Qa ”oo”vc* “sz((O,T)xSZ) H” - v”W;}’z)((O,T)xQ)’

where C** = C**(Ty) > 0 is a common constant for the continuous embeddings
W52 (0. T1xQ) = C(10. T]: C'(2) and W}, 2 (0. T1x Q) = Ly ((0. T): W3
(R2)) with T e (0, Tp]. Standard arguments now give that for suitable choice of
p € (0,011, T € (0,T1] (for some p; € (0, po] and 77 € (0, Tp]), the map &
is a strictly contractive mapping from D, 7 into D, 7 (here, ®(D, 7) € D, 7 as
0 € D, 7), thus by the strict contraction principle admits a unique fixed point viX =
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(¥ e v"v;l’z)((o, T] x Q). Then, ¢ := ¢* + v is the unique solution of the
fast sorption and fast surface chemistry limit reaction diffusion system. Here, the
uniqueness is valid first only in the class ¢ € ¢*+ D, r, then arguing by contradiction
shows that ¢ is actually unique in the class ¢ € WE,I’Z) (0, T) x Q; RM).

Moreover, for ¢*0 € I;’,(Q), n > Osufficiently small and initial values e B,,(c*’o) C
I;’,(Q) close to ¢*9, there is a common choice of parameters pg and 7> to make the
respective maps ® = o’ strictly contractive self-mappings for any p € (0, po] and
T € (0, T2], so that for all these initial values the solution exists and is unique at least
on the time interval (0, 7>). Also it can be seen that as the maps ¢’ continuously
depend on the initial values, so do the fixed points, hence the solutions to the fast
sorption and fast surface chemistry reaction—diffusion-limit system. g

From the proof we may extract blow-up criteria for solutions which are not global
in time.

Corollary 4.9 (Blow-up criterion). Either Tmax = 00 (global existence), or Tmax <

oo and Hc(t) ||szz/p(Q,RN) — oo (blow-up) or minze§ ci(t,z) — 0 (degeneration)
» ;

forsomei € {1,..., N}ast — Tmax-

Remark 4.10. The inclusion of the case minc;(f,z) — O for some i is due to the
chosen linearisation around the reference function. To have enough regularity for
C = diag(c|y) ™", one needs uniform positivity of the solution candidate ¢, thus on
the initial value ¢°. Therefore, this approach breaks down as min¢; (¢, -) — 0.

4.2.2. Local-in-time existence of classical solutions in Holder class

Analogous to the case of strong Wg,l’z)-solutions, we may also deduce existence of
local-in-time classical solutions in the Holder class

¢ e CL2 T (0 7] % @ RY) = ([0, T1; C(Q); RY)) N Lo ([0, T1;
C2+20( (5)’ RN)

Theorem 4.11 (Local-in-time existence of classical solutions in Holder class). Let
a € (0,1/2) and Q@ C R" be a bounded domain of class 92 € C2+2 Then, the
fast sorption and fast surface chemistry limit problem (5°) admits a unique classical
solution in the Hélder class C1:2)-(1+¢) if

@ e @) = {co € C2*22(Q. (0, 00)V) : (X, Dopc®|x) = O,
X,a
Iy = exp(— (=, )]

More precisely, for every reference initial value c{)ef elf (Q), thereare T > 0, & > 0
and C > 0 such that the following statements hold true:

(1) Forall ¢ € I} (Q) with | co— ¢, @
in the Hélder class ¢ € CH2 040 (1 5 Q: (0, 00)V) of (5°) for J = [0, T1.

< ¢, there is a unique classical solution
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~()_

(2) For any two initial values c°, & e Ij[(ﬁ) with ||co — cref ”CZW@)’ ¢

crefHCZW@) < ¢ and corresponding classical solutions ¢, ¢ € C1-2- 1+ (]
Q: RV ) one has

”c - Z’”c<1.2>~u+a)(1 xQ) = CHCO ~ ”C2+2a(§)'

(3) Any (Holder) classical solution ¢ € CU2U+a)(J « Q) can be extended in
a unique way to a maximal (Holder) classical solution ¢ : [0, Thax) X Q@ —
(0, 00)N (with Tiax € (0, 00]) with ¢ € CH2 040, T) x Q; (0, 00)V) for
every T € (0, Trmax)-

Proof. We may proceed as in the case of strong W;,l’z)-solutions and consider a ref-
erence function ¢"f € C2+2%(Q) and ¢ > 0 such that 0 < 2& < ¢ on Q. Choosing
® e C?2(Q) with |[¢® — ¢™!|| 245, < ¢ thus implies that ¢” > £ on Q. Now, let

7 (-) denote the strongly continuous semigroup on C2* (R") generated by the operator
A = DA with D(A) = C22¢(R"), and set

t
() =T1EL +/ Tt —s)Erc®ds, >0,
0

where £ € B(C*2¢(Q); CZH2*(R™)) N B(C(R2); C(R™)) is any bounded, linear ex-
tension operator (which exists as 9Q € C2t2%). Then, £c°, Er(c?) € C*?H2¢(R") =
D(A), hence, ¢* € C(Ry; C*F2(R™)) N CH(R,; C**(R™)). Moreover, by maximal
Holder regularity [ 14, Theorem VII.10.3], it follows from r (£c?) € CL2*(R,. x R™)
that, actually, ¢* € C1-2 0+ ([0, T] x R") for every T > 0. By the classical max-
imum principle (and suitable choice of £) we may find 7o > 0 such that ¢* > 5 on
[0, Tp], for every initial value ¢ with

¥ —¢ref ||C2+2a <e.

Let us ﬁx_po < ¢/(3 ||5||B(C(§);C(Rn))) and Tp > 0 as above. Then, for cifery
& e IH(Q) with ”co —c* ||C2+20, < ¢, a function ¢ € CED A+ (0 T] x Q) is
a classical solution to the reaction—diffusion—sorption problem

drc — DAc =r(c) in (0,7) x 2,
—(e*, Ddyc) =0 on (0,T)x X,
©"" =« on (0,T)x 3,
c(0,) =¢° in €,
if and only if the difference function v := ¢ — ¢* solves the semilinear parabolic
system
v —DAv=r(c" +v)—r°) in (0,7) x Q,
—(e". Dayvlx) = (¢", Douc*|x) on (0,T)x %,
Civ® = kg — ()" = Qu(v, ¢*) on (0,T)x X,

v(0,)=0 in
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with Q, defined as in the local-in-time existence proof for strong Wg,l’z)-solutions.

We remark that Q(v, ¢*)|,—0 = Q4 (0, %) = 0, r(c*)|;—0 = r(c®) as well as k, —
X.a X.a

()" loyxz = ka = ()" |z = 0 and (e", Donc*|j0)xs) = (e", Donc’|x) = 0.

This allows to seek for v as a fixed point of the map

®:D, 1= {v e c2-0+0) ([0, T] x Q) :

v);=0 =0, v||C(1,2)«(l+oz) =< ,0} — c12- U+ (10, T x Q)
defined by ®(v) := w, where w is the classical solution to the quasi-autonomous
problem

dw— DAw = r(c* 4+ v) — r(c%) in (0,7) x Q,
—(e", Doyw|x) = (€, Dduc*|5) on (0,7)x %,
(CEvP9 wlz) =k — (€9 = Qu(v, ) on (0,7)x X,

w(0, ) =0.

We may now proceed as for the case of strong solutions, one helpful result being the
auxiliary Lemma 4.12.
Details are left to the reader. 0

Let us write
CO2 W0, 7] x @ RY) = {v e CU2 ([0, 7] x B RY) : 00, ) =0},
é(l,Z)'(l/ZJrot)((o7 TIxQ; an) — {g c C(1,2)~(1/2+0t)([0’ T] x Q an) . g(0, _):0} '

Lemma 4.12 (Locally uniform maximal regularity constant). Let « > 0 and Q C
R”" be a bounded domain of class Q2 € C2+2¢ Moreover, let To > 0 and c* €
C(1’2)'(1+"‘)([O, T] x Q; RN) with ¢* > ¢ > 0 be given. Then, there is a con-
stant C = C(Ty, ¢, |c* ”C(ll)'(”a)) > 0 such that for every T € (0, Ty] and every
feClDoqo, T x Q;RN), g e CLD0240) (0, T] x Q; R™™) there is a unique
solution v € é(l’z)‘(H"‘)([O, T] x Q: RN) of the linear parabolic initial-boundary
value problem

v—DAv=f in (0,T) x L,

—(ek, Doyvls)=gr on (0,T)x X,

(CivE4 v|g) =h, on (0,T)x X,
v(0,)=0 in Q

and it holds the estimate
H”Hc“l)-(lw)([o,r]xﬁ) =C (Hf“c('lw([o,ﬂxsz) + ”g”c(112>4<1/2+'1>([0,r]x2)

+||hHC(LZ)'(H“)([O,T]xﬁ)) :
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Proof. As demonstrated (for the half-space case) in Proposition 4.2 in combina-
tion with Lemma 4.3, the Lopatinskii—Shapiro condition is satisfied, so that Holder-
maximal regularity follows by [14, Theorem VIII.10.4] (where for nonzero initial
values complying with the compatibility condition, the maximal regularity constant
may, in general, dependon T € (0, Tp] as well). Let us demonstrate that for zero initial
values, the maximal regularity constant may be chosen uniformly for 7' € (0, Tp].
To see this, let y € C*°(R) be any function such that x = 1 on (—o0, %] and x =0on
[5/3, 00), say. Given any T € (0, Tol, and f, g, h as in the statement of the theorem,
we may now extend these functions by setting

) £, x), t€[0,T], x €,
fe,x) =1 Ff@Tr —t,x),1e(T,2T], x € Q,
6, t>2T, x € Q,
g(t,x), tel0,T], x € 2,
§(t,x) =48Q2T —t,x),te(T,2T], x € 2,
6, t>2T, x e X,
3 h(t, x), tel0,T], x €%,
h(t.x) =126 (5L (T, x) —hQT —1,x), t € (T,2T], x € %,
0, t>2T, x €%,

Then, for o € (0, 1/2] one easily deduces that f e ¢« R+ x ]RN) and g €
CL2-(24e) (R, xQ; ]R”E) with norms

”f”c(l DURy xQ) T ||f”c<l e ([0,T]x Q)

Hg”c“ (/240 (R, x$2) — ”gHC“ 2-(Y24e) ([0, T]x )"
For ﬁ, we obtain that

||’;(t’ ')||c2+2a(>:) <3|x “oo”h”C([O,T];Cz””‘(E) for every > 0,
- 2
Joice ol = 3l + sun | 2|

T€[T,2T] 00
2., r

< 3lalclorml+ 2l [ Jnceo] o
2 T

< 3l clortl o+ 717 | [ o e o1 d

2
=< 3xlclrt] oo + 755 11 [T Brlcnqo.rricomn

= 3[xll k] +—|IX|| I5 [ hlceqo.rrecs)

|k, ) — oih(s, )|, < | x|l 8k QT =1, — 3R 2T — 5,
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2
+ 21 = D T

< [ x| Rl qo. 1102y Is — 11
+ [ oo ls = 11" || . fors.ce[T.2T],

|k, ) — och(s, )| = || %x%%)h(ﬂ )+ 0k Q2T —1,2) — d,h(s. )|

2
< 7 I =L Ol a0
+[xlloh@T =1, = 3:his. )

21t—=T|* -, [T
=[5 B [l ar

+ [ x] 12T =1 = s1* [Behcao. rr.ccs))

20t—-T|* 5 (T
=7 || Ix ]afo o [Brhlceo,riccmy d7

+ x| oo 12T =t = s1* [3:hlce o, 71:c05))

= t—=TI%[x'] [8:h]c« .
1+oz| 1 [x ]a[t lceqo.11:0(%))

+ x| 12T =1 = s1* [3:hlce o, 71:c05))

=

t—s1“[x'] [0:h]ce .
1—|—a| s|* [x'],, Brhlce o, 1105

+ x| o 1t = 51" Bk ce o, 71:c(3)
for 0<s<T <t<2T.

Therefore, there is a constant C = C(«), independent of T € (0, Tp] and Ty > 0 such
that
|B]lcamarom, xz) < Cllcararago s

We may therefore consider v = 17|[O T1xG a8 the restriction to time ¢ € [0, T'] of the
solution of the parabolic initial-boundary value problem on (0, Tp)

¥ —DAV=f in (0,T)x Q,

—(ek, D30y =g on (0,T)x X,

(CHvEa ) =h, on (0,T)x X,
30,)=0 in Q,

and may deduce that
”v||c(112)4<1+a>([0,T]x§) = ”‘7”c<lv2J-(l+a)([o,T0]x§)
< C(Ty) (||f||c<1.2>-u([o,ro]xg) + ||§’||c<1,2>-<1/2+a>([o,70]x>:) + ”i’”c(1,2>-<1+a>([0,T0]x§)>

= C(To) (||f||C“~2>'°‘([0,T]><S2) + ”gHcﬂl)-<l/2+a>([o,T]x2) + Hh||c<1~2>~<'+a)([o,T]x§)) :
]



Vol. 21 (2021) Analysis of some heterogeneous catalysis models 3547

4.2.3. A priori bounds on the strong solution of the fast sorption and fast surface
chemistry model

In the previous subsection, it has been noticed that a bound on the phase space norm
|| . ||Wz;z/p is enough for establishing global existence of a strong solution. To derive
such a]bound, however, is a delicate matter, and it is not clear whether global existence
holds true in all cases. On the other hand, for some weaker norms at least a priori
bounds can be established for free. The derivation of these a priori bounds is based on
the parabolic maximum principle and entropy considerations, highlighting the fruitful

interplay between mathematics and physics, and will be presented in this subsection.

Theorem 4.13 (A priori bounds). Let ¢ € IH(@) N C2(Q2;RY) and ¢ € C12
([0, Trnax) X 2 Rf ) be a maximal classical solution to the fast sorption and fast
surface chemistry limit problem

d0;¢c — DAc =r(c), t>0, ze€q,

—(ek, Do) =0, t>0, zeX, k=1,...,n%,
kL™ = kbeB™ 1>0, zex, a=1,...,m=,
c(0,) =, 7€Q.

Further, assume that there is a conserved quantity with strictly positive entries, i.e.
there is

ee(O,oo)Nﬂ{v“:a:1,...,m}Lﬂ{v2'“:a:],...,mE}L.

Then, for every Ty € (0, Tmax] N R there is C = C(Tp) > 0, also depending on the
initial value c°, such that the following a priori bounds hold true:

(1) LL Li—a priori estimate:

sup |e(t, ‘)”L,(Q;RN) <C| HLI(Q;RN)’
tel0,Ty)

where the constant can actually be chosen independently of ¢° and Ty, but only
depends on the ratio between the smallest and largest entry of e € (0, 00)N;
(2) LiLE —a priori estimate:

sup lec. 2) ”Ll([O,TO);RN) =G
zeQ

(3) LiLE—a priori estimate:
”c”Lz([O,To)xQ;RN) =G

(4) Moreover, provided the surface chemistry is constructed from thermodynamic
principles, i.e. the affinity A, = /le vl.E vanishes for chemical equilibria, and
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,ul.): = Uil = u? + In ¢;|y for equilibria for adsorption and desorption, the
following entropy identity holds true:

/ci(t,z)(u?+lnci(t,z)— 1)dz
Q
+/I/§: Veis. D1 4o +Z/f Zln( )
0 o= a0 “
N
(exp(Zln(ci)vf) — 1) dzds

i=1
=/ @) nc?(z) — D dz, 1 €0, Tp).
Q

Proof. LL L%--a priori estimate: Since e € (0, o0)" is a conserved quantity for both
the bulk and surface chemistry, (r(c), e) = (r*(c), e) = 0 for all values of ¢, where
r¥(c) = kgf ™ — kZ A Thus, using regularity properties of parameter-dependent
integrals and the divergence theorem, for every ¢ € [0, Tp) it holds that

i/ (c(s,z2), €) dz=f<3t0(t,z),e) dz=/(DAC(t,z),e) dz+/ (rc(t,z)), e)dz
dr Q Q Q Q
=f<DAC(t,z),e) dz=/ (Doye(t,z),e)do(z) =0.
Q I
As a result,

/(c(t,z),e)dz = / (°(2), e)dz, t € [0, Tp)
Q Q

and, since e € (0, 00)V, the map ¢ fQ ZIN=1 |ci (z)] e; dz defines a norm which is
equivalent to the standard L -norm on the Lebesgue space L1 (€2; RY). More precisely,

0 max; e; |
/Q(c (2),e)dz < min; e; e HLl(Q;RN)’

Hc(t, ')”L] (@RN) = min; e;

establishing the first a priori estimate with
max; e;

mini e;

independent of Ty > 0 and the initial value c°.
L’ngo--a priori estimate: To derive the LjL,-a priori bound, let us consider the
function w : [0, Tp) x 2 — [0, co) defined by

t
w(t,z):/ (Dc(s, z),e)ds, te€[0,Tp), z € Q.
0

As a parameter integral of a C(>?)-function, w has the regularity w € CZ([0, Tp) x )
and using elementary results on parameter-dependent integrals, the evolution (5) and
the assumption that e is a conserved quantity, we establish the estimate

drw(t, z) = (De(t, 2), €) < dmax(c(t, 2), €)
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= dinax ( /0 (are(s, 2, €)ds + (0, e>>
= dmax < /0 (DA, 2), ) + (r(e(s, D), €)ds + (D), e>>
= dinax (/(;I(DAC(S, 2),e)ds + (c(2), e))
= dnax (AW, 2) + dman ("), €)) . 1€[0,T), z€Q
daw(t,z) = /fwa,,c(s, 2),e)ds =0, 1€[0,Ty), ze€dQ
w(0,z) = Of) 7€Q.
Therefore, w > 0 satisfies the system of differential inequalities

dw — dmax Aw < diax (¢®, €), 1 €[0,Tp), z €
ow =0, rel0,Ty), ze€dQ
w(0,z) =0, ze.

From the parabolic maximum principle for differential inequalities, it then follows
that there is C > 0 (depending on Ty and ¢”) such that

0<w(t,z)<C, tel0,Ty, ze
and, consequently, one finds that
<C, zeQ.

leC. DL, 0.7

L5LE--a priori estimate: For the L-estimate, let us fix T € (0, Tp). Employing inte-
gration by parts, Fubini’s theorem, the no-flux boundary conditions on the conserved
part and the fundamental theorem of calculus, we find for the integral

T
/ / (Dc, e){c, e)dzdrt
0o Ja

T t
=/ /(Dc(t,z),e) (A/ (Dc(s, z),e)ds + (Dc(t,z),e)(co(z),e)> dz dt
0o Ja 0
T t
:/ /(Dc(t,z),e)A/ (Dc(s, z), e)dsdzdt
0o Ja 0
T
+f f(Dc(t,z),e)(co(z),e)dzdt
0o Ja
T t
= —/ / V(Dc(t,z),e)-V/ (Dc(s, z),e)dsdrdz
QJo 0

T
+/ f(Dc(t,z),e)/ (Ddyc(s, z), e)ds do(z)dr
0 Jx

t
0
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fch(t 2),e (z),e)dzdt
1
‘_EL

T
5/ /(Dc(t,z),e))(co(z),e) dz dt

dmax

/ V(Dc(t, z), e) dt dz+/ /Dc(r 2). e))(c’(z), e) dz dr
0

T” e ”Lm(sz) H<Dco’e>HL1(Q)’ T € (0, To),

where in the last step it has been used that ¢ > 0 and, therefore,
[ Pt 2).€) 02 < dnas [ (60021, €) 02 = s [ (001,012
Q Q Q

d
< —maX/<Dco,e> dz.
Q

min
One may thus take

d
€=l efi g [P e]iiq:

Entropy identity: By the theorem on derivatives of parameter-dependent integrals, and
as the derivative of the function (0, o0) € x +— x(Inx — 1) is Inx for all x € (0, c0),
one finds that

d 0
E/S?;.:Ci(ui +1In(¢;) — 1) dz

= [ o+ dz = [ Y@ +ri@nwd + i)
Q Q i

d v 12
- _/ Z%dw[ > () + In(ci))di dnci do (2)
Q i i = i

+ f Zri(c)(u? +Inc;)dz
Q<
1
The assertion will be established if Zi (,u? + In(ci))d;dnci do (z) = 0 can be proved.
From the boundary conditions (€*, 8,(Dc)) = 0, there are scalar functions 1, :

[0, To) x ¥ — R such that 9,,(Dc¢)|s = Zg'jl nav>*“. Hence,

D ] +In(e))didne; = (n° +1In(c), d4(De))

N
=Y naw® +(e). v = "y Y (wd + i)
a a i=1

=0
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by assumption since for all times t > 0 and at all positions 7 € X the sorption
processes and the surface chemistry are in equilibrium. Therefore, this contribution
to the sum vanishes, and the entropy identity follows by the fundamental theorem of
calculus. O
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