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Existence and regularity of infinitesimally invariant measures,
transition functions and time-homogeneous It6-SDEs

HAESUNG LEE AND GERALD TRUTNAU

Abstract. We show existence of an infinitesimally invariant measure m for a large class of divergence
and non-divergence form elliptic second order partial differential operators with locally Sobolev regular
diffusion coefficient and drift of some local integrability order. Subsequently, we derive regularity properties
of the corresponding semigroup which is defined in LS(RY, m), s € [1, o0l including the classical strong
Feller property and classical irreducibility. This leads to a transition function of a Hunt process that is
explicitly identified as a solution to an SDE. Further properties of this Hunt process, like non-explosion,
moment inequalities, recurrence and transience, as well as ergodicity, including invariance and uniqueness
of m, and uniqueness in law, can then be studied using the derived analytical tools and tools from generalized
Dirichlet form theory.

1. Introduction

Throughout, we let the dimension d > 2. We investigate a quite general class of
divergence form operators with respect to a possibly non-symmetric diffusion matrix

(aij + cij)1<i, j<a and perturbation H = (hy, ..., hy), which can be written as
1 d d

Lf = 3 Z 0i ((aij +cij)oj) f + Zhiaif, f e C&®Y). )
hj=1 i=1

Here, we consider the assumption
(a) A = (ajj)1<i,j<aisadxd matrix of functions, suchthata;; = a;; € Hlé’cz (RHN
C(R?) forall 1 <i, j < d and such that for every open ball B C R, there exist
positive real numbers Ap, A p with

ApllEN? < (A(0)E, &) < Aplg||* forall & € RY, x € B. )
H = (hi,....,hg) € L} (R, RY), ie. h; € LY (RY), 1 <i < d, for some

p >d,and C = (c;j)1<i,j<a is ad X d matrix of functions, with —c;; = ¢;; €
HylRHNCRY) forall 1 <i, j <d,
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and the assumption

(b) %V(A +CT)+He L] (RY, RY), where throughout g := p’%,
on the coefficients of L.
Our first observation is that just under assumption (a), there exists a density p, which
determines an infinitesimally invariant measure m = pdx for (L, C§° (R?)), and
which has a nice regularity (see Theorem 3.6). This extends [2, Theorem 1(i)] (cf.
Remark 3.5, where it is also shown that such operators cover a fairly general class of
non-divergence form operators) and leads by a construction method of [17] to a Cp-
semigroup of sub-Markovian contractions (7;);>0 on Ll(Rd, m), whose generator is
an extension of (L, C§° (R%)), i.e., we have found a suitable functional analytic frame
for (L, Cg° (R%)). This functional analytic frame is also described by a generalized
Dirichlet form. Subsequently, in Sect. 3.3, we investigate the regularity properties of
the semigroup (7;);>0 and its corresponding resolvent (G )0, Which can in fact be
considered in every L*(R?, m), s € [1, oc]. The regularity properties comprise strong
Feller properties, i.e., the existence of continuous versions P f, f € LOO(R", m) +
L'(R4, m) and Ryg, g € L°RY, m) + LYI(R%, m), of T, f and G,g, as well as the
irreducibility of (P;);~ [Lemma 3.12(1)].

In Sect. 4, we investigate the stochastic counterpart of (P;),~¢. Adding just assump-
tion (b) to assumption (a) suffices to obtain that (P;);~¢ is the transition function of
a Hunt process M and to carry over most of the probabilistic results from [12] to
the more general situation considered here (see Remark 4.2 and Theorem 4.3 which
states that Ml solves weakly the stochastic differential equation with coefficients given
by L). In Theorem 4.4, we present a new non-explosion condition, which leads to a
moment inequality. It also allows for L9(R?, m)-singularities outside an arbitrarily
large compact set and linear growth of the drift at the same time. An application of
Theorem 4.4 is illustrated in the Example 4.5. In Sect. 4.2, we discuss the relation of
L'(R?, m)-uniqueness from [17], the strong Feller property derived here and unique-
ness in law. More precisely, we obtain a result on uniqueness in law among all right
processes that have m as sub-invariant measure (see Propositions 4.8 and 4.9).

Finally, we would like to discuss a special aspect of our work, which we think is
remarkable and to relate our work to some other references. The Hunt process M
which is constructed in this article satisfies the following Krylov type estimate: let
gel (R?, m) for some r € [g, oo]. Then, for any Euclidean ball B, there exists
a constant cp s, depending in particular on B, ¢, and r, but noton g € L" (Rd, m),
g > 0, such that for all t > 0

t
sup E, [/ 8(Xy) dS] < CB,rt ||g||Lr(]Rd,m)‘ (3
xeB 0

Using Theorem 3.8 below, (3) can be shown exactly as in [12, Lemma 3.14(ii)]. Such
type of estimate is an important tool for the analysis of diffusions (see for instance [10]
and in particular [10, p.54, 4. Theorem] for the original estimate involving conditional
expectation, or also [8] and [23]). A priori (3) only holds for the Hunt process M
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constructed here. However, if pathwise uniqueness holds (for instance if the coeffi-
cients here are locally Lipschitz or under the conditions in [23]), or more generally
uniqueness in law holds for the SDE solved by M with certain given coefficients, then
(3) holds generally for any diffusion with the given coefficients. If further g € L" (R?)
has compact support, then [|gll,-ra ) in (3) can be replaced by [|gll - ey, When
cB,r, is replaced by a constant cp ;s , that also depends on the values of p on the
support of g. If A, C, p, B are explicitly given, as described in Remark 3.14(i), i.e.,
the case where the generalized Dirichlet form is explicitly given as in [17], then (3)
holds with explicit p and (3) can be seen as a Krylov type estimate for a large class
of time-homogeneous generalized Dirichlet forms. As a particular example consider
the non-symmetric divergence form case, i.e., the case where H = 0 in (1). Then the
explicitly given p = 1 defines an infinitesimally invariant measure. Hence m in (3)
can be replaced by Lebesgue measure in this case. The latter together with some fur-
ther results of this article complement analytically as well as probabilistically aspects
of the works [15,18], and [19] where also divergence form operators are treated, but
where more emphasis is put on the mere measurability of the diffusion matrix and not
on the generality of the drift.

2. Terminologies and notations

For a matrix A, let AT denote the transposed matrix of A. If A = (a;j)1<i,j<a
consists of weakly differentiable functions a;;, we define

d
VA= ((VA).....(VA)a)., (VA); =) dja;. 1<i=<d.
Jj=1

If f is two times weakly differentiable, let V2 f denote the Hessian matrix of second
order weak partial derivatives of f. In particular

d
trace(Asz) = Z aijaiajf.

i,j=1
If p is weakly differentiable and a.e. positive, then

1 AVp
BrA = (B0A, BN = E(VA + T)’

is called the logarithmic derivative of p associated with A. Hence
1 d a;p
0.A J .
B! :EZ;(Bjaﬁ+aji7>, 1<i<d.
j=

For a bounded open subset U of R? and a possibly non-symmetric matrix of measurable
functions A = (a;j)1<i,j<a On U, we say that A is uniformly strictly elliptic and
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boundedon U, if thereexist A > Oand M > Osuchthatforany§ = (§1,...,&y) € RY,
xeU,

d
> aij(0EE; = AENR (max la;j(¥) < M.
i,j=1 -0

In that case, X is called the ellipticity constant and M is called the upper bound constant
of A. For other definitions or notations that might be unclear, we refer to [12].

3. Analytic results
3.1. Elliptic H"-?P-regularity and H'-7-estimates

The VM O (R?) space is defined as the space of all locally integrable functions f on
RY for which there exists a positive continuous function y on [0, co) with y (0) = 0,
such that

sup r_2d/ [f(x) — f(»ldxdy < y(R), YR >0. )
B, (z)x B (2)

zeR9 r<R

If f is uniformly continuous on R?, we can define

-2
y(r)::(/Bldx) Cswp f@ = SO 7(0) =0,
1

lx—y|<2r,x,yeRd

Then y is continuous on [0, co0) and (4) holds, hence f € VM O(Rd). For a bounded
open subset U of R and a function g on U, we call g € VM O(U) if g extends to a
function on R?, again called g, such that g € VM O (RY).

For measurable functions a;;, b;, B;, ¢ on RY, 1 <i,j=<dletA:= (aj)i<ij<ds
b := (b1,...,bg), B == (B1,...,Ba). Consider the divergence form operator L,
defined in distribution sense

d d d

—Lu=—| Y iaidju) + Y i) | + Y Bidiu+cu, ue CPRY).
i,j=1 i=1 i=1

The following theorem is a simple generalization of (1.2.3) in [1, Theorem 1.2.1],

where only symmetric matrices of functions are considered.

Theorem 3.1 (Krylov 2007). Consider a possibly non-symmetric matrix of functions
A = (aij)1<i,j<a and suppose that a;j € VMO(Rd), 1 <i,j < d, and that there
exist e, K > 0 such that

d

Y aij(x)EE) = ell§ g forallE eRY, ae x e RY,
ij=1
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d d d

Y laijlloeqay + D Mbillpoomay + Y 1Bill oy + el oo ey < K.
i,j=1 i=1 i=1

Then, for every p € (1, 00), there are numbers ,y and M depending only p,d, K, ¢
and a common y that ensures the VM O (Rd) condition (4) simultaneously for all a;j,
1 <i,j <d, such that for all » > o, v € H"P(R?), we have

vl grp ey < MLV — AVl g-1.p (rd)-

Proof. Take constants Ag, N asin[11, Theorem 2.8], which depend onlyon p, d, K, ¢.
Let . > Xo be given. By [3, Proposition 9.20], there exist f € LP(Rd) and g =
(g1, ..., 84) € LP(R?, RY) such that

Lv—v=f+divg in H "P(RY), e
where

Ly — )MU”Hpr(]Rd) = max(”f”Lp(Rd), g1 ||LP(R<1), cees ||gd||Lp(]Rd))~

Thus

d
Lo @ay + Y lgillLrey < (@ + DILY = A0l 1.5 ga)-

i=1

By [11, Theorem 2.8] v is the unique solution to (5) and

d
ol g1p ey < N (||f||Lp<Rd) + )l ||Lp<Rd))

i=1
SN+ DLy = Al g-1.pgay-
— —

=M

We shall make a general remark concerning the monograph [1].

Remark 3.2. In what follows, we shall use in particular the statements 1.7.4, 1.7.6,
1.8.3,2.1.4,2.1.6, 2.1.8 of [1] which are formulated for a symmetric matrix of func-
tions A = (ajj)1<i, j<4 on a bounded smooth domain €2, such that each function
a;j is VM O(£2) and A is uniformly strictly elliptic and bounded on 2. However, a
closer look at the corresponding proofs shows that the symmetry is not a necessary
assumption. More precisely, (1.7.10) in the proof of [1, Theorem 1.7.4] follows from
(1.2.3) of [1, Theorem 1.2.1]. But by a result of Krylov the symmetry of (a;;)1<;, j<da
is not essential in Theorem 3.1. Consequently, [1, Corollary 1.7.6], whose proof is
based on [1, Theorem 1.7.4], also holds for a non-symmetric matrix of functions
(@ij)1<i, j<a Which is uniformly strictly elliptic and bounded on 2. The proof of [I,
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Proposition 2.1.4] is based on the Lax—Milgram Theorem which only uses a coer-
civity assumption that is well-known to extend to a non-symmetric matrix of func-
tions. [1, Theorem 2.1.8] is taken from [21], where not only non-symmetric matrices
of functions are permitted but also even more general conditions on the functions
ajj,1 <1, j <d.[l,Corollary 2.1.6] is a consequence of [1, Corollary 1.7.6 , Propo-
sition 2.1.4 and Theorem 2.1.8]. Finally, the proof of [1, Theorem 1.8.3] follows from
[1, Corollary 1.7.6 and Proposition 2.1.4]. Therefore all the above mentioned state-
ments from [1] extend to a non-symmetric matrix of functions A = (a;;)1<;, j<da, such
that each function a;; is VM O(£2) and A is uniformly strictly elliptic and bounded on
Q2. However, we will assume more than V M O (£2), more precisely H, 1103 (Rd ync (Rd),
in what follows since we need an integration by parts formula.

The following Lemma 3.3 will be used in the proof of Lemma 3.4 for a compactness
argument.

Lemma 3.3. Let A = (ajj)1<i,j<d» An = (afj)lfi,jfd be uniformly strictly elliptic
and bounded on an open ball B, satisfying afj — a;jin L*(B)asn — oo, 1 <i,j <
d. Moreover, let A, n € N, and A have the same ellipticity constant L, = X and upper
bound constant M, = M. Let for some p > d, b € LP(B,R%), b, € LP(B,R?)
such that b, — b in LP(B,R%) as n — oo. Given F € L*(B,R?), suppose that
UpF € H(;’Z(B) satisfies

/ (ApVuy g+ byuy p, Vo) dx = f (F,Vg)dx, forevery ¢ € C;°(B).
B B
Then

lun,Fllz2gy < ClIF N 2B R4
where C > 0 is a constant which is independent of n and F.

Proof. Assume that the assertion does not hold, i.e., given k € N there exist Fk S
L?*(B,R%) and ny € N such that

””nk,fk”LZ(B) > k||Fk||L2(B,Rd)-

~

F
Define F; := Tk By [1, Proposition 2.1.4, Theorem 2.1.8] and

||M,,,{,ﬁ,{ ||L2(B)

unkaFk

Remark 3.2, we get u,, r, = . Thus we have

e, 7 llL2cm)
1
||unk,Fk||L2(B) =1 and ||Fk||L2(3,Rd) < ;
By [16, Théoreme 3.2],

”unkka”H(:'z(B) < Cl(““nk,Fk”Lz(B) + ”Fk”LZ(B,]Rd)) = cha
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where Cj is independent of k. By the weak compactness of balls in H01’2(B) and the
Rellich-Kondrachov Theorem, there exists a subsequence (i, ko )j C (Uny, R )k and

u € Hy(B) such that
Uny, Fe; = U weakly in HOI’Z(B), Ung; Fi; = U in L*(B).
In particular, |lu][;2(5) = 1 and using the assumption, we can see that u satisfies
f (AVu + bu, Vo)dx =0, forevery ¢ € C;°(B).
B

By [1, Theorem 2.1.8] and Remark 3.2, we have u = 0 a.e. on B, which is a contra-

diction. Therefore, the assertion must hold. O
The following is well known in the case where b = 0 (see for instance [9,
Lemma 4.6]).

Lemma 3.4. Let U be a bounded open set with Lipschitz boundary. Let A =
(@ij)1<i, j<a be uniformly strictly elliptic and bounded on U, with ellipticity constant
+ and upper bound constant M. Let for some p > d, b € L?(U, R?) and assume that
u € HY2(U) satisfies

/ (AVu + bu, Vo)dx <0, foreveryyp € CC(U), ¢ > 0.
U

Then we have

/ (AVu™ +but, Vp)dx <0, foreveryp € C(U), ¢ > 0.
U

Proof. Let B be an open ball such that U C B. By [4, Theorem 4.7], u € HI*Z(U)
can be extended to a function u € Hol’z(B). And by [4, Theorem 4.4], u™ € Hé’z(B)
with

Vu a.e.on {u > 0},
Vut =
" { 0 a.e.on {u <0}.

Given ¢ > 0 define

(@t —e ifz >0,
fs(Z) = { 0 ifz<0.
Then f. € C'(R), f/ € H"*°(R), and
Z . &2
—— ifz>0, .
fi@) = V2 +e2 and  fl'(2) = 1 (2 + 2)32 ifz >0,
0 ifz <0, 0 ifz <0.

Note that f:(z) —> z", f/(z) —> 1(0.00)(z) as &€ — O for every z € R. Extend the
matrix of functions A to whole R? with same ellipticity constant A and upper bound
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constant M. (This is possible, for instance set A = A - Id on R4 \ U and note that
A < M.)Extend b € LP(U,R?) to L?(R?, RY) by setting b zero outside U. Define
F := AVu +bu € L*(R?,R?). Forn € Nletn: € C°(B1) be defined as usually
through the standard mollifier and letafj =aij¥n1, A, = (afj)lg,jsd,bn = Dbx*n1,
F, := F %1 on R%. Then a?j € C*®(B), b,, F, € C®(B,RY) satisfy

! —> aij, in L*(B), b, — b in LP(B,RY), F, — F in L*(B,R).

(6)
Moreover, each A,, n € N, is uniformly strictly elliptic and bounded on B with same
elliptic constant A and upper bound constant M as A. Let V be a fixed open set with
V C U. Choose § > 0 with Bs(z) C U forall z € V and take N € N with % < 4.
Then by the assumption, for any n > N and ¢ € C5°(V) withg > 0

a

f (Fp, Vo)dx = / (AVu +bu,V(p *xn1))dx <0. ©)
U U n

By [1, Proposition 2.1.4, Theorem 2.1.8] and Remark 3.2, there exists u,, € HOI'Z(B)
such that

/(AnvM,,ernu,,,v@dx =/<Fn,va>dx, forall § e C(B).  (8)
B B

By [16, Théoréme 3.2] and Lemma 3.3,
lunll g2 gy < CillFalli2s may < CillFll2s o).

where C is independent of n. By weak compactness of balls in H(}’z(B), [1, Theo-
rem 2.1.8] and Remark 3.2, there exists a subsequence (u,,)x C (u4,)s, such that

tn, — u and u;f — ut weakly in Hy>(B). )

Indeed, (9) first holds with u replaced by some u € H&’Z(B). Then letting n — oo in
(8) and using the maximum principle [21, Theorem 4], we get i = u. For simplicity,
write (u,) for (u,,). By [5, Theorem 8.13], we have u,, € C>®(B). Now define

d
Loty =Y a0idjun + (by + VAL, Vup) + (div by) - uy
ij=1

Then forany n > N and ¢ € C3°(V) with ¢ > 0, we obtain using (7), (8)

—/ Lou, odx <0.
U

Hence L,u,(x) > 0 forall x € V,n > N. Define fgk = fe % qS%, k € N, where
qb% € Cgo((—%, %)) is the standard mollifier. Then (fX)’ > 0, (f¥)"” > Osince f! > 0,
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f7 = 0. Moreover, (fsk)’(u,,) — f!(uy) uniformly on U as k — oo. Then, for any
n>Nandg € CgO(V) with ¢ > 0, we obtain

/ ARV folun) + b folu), Vg)dx = Jlim / (AnY £5 () + by f2 (). Vo)
U —oo Ju
= Jim (= [ (5 ) Lot + GO ) AVt T} - )
k—o0 U

— lim | div b, (fEun) — un(F5) (un)) - @ dx
U

k— 00
<= [ divbu (i) = L)
Since the latter term converges to zero as ¢ — 0, for any n > N, we obtain
/U(AnVu,J{ + buuyt, Ve)dx <0, Yo € CP(V), ¢ > 0.
Consequently, using (6), (9), we get

/ (AVu® +but, Vp)dx <0, Vo e CC(V), ¢ > 0.
U

Since V is an arbitrary open set with V C U, the assertion follows. U

3.2. Existence of an infinitesimally invariant measure and construction of a generalized
Dirichlet form

We first start with a remark, that clarifies the relation of the divergence type operator
(1) and a fairly general class of non-divergence form operators. Moreover, we give
some examples of operators satisfying assumption (a).

Remark 3.5. Note that under assumption (a), L as in (1) writes for f € Cf)x’ (R9)Y as
1
Lf = 5div((A +CO)\Vf)+ (H, V)

1 1
= 5tmce(AVZf) + (EV(A +CTy +H, V). (10
Thus L asin (1) can also be interpreted as non-divergence form operator and therefore,

assumption (a) allows to consider two general classes of operators:

(1) Divergence type operators as in (1) with symmetric or nonsymmetric matrix and
with or without Llpoc-drift, according to assumption (a): for instance

d d
1
Lf =5 .Zl 3 ((aij + ci))d)) f + ;hiaif, [ € CRY,
1, ]= 1=
or

d
1
Lf =5 ) dilaij +cipdpf. feCF®RY,
ij=1

where a;;, ¢;; and h; satisfy assumption (a) and (c;;)1<;, j<¢ = 0 or not.
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(i) Non-divergence type operators with symmetric diffusion matrix and L[Ii) ~drift:

for this, suppose that a;; € HZL’C”(R‘[) N C(Rd), 1<i,j<d,forsomep >d,
and that C = 0. Set

~ 1
H:=H--VA
2

for arbitrarily chosen H= (51, e Ed) e L? (R?,R?). Then assumption (a)

loc
(and even assumption (b)) holds (since p > ¢) and (1) can be rewritten as

d d
1 -
Lf =3 > aidiif+ Y hidif. feCP®D. (11)

ij=1 i=1

This special case covers the assumptions of [2, Theorem 1] (see also [1, Theo-
rem 2.4.1]). In general, we can consider any non-divergence type operator as in
(10), where A, C, and H satisfy the assumption (a). The latter, together with the
class of divergence form opertors considered in (i), is the extend to which we
can generalize the assumptions of [2, Theorem 1].

From now on, we set
1
G=(g1,....80) = EV(A+CT)+H,

where A, C, and H are as in assumption (a). Then L as in (1) writes as (cf. Remark 3.5)

d d
1
Lf =3 D aijdidjf+ ) gidif, feCPmD, (12)
ij=1 i=1
where
1 d
gi = 528./(61[./ +cji)+hi, 1<i=<d.

J:

Theorem 3.6. (Existence of an infinitesimally invariant measure) Suppose assump-
tion (a) holds. Then there exists p € Hllo’cp (R N CRY) with p(x) > 0 forall x € R?
such that

/ Lo pdx =0, forall g € CRY). (13)
R4

Proof. Using integration by parts, (13) is equivalent to
1
/ (E(A +CTYVp — pH, Ve)dx =0 forall g € CC(RY). (14)
R4

By [1, Proposition 2.1.4, Corollary 2.1.6, Theorem 2.1.8] and Remark 3.2, for every
n € N, there exists a unique v, € Hol’p(Bn) N CY%1=4/r(B,) such that

1
/ <§(A +cyvu, — v, H, Ve)dx = / (H, Vg)dx forall ¢ € C;°(By).
B, By
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Letu, := v, + 1. Then u, (x) = 1 for all x € dB,, and

1
/ <§(A +chvVu, — u, H, Ve)dx =0, forallp € Ci°(By).
By

Since u,; < v, , we see u, € Hol’p(Bn) N ¢%1=4/p(B,). Thus by Lemma 3.4, we
get

1
f <§(A + CT)Vu; —u, H,Vp)dx <0, forallg e C8°(B,,), ¢ > 0.

n

By [1, Theorem 2.1.8] and Remark 3.2, u,; < O, so that u, > 0. Suppose
there exists xo € B, with u,(xo) = 0. Then, applying [20, Corollary 5.2 (Har-
nack inequality)] to u, on B,, we get u,(x) = O for all x € B,, which contradicts
U, € Co’l_d/p(E,,), since u, = 1 on dB,. Hence u, (x) > 0O for all x € B,,. Now let
on(®) = 1, (0)"'u, (x), x € B,,n € N. Then p,(0) = 1 and

1
/ (E(A +CVp, — pyH, Ve)dx =0 forallg € Co(By).

Fix r > 0. Then, by [20, Corollary 5.2]

sup pp(x) < Cp inf p,(x) foralln > 2r,
xeBy, x€Boy

where C is independent of p,, n > 2r. Thus

sup pn(x) < Cy foralln > 2r.

X€EBy,

By [1, Theorem 1.7.4] and Remark 3.2

lpullgrires,y < Callonll sy < C1C2dx(Bay), foralln > 2r,

where C» is independent of (p,),~2,. By weak compactness of balls in HO1 P (B,) and
the Arzela—Ascoli Theorem, there exist (0,,)n>1 C (0n)n>2- and p() € HI’P(Br) N
C0-1=d/pP(B,) such that

Pn.r = Py Weakly in H"“P(B,), Pn,r = p(y uniformly on B,.

Considering (0 k)n=1 D (Pn.k+1)n=1, k € N, we get p) = p+1) on By, hence we
can well-define p as

p = pu) on By, k € N.

Then p € H)”(RY) N C(RY) with p(x) > 0, x € RY, p(0) = 1 and for any n € N

1
/I; (E(A + CT)V,O —pH, Vp)dx =0 forall ¢ € C3°(B,).
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By applying the Harnack inequality to p on B, withn > r

1 =p(0) < sup p(x) < C3 inf p(x),
X€B,

x€B,
hence p(x) > Oforall x € B,. Therefore p(x) > 0 forall x € R? and (13) holds. [
From now on unless otherwise stated, we fix p as in Theorem 3.6. Set
m = pdx.
Using integration by parts, the following can be easily shown.

Lemma 3.7. If Q := (gij)1<i,j<a is a d X d matrix of functions with —q; = q;j €
HI2ZRH N LE(RY), 1 < i, j < d. Then B2 e L} (R, RY, m) and B2 is

loc
weakly divergence free with respect to m, i.e.,

/Rd(ﬂp’Q, Vydm =0, forall f e Cgo(Rd).
Define
B:=G - prA+C’

Note that B = (G—3V(A+CT)) - % e L7 (R4, RY). Moreover, using (13)

T _ . .
and Lemma 3.7, we can see that 8* € 4 Be leo C(Rd, R, m) is weakly divergence
free with respect to m, i.e.,

/ (IBPyCT _}_E’ Vfydm =0 forall f € C(?O(Rd)- 15)
R4

For f, g € C(‘)’O(Rd), define

1

£, 8) =5 /R AV ], V) dm.

Then (£°, C§°(R?)) is closable in L2(R?, m). We denote its closure by (€7, D(£?))
and its associated generator by (L°, D(L)). Since Cgo(Rd) - D(Lo)ogb, we have
that D(LO)O,;, is a dense subset of L1 (Rd, m), and furthermore

LOf = %trace(Asz) + (874, Vf) e LP(RY,m) forall f e CCRY).
Define
Lf =L°f + (7S +B,Vf), fe DLy

Then (L, D(L%)o ;) is an extension of (L, C°(R?)) as defined in (12). By [17,
Theorem 1.5], there exists a closed extension (L, D(L)) of (L, D(L%qy) in
Ll(Rd, m) which generates a sub-Markovian Cy-semigroup of contractions (7;);~0
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on Ll(Rd, m). Restricting (7});~0 to Ll(Rd, m)p, it is well-known that (7});~¢ can
be extended to a sub-Markovian Cp-semigroup of contractions on each L" (Rd, m),
r € [1, 00). Denote by (L,, D(L,)) the corresponding closed generator with graph
norm

1A D@y = 1l @d my + 1 Lr FllLr e my»

and by (Gy)e=0 the corresponding resolvent. For (7;);~¢ and (Gy)y=0 We do not
explicitly denote in the notation on which L” (R?, m)-space they act. We assume that
this is clear from the context. Moreover, (7;);~0 and (G4 )q~0 can be uniquely defined
on L*®(R?, m), but are no longer strongly continuous there.

For f € C§°(RY)

R = 1 &
Lf=L0f = (g +B.V]) = Jtrace(AV> ) + (G. V1),
with
G:=@....8) =2p"" -G =p"*"*C —Be L, R, R m).

We see that L and L have the same structural properties, i.e., they are given as the sum of
a symmetric second order elliptic differential operator and a divergence free first order
perturbation with same integrability condition with respect to the measure m. Therefore
all what will be derived below for L will hold analogously for L. Denote the operators
corresponding to L (again defined through [17, Theorem 1.5]) by (Zr, D(fr)) for the
co-generator on L” (Rd, m), r € [1,00), (T})»O for the co-semigroup, (é},)wo for
the co-resolvent. By [17, Section 3], we obtain a corresponding bilinear form with
domain D(L») x L2[R?, m) U L2(R?, m) x D(L,) by

— Jga L2f -gdm  for f € D(L2), g € L*(RY, m),

€/, 8) = { _fRd f- Zzg dm for f € L>(R%, m), g € D(L>).

& is called the generalized Dirichlet form associated with (L2, D(L2)). Using inte-
gration by parts, it is easy to see that for f, g € C3° RY)

1 _
E(f g = _/ (AVf, Vg)dm —f (B¢ +B, Vf)gdm
2 Jrd RA
1 _
_! / ((A+ )V, Vg) dm — / B,V f)gdm, (16)
2 Jrd RY
and
1 d 1 T _
Laf = 5 D2 aididjf+ ) gidif = Jtace(AV2S) + (74T V1) + (B V),
ij=1 i=1
—~ 1 d d 1 _
Lyf = 5 2 aijidif + ) Ridif = tace(AV2 )+ (B74C V1) — (B.V ).
,j=1 i=1
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3.3. Regularity results for resolvent and semigroup

Theorem 3.8. Assume (a). Then
L r
pGag € Hy,'(RY), Vg € Ureg,o L’ R?, m),
and for any open balls B, B' with B C B’,

o Gagllgrog) < co(lglras m + 1GagllLi g m) -
where c is independent of g.

Proof. Letg € Cgo(Rd) and @ > 0. Then for all ¢ € C(‘)’O(Rd),
/ (@ = L2)¢ - (Gag)dm = / Gulo — Ly)g - gdm = / pgdm.  (17)
Rd Rd Rd

Note that Gog € D(L), C D(E% by [17, Theorem 1.5]. Since p is locally
bounded below and A satisfies (2), we have D(E%) c Hllo’c2 (R?) and it follows
0Gyg € Hllo’f(Rd). Define

_(A+OVp =,

~ 1 ~
F:.= 5V(A+C)—G= 3 +Bel] (R RY). (18)
Y

Given any open ball B” and ¢ € C5°(B"), we have using integration by parts in the
left hand side of (17)

1 -
/,, [<§(A +O)V(pGag) + (0Gg)F, Vo) + a(pGag)w] dx = /Bﬂ(pg)wdm
(19)

By [1, Theorem 1.8.3] and Remark 3.2, for any open ball B” with B C B”, we have
pGyag € H'P(B’). Thus by [1, Theorem 1.7.4] and Remark 3.2, we obtain for any
open ball B with B C B/, r € [¢q, o)

I0Gagllgrp) < c1 (lpgllLas .an + 10GagllLi s ax))

g-1
<ciupp @ VD (lgleaw.m +11Gegllim)  (20)
B/

—_—
=:c0

By denseness of C(‘)’O(Rd) in L"(R%, m), (20) extends to g € L"(R?,m), r €

[g,00). For g € LOO(Rd,m), let g, = glp, € L"(Rd,m),n > 1. Then
lg — gnllLas .m) + 11Ge(g — gu)llL1 (5 my = 0 as n — oo. Hence (20) also extends
to g € L2 (RY, m). O

Remark 3.9. [12, Proposition 3.6] holds in our more general situation with exactly the
same proof.



Vol. 21 (2021) Existence and regularity of infinitesimally invariant measures 615

Theorem 3.10. Assume (a). For each s € [1, oc], consider the L* (R?, m)-semigroup
(T})i~0. Then forany f € L*(RY, m) andt > 0, T, f has a locally Hélder continuous
m-version P, f on R?. More precisely, P. f(-) is locally parabolic Hélder continuous
on R? x (0, 00) and for any bounded open sets U, V in R with U C V and 0 <
3 <T] <T) <Tyle [11, 2] C (13, T4), we have for some vy € (0, 1) the following
estimate for all f € Use[l,oo]Ls(Rd, m) with f >0,

I1P.f O = CollP. f Ol 1 (v x (23, 74),m@dn) - (21

"5 @xIn.m))
where Cg, y are constants that depend on Ux[t1, 12], V x (13, T4), butare independent
of f.

Proof. The proof is similar to the corresponding proof in [12, Theorem 3.8], but
there are some subtle differences. First assume f € D(L2) N D(Ly) N By (R?) with
f = 0.Setu(x,t) == p(x)P, f(x). Then P f € D(Ly) and p € C(RY) implies
u € C(R? x [0, 00)) by Proposition 3.9(ii). Let T > 0 be arbitrary. Then for any
¢ € CRY % (0,T))

T
0= —/ / (0r9 + Log) udxdr. (22)
0 R4

Since u € H'2(0 x (0, T)) for any bounded and open set O C R, using integration
by parts in the right hand term of (22), we get

T
0= / f (1((A + C)Vu, Vo) + u(F, Vo) — uB,(p) dxdt, (23)
0 Rd 2

where F is as in (18). Then as in [12, Theorem 3.8]

IP.£Ol eor @ lpOPLOI

Y — < Y
CTIUx[n.n) ~ e CT I (Ux[r.m2))

-1
<lp ”CO,V(H)CZCS ”P~f(')||L1(V><(r3,r4),m®dt)

=:C¢
s—1

S C6(T4 - T3)||IO||LT1(V)”f”LS(Rd,m)v NS [17 OO], (24)

where y, C», Cs, are as in [12, Theorem 3.8].

For f € LY(RY, m)NL>®(R?, m) with f > Olet f, := nG, f.Then f, € D(L>)N
D(Ly) N Bp(R?) with f, > 0and f, — f in L*(R?, m) for any s € [1, 00). Thus
(24) including all intermediate inequalities extend to f € LY(RY, m) N L®(R?, m)
with f > 0.If f € L*(RY,m), f > Oand s € [1,00), let f, := lp, - (f An).
Then f, € L'(R?, m) N L®(RY, m) with f, > 0 and f, — f in L*(R, m). Thus
(24) including all intermediate inequalities extend to f € L* (R4, m) with f > 0. For
fe L“(Rd, m), the result follows exactly as in [12, Theorem 3.8]. O

Remark 3.11. Besides the possible non-symmetry of A 4+ C (that also occurs in
F), the difference between the proof of [12, Theorem 3.8] and Theorem 3.10
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is the approximation method. The proof of [12, Theorem 3.8] uses the dense-
ness of C§° (R?) in L'(R?, m). The proof of Theorem 3.10 uses the denseness of
Ue>0G o (Ll(Rd, m) N L®(R, m)) in LY(RY, m). Using the latter, we can get the
corresponding result to [12, Lemma 4.6] in the following Lemma 3.12.

Lemma 3.12. Assume (a). Then:

(i) Let A € B(R?) be such that Py,14(xo) = 0 for some ty > 0 and xo € R?. Then
m(A) = 0.

(ii) Let A € B(R?) be such that Py 14(x0) = 1 for some ty > 0 and xp € R?. Then
P1a(x) = 1forall (x,1) € RY x (0, 00).

Proof. (i) Suppose m(A) > 0. Choose an open ball B, (xp) C R? such that
0 <m (AN B,(xp)) < o0.

Let u := pP.lanp, (xy)- Then 0 = u(xp, t0) < p(x0)Pyla(xo) = 0. Set f, =
nGulang,. Then f, € D(Ly) N D(Ly) N Bp(RY) with f, > 0 such that f, —
14nB, (xp) 1N Ll(]Rd,m). Letu, := pP.fy. Fix T > ty and U D Er+1(x0). Since
u, € HY2(U x (0, T)) satisfies (22) (see proof of Theorem 3.10), (23) holds with u
replaced by u,, forall ¢ € C3°(U x (0, T)). The rest of the proof is then exactly as in
[12, Lemma 4.6 (1)].

(i)Lety e R?and 0 < s < 1o be arbitrary but fixed and let r := 2||xg — y|| and let B
be any open ball. Take g, := nG,1pna. Then g, € D(L2) N D(Ly) N Bb(Rd) with
0 < gn < lsatisfying g, — lanp in L! (Rd, m). The rest of the proof is now exactly
as in [12, Lemma 4.6 (ii)]. O

Remark 3.13. Using the Lemma 3.12, [12, Corollary 4,8] holds in our more general
situation with exactly the same proof.

Remark 3.14. (i) (cf. Remark 4.5 in [12]) Consider A, C, p, B which are explicitly
given by following assumptions. Let A = (a;;)1<;, j<a be a matrix of functions as in
assumption (a) and C = (c¢;j)1<i, j<q be a matrix of functions satisfying ¢;; = —c¢;; €
Hl’z(Rd)ﬂC(Rd). Suppose that for some p > d, weare given p € Hltf(Rd)ﬂC(Rd),

loc

p(x) > 0 forall x € R?, such that for some BelL’ (R, R?) it holds
loc
/Rlui, Vf)pdx =0 forall f € C(RY). (25)
Let

Lf=1F +" +B,Vs), feDL%,.

Then(13) holds for L replaced with L. Moreover, everything that was developed for
(L, D(Lo)o,b) right after Theorem 3.6 until and including Corollary 3.13 (and even
beyond until the end of this article if additionally *°C" + B L] (R RY), ie.,
assumption (b) holds, cf. Remark 4.2) holds analogously for (Z, D(Lo)o,b). Now
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suppose again that assumption (a) holds. Then by Theorem 3.6, there exists p as right
above such that B := B = 1V(A+CT)+H—grA+C" ¢ L7 (R4 RY)and such that
B satisfies (25). Thus all that has been done up to now is in fact a special realization
of the just explained explicit case.

(ii) (cf. Remark 3.3 in [12]) It is possible to realize the results of this article with
R replaced by an arbitrary open set U C R?. Moreover, as it is well known, the
Lﬁm—condition can be relaxed by an Lﬁ)”c—condition on an exhaustion (V,),en of R4
(or U), where p, > d for alln € N and lim;,—,oc p, = d.

4. Probabilistic results
4.1. The underlying SDE

Additionally to assumption (a) we assume throughout this section that assumption
(b) holds. Then Cg R4 ¢ D(L1)N D(L,) and assumption (H2)" of [12] holds. Here,
assumption (b) was needed to get the continuity property of the resolvent in (H2)'(ii)
of [12]. Thus, exactly as in [12, Theorem 3.12], we arrive at the following theorem:

Theorem 4.1. There exists a Hunt process
M = (@, F, (F1)i=0, (Xt)i>0, (Px)xe]RdU{A})
with state space R? and life time
¢=inf{r >0 : X, = A} =inf{r >0 : X, ¢ R},

having the transition function (P;);>0 as transition semigroup, such that M has con-
tinuous sample paths in the one point compactification R‘i of R with the cemetery
A as point at infinity.

Remark 4.2. Actually, under assumptions (a) and (b) most of the results from [12]
generalize to the more general coefficients considered here, i.e., the analogues of
Lemmas 3.14, 3.15, 3.18, Propositions 3.16, 3.17, Theorem 3.19, Remark 3.20 and the
analogues of the results in Chapter 4 of [12] hold. These results include, various non-
explosion criteria, moment inequalities, a general Krylov type estimate, recurrence
criteria and moreover (by combining our results with results of [13] and [1], see [12,
Theorem 4.15, Proposition 4.17]) criteria for ergodicity including uniqueness of the
invariant probability measure pdx.

According to Remark 4.2, we obtain:

Theorem 4.3. Consider the Hunt process M from Theorem 4.1 with coordinates X; =
(xL ..., Xtd). Let (0;j)1<i<d,1<j<i>| € Narbitrary but fixed, be any matrix consisting

e C(R T

of continuous functions o;; € C(RY) foralli, j, such that A = oo’ ie.,

1
aij(x) =Y ou(X)ojr(x), Yx eRY 1 <i,j<d.
k=1
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Then on a standard extension of (2, F, (F1)i=0, Px), X € R?, that we denote for
notational convenience again by (2, F, (F1)1>0, Px), x € R, there exists a standard

[-dimensional Brownian motion W = (Wl, e, Wl) starting from zero such that
Py-a.s. for any x = (x1,...,xq4) € R, i=1,....d
_ ! t ) t
X =x +Z/ 0i; (Xs) dW] +/ gi(Xs)ds, 0<t<Z¢. (26)
5 0 0
j=1

The non-explosion result and moment inequality of order 1 in the following theorem
is new and allows for linear growth together with L7 (R¢, m)-growth and singularities
of the drift. However, the growth condition on the dispersion coefficient is unusually of
square root order, but can allow L? (R, m)-growth. The theorem complements various
other non-explosion results from [12] and existing literature. And it complements in
particular [12, Theorem 4.4], where a usual linear growth condition (that however does
not allow for L4 (R¢, m)-singularities of the drift) on dispersion and drift coefficients
is used to show moment inequalities of orders s > 0 and s = 2.

Theorem 4.4. Let 0 = (0jj)1<i,j<a be as in Theorem 4.3, i.e, | = d (such o
always exists, cf. [12, Lemma 3.18]) and assume that for some hy € LP (Rd, m),
hy € LY(R?, m) and C > 0 it holds for a.e. x € R?

max [0 (x)| < [h1 ()| + CH/llxll+ 1), max [gi(x)] < [h2(x)[+ C(llx]| + D).
1<i,j<d 1<i<d

Then M is non-explosive and for any T > 0, and any open ball B, there exist constants
Cs.t, depending in particular on B, and Ce such that

sup E, [Sup ||Xs||i| <Csg-e', vVt <T.
xXeB s=t

Proof. Letx € B and n € N such that x € B, (B, is the open ball about zero with
radius 72 in RY). Let 0 < 7 < T. Then with o, := inf{t >0 : X, € R4 \ By},n>1,
we obtain Py-a.s. forany 1 <i <d

s .
/ 0ij (Xu) dW;!
0

s
+ sup /|8i(Xu)|dM-
0

0<s<tAoy,

d
sup |X§|§|xi|+z sup

0<s<tAoy, i=1 0<s<tAoy,

By the Burkholder—Davis—Gundy inequality [14, Chapter IV. (4.2) Corollary] and (3),
there exists a constant C3 7, depending on ||/ |12 R4 m) and B, and constants ¢, C,

such that
d s . d IAG, 12
ZEX sup / U,']'(Xu)dW,,{ < ZCEX [/ al%-(Xu)du:|
j=1 0<s<tAoy 1J0O j=1 0

t
gcg,T+c\/§cd/ ]Ex[ sup ||XS||:|du,
0

0<s<unoy
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and

[ sup /|g,(x >|du}
0<s<tAop

t
< eTep g rlhall o m + CT +C f Ex[ sup ||Xs||}du
0

0<s<uno,

=:Cq4,1

Hence, for some constants Cs 7 and Cg

t
Ex[ sup ||Xs||}scs,T+c6f Ex[ sup ||Xs||}du
0<s<tAoy, 0 0<s<uno,

Now let p, (1) := Ey [Supy<s<;0, I Xsll]- Then, by (27), we obtain

t
pn() < Cst+ Céf Pn(u)du, 0<t<T.
0

By Gronwall’s inequality, p,(t) < Cs.1 -eC6" forany ¢ € [0, T]. Using, in particular,
the Markov inequality,

1
Py (o, <T) < —Csr -1,
n

Therefore, letting n — oo and using the analogue of Lemma 3.15(i) in [12] (cf.
Remark 4.2), we obtain P, ({ = oo) = 1. Finally, applying Fatou’s lemma to p,(¢),
we obtain

Ey |:SUP ||Xs||i| <Csr-e“', Vi <T.

s<t
Since the right-hand side does not depend on x € B, the assertion follows. O

Example 4.5. Let n € C;°(By/4) be given. Define w : R¢ — R by
w(xy, ..., xg) = n(x1, ..., Xq) - / l/d L—1,n(yodyr.

Then w € H"“9(R¥) N Co(B1/4) but dyw ¢ LY (R?). Define v : RY — R by
1
v(xy,...,xq) = w(xl,...,xd)—i—ziw(xl — 1, ..., X4)

Then v € H"9(R%) N C(R?) but djv ¢ LE (R?). Now define P = (pi;)1<i.j<d 2

loc

Pld ‘= VU, PpPdl ‘= —V, pl] =0if (19.]) ¢ {(lvd)v (dv 1)}
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Let O = (gij)1<i,j<a be a matrix of functions such that ¢;; = —gq;; € H]’q(]Rd) N

loc
C(RY) forall 1 <i, j < d and assume there exists a constant C > 0 satisfying

IVOl < C(lx|| + 1), forae.onR.

Let A:=1id,C := P+ Q and H = 0. Then A and C satisfy assumption (a) with
G:= %V(A +CT) and assumption (b) is satisfied. Define p = 1 0n R?. Then p satisfies
(13) and B = 0. Obviously o = id and G satisfy the conditions of Theorem 4.4. Thus
M from Theorem 4.1 is non-explosive. Note that the non-explosion criterion of this
example can not be derived from [17, Proposition 1.10], nor from [12, (3)] or for
instance [8, Assumption 2.1] (one of the pioneering works on local and global well-
posedness of SDEs with unbounded merely measurable drifts), since G has a part with
infinitely many singular points outside an arbitrarily large compact set and may have
a part with linear growth.

4.2. Uniqueness in law under low regularity

Let M = (?2, .f’-:, ()N(,)tzo, (IFX)XE]RLIU{A}) be a right process (see for instance [22]).
For a o -finite or finite Borel measure v on R we define

By() = / P () v(dx).
Rd

Consider (L, C§° (R%)) as defined in (12). According to [17, Definition 2.5], we define:

Definition 4.6. A right process M = (2, F, (X/)1z0, (Px) cpaqa)) With state
space R4 and natural filtration (.7?,),20 is said to solve the martingale problem for
(L, C3RY)), if for all u € CS°(RY):
6) f(; Lu ()~( s)ds,t > 0,is ]}N”m -a.e. independent of the measurable m-version chosen
for Lu.
(i1) u(f,) — u(io) — /Ot Lu()?x) ds,t > 0, is a continuous (]?,),zo-martingale under
Py for any v € B/ (R?) such that [, vdm = 1.

Definition 4.7. A o -finite Borel measure v on R is called sub-invariant measure for
aright process Ml = (2, F, (X1):>0, (Px) ccrauga)) With state space R4, if

/ B, £ (X)Iv(dx) < / FEw(dx) @)
Rd Rd

forany f € L! (Rd, v) N By (Rd), f =0, > 0. v is called invariant measure for I\7JI
if “<” can be replaced by “=""in (27)

Part (i) of the following proposition is proven in [17, Proposition 2.6]. And part (ii)
is a simple consequence of part (i), the strong Feller property of ( pM),ZO, M as in
Theorem 4.1, and the fact that the law of a right process is uniquely determined by its
transition function (and the initial condition).
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Proposition 4.8. (i) Let M = (S~2, .%, (%,)tio, (@x)xeRdu{A}) solve the martingale
problem for (L, C3° (R%)) such that m is a sub-invariant measure for M and let
(L, Cgo(Rd)) be Ll—unique. Then piwf(x) = Ex[f(it)] is an m-version of
T, f forall f € L"(RY, m) N By(RY), t > 0 and m is an invariant measure for
L )
(i1) If additionally to the assumptions in (i), ( piw),zo is strong Feller, then ﬁx =P,
forany x € R%.

Proposition 4.9. Suppose that assumptions (a) and (b) hold, and that for any compact
set K in RY, there exist Lx > 0, ax € (0, 1) with

laij(x) —a;;(y)| < Lgllx —ylI**, Vx,ye K, 1<i,j<d.

Suppose further that m is an invariant measure for M. Let M be a right process
with strong Feller transition function ( p}w) >0 that solves the martingale problem for
(L, C(C)>O (RYY) and such that m is a sub-invariant measure for M. Then ﬁx = Py for
any x € RY.

Proof. By [17, Corollary 2.2] (L, C(‘;O(Rd)) is L!'-unique, if and only if m is an
invariant measure for M. Then apply Proposition 4.8. 0

Remark 4.10. Note that m is an invariant measure for Ml as in Theorem 4.1, if and
only if the co-semigroup (T})»o of (T;)s=0 is conservative. One advantage of our
approach is that we can use all previously derived conservativeness results for gen-
eralized Dirichlet forms (see for instance [17, Proposition 1.10], [6], [12], but also
Example 4.11).

Example 4.11. (i) Assume that assumptions (a) and (b) hold and that the a;; are
locally Holder continuous on RY as in Proposition 4.9. If there exists a constant
C > 0 and some Ny € N, such that

- (A(xz)—xx) + 1traceA(x) + <G(x), x) <-C (lell2 + 1) (28)
xI=+1 2
fora.e.x € RY\ B No» then M as in Theorem 4.1 solves the martingale problem
for (L, C(‘)>0 (Rd)) and m is an invariant measure for M by the analogue of [12,
Proposition 4.17] (see Remark 4.2). In this situation Proposition 4.9 applies.
(i1) Let A, C and G be as in Example 4.5. By Theorem 4.4, not only M but also its co-
process M is non-explosive. Hence dx is an invariant measure for M. Now if a;
are locally Holder continuous on R? as in Proposition 4.9 then Proposition 4.9
also applies.
(iii) Suppose that in the situation of Remark 3.14 (i) the conditions of [12, Theo-
rem 4.11] (which are the adapted conditions from [7, Theorem 21]) hold with
B = B and that the g; ; are locally Holder continuous on R¢ as in Proposition 4.9.
Then p dx is an invariant measure for M and Proposition 4.9 again applies.
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