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Large time behavior of solutions to a Stokes-Magneto equations in
three dimensions

YINGDAN JI AND WEN TAN

Abstract. This paper is devoted to the large time decay of solutions of a three-dimensional Stokes-Magneto
equations. It is shown that, when initial data belong to L2, weak solutions of the equations decay to zero in
L3/2:50 » 1.2 without a uniform rate, and this decay estimate is optimal. Furthermore, the optimal temporal
decay estimates for weak solutions are established when initial data belongs to L'nr2

1. Introduction

In this paper, we study the following equations

—VAu+Vp,=b-Vb in Ry xR, (1.1)

Wb +u-Vb—nAb=>-Vu in Ry x R (1.2)
V.u=0, V-b=0, (1.3)
bli—o = bo. (1.4)

Here u is the velocity field, b is the magnetic field, p, = p+ % |b|? is the total pressure,
p is the pressure, v > 0 is the viscosity coefficient and > 0 is the magnetic resistivity
coefficient.

Equations (1.1)—(1.3) is obtained by removing the advective terms (9; +u - V)u from
the u equation of the magnetohydrodynamics (MHD) equations. It is well-known
that MHD equations, which was first derived by Alfvén, govern the motion of the
electrically conducting fluids arising from plasmas, liquid metals, and electrolytes,
etc (see [12]). It is also known that MHD equations are one of the most important
equations in the study of phenomena arising from geophysics, astrophysics, cosmology
and engineering (see, e.g., [2,5]).

Equation (1.1)—(1.3) is closely connected with the method of magnetic relaxation
(see [14]). When n = 0, Moffatt [16] argued that (1.1)—(1.3) on a smooth bounded
domain Q should produce a magnetostatic equilibrium 5% (x) that satisfies
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JExbE =vpE, jE=vxbE, V.bE=0in Q, bE . n =0 ondQ,
(1.5)

if the topology of the magnetic field is non-trivial. Note that (1.5) almost shares the
same form with the steady Euler equation:

uExa)E=VhE, a)E=V><uE, V~uE=OinQ, uE~n:00n8§2,
(1.6)

if one “identifies” b with velocity field uZ, here VA = V(p, + 1[uf|?) and p,
denotes the pressure of the Euler equation. This indicates that the study of (1.1)-(1.3)
might be helpful to understand the unstable Euler flows. Moffatt also argued that the
steady state of some non-resistive MHD equations should also obey (1.5) (see [15]).
However, there is no rigorous proof that the magnetic relaxation will yield a steady
Euler flow. One of the reasons is that the global well-posedness of 3D MHD equations
remains open (see [14] and references therein).

From a limiting state point of view, the dynamical model used to obtain the above
steady state is not particularly important (see [8,14,16]). In fact, it was argued by
Moffatt that dropping the acceleration terms from the u equation and working with
a “Stokes” model might prove more mathematically amenable (see [8,14,16]). In
recent years, the well-posedness of (1.1)—(1.4) and related models have attracted great
attention. McCormick et al. proved the existence of weak solutions of the equations in
[14], where the uniqueness of weak solutions for two-dimensional case is also shown.
Furthermore, they proved that weak solutions of the 2D equations become regular
if bg is smooth (see [14]). We refer readers to [4,8] for the local-in-time existence
of regular solutions of 3D non-resistive MHD equations. Recently, we established an
optimal regularity criterion for (1.1)—(1.4), and studied the global-in-time existence of
strong solutions when initial data is small in critical Sobolev spaces or critical Besov
spaces (see [22]). We also established global-in-time existence of strong solutions of
the equations with arbitrary initial data when —A in (1.2) is replaced by (—A)* with
o > 3/2 (see [10]).

The purpose of this paper is to investigate the decay of weak solutions of (1.1)—(1.4).
The analysis of decay of solutions of fluid flow motions originally goes back to Leray
[13], in which he asked whether or not weak solutions of 3D Navier—Stokes equations
decay to zero in L? as time tends to infinity. Since then, this kind of problem has
been extensively studied, see [3,17-20] for Navier—Stokes equations and [1,6,7,21]
for MHD equations. In this paper, motivated by the work of [1,20], we show that the
L3/ norm of velocity u and L? norm of magnetic field b are decay to zero without
a uniform rate when initial data belong to L. It stated as follows:

Theorem 1.1. Let by € L% with V - by = 0. Assume that (u, b) a weak solution of the
initial value problem (1.1)—(1.4). Then (u, b) satisfies

Am (u@)ll 3200 + 161 L2) = 0. (1.7
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For the proof, it should be pointed out that in contrast with Navier—Stokes equations
or MHD, there is no a priori bound for u in L*° (R4, L2(R%)) because of the absence
of d;u in (1.1). Note that this estimate for u is crucial to study the corresponding
part for Navier—Stokes or MHD (see [1,17,20]). However, by the energy estimate of
solutions, we would overcome this difficulty by some proper interpolation inequalities,
see Sect. 3 below.

Furthermore, we show that the decay result obtained in Theorem 1.1 is optimal in
the sense that for any sphere with radius o in L2(R?), there exists a by on the sphere
such that the corresponding solutions should decay arbitrarily slow. The result is stated
as follows:

Theorem 1.2. Forany T > 0, « > 0 and 0 < € < 1, there exists by € L? with
V by = 0and ||boll;2 = o, such that if (u, b) is a weak solution of (1.1)—(1.4)
I16(T)Hl, 2
boll, 2

corresponding to the initial data by, then >1—e.

Motivated by [1,20], we prove this result by choosing a suitable scaling transform
8, on L? that preserves L?-norm. Since this scaling does not preserve the semi-norm in
H', we assume without loss of generality that by belongs to a more regular space, say
H'. Taking 8, b as the initial data, we establish a global-in-time bound of solutions
of (1.1)—(1.4) when A is small, then we show Theorem 1.2, see Sect.4.

The non-uniform decay of weak solutions derived in Theorem 1.1 can be improved
if initial data satisfies some additional assumptions. More precisely, it is shown that
when by belongs to L' N L2, the L? norm of b(r) will decay like O3y ast — oo.
This indicates that, on the one hand, the temporal decay of ||b(¢)|| ;2 can be uniformly
dominated by #3/% (in the sense of ‘<’). On the other hand, this decay rate is optimal
in the sense that the lower bound for rate of decay is proportional to /4. The two
results are stated as follows:

Theorem 1.3. Let by € L' N L? with V - by = 0. Then there exists a Leray-Hopf
weak solution of the initial value problem (1.1)—(1.4), which satisfies

3 3
luOll 32,00 < c,m, 0ol 1A2)A+072, 6Dz < cO,n, llbollp1ap2) (141" 4.
(1.8)

Theorem 1.4. Let Rg = {f € L' : infe<p |f(§)| > B} for B > 0 and let by €
L'nL?>N Rg with V - by = 0. Then there exists a Leray-Hopf weak solution of
(1.1)—(1.4) such that

b2 = .. lboll1n2. BYA + 177, (1.9)

Remark 1.5. The space Rg plays a crucial role in the proof of the optimal decay rate
of solutions. When by € L*N Rpg, the weak solution of the heat equation

b —nAb =0 in Rt x R3,

1.10
b'(0) = by, (10
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decays at most as ||b'(t)||;2 > ¢(n, B)(1 + t)_3/4 (see Lemma 2.5 below). Compared
with the linear equation (1.10), the system (1.1)—(1.4) contains complicated nonlin-
earities, but they do not make the decay of solutions worse (see Sect.6). Thus, if
by e L*N Rg, the component b of the weak solutions (u, b) of the system in general
cannot decay faster than (1 + t)_3/ 4,

Remark 1.6. The space Rg is strictly contained in L !, This means that there are func-
tions that contained in L! but they do not belong to Rg. In fact, let x : R3 — [0, 1]
be a smooth function that satisfies x (x) = 1 for [x] < 1 and x(x) = O for |x| > 2.
Let ¢(x) = x(x) — x(2x). Then both x and ¢ are Schwartz functions on R3. It is
clear that F~ 1y € Rg, and F~l¢ € L' whereas F~¢ ¢ Rg, here F~! denotes the
Fourier inverse transform.

The proof of Theorems 1.3 and 1.4 are based on the Fourier splitting method [19].
The main task is to estimate b for its lower frequency part. We point out that there is a
difficulty similar as that has been stated above. That is, the absence of 9;u in (1.1) leads
to the absence of a priori bound of  in L>(R., L?(R?)), and this is much unlike the
Navier—Stokes equations [17,19,20] or MHD equations [1,21]. However, we over-
come the difficulty by energy estimate of solutions and applications of interpolation
inequalities.

2. Preliminaries

Throughout the paper, ¢ represents a positive constant (depending only on v, 1)
whose value may change at each occurrence. A < B denotes the inequality A < ¢B.
c(oy, o, .. .) stands for a positive constant that depends on o1, oo, ...etc. We denote
by f the Fourier transform of f, while the inverse Fourier transform of f is denoted
by F -1 f. We consider function spaces on R3, for instance, CX:=Cr (R3), L?P =
LP(R®), H® := H*(R3). LP** denotes the weak L space. We will use [ := [gs,
Il == lI-llzr and ||-|| := ||-||2 for convenient. We define D, = {f € C° : V-f = 0}.
Let L2 and H! be the closure of D, in the L? and H' norm, respectively.

Definition 2.1. [14] Let 7 > 0 and let by € L2. A function (u, b) is called a weak
solution of the equation (1.1)—(1.4) on (0, T), if

(i) ue L=, T; L3¥>*°)NL*0,T; H)andb € L>®(0, T; L*>) N L*(0, T; H)),
(i1) (u, b) verifies:
/vVu Vo1 + (b-V)gy - bdx =0,
T
/bo -¢2(O)dx—/ /b-a,qbz—an Vo4 - Vg - b—(b - V)¢ - udxdr=0,
0

for all test functions ¢1, ¢2 € C([0, T); Dy).
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Motivated by Ogawa, Rajopadhye and Schonbek [17] about the decay of weak
solutions of forced Navier—Stokes equations or Agapito and Schonbek [1] about the
analysis of decay of MHD equations, we formulate the following technical lemma:

Lemma 2.2. Let by € Lg. Assume that (u, b) is a weak solution of (1.1)—(1.4). Then
for E(t) € CY(R;Ry) with E(t) > 0 and ¥ € C'(R; C' N L?) such that V(1) is
radial on R3, the solution (u, b) satisfies the following equations:

t t
O:—ZV/ E(r)||V1p*u(r)||2dr+2[ E@){b-Vb(z), ¥ * ¥ *u(r))dr, (2.1)

N

and

t
EMIY *b®)|* = E(s)||¢*b(s>||2+/ E'(OllY * b(v)|I*dt

t
+2/ E@)((y' % b(1), ¥ % b(x)) — 0|V % b(r)||*)dr

t
— 2/ E@{u-Vb(t), ¥ x ¥ *b(1))
— (b -Vu(r), ¥ * ¢ *xb(r)))dr, 2.2)

forall0 <s <t < oo.

Proof. We first give the proof of (2.2). Taking the inner product of (1.2) with 2E (¢)y *
¥ x b(t), then integrating in [s, #] X R3, we obtain that

'
2/ / 0:b(t) - E(T)Y % * b(t)dxdr
'
—277/ / Ab(T) - E(t)Y * ¢ * b(t)dxdt
St
= —2/ E(7) f(u -Vb(t) —b-Vu(®)) - ¥ * ¢ *b(r)dxdr. (2.3)

The main task is to deal with the terms on the left-hand side of (2.3). For the first
term, by integration by parts, we have

/ 0:b(7) - E(T)Y *x ¢ x b(T)dx
d d
- / E(b(z) CE@)Y % b(t)) —b(1) - E(E(r)w « U * b(t))dx
= i f b(t) - E(t)Y * ¢ * b(r)dx
dr

—/b(r)'(E’(f)llf*llf*b(f)+2E(f)1ﬂ’*1/f*b(f)

+E@Y ¥ * atb(r))dx,
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= i f b(t) - E(t)Y ¢ * b(r)dx
dr
- /b(r) : (E/(r)w % U % b(T) + 2E@)Y ¥ % b(r))dx
- / 3:b(t) - E(x)y % ¥  b(z)dx, 2.4)

here 1 is radial has been used to derive the third equation. Thus, we apply Parseval’s
relation to obtain that

2/t / 3:b(t) - E(D)Y % ¥ % b(r)dxdt
— E() / b(t) - % ¥ * b(t)dx — E(s) / b(s) - ¥ % ¥ % b(s)dx
— /I / b(x) - (E' ()Y * ¥ * b(t) +2E(@)Y % ¥ * b())dxdr
= E(1) / b(t) - ()?b(t)de — E(s) / b(s) - (§)2b(s)dé

! . Z A% R Xz
—/ (E/(r)/b(r) - ()2b(r)de +2E(r)/b(t)~1p/1pb(t)d§)dr.
’ (2.5)

Since v is radial, it follows that 1; = 1,& and (1;)2 = |1@ |2. Hence the previous equation
turns to the following:

t
2/ /arb(r) -E(@)Y xy x b(r)dxdr
=E(t) / W12 1b()[*dE — E(s) / [¥121b(s) |2 dé
t x =
- [ (F@ [1iibwra + 260 [ Fbo - i)

t
= EN|Y *b@)* — EG) Y * b(s)|* —/ E'IllYy *b(0)|

S

+2E(0){(Y % b(r), ¥ % b(1))d1, 2.6)

here Plancherel’s theorem has been used to deduce the second equation.
For the second term, a similar computation gives that

t t - -
—/ /Ab(t)«E(t)w*w*b(r)dxdr =/ E(t)/|§|213(t)~(1/A/)213(r)d§dr
t A
- / E() / ERIP 121 Pdgde

t
:/ E@ |V * b(1)|%dx. Q2.7)
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Substituting (2.6) and (2.7) into (2.3), we conclude that (2.2) holds.

The proof of (2.1) is slightly simpler and can be shown in a way similar to that of
(2.2). Taking the inner product of (1.1) with 2E(¢)y * ¥ * u(t), then integrating in
[s, ] x R3, we obtain that

t t
—Zv/ / Au(t)-E(t)y*xy*u(r)dxdr = 2/ E(7) / b-Vb(t)-y*xyr*u(r)dxdr.
’ ’ (2.8)
By repeating the manipulation of the derivation of (2.7), we know that

t t
— / /Au(r) -E(@y ¢ xu(r)dxdr = / E@|VY % u(r)||2dt. 2.9)

s

Substituting (2.9) into (2.8), it follows that (2.1) holds. The proof of Lemma 2.2 is
completed. O

The following result is a straightforward of Lemma 2.2.

Corollary 2.3. Let by € Lg. Assume that (u, b) is a weak solution of (1.1)—(1.4).
Then for a radial function ¢ € L?, (u, b) satisfies

IF o % b(@))|* < 1" D2 F g 5 b(s)||?
+2 /t [ - Vb(1), 10D F102 4 b(1))|
N
+(b - Vu(z), MDA F102 % b(1))|dx, (2.10)
forall0 <s <t < oo.

Proof Forany € > 0, set ¥ (t) = F~ (e MEPE+e=D gy (£)) and E(tr) = 1 in (2.2),
we deduce that

le"2F g % b(1)|* = [l T IAF g x b(s) |2
+2 /t((n(—A)e"(lJ“ET)AFlgo x b(1), NTTOA Ty 4 b(1))
N
—|| Vel TeTDAE g x b(r)||P)dT
-2 /t(m S Vb(1), 2MUHETDAT102 4 b(1))
N
—(b - Vu(r), 10T DA F=102 4 p(1)))dr. (2.11)
By integration by parts, it is seen that

<(_A)er[(t+€7r)AJf71(p * b('C), e?’](l+€71’)Af71¢ * b(T))
= ||V DA F g w b(0))%. (2.12)

Substituting (2.12) into (2.11), we have
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e F o % b(0)]|* < [[e"TIAF T g b(s) |2
t
+2/ l(u - Vb(T), 210FTEDAF=102 4 b(1))]
S
+(b - Vu(z), 21U+ DAF102 4 b(1))|dr. (2.13)

By passing to the limit as € — 0 in (2.13), we finally conclude that (2.10) holds true.
This completes the proof of Corollary 2.3. 0

The following L?”-L? estimate for heat operator will be frequently used in the rest
of the paper.

Lemma2.4 [11]. Let u > 0,1 < p < g < oo, f € L? and let m > 0. Then the
following LP-L4 estimate holds

3.1

m 1
Vet A flly < cuyt™ 2 227D £l forany 1> 0. 2.14)

Lemma 2.5 [20]. Let n > 0, f € L?> N Rg for some B > 0. Let A f = [ Ki(x —

y)f(y)dy with K;(x) = sz— 4ut | Then there exists c(u, B) > 0 such that
et £l = c(u, BY(L+ )73,

3. Proof of Theorem 1.1

We begin with the L3/%% x L? estimate of (u, b). Taking the inner product of (1.1)
and (1.2) with u and b, respectively, then integrating in R and summing the resultant
equations, we use integration by parts and (1.3) to obtain that

d
E||b||2+2v||Vu||2+2n||Vb||2 =0. 3.1)
Integrating with respect to ¢, we deduce that for any # > 0,

t
I1b(0)]1* + 2 /0 (WIVu@I? + 0l Vb(@)|I1*)dT < [1boll*. (3.2)

Based on this L? estimate of b, we can deduce that u(r) is bounded in L3/2%° (see
[10,14,22]). In fact, consider the following nonhomogeneous Stokes equation

—VAU+YVp, =b- Vb,
{ VALY VD 3.3)

V-u=0,
we know that (u, py) is solved by

ut, x) = / UGr—y)-(b-Vb)(t. y)dy and po(t.x) = f QGe—y)- (b-VB)(t, y)dy,

here (U(-), q(-)) is the fundamental solution of Stokes equations and U(x) = O (|x )
as either |x| — 0 or |x| — o0, see Section IV.2 in [9] for details. Thus, VU € L3/,
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Moreover, by V - b = 0 and Young inequality in weak L” spaces, we deduce that for
any t > 0,

L3/2,oo

sz = | [ VUG =36 b))y
< 19Ul 6 ® DO
< 16O (3:4)

Letg : R® — [0, 1] be a smooth, radial cutoff function such that ¢(£) = 1 for |£| <
1, (&) = Ofor|&| > 2. By Plancherel’s theorem, [|b(t)|| = |b(1)|| < |lob(t)||+I(1—
@)b(1)|. It suffices to show that lim;_, oo [|@b(1)|| = 0 and lim;—, oo || (1 —@)b(2)| = 0,
respectively.

We apply (2.10) and Plancherel’s theorem to obtain

A~ (. 2 A
lpb()|1* < lle 1= pb(s)|1*
t
+ 2/ [(u - Vb(1), 1D F=102 4w b(1))]
s
+ (b - Vu(r), 2" DAF1p2 & b(1))|dT. (3.5)

By Young inequality, the second term on the right-hand side of (3.5) is bounded by
(in the sense of ‘<’)

t
f (lu - Vb(z) - 212 F 192 s b(t) |y
s
Hb - Vu(r) - 21 OAF g w b(r)||dT

t
S / (lu - VO@) 3 + 1B Vu(D)[3)[e*" 2 F 9% % b(1) [3d
t
< / U@l Vo@I + 6@l Vu @ DlIe* 2 F 162 o [Ib(r) lldr

t
S ||b0||/ (VU@ + IVh(@)|*)dr. (3.6)

Combining (3.5) and (3.6), and passing to the limit as r — oo, we use Lebesgue’s
dominated convergence theorem and (3.2) to deduce that

. ~ . o 2 A o
lim [lpb()]| < lim [le™ " E pb(s) (1 + [lboll / (IVu(@)I? + IVh(0)[|H)dr
—o0 —00 s
o0
< lboll / (IVu@? + IVh(@)|[Hdr — 0 as s — oco. (3.7)
S

This implies that lim;_, oo ||g0l;(t)|| =0.

Next, we prove that lim;_, o | (1 —<p)13(t)|| =0.Lety > 0.Setting E(t) = (1+1)
and ¥ = F~'(1 — ¢) in (2.1) and (2.2), then summing the resultant equations, we
apply Plancherel’s theorem to deduce that
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t
ENN —@)b@®)* < E@)I(1— @)b(s)|I* + / E'(II(1 - ¢)b()|I*dr

N

t A
—2n / E(@IE - (1 — p)b(v)|*dT
t
+2/ E(t)(b - Vb(1), (1 — ¢)%i(7))dt
St -
- 2/ E(m)((u - Vb(2), (1 — ¢)?b(r))dT

t
+2 / E@ (B -Va), (1 - p)2b())dr

6
=1 (3.8)

j=1

The bound of I; + I3 is obtained by Fourier splitting method (see [19,20]). In fact,

for each t > 0, we define r(¢) = here y > 0 is given in the previous

Y
2(1+0)°
paragraph. Thus, there holds

t
L+ I =f E/(r)(/ +f )I(l — )b(1)*dédr
5 El<r@)  JIEl=r()

! A
—277/ E(r) " ()Ié-(l — )b(v)Pdéde

t t
< / E'() (1 — @)b(o)Pdedr + / (E'(1)
K |&|<r(T) K

— 2nE(7)r? (1)) I(1 — @)b(7)|2dedr.

[§|1=r(7)

Since E'(t) — 2nE(7)r?(t) = 0 for all T € [s, t], we deduce that

t
bt < / E'(0) (1 — @)b(z)PdEde
s |&l<r(T)

1
< sw ([ ja-ebor) [ Ea
[&l<r(z)

T€Els,t] K

< E@) : ()|(1—¢>E<r>|2ds. (3.9)

Now we estimate I+ Is+ Is. Let { = —2¢+¢>. Then¢ € CX and Fle belongs
to Schwartz space. By the divergence free condition (1.3), there hold (u - Vb, b) =0,
(b Vb, i)+ {b-Vu, b) = 0. Thus, we use Plancherel’s theorem to deduce that

t
|y + Is + Ig| 5/ E@)({b - Vb(r), F ¢ % u(m))| + {u - Vb(r), F~'¢ % b(1))]

+ (b Vu(r), F~ '« b(1)))de
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t
S E(I)/ 16+ V@11 1F ' s u(D)lloo
+ (lu - Vo@)ll3 + 15 - Vu(f)ll;)llffli *b(7)l3dT
t
S E(t)f IIbIIIIVb(f)IIIIT_1§IIgIIM(T)Ils + ([u@lls VOOl

+ IIb(t)||6||VM(T)|I)I|7:_1§IIgIIb(T)IIdf
t
S E(I)IIbOII/ (Va1 + IVh () |*)dr. (3.10)

Substituting (3.9) and (3.10) into (3.8), then multiplying the resultant equation by
E(1)~!, we obtain

— b2 < E9 10 = obesy?
(1 = )b@)l SE(I)”(I ©)b(s)|l

t
+ f (1 = @)b(0)PdE + [Ibol / (Va1 + [Vb(@)[Ddr.  (B.11)
[&]<r(s) s
Passing to the limit as 7, s — oo, we have

lim [|(1 — @)b(0)|* = lim lim ||(1 — @)b()|*
11— 00 §—>00 —00

o0
< lim (1 — @)b(r)2de + Tim [lbo] / (IVu(o)|?
5700 Jigl<r(s) §—>00 s
+ IVb(z)||*)dt = 0. (3.12)

This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

We assume that by belongs to some Sobolev spaces, thatis, by € H' with ||bg|| = a.
For A > 0, consider the scaling transformation &, : L? - L? via fe) — 3200,
It’s clear that it preserves the L? norm, that is, 6. £l =1fl-Let (u*, b*) be a solution
of (1.1)—(1.4) with the initial data 8, b, then (u”, b*) satisfies following equations:

—vAu* + Vpt =p*. Vb, @.1)

ab* +u’ - Vb — nAL* = bt - Vit 4.2)
V.ut=0, V-b* =0, (4.3)
b*|1—o = 8,.bo, (4.4)

here p} = p* + 11" .

Lemma4.1. (i) For any . > 0, there exists a T), > 0, such that (4.1)-(4.4) ad-
mits a unique strong solution (u*, b*) € C([0, To.); H') N L*(0, Ty.; H?). (ii) There
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exist Ag = Ao(v, 0, [|bollg1) > 0 and c(v, n, |boll) > O, such that for any 0 <
A < Ao, (4.1)=(4.4) admits a unique global solution (u*,b*) € C([0,00); H') N
L2(0, 0o; H?), and there holds

3
IV @) < e, n, 1boDIV8bolIZ,  IVE )] < c(v, m, [bol)IVErboll, (4.5)
forallt > 0.

Proof of Lemma 4.1.. (i) The local-in-time existence of strong solutions are en-
sured by the global existence of weak solutions (u*, b*) (see [14, page 521])
together with a priori H I estimate near the initial time (see (4.7)—(4.9) below).
This a priori estimate also leads to the uniqueness of strong solutions, as well
as the continuity with respect to ¢ or initial data. The proof is similar to that of
Navier—Stokes equations and thus it is omitted here.

(i) By repeating the manipulation of (3.1)—(3.4), we have the following bounds:

t
lu* (Ol 3200 S NBHON, 1*(0)]1>42 fo (WIIVu* (O 1240 VE* () 1?)dT < |Iboll?,

(4.6)
forall > 0.

Taking the inner product of (4.1) with u” and integrating in R3, we use interpo-
lation inequality and (4.6) to obtain || Vu*(r)|| < c(v, n, |bo|) || VH*(t)||>/>. Thus, it
sufficient to show ||[VH* ()| < c(v, n, |bol)) || Vb0 .

Taking the inner product of (4.1) and (4.2) with —Au* and —Ab* respectively,
integrating in R3 and then summing the resultant equations, we use V - u = 0 to
obtain that

1d An2 An2 A2

EE”W 17+ vilAu™ 7 + nllAD"|]
:/V(b*.w;*) : w*dx—/V(u*.VbA) : Vbxdx+/V(b*-wk) : Vb*dx.
(4.7)

By (4.3) and integration by parts, the absolute value of the right-hand side of (4.7) is
bounded (in the sense of ‘<’) by

/Wu“nwﬂzdx < c||vw||6||w|@

V
< §||A»ﬂ||2 + clIVBM P | AB*|

v Ui
< SIAWH I+ JIAB I + | VB!
v Ui
< SIAWHI 4 ZIABH + e[ VB 2B P AL 2, (4.8)
where we have used interpolation inequality to derive the second and the fourth in-
equalities. Substituting (4.8) into (4.7), we apply (4.6) to deduce that

d
auw)*n? + v AP + gl AL |2 < c(v, n, 1boIDIIVH* 2| AB™ |12 (4.9)
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Since || Véyboll = 1| Vby||, we choose Ay small enough such that c(v, n, |bo|) ||V
830bol> < n.Forany A € (0, 1), by the fact that b* € C([0, T3); H'), we deduce that
there exists a TA € (0, T;) such that c(v, 7, ||bo||)||V6;J)0(t)||2 < nfort € [0, T;L].
Thus, it follows from (4.9) that | VH* (1) |2 < [|Vérbol|? for ¢ € [0, Ty ]. By induction,
we deduce that (4.5) holds for all # > 0. O

Assume that & < Ag. By Lemma 4.1 (ii), (4.1)—(4.4) admits a unique global strong
solution, which is denoted by (u”, b*). By Fourier transformation, b* is solved as
follows:

t
b)‘(t,x)ze"méxbo(x)—i—/ NU=IB (VP (s) + b - Vil (s))ds.  (4.10)
0
Hence
t
10| = (€2 8,bo] — H/ e"<’*S>A(—u*-Vb*(s)+b*-W(s))dsH. @.11)
0

The main task is to calculate the limit (as A — 07) of terms on the right-hand
side of (4.11). For the first term, by Plancherel’s theorem and Lebesgue’s dominated
convergence theorem, we know that

lim [e"28,bol> = lim | e 216 (5, bo(£) | dx
A—0F A—>0T

— lim 33 / =211ER |50 ) (8) | 2dx

A—0T

= Iim ,\—3/e—z'?"f'2|1?0(rls)|2dx

A—0F

= lim, e 2R | By () Adx
fir

= |lboll*. (4.12)

While for the second term, we claim that

lim
A—0t

fot NI=9B (it b (s) + b - Vi (s))ds H —0. 4.13)
In fact, for small enough A > 0, one applies Lemma 2.4 and (4.5) to deduce that
H /Ot =Dy Tp(5) + b - Vi (5))ds H
< /0 "8 (= - Vb (s) + b* - Vit (s)) ||ds
< () fotu — )Tt VOS] + 16 Vit ()] )ds

t
<c() fo (t — $)73 |V ()| VD ()| ds



2462 Y. Ji, AND W. TAN J. Evol. Equ.

3

5
<c,n, IboIDlIVérboll2t4
< (.. [bollgnrdei. (4.14)
Passing to the limit as A — O, it follows that (4.13) holds true.

Multiplying (4.11) by [|5*(0)||~! and passing to the limit as A — 0%, we use
6% (0)|| = ||boll, (4.12) and (4.13) to deduce that

||b’x(f)|| 1 lim 6~
A0t ||b’\(0)|| llboll k—>0+
1
= hm lle"285.bo|
lboll 2—0
— —— lim / eMU=98 (_y* b () + b* - Vi’ (s))ds H = 1.
lboll x—0+ It Jo

(4.15)

This completes the proof of Theorem 1.2.

5. Proof of Theorem 1.3

Step 1. A formal proof of L% x L? decay. Assume that (u, b) is a smooth solution
of (1.1)—~(1.4). Removing 2v||Vul? from (3.1) and using Plancherel’s theorem, it
follows that

d 20 2,72
g/ 1217 +2n [ 1E17IbI7dE < 0. (3.1

Letr(t) = /m, we deduce that

f £ PIBIRdE = / £ PIBIRdE + f £ 171512z
[&l<r(t) |&|=r (1)

3 .
> |b|*dg
2n(1+1) Jigi=ra

> ———— [ |b)Pdg — ——— |b|*de. (5.2)
2n(1 +1) f 2n(1 + 1) Jig)<ra

Substituting (5.2) into (5.1), and multiplying the resultant equation by (1 + 1), we
obtain

d 32 2/ )
= ((1 + 35| ) <3(141) - 1b|2de. (5.3)

Now we prove that for all |£| < r(¢), there holds

bE)] < e, . lboll1a2)(1+E7D. (5.4)

In fact, by taking Fourier transformation to (1.2), b is solved as
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t —_— —_—
b(g) = e "EPp(0) +/ e M=EP (57N — i VD) (s)ds. (5.5)
0
Since by € L', we deduce from (5.5) that

~ _ 2 ! o 2
1b(£)] < e Ibo 1y +f0 e MOEF el (b @ ully + lu @ bll1)(s)ds.  (5.6)

By interpolation inequality and (3.2), the second term on the right-hand side of (5.6)
is bounded by

t
_ _ 2
] /0 e 1B () 1116(s) I ds
t (—s)[E2 2 1
< [Elboll /O eI lu(s) 175 V() |13 ds
! 2
< IElIboll /O eI (lu(s) | pa2ee + | Vuls)[))ds

t
— _ 2
S IEIIIbo||[||bO||2/0 M= 4

1 1

+(/0t e”““'élzds)z(/ot ||Vu(s)||2ds)7]

S kol 1E17 + 1boll?, (5.7)

Substituting (5.7) into (5.6), this proves (5.4).
Integrating (5.3) with respect to ¢ and using (5.4), we deduce that

A 3 1
16N> < (A + 072 boll* + e, m, [1boll 1A [ +1)72 4+ (1 +1)72]
1
<c,n, llbollginz2)(1+ )72, (5.8)

for all + > 0. Hence, we have

16O < ¢, n, bollpin2) (1 +1
<c,n, lbollLin2)d +1

)74 and  |lu(®)|l 320
)73 (5.9)
Now we prove that, by a iteration process, the decay rate for b(¢) in (5.9) can be
improved to a much faster decay rate, which is proportional to that of solutions of heat
equation. More precisely, we show that ||b(#)|| < c(v, n, [|bollp1qz2)(1 + 1)—3/4
allt > 0.
By a calculation similar to that of (5.7), we apply (5.9) to deduce that

for

t — —_—
‘ / e—ﬂ(f—s)\élz(b -Vu —u-Vb)(s)ds
0

t
< cl&| fo e 1R ()| 37200 + [1Va(s) D 11b(s) [1ds
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t
< v, ol / eI (1 457 ds
0

1

t 1 t 1
+</ e—zn(z—s)|§|2(1+S)—%ds>2(/ ||Vu(s)||2ds)2}
0 0
t
< c,n, Iboll1nr2) €] [ e MU=ER (] 4 5)~3dy

0

t 1

+ e, ol z1ee2) 81 f IR 4 5) 73 ds )

0

=1L+ . (5.10)

The bound of I; is obtained by dividing the integration interval [0, ] into [0, # /2] and
[t/2,t].

t
2 ! 2 3
I = c,n, ||bo||L1mLz>|s|(f +ﬁ )e IR (1 4 5)~Has
0 b
< c(v,m, ||b0||L1mL2)|§|

— gl L enale?
(1+s) fds+ (401 [ enu= ds)
t
2

< c(v.n, ||bo||mLz>(|s|e—'”T<1 + i+ ETNA + 7). (5.11)

Similarly, /> is bounded by

D < e, . Ibollipg2) (Ele ™ (1 +01+ (14071, (5.12)

Substituting (5.11) and (5.12) into (5.10), we deduce from (5.5) that

N nelg?
6(E)] < e, bolling2) (1 + Ele™ "5 (1 +0F + (1 +07F + &7 (1 +1)73).

(5.13)
This implies that
/ |é|2d€ S C(‘)a n, ||b0||L]ﬂL2)
El<r(t)
/ (1 + E2eEP (14 )7 4 (1 41)72
l&|<r()

+ 11720+ 07 F)ds

< e, Iboll i) (A + 077 + (1 +072)

<c,n, llbollp1nr2)(1 + t)ff (5.14)

Integrating (5.3) with respect to t and using (5.14), we obtain the desired decay estimate
of b(1):

r — _3
BN = 11BE)I* < (1 + 0 Nboll> + (v, 0, l1boll L1az2) (1 +1)72
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3
< c.n. l1bollping2) (I +1)"2. (5.15)

Furthermore, the equation (5.15), together with (3.4), implies that
lu@Il < 0, Iboll 1) (1 + 172,

Step 2. The decay of weak solutions. Let € > 0 be arbitrary. For 1 < p < oo, we
define a mollification J, : L? — LP? via f — p¢ * f, where pc(-) = :—3/0(;) and
p € Cg° is a nonnegative, radial function that satisfies f p(x)dx = 1.

Consider the following equations:

—vAu€ + Vps = bE - VbE, (5.16)

3b + u€ - VbE — nAbS + e(—A)*?b¢ = b - Vu€, (5.17)
Vout=0, V-b*=0, (5.18)

b€ =0 = Jebo. (5.19)

This system is obtained by adding an artificial diffusion term e(—A)32 1o the
b-equation of (1.1)—(1.4), then replacing the initial datum by by a smooth function
Jebo. The fractional Laplacian (—A)3/2 is defined by the Fourier transform, namely,
(=02 = F L (§PF).

We say that (u€, b€) is a global-in-time strong solution of the equations (5.16)—
(5.19) if it is a weak solution of the system (this means that (1€, b€) belongs to a
proper integrable space and it solves the system in the sense of distribution) and it
satisfies

u€ € C([0, 00; H*)N L}, (0, 00; H*)  and
b€ € C([0, 00; HY N L (0, 00; H?). (5.20)

loc

It can be proved that (5.16)—(5.19) admits a unique global-in-time strong solution
(u€, b°). In fact, it was recently shown by the authors in [10] that (5.16)—(5.19) admits
aunique global-in-time strong solution when = 0. This global well-posedness result
is absolutely true for the same equations when 7 > 0.

Thus, for (5.16)—(5.19), we repeat the manipulation of Step I to deduce that for all
€e>0andt >0,

3

u Ol L3200 < ey, llbolliag2)(1+1)72, (5:21)
_3

151 < ¢, n, [boll 1)1 +1)75. (5.22)

Note that the presence of € (—A)3/2b¢ does not affect the decay of (u€, b€) in L3/> x
L2

It remains to show that {(u€, b¢)}¢~0 (or a subsequence) converges in some sense to
(u, b) as € tends to zero, and (u, b) is a weak solution of (1.1)—(1.4) as well as (u, b)
satisfies (1.8).

By the energy method, it is clear that

u€ is uniformly bounded in  L>(0, 00; L¥**®) N L7 (0, 00; HY),  (5.23)
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b€ is uniformly bounded in L>(0, oo; L?) N L3, (0, o0; HY), (5.24)
3;b¢ is uniformly bounded in L7+/'%(0, o0; H™ ), (5.25)

here H ! denotes the dual space of H(} . Thus, it follows from Banach-Alaoglu theorem
that there exists a subsequence which is still denoted by {(u€, b€, 3;b)}e~0 and an
element (u, b, d;b), such that

(u€, b, 3b) — (u, b, 3;b) weakly star in L= (0, co; L3/>) x L>®(0, co; L?)

x L0, 00, HY, (5.26)
e, b — (u, b) weakly in L} (0, 00; H))
x L2 (0,00, H) as € — 0. (5.27)

Furthermore, for any bounded Lipschitz domain @ C R3, since H'(Q) < L%(Q) is
compact, it follows from Aubin-Lions theorem, (5.26) and (5.27) that there exists a
subsequence which is still denoted by {6} such that

b€ — b stronglyin L7, (0,00; L*(Q2)) as € — 0. (5.28)

This convergence, together with the L3/%>

-estimate of u€ (see (3.4)), implies that
u® — u strongly in LIZDC(O, 00; L¥*®(Q)) as € — 0. (5.29)

Hence, by (5.28), (5.29) and the uniform boundedness of {(u€, b€)}c~o, we deduce
that

b Vb — b- Vb weakly starin Ly/>(0, 00; H™'(Q)), (5.30)
u€ - Vb — u-Vb weaklystarin L,/ (0, 00; H~(Q)), (5.31)
24/19

b€ -Vu® — b-Vu weakly starin L/ "(0,00; H1(Q)) as € — 0. (5.32)

loc

By passing to the limit as € — 0, we conclude that (u, b) is a weak solution of
(1.D)-(1.4).
Moreover, by (5.28) and Fatou’s lemma, we deduce from (5.22) that

161 < e, . ol 1rg2)(1+0)7F forall 120, (5.33)
This equation, together with (3.4), implies that
lu@) 13200 < c(,n, Ibollp1ar2) (1 + t)_% forall ¢ > 0. (5.34)

This completes the proof of Theorem 1.3.

6. Proof of Theorem 1.4

Let b (t) = e"%bg, and let w = b — by. A direct computation yields ||b(¢)|| >
I1b1(®)]| — lw(2)]|. The lower bound of decay ratio for b(¢) is obtained by establishing
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the lower bound and upper bound for b (¢) and w(t), respectively. By Lemma 2.5, it
is seen that ||b; (£)|| > c(n, B)(1 4+ t)~3/*. Thus, (1.9) holds if one shows that there
exists a p > 3/4 such that |w(?)|| < c(1 +1)~7".

Consider the equations that satisfied by (u, w):

—VvAu +Vp,=b-Vb, 6.1)
otw —nAw =—u-Vb+b-Vu, (6.2)
V.u=0, V-w=0, (6.3)

wl=0 =0, (6.4)

Taking the inner product of (6.1) and (6.2) with u and w, respectively, then integrating
in R3 and summing the resultant equations, we use integration by parts and V - u =
V - b = 0 to obtain that

%uwnz+2v||w||2+2n||Vw||2=f(b~Vb)~udx
—/(u-Vb)-wdx+f(b-Vu)~wdx
=/(u-Vb)~b1dx—/(b-Vu)~b1dx

_ / (b®u—u®b)- Vbdx, (6.5)

Letr(t) =,/ m By repeating the manipulation of the derivation of (5.3), we find
that

d 35112 2
S(asdar) =sao? [

|w|2d$+(1+1)3] f (b®u—u®b)-vmdx(.
[&l<r(r)

(6.6)
Applying interpolation inequality, Lemma 2.4 and (1.8), we bound the integration of
the second term on the right-hand side of (6.6) as follows:

[ b ou-usn)o) voiwa] < Va0 IxuolbO]

_s _3 2 1
<c,n lbollping2)t 4 (1 +1)"4 ”u(t)”23/2.ool|vu(t)”3

1
< c,n, Iboll i)+ D7 Vu@)| 3. (6.7)
Substituting (6.7) into (6.6), we know that
d R n 1
—(a+oe1?) <30 + r>2/ |1°dg + e, 1. 1boll L1nz2) I V(@)
dr €| <r (1)
(6.8)

Now we estimate || on the ball {¢ € R? : || < r(r)}. Taking Fourier transformation
to (6.2), we use (6.4) to deduce that

t —_— —_—
W(E) =/ e MR (BT — - Vb)(s)ds. (6.9)
0
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Thus, by repeating the manipulation of (5.7) or (5.10), we apply (1.8) to obtain
1
A~ _ _ 2
()] < clé] /0 e ML (lu(s) | e + 1Vu(s)DIB) s

t
< c(v,m, ||bo||L1mL2)|$|[/ e M0 IEE (1 4 5) s
0

T (/Ot efzn(zfs)\s\z(l + s)gdsy(/ot ||Vu(s)||2ds)%]
1

t t i
< e ol el [ a4 s+ ([asnias)’]
0 0
< (v, . IbolinsE (6.10)

Substituting (6.10) into (6.8) and integrating the resultant equation in [0, ¢], we see
that

t t 1
A+ 032 < v, n, ubonLlﬂLz)[/o (1+s>2[ |é|2d5ds+/0 Va3 s

El<r(s)
! _1
<o, ubonLlﬂLz)[/o(Hs) 2 ds

4t (/Ot ||Vu(s)||2ds)%]

< e, Iboll1np2) (1415 6.11)

N

Thus, we finally obtain the desired upper decay rate for w(z):

13
lw®l < c@,n, lbollpin2) (1 +1)712. (6.12)

This completes the proof of Theorem 1.4.
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