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Refined blow-up criteria for the full compressible Navier-Stokes
equations involving temperature

QUANSEN JIU, YANQING WANG AND YULIN YE

Abstract. In this paper, inspired by the study of the energy flux in local energy inequality of the 3D
incompressible Navier—Stokes equations, we improve almost all the blow-up criteria involving temperature
to allow the temperature in its scaling invariant space for the 3D full compressible Navier—Stokes equations.
Enlightening regular criteria via pressure I1 = %(uiu j) of the 3D incompressible Navier—Stokes
equations on bounded domain, we generalize Beirao da Veiga’s result in (Chin Ann Math Ser B 16:407—
412, 1995) from the incompressible Navier—Stokes equations to the isentropic compressible Navier—Stokes
system in the case away from vacuum.

1. Introduction

We study the following system of Newton heat-conducting compressible fluid in
three-dimensional space

ot + V- (pu) =0,

ous 4+ pu-Vu+VP(p,0) — wAu — (u 4+ A)Vdivu =0,

colpb; + pu - VO] + Pdivu — kA0 = 5 |Vu + (Vu)tr|2 + A(div u)?,
(0, u, 8)|r=0 = (0o, uo, 6o),

(1.1)

where p, u, 6 stand for the flow density, velocity and the absolute temperature, re-
spectively. The scalar function P represents the pressure, the state equation of which
is determined by

P = RpH,R > 0, (1.2)

and « is a positive constant. i and A are the coefficients of viscosity, which are assumed
to be constants, satisfying the following physical restrictions:

w>0,2u+31>0. (1.3)
The initial conditions satisfy

(po(x), up(x), Bo(x)) — (0, 0, 0), as|x| — oo. (1.4)
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Note that if the triplet (o (x, t), u(x,t), 6(x, t)) solves system (1.1), then the triplet
(o1, Uy, 65 is also a solution of (1.1) for any A € RT, where

01 = p(A2t, Ax), up = Au(X’t, ax), 0, = A20(A%t, Ax). (1.5)

There have been huge literatures on well-posedness of solutions to compressible
Navier—Stokes equations; we only give a brief survey here. For the isentropic case,
The first major breakthrough was made by Lions [28], where he first gave the global
existence of weak solutions to the compressible Navier—Stokes equations when the
constant y > 1\?_12 for N = 2 or 3. Then, Feireisl et al. [12] improved the Lions’
work to y > % for N = 3. In [23], Jiang and Zhang considered the spherical sym-
metric initial data and relaxed the restriction on y to the case y > 1. Huang et al. [19]
obtained the global existence of classical solutions provided the initial energy is suf-
ficiently small, but the oscillation can be large. When the shear viscosity coefficient
w = costant > 0 and bulk viscosity satisfies A(p) = pP, Vaigant-Kazhikhov [38]
showed the two-dimensional system admits a unique strong solution in the periodic
domain when > 3; it is emphasized that the initial data contain no vacuum and
can be arbitrarily large. For the case involving heat conductivity, Feireisl [11] got the
existence of variational solutions when the dimension N > 2. It is noted that this is
the very first attempt work in global existence of weak solutions for full compressible
Navier—Stokes equations in high dimensions. Matsumura—Nishida [29] obtained the
global classical solution for initial data close to a non-vacuum equilibrium in some
Sobolev space H®. Later, Hoff [21] considered the discontinuous case. In [6], the
local strong solutions of equations (1.1) with initial data containing vacuum were es-
tablished by Cho and Kim (for details, see Theorem 2.1 in Sect. 2). On the other hand,
when the initial data contain vacuums, finite time blow-up of smooth solutions to the
compressible Navier—Stokes system was discussed by Xin [40], Xin and Yan [41]
and Jiu et al. [22]. Since then, a number of papers have been devoted to the study of
blow-up mechanism of strong solutions mentioned above in (1.1) and many blow-up
criteria are established (see for example, [5,7-10,15,18,20,27,31,32,35-37,39] and
references therein). In particular, we list some works where vacuum is included as
follows:

Suppose that 0 < T* < oo is the maximal time of existence of a strong solution of
system (1.1).
Fan et al. [10]

lim sup (IVull 1o roe) + 10 200L%) = 00, o< Tw)i (16)
t—T*

Wen and Zhu [31],

lim sup ([lollzo,:) + 10120, 1)) = 00, (A < 3w); (1.7
t—>T*
Huang et al. [17]
. . 2 3
lim sup (IIdiv ull 1o, ;o) + llullLr0.1:9)) = 00, > + 7 =1,4q>3 (18

t—T*
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Huang and Li [16]

. 2 3
lim sup (ol + lullr©rnre) =00, = +==1, ¢ > 3;
t—T* p q

Liet al. [27]

lim sup (llpollzoo,:L) + I Pll,;05)) = 00, (A <3u, k =0);

t—T*

Wen and Zhu [32],

lim sup <||,0||L°°(0,1;L°0) + 1081 ) = 00, (b <3u);

12
(> T* L40,1:L'5)

Wang and Li [39]

lim sup (I1div ull 20, 1;z00) + 101l Loo.1:26))
t—>T*

3 2 1 2
=00, —+—->2, -+ =<1, 1<a=<2 =>4
oa B o
Choe and Yang [7]
lim sup (||P||LO<>(0,;;L8) + [Idiv u]l oo 4113y
t—T*

+||A9||L00(0’,;Lz)) = oo, for some § € (1, 00).

1897

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

The interesting of (1.8) and (1.9) is that they are independent of the temperature and
they are in scaling invariant norm in the sense of (1.5). From (1.5), the natural candidate
invariant spaces of temperature 0 are L9(0, T; L9) with % + 537 = 2. Therefore, a
natural question is whether one can show blow-up criteria for the full compressible
Navier—Stokes equations involving temperature in its scaling-invariant space. The first

objective of this paper is to address this issue, and we obtain

Theorem 1.1. Suppose (p, u, 0) is the unique strong solution in Theorem 2.1 and

A < 3. If the maximal existence time T* is finite, then there holds

lim sup || pll L0 (0,r;0) + 101l Lr(0,1;L0) = 0,
t—T*

where p, q satisfying

P q
Remark 1.1. Note that (1.14) can be replaced by
limsup [|div ull 119 s, o0y + 1101lLr(0,1;L9) = 00,
t—>T*
or
limsup |Vl z1(0,4: .00y + 101l Lr(0.1:29) = 00,
t—T*

which improves the known blow-up criteria (1.6).

(1.14)
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Remark 1.2. Theorem 1.1 is an extension of corresponding results in (1.7), (1.11),
(1.12) and (1.21).

We give some comments on the proof of Theorem 1.1. The proof is motivated by the
investigation of regularity of suitable weak solutions to the 3D incompressible Navier—
Stokes equations. Suitable weak solutions originated in pioneering work by Scheffer
[33] and in the celebrated paper by Caffarelli et al. [3] obey the local energy inequality.
Roughly speaking, the energy flux in local energy inequality is fOT f |u|3dxdr, which
can be bounded by (see, e.g., [13,14,30])

’ 3 2 2 2 3
jaldxdt < C(Nuloye + 1Vlope Jlulirs, o4 2 =2 (L13)
0

We would like to mention that the inequality (1.15) plays an important role in the
proof of results in [13,14,30].

We turn our attentions back to the 3D compressible Navier—Stokes equations (1.1).
Under the hypothesis || o|| <~ and A < 3, we observe that there holds the following
energy estimate to system (1.1)

—— Vul? 2 (div u)?
oo [l Vul? + e+ W @iv * 3T

— 2Pdiv u +2C3Cyp62 + 2(Cs + 1)p|u|4] (1.16)

v [1vor -+ [ olil+ [wPlvaf < c [ o8 +c [ puior

where 1| Vu|*+(u42) (div )>+ 35 P2=2Pdiv u+2C3C, p07+2(Ca + Dplul* =
w|Vul? + p02+2(Cs + 1) plul* > 0 provided that the positive constant C; is suitably
large. The key point is that the two terms of right hand side in the preceding inequality
are parallel to (1.15). This helps us to prove Theorem 1.1.

Without the restriction A < 3u, we have

Theorem 1.2. Suppose (p, u, 0) is the unique strong solution in Theorem 2.1. If the
maximal existence time T* is finite, then one of the following results holds, for p, q
meeting

ey

timsup (1ol + v ull 20 s + 10 r0in) =00 (117)

t—>T

@)

lim sup <||diV ull 10,00y + ldiv ull 40 4. 12y + ||9||LP(0,I;L’1)) =o0;  (L.18)

t—T*
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3)
lim sup (||div wll 20 1100 + ||9||Lp(0,,;Lq)) = 00. (1.19)

t—T*
Remark 1.3. One can replace ||p|lp,s; 1) in (1.17) by ||div u||L1(0,,;LOO), which
improves the known blow-up criteria (1.12).

Though (1.17) and (1.18) involve all the quantities in equations (1.1), they are in
scaling-invariant spaces in the sense of (1.5). We explain the motivation of (1.17) and
(1.18). Itis known that the velocity u (Serrin type), gradient Vu (Beirao da Veiga type),
vorticity curl u# or pressure [T = %(wiu j) in scaling-invariant norms guarantee the
regularity of the Leray—Hopf weak solutions to the 3D incompressible Navier—Stokes
equations (see, e.g., [1,2,4,13,24-26,34,42,43]). Serrin type criteria for the isentropic
compressible fluid were proved by Huang et al. [18]. However, to the knowledge of the
authors, even though for the isentropic compressible fluid in the presence of vacuum,
the following blow-up criteria are unknown

2 3
timsup (11div ull 1.1 + | VaellLoo,rin0) ) = 00, with Sko=2.9>3

t—T*

(1.20)
The other case in (1.20) % < g < 3 can be derived from the result [18] and Sobolev
inequality, and ¢ = 3 can be derived by a slight variant of the proof of [18]. Hence, it
seems that (1.17) and (1.18) without 6 are still new results to the isentropic compress-
ible fluid. For the general case (1.20), we can prove it for the strong solutions of the
isentropic compressible Navier—Stokes equations in the case away from the vacuum.
Before we state the result, we recall the known blow-up criteria for the strong solutions
of system (1.1) without vacuum.
Fan and Jiang [9]

) 1
lim sup (”(/0, ;, N Lo©.0:00) + 1ol 10, w19)

t /T*
+||V,0||L4(o,t;L2)) =00, (A <2u) (1.21)
Huang and Li [15]
lim sup (Vuell L1010y + 1011 2(0.1:2)) = 00 (1.22)
t AT
Sun et al. [35]
. 1
lim sup (ll(l), _a9)||L°°(0,t;L°°)> =00, (A <7u). (1.23)
t T P

Then, we consider the case away from vacuum and state the second result as follows:

Theorem 1.3. Suppose (p, u, 0) is the unique strong solution in Theorem 2.2 in
Sect. 2. If the maximal existence time T* is finite, then either of the following re-
sults holds:

lim sup (||,0, pfl | oo (0.2: L0y + [l div Lt||Lp1(O,I;qu)-f-||9||Lp2(0,t;qu)) =00, (1.24)

t—T*
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where the pairs (p1, q1) and (p2, q2) meet

2 3 3 2 3 3
+—=2,q1>—‘—+—=2,q2>§.
2

—_ ; (1.25)
P1 o q1 2 p qQ

Remark 1.4. This theorem is an improvement in corresponding results in (1.22) and
(1.23).

Remark 1.5. Note that we do not need any additional restriction on the viscosity
coefficients  and A.

The proof of Theorem 1.3 is also enlightened by the study of the 3D incompressible
Navier—Stokes equations. Under the natural restriction (1.3), there holds

. 1 .
ST [mvmz T (4 ) (div)? + mpz — 2Pdiv u + 2C3Cy pd>

Cys+1 1 .
+ “M p|u|“]+K/|ve|2+5/p|u|2+[|u|2|W|2

5C/p2|9|3+Cfp|u|2|9|2+C/ |div u||u)?|Vul.

(1.26)
Our observation is that the last term in the right-hand side of (1.26) is similar to the term
i |TT||u|?|Vu|dx appearing in the derivation of regular criteria via pressure IT of the
3D incompressible Navier—Stokes equations on bounded domain (see [2,24,25,42]).
This criterion was obtained by Kang and Lee [25] until 2010. In the spirit of [25], we
can deal with this term to derive the desired estimates.
Theorem 1.3 immediately yields the following result.

Corollary 1.4. Let (p, u) be the unique strong solution of the isentropic compressible
Sfluid without initial vacuum. If the maximal existence time T* is finite, then there holds

timsup (1o, o~ 0.2 + Idiv ullroin) =oo.  (127)

t—>T*
where the pair (p, q) meets
2 3 3
—+-=2,q9> -.
P g 2
Remark 1.6. Although this corollary is valid in the absence of vacuum, it does not

require additional assumptions on A and . A special case of (1.27) is that

lim sup ||le M”Ll(o’t;Loo) = OQ. (128)

t—>T*

In the presence of vacuum, similar blow-up criteria in terms of the divergence (gradient)
of the velocity can be found in [20,26,35].
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Remark 1.7. For the isentropic compressible fluid in the absence of vacuum, com-
bining the results proved by Huang et al. citeHLX and Corollary 1.4, we obtain the
following blow-up criteria in terms of the gradient of the velocity

timsup (110, o~ Nz, + 1 Vull e = oo, (1.29)
t—>T*
or
lim sup <||diV ullpro,r; 00y + ||VM||LP(0,r;m)) = 00, (1.30)
t—T*
where the pair (p, g) meets
2 3 3
—+-=2,q9> =.
P 9 2

This extends Beirao da Veiga’s result in [1] from the incompressible Navier—Stokes
equations to the compressible Navier—Stokes system.

The remainder of this paper is structured as follows. In Sect. 2, we first give some
notations and recall the local strong solutions of system (1.1) due to Cho and Kim [6].
We establish some auxiliary lemmas under the hypothesis that the upper bound of the
density is bounded. Section 3 is devoted to the proof of Theorem 1.1 and Theorem
1.2. Section 4 contains the proof of Theorem 1.3.

2. Notations and some auxiliary lemmas

C is an absolute constant which may be different from line to line unless otherwise
stated. For 1 < p < oo, L?(R?) represents the usual Lebesgue space. The classical

k
Sobolev space WX 7 (R?) is equipped with the norm I f llwer w3y = > 1D £l Lrr3)-
a=0

A function f belongs to the homogeneous Sobolev spaces DX if u € LllOC R3) :
VKull; < oo.

For simplicity, we write
L? = LP(R?), H* = wh2(R?), D' = DM (R?).
We denote the G by the effective viscous flux, that is,
G=Qu+rdivu — P.

The notation v = v; + u - Vv stands for material derivative.
It is well known that

IVGliLr < llptllzr, Vp € (1, +00). (2.1)

We recall the local well-posedness of strong solutions to the full compressible Navier—
Stokes equations (1.1) due to Cho and Kim [6]. The first result allows initial density
contains vacuum and some compatibility conditions are required. The second one
is absence of vacuum. Moreover, we refer the reader to [5] the local existence and
uniqueness of strong solutions for the isentropic compressible Navier—Stokes system.
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Theorem 2.1. Suppose ug, 6y € D' (R3) N D2(R?) and
o € WH(@RH N H' R} N L'(RY)

for some q € (3, 6. If py is nonnegative and the initial data satisfy the compatibility

condition
Luo + Vp(po) = +/progi

" 2 . > (2.2)
Aty + §|Vu0 + (Vup)”'|” + Adiv ug)” = /pog2

for vector fields gy, g2 € L*>(R3). Then, there exist a time T € (0, 00) and unique
solution, satisfying
(p,u,0) € C0,T); L'nH' nWh9) x C([0, T); D' N D*) x L*([0, T); D>9)
(pr.ur.6;) € C([0, T); L* N LY) x L*([0, T); D') x L*([0, T); D"
(p"2ur, p'%6,) € L>([0, T); L?) x L™([0, T); L?).
(2.3)
Theorem 2.2. Suppose ug, 0y € D' (R?) N D%(R3) and
o € WH@RH N H' R} N L' (RY)

forsome q € (3, 6]. If po > O, then there exist a time T € (0, 00) and unique solution,
satisfying

peC0,T): L'nH nwh9), inf p>0,
(x,1)eR3x[0,T]

u e C(0,T); D' N D> N L0, T); w>?) 2.4
6 € C([0,T); D' N D> N L*([0, T); W>).

Next, under the hypothesis that the upper bound of the density is bounded, namely
lollLe©, 110y < M, (2.5)

we derive some useful estimates, which plays an important role in the proof of all our
theorems.

Lemma 2.3. Suppose that (2.5) is valid, then there holds

1 d . 1 )
a0 [M|VM|2 + (1 + M) (div u)® + > +AP2 —2Pdivu + 2C3Cvp92:|
1 .
+K/|V9|2+§/p|u|2 2.6)

< c4fp|9|3 e / plull6f + c4f PVl
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Proof. Taking the L? inner product of the temperature equation with 6, by the Cauchy
inequality, we infer that

C,d

T p92+/</|v0|2 < R/|p02divu|+(2u+k)/|Vu|20

(2.7)
§C/p2|9|3+Cf|Vu|29.

Multiplying the both sides of the momentum equation by u6 and using the integration
by parts, we get

Mfwmze 5/|,0b'tu0|+|/VPu9|+C/|u||Vu||V@|

(2.8)
=I1+1I+1I1I.
Thanks to the Cauchy—Schwarz inequality, we find that
I< n/mmz + C(n)/p|u|2|9|2. 2.9)
According to integration by parts and Young’s inequality, we conclude
11 = |/Pdiv u6dx +/PuV9dx|
=R / odiv u6? + R / pOuvo)| (2.10)
<cC / 02161 + %/ \Vul?6 + & / VO + C / 0262 |u?.
The Cauchy—Schwarz inequality yields that
1] < ¢ / |Vo|? +c/ lu)?|Vul|>. (2.11)

Plugging (2.9)—(2.11) into (2.8), we have
T 2 12 21912 21913 242,12
Y IVul0 <n | plul+C [ plul”|0]"+C [ p710]" + C | p~0~|ul

+281/|ve|2+cf|u|2|w|2.
(2.12)
It follows from (2.7) and (2.12) that

C,d 5 K 5
22+ 5 [ ve
2dt,/’0 +2/| |

(2.13)
sCI/p2|9|3+Cm/|pu|2+clfp|u|2|9|2+clf|u|2|w|2.
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Taking the L? inner product with u; in the second equation of (1.1), we get

1 d 2 . 2 12
S [ [P + 6+ v ]+/p|u|

Z/Pﬁ(u -Vu) + / Pdiv u,dx (2.14)

=J1+ ).
The Young inequality ensures that
1 .
i< Z/p|u|2+c/ Jul?|Vul?. (2.15)

After a few calculations, by the effective viscous flux G = 2u + A)divu — P, we
arrive at

d
Jzz—deivu—/P,divu

1 d 1
z_fpd /Pz_ /PtG (2.16)
2(2,u+)») dr 2u 4+ A

= Jo1 + J22 + Jo3.

Notice that the equation of pE = P + % is governed by
(PE); +div (pEu+ Pu) — ik A§ = div {[Adiv uld + p(Vu+ (Vu)h]- u}. 2.17)

By virtue of (2.17), we see that

1 1 plul®
(0E):G + G
2+ A 2u+ A 2 ),

2R 1 |ul?
=— p0u - V6 — — | p—u-VG
2+ A 20+ A 2

1
2+ A

K
Vo - VG.
+2/L+)\.,/

1 2
+ / PN 6.
2+ A 2 ),

With the help of the Young inequality, (2.1) and (2.5), we get

Jryz =—

+

/ {[Adiv uld + p (Vi + (Vu))] - u}va (2.18)

2R
2+ A

n
/ pou- VG < JIVGI, +C/pz|u|2|9|2

< e||p»‘t||iz+C/p|u|2|9|2
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Likewise, there hold

1
) / [/\div uld + p(Vu + (Vu)/)]uVG < g”VG||i2 + C/ 2|V

se||pu||iz+0/|u|2|w|2,

K n 2 2
Vo -VG < —-||VG C Vo | dx
ZMH/ < 2IVGIZ + K/| |

<elpili, + ch |VO|%dx.

Putting together with the above estimates, we have

1 1 Ju|? / 2

- E),G < — ~—u-VG d

2M+A/(p)z_ 2M+A/p2u +e¢ | plul“dx
+Cfp|u|2|9|2dx
+C/|u|2|Vu|2+CK/|V9|2.

We turn our attentions to the last term of (2.18). A straightforward calculation gives

1 2 1 2 1
/ P 6 = /’”'”' G+ /pu~u,G. (2.20)
2+ A 2/, 2+ A 2

2+ A

(2.19)

Taking the advantage of p; =

= —div (pu), the integration by parts, the Young inequality
and (3.1), we get
1 / pzlulzG:_ 1 / div (pu)lulzG
2+ A 2 2+ A 2
1 1 pulul?
= -Vu-uG VG
2u+x/"“ ‘o +2M+k/ 2

sc/ p|u-Vu|2+Cf plul?|G|?
1 pulu|?
VG
+2M+A/ 2
SC/ p|u.w|2+c/ plul*(IVul* + Rp*6%)
1 ,0u|u|2
-VG
+2M+A/ 2
§C/ |u|2|w|2+0/ pluo?

1 ,0u|u|2
+ ° VG7
2u+ A 2

221
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where we have used the fact
|G| < C(IVul + |p8)). (2.22)

From &t = u; + u - Vu, the Young inequality, (2.22) and (3.1), we find

1
/ pou-u;G =
2+ A 2u+ A

1
:2,U«+)»/ pu-itG—/puu~VuG

< s/p|u|2dx e / plu2IG Pdx +/ plu2|Vul?

5s/p|u|2dx+cf |u|2|Vu|2+C/ plul?6?.

/pu~(12—u~Vu)G

(2.23)
Inserting (2.21) and (2.23) into (2.20), we obtain
1 2
/ Py g se/p|u|2+c/ a2 IVal?
21+ A 2/,
(2.24)
+c/ plul26% 4+ — / Pl
2+ A 2 '
We derive from (2.18), (2.19) and (2.24) that
D se/mmz + c/p|u|2|9|2 + c/ 2Vl + c/ veR. (25

It follows from (2.14), (2.15), (2.16) and (2.25) that

1d
2 dr Qu+2a)

< czfp|u|2|9|2 + Cz/ |u|?|Vul® + sz/ Vo2,

\v4 2 . 2 2 . 1 .2
wlVul® + (A + p)(div u)” + P~ —2Pdivu +§ ol

(2.26)
Since P = Rp6, we can choose C3 > C; + 1 and C3 sufficiently large to make sure
that

1
wlVul? + (e + A (div u)? + mpz —2Pdiv u +2C3C,p0° > u|Vu)? + po?.
"
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Multiplying (2.13) both sides by C3 and adding it with (2.26), we end up with

Vul*+ (n + v +
p w|Vu nw u

+C3K/|ve|2+/p|u|2
sclcafp2|9|3+clc3e/|pu|2+clc3fp|u|2|0|2+clcgf|u|2|W|2
+C2/,0|u|2|9|2+C2/|u|2|Vu|2+C2K/|V9|2

5Cfp293+C1C3£/,0122+Cfp|u|2|9|2+C/|u|2|Vu|2+C2Kf|V9|2.

mpz — 2Ple u -+ 2C3C‘;,092]

(2.27)
Choosing ¢ sufficiently small to obtain (2.6). This completes the proof of this
lemma. -

3. Blow-up criteria with vacuum
3.1. Extra constraint on the coefficients of viscosity

In what follows, we assume that (p, u, 0) is a strong solution of (1) in [0, T') x R3
with the regularity stated in Theorem 2.1. We will prove Theorem 1.1 by a contradiction
argument. Therefore, we assume that

2 3
lollLeo,7;00) + 101lLr0,7;20) < C, > + 7 =2, whereg > 5 3.1
First, we follow the arguments of Wen and Zhu [31] and Li et al. [27] to prove the
lemma below.

Lemma 3.1. Suppose that (3.1) is valid and ) < 3, then there holds

d
o[ et [ wP|vuf = s [ purior (3.2)
dr R30{|u[>0}

Proof. The proof of this lemma is similar as that in [27] and [31]; therefore, we just
outline the proof here.
Multiplying the momentum equations by 4|u|>u and integrating on R, we find

d 4 2 2 . 2 2
= ol + Hu [l Vul® + G+ ldiv ul® + 20|V ul
dt R3N{[u|>0}

=4/ div (u2u)P — 8(uu + 1) div ululu - V1ul 3-3)
R3N{|u|>0} R3N{|u|>0}

=K1+ K>.
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Using the Young inequality twice, for gg € (0, %), we get
K =4R/ (u|*divu + 2u - Vu - u) pb
R3N{[u|>0}
< 2ueo/ ul*|Vul® +C/p|u|2|6>|2 +2M80/ ul*|Vul? +C/p|u|2|6>|2

< 4ueo/ 2Vl + C/p|u|2|e|2.
(3.4)
By the Cauchy inequality, we have

Kr <400+ 1) )| div ul® + 4 + 1) | V]l .
R3N{|u|>0} R3N{|u|>0}
(3.5)

Substituting (3.4) and (3.5) into (3.3), we conclude that

d 2
—f plul4+4u/ |u|2|Vu|2+8uf Jul? |V lul]
dt R3N{Ju|>0} R30{|u[>0}

2
s4ueo/|u|2|w|2+C/p|u|2|9|2+4(u+x> |l V]| .
R3N{|u|>0}
3.6)

We have no new ingredient about the bound of the last term of the right-hand side in
(3.6); hence, we omit the details here. A slight modified the corresponding proof in
[27,31], we derive from (3.6) that

d
— [ plut? +[ ul?|Vul* < c/p|u|2|e|2, (3.7)
dr R3N{Ju|>0}

This proves Lemma 3.1. O

Lemma 3.2. Suppose that (3.1) is valid and A < 3, then there holds

T T
sup [ [uvul 400>+ttt [ [1v0r [ [ plif s+ val < c.
0<r<T 0 0
(3.8)

Proof. Multiplying the inequality (3.7) by (C4 + 1) and adding the result to the in-
equality (2.6), we can obtain

1
e Vul? ) (div u)? p?
s [ [HIVEE Gk v+ o

— 2Pdiv u +2C3C, 62 + 2(Cs + 1)p|u|4]
1
+K/|Ve|2+—/p|u|2+/ |u|2|vu|2
2 R3N{]u|>0}

<C; (/p|9|3+/p|u|2|9|2).

3.9)
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At this stage, it suffices to bound the right-hand side of (3.9). Indeed, by the interpo-
lation inequality, (3.1) and the Young inequality imply that

1 1
/p|u|2|e|2 =fpf|e|pf|u|2|9|

< I|9I|L4|Ip29|| IIPZIMI I 2
Lq

< 10lLallo 01, 2‘f||p29|| 107 ul ||Lﬂ||p2|u| ||
< C||9||Lq||pfe||LF||pf|u|2||LF<||ve||% + ||V|u|2||%>
<C||9||2q o262 lpZ ulll 2 + mIVeIZs +mallViul)

< C||9||2q 21026012 + 102 ulP12) + m VeI, + Vw2,

(3.10)
By similar above arguments, we can get
3 1 1
plo]” = | p210lp2010]
< 1011allp?61> 2
La-1
_3 3
<||9||L‘1||P29|| "||p29|| G.11)
<C||9||m||p29|| q||9||
<C||9||Lq||p20|| "IIVOII
<C||9||2“||p29|| +n3lVOl7,
Substituting (3.10) and (3.11) into (3.9), we have
1d 1
Vu|? ) (div ) + P?
S [ [pIvul + G+ v + i
— 2Pdiv u +2C3C, p62 + 2(Cy + 1)p|u|4]
1
+K/|ve|2+—/p|u|2+/ ul?|Vu|?
2 R3N{Ju|>0} (3.12)

1 1
< C||0||2" L (102013, + 12 lul112,)

s 2 S 1 2 -
<clo1 ( [mvm (kv + 5 PP = 2Pdiv

+2C3C0p0% +2(Cy + Dplul*]),

where we used the fact that

1
/ [(u + A)(div u)?> + ———P? —2Pdivu + 2C3C,),092] > [,092, (3.13)
2+ A
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provided that the constant C3 is suitably large enough.
Then, the Gronwall lemma and (3.12) enable us to obtain that

T
sup /(p92+|Vu|2+P|u|4)+/ /p|ﬂ|2+|V9|2+|u|2|Vu|2 <C. (3.14)
0

0<t<T

O
Proof of Theorem 1.1. With Lemma 3.2 at our disposal, according to (3.1) and (1.9)
(alternatively, (1.11)), we completes the proof of this theorem. O

3.2. Without extra constraint on the coefficients of viscosity

As mentioned in the last subsection, it suffices to prove Lemma 3.2 without A < 3
to show Theorem 1.2.

Proof of Lemma 3.2. Without A < 3 As Lemma 3.1, there holds

d .
= plut? +/4|u|2[u|W|2 + O wldiv ul® + 20|V ul

=4/div (|u|2u)P—8(M+A)/divu|u|u~V|u| G.15)
=L+ L».
Making use of the Young inequality twice, we have

L; =4R [(|u|2divu +2u-Vu-u)pb

sm/|u|2|w|2+C/p|u|2|e|2+nz/|u|2|Vu|2+Cfp|u|2|9|2 (3.16)

< (m +nz)/|u|2|Vu|2+cfp|u|2|9|2.
Similarly,
20 1; 2 2 2
L2§C(n)/|u| |div u] +n/|u| |V ]ul|". (3.17)
Plugging (3.16) and (3.17) into (3.15), we get

d .
Ef p|u|4+2uf|u|2|w|2sC/p|u|2|9|2+6/|u|2|d1vu|2. (3.18)

Adding (3.18) multiplied by Cg—ljl to (2.6), we have

1d

1
ST [M|W|2 T (4 W)(div u)? + ——— P2 — 2Pdiv u + 2C3Cy 06>

2u+ A
Cs+1 1 .
L p|u|“]+xf|ve|2+5fp|u|2+/|u|2|w|2

< C/pwP + C/p|u|2|e|2 + C/ Pldiv uf?.

(3.19)
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Case 1:

ol 0. 7;L00) + Idiv ull 20,7 23) + 1€1lLr0.7;29) < C. (3.20)

With the help of Holder inequality and Sobolev inequality, we get

/|u|2|divu|2 < C(/|u|6>;(/|divu|3)i
<c( [ rvur)( [raver)”

Inserting (3.10), (3.11) and (3.21) into (3.19), we conclude that

(3.21)

1d [M|vu|2+(u+x)(divu)2+ ! P2 — 2Pdiv u 4 2C3C, pb°
2 dt 20+ A ’

Cs+1 1 .
= p|u|“]+Kf|V9|2+5/p|u|2+u/|u|2|vm2

s 1 1 :
< IO (o013 + 1ot P ) + ol [ 19R) ([ 1aivuf’)
2q

<cloly’ Vul* divu)® + —— P —2pdi
< Cloll % VUl Gt @iV + 5 P = 2Pdiv

Ci+1 . 3
+2C3C,yp02 + 4Tp|u|4]> +cg(/ |Vu|2>(/ |dwu|3)’.

2
3

(3.22)
where we have used (3.13).
Now, (3.20) and Gronwall allow us to obtain Lemma 3.2 without A < 3.
Case 2:
div ull 1, 7; 00y + Ndiv ull 4o 7. 22) + 10l Lr0,7:09) = C. (3.23)

From the above arguments of Case 1, we just need prove the following estimate
1 2
/|u|2|divu|2 < C(/|u|6>3(/|divu|3)3

2
C(/|Vu|2></|div u|3)3

2 2
C(/ |Vu|2></ |divu|2)3||divu||zoo

2

< C(/|Vu|2><(f|div u|2) + ||div u||Loc),

where we have used the Holder inequality, Sobolev embedding and interpolation in-
equality.
Case 3:

IA

(3.24)

IA

div ull 200 7: 100y + 10llLr0.7;L9) < C. (3.25)
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From (2.17), we have
1901l Lo, 7;11) < C- (3.26)

Taking the L? inner product of the second equations in (1.1) with u, we see that

d . .
[ ol [ 19uP Gk [1dive? < v atisipon G2)

It follows from (3.26) and (3.27) that

T
/ f |div u|?dx < C. (3.28)
0

From the above arguments of Case 1 and Case 2, we just need prove the following

estimate
: :

/ Jul?|div ul? < (/ )’ (/ div ul*)

%
C(/|Vu|2)(/|div u|3)'

<
. (3.29)
<cC /|Vu|2></ |div u|2)*||d1v u||Lm
< c(/ |Vu| /|divu| )+ ||divu||ioo).
As the same derivation of (3.22), replacing (3.21) by (3.29), we get
1d [mvmz + (4 M divu)? + 1 p2 opdiva +2C3C, 002
2dt 20+ A !

Cy+1
+ “M plut’] +K/|ve| T /p|u| +2/|u| Vul?

<C||9||2" (102612, + 2 lulPI,) + € /|Vu|2 /|divu|2)+||divu||%oo)
_2q

1
<Clol,;5” (/ [mvmz + (u+ M divu)> + ——— P> —2Pdivu

2+ A
Cy+1 . .
+2C5C 00 + = |4]) (/ |Vu|2><(/ |div u|2) + ||div u||ioc).
(3.30)
Gronwall lemma (3.28), (3.30) and (3.25) yield Lemma 3.2 without A < 3. O

4. Blow-up criteria without vacuum

As said in the last of Sect. 3.1, it is enough to show Lemma 3.2 without A < 3u to
complete the proof of Theorem 1.3 under the following hypothesis

o, p~ Lo, 75200 + I1div ull Lot 0.7 Lary + 101 Lr20.7: 192y < C, 4.1
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for (p1, ¢1) and (pa, g2) meeting

2 3 3 2 3 3
— 4+ —=2,q1> =, —+— =2, 92> 5

“4.2)
P1 o q1 2 pp @

Proof of Lemma 3.2. Without . < 3 From (3.15) and (3.16), we see that

d .
5/ p|u|4+2uf|u|2|w|2sc/p|u|2|9|2+c/|dwu||u|2|V|u|. 43)

The interpolation inequality and Sobolev inequality allow us to derive that, for 2 <

29,
q1—2 =6
Up2 Pl 20y < llp? ful? ||Lz‘“ lo* lul) 2,
Lai—2
3
4.4
< Clob i 1) 44)
< Clip?|ul? || S IV |ue)? ||
In the light of the Holder inequality, (4.4), and the Young inequality, we find
/|divu|u|2|V|u| < c/|divu|p%|u|2||w|
. 1
< Cldivullallp? |l 2 Vull2
La1—
. 1
< C|div ulln ||p2|u|2|| ||p2|u| || LIVl 2
Sug
sn||V|u|2||i2+c<n>||divu||;zﬁ o2 Pl 5 Va5
1
<nlIViulI7, + C(n)lldlquZZ‘l ’(||p2|u|2||iz - ||Vu||§z).
4.5)
It follows from (4.3) and (4.5) that
i 4 2 2
plul* +2u | |ul*|Vul
2 (4.6)
<C8/,0|u| |9|2+C8</,0|M|4 /|Vu| Idiv el
Adding (4.6) multiplied by Cg—;l to (2.6), we arrive at
—— Vul? ) (div u)? P? —2Pdi 2C5Cyp6°
S5 [ [Vl + G+ v t iv i +2C3Cyp
Cs+1 1 .
= p|u|4 +Kf|ve|2+Efp|u|2+2uf|u|2|w|2 (4.7)

<Cfp |9|3+C/p|u| 61> +C(/p|u| +/|W| ||dwu||;z,g n
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Then, we use (3.10) and (3.11) to further obtain

1d

54 2 _2Pdiv u + 2C3C, pb?

Cy+1 1
L ——plul* +K/|ve|2 /pluI2+2u/Iu| |Vul?
2¢> 2q]

< ClOITE (104015 + o i) + € [ ohut*+ [ 19uP) i ul 75

1
< C||9||2q %43 (/ [mvmz + (4 M) (divu)? + mzﬂ —2Pdivu

2q]

Cs+1 . -
+205Cup0 + S puat']) ([ plutt+ [ 19 iaiv 75

(4.8)
This proves the whole lemma. U

Acknowledgements

The authors would like to express their deepest gratitude to the anonymous referee
and the editors for carefully reading our manuscript whose invaluable comments and
suggestions helped to improve the paper greatly. Jiu was partially supported by the
National Natural Science Foundation of China (No. 11671273) and by Beijing Natural
Science Foundation (No. 1192001). Wang was partially supported by the National
Natural Science Foundation of China under grant (No. 11971446, No. 12071113 and
No. 11601492). Ye was partially supported by the National Natural Science Foundation
of China (No. 11701145 and No. 11971147) and Project funded by China Postdoctoral
Science Foundation (No. 2020M672196).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims
in published maps and institutional affiliations.

REFERENCES

[11  H. Beirao da Veiga, A new regularity class for the Navier-Stokes equations in R”. Chinese Ann.
Math. Ser. B 16 (1995) 407-412.

[2] L. Berselli and G. Galdi, Regularity criteria involving the pressure for the weak solutions to the
Navier-Stokes equations, Proc. Amer. Math. Soc. 130 (2002), 3585-3595.

[3] L. Caffarelli, R. Kohn and L. Nirenberg, Partial regularity of suitable weak solutions of Navier-
Stokes equation, Comm. Pure. Appl. Math., 35 (1982), 771-831.

[4]  D. Chae, K. Kang and J. Lee, On the interior regularity of suitable weak solutions to the Navier-
Stokes equations. Comm. Partial Differential Equations. 32 (2007), 1189-1207.

[5] Y. Cho, H. J. Choe, and H. Kim, Unique solvability of the initial boundary value problems for
compressible viscous fluid, J. Math. Pures Appl., 83 (2004), 243-275.

[6] Y. Cho and H. Kim, Existence results for viscous polytropic fluids with vacuum. J. Differential
Equations., 228 (2006), 377-411.

[71  H.Choe and M. Yang, Blow up criteria for the compressible Navier-Stokes equations. Mathematical
analysis in fluid mechanics-selected recent results, 65-84, Contemp. Math., 710, Amer. Math. Soc.,
Providence, RI, 2018.



Vol. 21 (2021) Refined blow-up criteria for the full compressible Navier—Stokes 1915

(8]
[9]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
[18]

[19]

[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
(31]

[32]

[33]

[34]

L. Du and Y. Wang, Blowup criterion for 3-dimensional compressible Navier-Stokes equations
involving velocity divergence. Commun. Math. Sci., 12 (2014), 1427-1435.

J. Fan and S. Jiang, Blow-up criteria for the Navier-Stokes equations of compressible fluids. J.
Hyperbolic Differential Equations. 5 (2008), 167-185.

J. Fan, S. Jiang and Y. Ou, A blow-up criterion for compressible viscous heat-conductive flows.
Ann. Inst. H. Poincaré, Anal. Non Linéaire. 27 (2010), 337-350.

E. Feireisl, DynamicsofViscousCompressibleFluids, OxfordUniv.Press, Oxford, (2004).

E. Feireisl, A. Novotny, H. Petzeltov’a, On the existence of globally defined weak solutions to the
Navier-Stokes equations. J. Math. Fluid Mech. 3 (2001), 358-392.

S. Gustafson, K. Kang and T. Tsai, Interior regularity criteria for suitable weak solutions of the
Navier-Stokes equations, Commun. Math. Phys. 273 (2007), 161-176.

C. He, Y. Wang and D. Zhou, New e-regularity criteria of suitable weak solutions of the 3D Navier-
Stokes equations at one scale, J. Nonlinear Sci. 29 (2019), 2681-2698.

X. Huang and J. Li, On breakdown of solutions to the full compressible Navier-Stokes equations.
Meth. Appl. Anal. 16 (2009 ), 479-490.

X. Huang and J. Li, Serrin-type blowup criterion for viscous, compressible, and heat conducting
Navier-Stokes and magnetohydrodynamic flows. Comm. Math. Phys. 324 (2013), 147-171.

X. Huang, J. Li and Y. Wang, Serrin-type blowup criterion for full compressible Navier-Stokes
system. Arch. Ration. Mech. Anal. 207 (2013), 303-316

X. Huang, J. Li and Z. Xin, Serrin type criterion for the three-dimensional compressible flows.
SIAM J. Math. Anal. 43 (2011), 1872-1886.

X. Huang, J. Li, Z. Xin, Global well-posedness of classical solutions with large oscillations and
vacuum to the three-dimensional isentropic compressible Navier-Stokes equations. Comm. Pure.
Appl. Math. 65 (2012), 549-585.

X. Huang and Z. Xin, A blow-up criterion for classical solutions to the compressible Navier-Stokes
equations. Sci. China Math., 53 (2010), 671-686.

D.Hoff, Global existence of the Navier-Stokes equations for multidimensional compressible flow
with discontinuous initial data. J. Differential Equations., 120 (1995), 215-254.

Q. Jiu, Y. Wang and Z. Xin, Remarks on blow-up of smooth solutions to the compressible fluid with
constant and degenerate viscosities. J. Differential Equations., 259 (2015), 2981-3003.

S.Jiang, P. Zhang, On spherically symmetric solutions of the compressible isentropic NavierCStokes
equations, Comm. Math. Phys. 215 (2001), 559-581.

K. Kang, and J. Lee, On regularity criteria in conjunction with the pressure of the Navier-Stokes
equations. Int. Math. Res. Not., 2006, Art. ID 80762, 25 pp.

K. Kang, and J. Lee, Erratum: On regularity criteria in conjunction with the pressure of the Navier-
Stokes equations, Int. Math. Res. Not. IMRN, 9 (2010), 1772-1774.

Z.Lei and Z. Xin, On scaling invariance and type-I singularities for the compressible Navier-Stokes
equations. Sci. China Math., 2019, 1-16.

Y. Li, J. Xu and S. Zhu, Blow-up criterion for the 3D compressible non-isentropic Navier-Stokes
equations without thermal conductivity. J. Math. Anal. Appl. 431 (2015), 822-840.

P.L. Lions, Mathematical topics in fluid mechanics. Vol. 2. Compressible models. Oxford University
Press, New York, (1998).

A. Matsumura, T. Nishida, The initial value problem for the equations of motion of viscous and
heat-conductive gases. J. Math. Kyoto Univ. 20 (1980), 67-104.

Y. Wang, G. Wu and D. Zhou, e-regularity criteria in anisotropic Lebesgue spaces and Leray’s
self-similar solutions to the 3D Navier-Stokes equations. arXiv:1901.01510v3.

H. Wen and C. Zhu, Blow-up criterions of strong solutions to 3D compressible Navier-Stokes
equations with vacuum, Adv. Math. 248 (2013), 534-572.

H. Wen and C. Zhu, Global solutions to the three-dimensional full compressible Navier-Stokes
equations with vacuum at infinity in some classes of large data. SIAM J. Math. Anal. 49 (2017),
162-221.

V. Scheffer, Hausdorff measure and the Navier-Stokes equations, Comm. Math. Phys., 55 (1977),
97-112.

J. Serrin, On the interior regularity of weak solutions of the Navier-Stokes equations, Arch. Rational
Mech. Anal. 9 (1962), 187-195.


http://arxiv.org/abs/1901.01510v3

1916

[35]
[36]

[37]

[38]
(391
[40]
[41]
[42]

[43]

Q. JIu ET AL. J. Evol. Equ.

Y. Sun, C. Wang and Z. Zhang, A Beale-Kato-Majda blow-up criterion for the 3D compressible
Navier-Stokes equations. J. Math. Pures Appl. 95 (2011), 36-47.

Y. Sun, C. Wang and Z. Zhang, A Beale-Kato-Majda criterion for three dimensional compressible
viscous heat-conductive flows. Arch. Ration. Mech. Anal. 201 (2011), 727-742.

Y. Sun and Z. Zhang, Blow-up criteria of strong solutions and conditional regularity of weak
solutions for the compressible Navier-Stokes equations. Handbook of mathematical analysis in
mechanics of viscous fluids, 2263-2324, Springer, Cham, 2018.

V.A. Vaigant, A.V. Kazhikhov, On the existence of global solutions of two-dimensional Navier-
Stokes equations of a compressible viscous fuid, Sibirsk. Mat. Zh. 36 (6), (1995), 1283-1316.

Y. Wang and S. Li, Blowup criteria for full compressible Navier-Stokes equations with vacuum
state. Chin. Ann. Math. Ser. B 38 (2017), 741-758.

Z. Xin, Blowup of smooth solutions to the compressible Navier-Stokes equation with compact
density. Comm. Pure Appl. Math. 51(1998), 229-240.

Z. Xin and W. Yan. On blow up of classical solutions to the compressible Navier-Stokes equations.
Comm. Math. Phys. 321 (2013), 529-541.

Y. Zhou, Regularity criteria in terms of pressure for the 3-D Navier-Stokes equations in a generic
domain. Math. Ann., 328 (2004), 173-192.

Y. Zhou, Regularity criteria for the generalized viscous MHD equations. Ann. Inst. H. Poincaré,
Anal. Non Linéaire. 24 (2007), 491-505.

Quansen Jiu

School of Mathematical Sciences
Capital Normal University
Beijing 100048

People’s Republic of China
E-mail: jiugs@cnu.edu.cn

Yanging Wang

Department of Mathematics

and Information Science

Zhengzhou University of

Light Industry

Zhengzhou 450002 Henan

People’s Republic of China

E-mail: wangyanqing20056 @ gmail.com

Yulin Ye

School of Mathematics and Statistics
Henan University

Kaifeng 475004

People’s Republic of China

E-mail: ylye@vip.henu.edu.cn

Accepted: 23 November 2020



	Refined blow-up criteria for the full compressible Navier–Stokes equations involving temperature
	Abstract
	1. Introduction
	2. Notations and some auxiliary lemmas
	3. Blow-up criteria with vacuum
	3.1. Extra constraint on the coefficients of viscosity
	3.2. Without extra constraint on the coefficients of viscosity

	4. Blow-up criteria without vacuum
	Acknowledgements
	REFERENCES




