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Global regularity and convergence to equilibrium of
reaction—diffusion systems with nonlinear diffusion

KLEMENS FELLNER@, EVANGELOS LATOS AND BAO QuoC TANG

Abstract. We study the boundedness and convergence to equilibrium of weak solutions to reaction—diffusion
systems with nonlinear diffusion. The nonlinear diffusion is of porous medium type, and the nonlinear re-
action terms are assumed to grow polynomially and to dissipate (or conserve) the total mass. By utilising
duality estimates, the dissipation of the total mass and the smoothing effect of the porous medium equation,
we prove that if the exponents of the nonlinear diffusion terms are high enough, then weak solutions are
bounded, locally Holder continuous and their L°°(£2)-norm grows in time at most polynomially. In order
to show convergence to equilibrium, we consider a specific class of nonlinear reaction—diffusion models,
which describe a single reversible reaction with arbitrarily many chemical substances. By exploiting a gen-
eralised logarithmic Sobolev inequality, an indirect diffusion effect and the polynomial in time growth of the
L°°(£2)-norm, we show an entropy—entropy production inequality which implies exponential convergence
to equilibrium in L? (2)-norm, for any 1 < p < oo, with explicit rates and constants.

Contents
1. Introduction and main results 957
2. Boundedness and local continuity of weak solutions 966
3. Convergence to equilibrium 979
4. Entropy—entropy production inequality 991
5. Proof Theorem 1.1: existence of global weak solution to (S) 997
Acknowledgements 1001
REFERENCES 1001

1. Introduction and main results

In this article, we study the boundedness and convergence to equilibrium of weak
solutions to reaction—diffusion systems with nonlinear diffusion

qui —di AW = fiw), xeQ, >0, i=1,...8,
vy 7w =0, x€dQ, t>0, i=1,....8, (S)
ui(x,0) = u;ox), X €Q, i=1,...,8,
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with the unknown functions u = (u1,...,ug) and u; : Q x Ry — R, the positive
diffusion coefficients d; > 0, the porous medium exponents m; > 1 and where
Q c R? denotes a bounded domain with sufficiently smooth boundary 92 (e.g. 32
is of class C21 for some o > 0) with outward unit normal 7 on Q. Moreover, the
conditions imposed on the nonlinear reaction terms f; (#) and the non-negative initial
data u; o will be specified later.

The first part of this paper considers weak solutions to system (S). Our aim is to
provide sufficient conditions on the porous medium exponents m; and on the non-
linearities f;(u), under which weak solutions are indeed bounded in L*° (and thus
locally Holder continuous) for all times and grow at most polynomially in time. More
precisely, we assume the following conditions on the nonlinearities:

(i) The nonlinearities f; : RS — R are locally Lipschitz functions and satisfy

i) < CA+ul”), VYu=(ur,...,us) €R%, Vi=1,....,5, (G
where R 5 v > 1 is the maximal growth exponent of the reaction terms.
(i) There exist positive constants A, ..., As > 0 such that:
s
D hifiw) <0, VueRS, (M)

i=1

which formally implies the following mass dissipation law

d s
a/gl;xiuidx <0
(iii) The nonlinearities are assumed quasi-positive, thatis foralli =1, ..., S, holds
f@ur, ..., ui—1,0,uiq1,...,us) >0, Yui,...,us > 0. P)

The quasi-positivity condition (P) ensures global non-negativity of solutions
subject to non-negative initial data, see e.g. [26,36].

The existence of global weak solutions to (S) subject to homogeneous Dirichlet
boundary conditions and under the assumptions (G)-(M)—(P) was recently obtained
in [26]. The proof of the following Theorem 1.1 on the existence of weak solutions
to (S) subject to Neumann boundary conditions uses similar arguments to [26] and is
postponed to Sect. 5.

Theorem 1.1. Assume the conditions (G), (M) and (P) and consider non-negative
initial data (u; o) € L>(Q)5. If

m; > max{v —1;1} forall i=1...5,

then, there exists a global weak non-negative solution to system (S) in the sense
that, for all i = 1,...,S, u; € C([0,+00); LY(Q)), u!" € L'(0, T; Wh1(Q)),
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fiw) € LY(2 x [0, T)) and

T T
—/ w(O)ui,odx—/ /(u,-@,l/f—l—d,-uf’”Al/f)dxdt =[ /l/ffi(u)dxdt
Q o Ja o Ja

for all test function y € C2Y(Q x [0, T]) with Vi - # = 0 on 32 x (0, T) and
Moreover, a solution u = (uy, ..., us) to (S) with (M) and (P) satisfy

””i”L"H“(QT)fC forall T >0 and i=1,...,85,

where the constant C depends on the L*-norm of the initial data, the constants X; in
(M), the diffusion coefficients d; > 0 and the domain Q.

Remark 1.1. With a more careful analysis, it seems possible to generalise Theorem 1.1
and consider initial data u; o € LI(Q). We refer the interested reader to [38] for the
case of systems with quadratic nonlinearities and L' initial data.

Given the weak solutions of Theorem 1.1, our aim is to establish their boundedness
and a polynomially in time growing L°°-estimate under stronger assumptions on the
porous medium exponents m;: first, we recall the a priori estimate u; € Lmitl 0r)
of Theorem 1.1 and the growth condition (G) imply f;(u) € L'T¢(Q7) for some
o > 0, which also justifies the definition of weak solutions in Theorem 1.1. In fact,
the L'1 integrability guarantees uniform integrability of nonlinearities in a suitable
approximating scheme (see the proof of Theorem 1.1 in Sect. 5).

Intuitively, Theorem 1.1 states that larger exponents m; yield higher integrability of
the nonlinearities f;(«). Moreover, the functions u; solve a porous medium equation
with the right-hand side having higher integrability. Thus, by quantifying the smooth-
ing effect from the porous medium equation, this allows to start a bootstrap argument,
which eventually leads to boundedness of u; in L*. In particular, it is of importance
that our argument allows to show that the growth in time of the L°°-norms is at most
polynomial. The first main result of this article is the following theorem.

Theorem 1.2. (Global bounded weak solutions) Ler 2 C R? be bounded with suffi-
ciently smooth boundary. Let the initial dataQ < u; o € L°°(2), assume the conditions
(G), M) and (P) and m; > max{v — 1; 1} foralli = 1...S as required by Theorem

1.1. Finally, in dimensions d > 3, we additionally assume
4 .
mp >v— — Vi=1...8. @))]
d+2

Then, any weak solution of (S) obtained in Theorem 1.1 is bounded in L*°(2) and
grows in time at most polynomially in the sense that, for any T > 0,

luillzeory <Cr, Vi=1...8

where Cr is a constant which depends at most polynomially on time. Consequently,
these solutions are locally (in Q) Holder continuous, see e.g. [43].
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Remark 1.2. (Weakened assumptions on mass dissipation and initial data) If one is
only interested in the boundedness of solutions but not in the polynomial growth of
the L°°-norm, then the mass dissipation condition (M) can in fact be weakened to

S S
Y kifiw) <C1 Y il +Cy forallu € RS,
i=1 i=1
for some positive constants Cy, C3.
Also the assumed initial regularity u#; o € L°°(2) is not optimal and could be relaxed
to L? integrability for sufficiently large p according to the details of the proof yet at
the price of the readability of the Theorem.

Remark 1.3. When m; = 1, the condition (1) becomes

d+6
V< ——,
d+?2

which agrees with the results for linear diffusion systems obtained in [8, Proposi-
tion 1.4].

Theorem 1.2 contributes to the large literature on global existence and boundedness
of solutions to reaction—diffusion systems, which nevertheless poses still many open
questions due to the lack of a unified approach (maximum principles do not hold
for general systems). The largest part of the available literature, however, considers
the case of linear diffusion, i.e. m; = 1 in system (S). We refer the reader to the
extensive review of Pierre [36] and the references therein, in particular [2,4-6,14,22—
25,31,35,37,39]

The case of nonlinear diffusion, on the other hand, is much less investigated. Most
of the existing results considered special systems with special structures, see e.g.
[28,30,42]. Up to the best of our knowledge, system (S) under the general structural
assumptions (G)-(M)—(P) was only studied very recently in [26], where the authors
showed the global existence of weak solutions. Therefore, the present paper serves
as the first result to show the boundedness of weak solutions by assuming stronger
conditions on porous medium exponents. Moreover, our proof allows to estimate
explicitly the growth in time of the L°°-norm, which turns out to be essential in
studying the large-time behaviour of solutions in the following second part of the
paper.

The second main result of this paper proves exponential convergence to equilibrium
for a class of reaction—diffusion systems with porous media diffusion of the form (S),
where the nonlinearities model the following reversible reaction with arbitrarily many
chemical substances

k
a1A1+-~-+0tMAMk:bﬁ151+~"+ﬁNBN- (2)
7

Here, «;, Bi € [1,400) are the stoichiometric coefficients of the M + N involved
substances Ai, ..., Ay, Bi,..., By and k¢, k; > 0 are the forward and backward
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reaction rate constants. For simplicity, yet without loss of generality, we assume k y =
ky, = 1. By applying mass action kinetics to (2) and by using the short notation

a=(ay,...,ay), b=(0b1,....by), a=(o1,....,0n), B=P1,....BN),
N

M
a“:l_[a?i, bﬁzl_[bfj,
i=1

j=1

we study the following reaction—diffusion system:

B,ai—d,-A(a;"i):f,-(a,b)::—a,-[a"‘—bﬂ],Vi:l,...,M xe, t>0,
B,bj—th(b;’j)=gj(a,b):=/3j[a°‘—b‘3],Vj:l ..... N xe, t>0,
div@"y - w =0, Vi=1,...,M, x€dQ, t>0,
th(bfj)-%):O, Vi=1,..., N, x€0Q, t>0,
ai(x,0) =ajox), Vi=1,..., M, x €,
bj(x,0) =bjo(x), Vj=1,..., N, x € Q.

R)

Here, d;, hj > 0 are diffusion coefficients, and m;, p; > 1 are nonlinear diffusion
exponents. It is clear that (R) is a special case of (S). Itis also straightforward to verify
condition (P), while condition (G) is satisfied by choosing,

M N
V= max{Zai, Z,Bj}.
i=1 j=1

Finally condition (M) is a consequence from noting that

N

ifjif( D+ Y S =0
Mi=1 o i N ,ngl “o=E

j=1

After having the conditions (P), (G) and (M) verified, Theorem 1.1 implies the
existence of global weak non-negative solutions of system (R) provided

mi, pj >max{v—1;1} forall i=1...M, j=1...N.

Moreover by Theorem 1.2, these solutions are bounded in dimensions d = 1, 2, or in
dimensions d > 3 when additionally assuming

4
mi, pj >v—m forall i=1...M, j=1...N.
By multiplying the equations for a; and b; with B; and «;, respectively, and by adding

the resulting terms, integration by parts with the homogeneous Neumann boundary
conditions implies that these solutions satisfy the following mass conservation laws:
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ﬂj/ ai(x,t)dx-l—ai/bj(x,t)dx
Q Q

= IBJ/ a;j o(x)dx +Oli/ bj’o(x)dx =: M;; > 0, Vi, j, 3)
Q Q

amongst which exactly M 4+ N — 1 linearly independent conservation laws ought to
be selected and only the corresponding M + N — 1 components of the initial mass
vector M;; need to be calculated from the initial data.

System (R) possesses for each fixed positive initial mass vector (M;;) a unique posi-
tive detailed balanced equilibrium (deo, boo) = (a1,005 - - - » AM 005 D1,005 - - - s DN,00) €
(0, 00)M*N "which is the solutions of the following equilibrium equations:

Bj
{Hz 1a _1_[, lb]éo’

ﬂ]atoo +alb]00 = M,], Vi, j,

where we recall that the second line constitutes of only M + N — 1 linearly independent
conditions.

To study the convergence to equilibrium for (R), we will use the so-called entropy
method, which recently proved a highly suitable tool in the analysis of the large-time
behaviour of dissipative PDE systems. With respect to reaction—diffusion systems with
linear diffusion, we refer in particular to [10-13,19,20,33].

The key entropy functional (or in this case the free energy functional) of system (R)
is defined by

M N
Ela, b] =Z/(a,-lna,- —a,-—l—l)dx—l—Z/(bjlnbj —bj 4 1)dx
i=17¢ j=17¢

which dissipates according to the non-negative entropy production functional, that is
formally

d . |Vai | Vb
— < Ela,b] =: Da,b] = Zd/ zm, Zh / b2 o

Q

o« _pByin L
+/Q(a b )lnbﬁdxzo.

In the case of linear diffusion, i.e. m; = p; = 1foralli =1...M,j=1...N, the
convergence to equilibrium of solutions of (R) (or some special cases) was recently
studied in e.g. [10,12,19,33,40].

Let us briefly review the entropy method used in the case of linear diffusion and
then highlight the difficulties to be overcome in the current paper when dealing with
nonlinear diffusion. In the case of linear diffusion, the entropy production writes as
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Va;|? Vb ;|?
Dyinla. b] = Zd/' 4l i +Zh / | b{' dx

Q J
@ pByln
+/Q(a b)lnbﬁdxzo
and the entropy method consists in establishing a functional inequality of the form
Diinla, b] = A(Ela, b] — Elaco, bc]) “)

for all functions a = (a;), b = (b;) satisfying the conservation laws (3). In order to
do that, one first uses an additivity property of the relative entropy to calculate

M N
Ela, b] — Eldso, boo] = Z/ailog?deer b;log =L dx
i=179 & j=1"% bj
M
|:Z(at lOg_ —a; + a;, 00)

aj
i—1 1,00

b
+Z(b logb——b +bjoo)
j=1
=11 + Db.

The term [ is controlled in terms of the entropy production Dy;,[a, b] thanks to the
logarithmic Sobolev inequality (LSI)

/IVde /‘ f 1
x > Crst | flog=dx forall 0< f e H (). 5)
o f Q f

The remain term I only involves the averages of the concentrations a;, b ;j and can be
controlled by Dy;,[a, b] through lengthly, technical, but constructive estimates (see
e.g. [19,40] for more details). Note that this entropy approach applies successfully to
more complex chemical reaction networks than (R), see [13,20,32,33]. We emphasise
that the logarithmic Sobolev inequality (5) is not only used to control the term /; but
also plays an important role in the estimates controlling the term /.

In the case of nonlinear diffusion as here considered, we need a generalisation of the
LSI (5) to exponents m;, p; > 1. In this paper, we utilise the following generalisation
(see e.g. [34]): forany m > (d — 2)+/d with (d — 2)+ = max{d — 2; 0}, there exists
a constant C (€2, m) > 0 such that

IV £I? —m—1 f
o dx > C(Q2,m) f /Qflog ?dx

When m = 1, this coincides with the classical logarithmic Sobolev inequality (5). For
system (R), we have in particular
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2
Va; o a;
| lIAdsz(Q,m,-)E.m’ "' | ailog=-dx and
2—m; ! a;
Q ai Q i
Vb2 b
Vol 4 > . p)b” " | bjlog=Ldx. (6)
Z_Pj J .
Q bj Q J

Note that if we assume the averages a@; and b j to be bounded below by a positive
constant, then one can apply the same strategy as for the linear diffusion case in order
to obtain the convergence to equilibrium. However, there is no chemical/physical
reason for such a lower bound to hold in the transient behaviour of system (R) subject
to general initial data. There are even perfectly admissible initial conditions, where
some averages are zero since the corresponding species have not yet been formed.

To overcome this difficulty, we first observe that the mass conservation laws (3)
subject to a positive mass vector M; ; > 0 imply that the averages a; and b j cannot
be simultaneously small. Thus, at any fixed time, at least one of the inequalities in (6)
is useful, since either a; > ¢ or b j = ¢ for some suitably chosen ¢ > 0 depending on
M; ; > 0. Secondly, we are able to compensate the still lacking lower bounds in (6)
by a phenomena which can be called “indirect diffusion effect” and which means in
our context that the reversible reaction (2) transfers diffusion from a species a; (with
strictly positive diffusion bound in (6) due to a; > ¢) to other species b; (with lacking
positive lower diffusion bound) in terms of a functional inequality, see Lemma 3.2
below.

Examples of indirect diffusion effect inequalities were already derived in e.g. [11,
17,18], yet typically with a proof which requires uniform in time L°°-bounds on the
solutions, which is a severe technical restriction as L°°-bounds for general reaction—
diffusion systems are often unknown due to the lack of comparison principles. Note
that also the L°°-bounds of Theorem 1.1 would be insufficient since polynomially
growing and not uniform in time.

In this work, we are able to prove an indirect diffusion functional inequality without
using any L°°-bounds on solutions but instead by exploiting the special structure of
(R), see Lemma 3.2. Nevertheless, in the remaining part of applying the entropy
method, the polynomial growth in time of the L°°-norm of Theorem 1.2 is still needed
in one estimate concerning the relative entropy, yet the L°°-norm appears only within a
logarithm. While it is unclear to us whether this is essential or just technical necessary
in our approach, it allows to derive a time-dependent entropy—entropy production
inequality (as a generalisation of the functional inequality (4)) of the form

D[a(T),b(T)] = ©(T)(E[a(T),b(T)] — Elaxo, bo]) forall T >0, (7)

where the function ® : Ry — Ry isoforder 1/In(1+47) and satisfies f0+°° O(r)dt =
4o00. Thus, a classical Gronwall argument implies explicit algebraic decay of
Ela(T),b(T)] — Elacco, bxo] to zero and thus algebraic convergence to equilibrium
in relative entropy.
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To obtain exponential from algebraic decay, we show that after some sufficiently
large time Ty > 0, the averages a; (T') and b j(T') are bounded below by a positive con-
stant for all 7 > Ty (since the equilibrium (a~, boo) consists of positive constants).
Hence, for T > Tp, we can use the inequalities (6) like in the case for systems with lin-
ear diffusion and obtain accordingly exponential convergence to equilibrium. Finally,
since Tp can be explicitly estimated, one recovers global exponential convergence to
equilibrium (i.e. for all T > 0) at the price of a smaller, yet explicit constant. Hence,
the second main result of this paper is the following theorem.

Theorem 1.3. Let Q@ C RY be bounded with sufficiently smooth boundary. Consider
system (R)y—which satisfies the conditions (G), (M) and (P)—subject to non-negative
initial data a; 0, bj0 € L*(Q). Assume foralli =1...M, j =1...N that

M N
m;, pj > max{v — I; 1}, where v:max{Z(xi,Zﬁj}.
i=1 j=1

Moreover, in dimensions d > 3, we additionally assume

mi, pj>"v— forall i=1...M, j=1...N.

4
d+2
Finally, consider a positive initial mass vector M;; > 0, which uniquely determines a
positive equilibrium (ajoc, bjoo) of system (R).

Then, the bounded global weak solutions of Theorem 1.2 converge exponentially to
(a0, boo) in all LP-norms for 1 < p < oo, that is

M N
> lai(t) = aicolliLr@ + Y 1bj(t) = bjoollLry < C e
i=1 j=1

where the constant C > 0 and the convergence rate ., > 0 can be computed explicitly.

Remark 1.4. We remark that in Theorem 1.3, we showed the convergence to equilib-
rium in any L”-norm with p < oco. In the case of linear diffusion, i.e. m; = 1 for all
i=1,...,8, we are able to get the exponential convergence to equilibrium in L°°-
norm thanks to the Duhamel formula for semilinear equations, see [16, Proof of Theo-
rem 5.1] (see also [21] for local stability in L°°-norm). This technique is not applicable
for nonlinear diffusion, and therefore, the question of global stability in L°°-norm for
(S) remains as an interesting open problem.

Notation:

e We denote by || - || the usual norm of LZ(Q). For other 1 < p < 400, we write
| - I, as the norm of L?(£2).

e Forany 7 > 0, Or = Q x (0,T) and LP(Qr) =: LP(0,T; L?(R2)). The
space-time norm is defined as usual

T
||f||i,,(QT)=/0 /Qlf(x,t)l”dxdt.
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e Throughout this work, we will denote by Cr a generic positive constant which
depends on certain parameters, and more importantly Cr grows at most polyno-
mially, i.e. there exists a polynomial P (x) such that C7 < P(T) forall T > 0.

Organisation of the paper: Sect. 2 states the proof of Theorem 1.2. The proof of Theo-
rem 1.3 is detailed in Sect. 3. This proof uses also a previously proven entropy—entropy
production estimate for reaction—diffusion systems with linear diffusion, which is re-
called in Sect. 4 for the sake of completeness. Finally, the existence of global weak
solution is stated in Sect. 5.

2. Boundedness and local continuity of weak solutions

In this section, we prove for sufficiently large diffusion exponents m; that the weak
solutions obtained in Theorem 1.1 are actually bounded in L° and thus locally Holder
continuous. In Lemma 2.1, we devise a bootstrap argument for the inhomogeneous
porous media equation which proves that if the porous media exponents m; and the
initial integrability are high enough, then the weak solutions of Theorem 1.1 satisfy an
improve integrability in a space L®(Q7) and the L*-norm grows at most polynomially
intime 7.

Lemma 2.1. (Smoothing effect of porous medium equation) Suppose that m > 1.
Assume f € LPO(Qrt) for some py > 1 with || fllLroo;) < Cr. Let u be the

weak solution to the inhomogeneous porous medium equation with positive diffusion
coefficient § > 0

u—SA(u" 'wy=f, xeQ, >0,
SV(u™u)- 7 =0, xedQ, >0, (8)
u(x, 0) = up(x), x €,

and subject to initial data ug € L*°(R2). Then, u satisfies
lullerory < Cr, Vrell,s),

where
+00, if po= 432,

=) md+2po d+2
d2=2p U Po <57

N

and with a constant Ct, which only depends on q, d, m, Q and at most polynomially
onT.

Remark 2.1. In the linear case m = 1, Lemma 2.1 recovers the corresponding reg-
ularity estimates of the heat equation, see [8]. While the smoothing effect stated in
Lemma 2.1 is certainly well known, our main contribution here lies in the polynomial
growth in time of the norms, which will be crucial in Sect. 3.
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Proof. The existence of the weak solution to (8) can be obtained by standard techniques
[43, Chapter 11] so we omit it here. The idea of the proof of this lemma follows [8,

Lemma 3.3] and is divided into several steps.

Step 1. Let 1 > 1. By multiplying (8) by u|u|*~!sign(u) (more precisely by mul-
tiplying with a smoothed version of the modulus |u| and its derivative sign(u) and

letting then the smoothing tend to zero) then integrating over €2, we obtain

d _ 1. 1.
Enunﬁ—w/QA(mr" Vi) u ISIgn(u)dx=M/Qf|uI“ 'sign(u)dx.  (9)

Integration by parts and the homogeneous Neumann boundary condition V (Ju|"™~'u)-

7 =0 lead to
—(m/ Au|™ ") u)* sign(u)dx
Q

>m(u — 1)WS/ |u|m+“_3|Vu|2dx+mu8f |2 V| 2dx
Q

4m(u— Dusd mop 1
sl M (L1
(m+M— 1)

= C(u)

)dx

By Holder’s inequality

< /’L”f”[)()”u”p()(u 1) *

ro—1

‘ /f|u|“ sign(u)dx
Therefore, it follows from (9) that

u=1y |2
’ )’ dx <V-||f||110”””po<# -

po—1

St + C(m/Q v (

Step 2. Choose ;© = po > 1 in (10), we get

m+[0

S +C(P0)[ 9 (1™ 2] ax < pol sty

By applying for r < 1 the elementary inequality

T 1/r
y < a(t)yl_’ = y(T) < |:y(0)r +r/ a(t)dt] s
0

to (11) withr = 1/pg and y(¢) = ||u(t)||,,0, we obtain

T Po
lu(T) I < [Iluollpo +/0 ”f”podt]

_ Po
< [Huollpo + £l TP ~D/m]™ =: Cr.

(10)

an

12)

13)
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That means
ue L0, T; L7(Q) and |u(T)|}h) < Cro (14)

with Cr  is defined in (13) grows at most polynomially in 7. By integrating (11) with
respect to ¢ on (0, T') and by using Young’s inequality and the convention ro:=m +
po—1>1, we get

T 2 T
0 —1
Coo [ [ |9 (ur®)[ avar < ol + o [ 1 by
Q
< lluollpg +pO”f”LPO(QT)”u”Lpo(QT)

o |2
By adding C(po) Jy fo [lul*

T r 1|2 T o\ |2 |2
oo [, ar=cow [ U v ()] dx+/\|u|7 dx}dt
0 H(Q) 0 LJe
< luoll 5 + poll Fllrocon el g,
T
+Clpo) fo Julodr. (15)

By the Sobolev’s embedding, we have

coo [ |u2],

T
> C(po) C3 / lull2dr  with
Q) 0

Tod. ifd > 3,
so=1972 . 0= (16)
ro < so < oo arbitrary ifd =1, 2.

On the other hand, by using the bound ||u(#) ||§g < Cr,0 in (14) and the interpolation
inequality

o1y I-y
liellrg < leelpo lullsy ” < Cy/pollull with — = —+ for
ro po S0
2po
=————¢c(0,1],
Y 2po + (m — 1)d (
we estimate in the cases m > 1 for which y < 1
! ro/ (I=y)r
C(po)f llullyode <C(po)/ C1o P llullsy 7"0ds
0
C(po) C?
< %/ lull20ds + CCRYT, (17)
0

where we have used Young’s inequality (with the exponents 1 = (1 — y) + y) in the
last step. Note that if m = 1, the bound (17) holds still true yet without the first term
and with ro/po = 1. Inserting (16) and (17) into (15) leads to
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T
2
ul|fodr < —[ u + ullyp +CCr0/pOT]
/0 lluellso Cpo) C2 luollpg + poll fllLroonll ||L10(Qr)

)0—

s——¥3—3[uon + poll fllumior (TCr.o) 70 +CC?€”}
Clpo) C2 ’

=: Dro (use (14)). (18)
It follows that

0= 74 ifd > 3,

) ] (19)
ro < so < oo arbitrary ifd =1, 2,

uel0,T; L*(Q) with {

and

T
/iwmmst
0

with Dr ¢ defined in (18).
Next, we construct a sequence p, > 1 based on the estimate (14) and (19) such
that

lu(T)lIpy < Cron (20)

and

T
f lullg*dt < Dy, with r, =m+p, —1 and
0

:M—;% ifd =3, o

r, < s, <ooarbitrary ifd =1, 2,

in which Cr_, and Dr , are constants growing at most polynomially in 7.
Step 3 (Iteration of (20)). In (10), we set u = py 41 for p,+1 to be chosen later. Thus,
we have

d n n -1
5w%ﬁ+cwwq/w ) ar < gl . @)

Po—1

where we recall that r,+.1 = m + p,4+1 — 1. By L?- interpolation, we have

el potpnas—n < Meell 50 €,
po—1

and where p,;1 > 1 has to be chosen such that 202u1=2) 0(;’ gfl—l)

sn, which entails 8 € (0, 1) in

€ (Pn+1, Sn) With py 1y <

—1 1-6 6
Po = + 2. (23)
po(Pnt1— 1) put1 Sa

Note that % > pu41 is always satisfied provided that p, ;1 > po, i.e. that the
sequence pj, is strictly monotone increasing.
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It then follows from (22) (by neglecting the second term on the left-hand side) that

14+6( -1)
O(pnt1—1) (||u||p”“)1_+++ll

g ” ||[7n+1
Pn+1

Ml = Pt lpo lulls,

By applying again the elementary inequality (12) with y(t) = ||u(t)||§jii} and r =
140 (pus1—1) L
e < 1, it yields
lu(T) s
T
146 (ppg1—1 1 —1 Pnt17
< [nuonpnﬂ(” P U+ 01 — 1))[ £ o e, 741 )dt}
0
146 (pay1—1
=< | luollpeer "™ + A+ 0(pust = DI flLmcor @4
T -2\ B
Pn DO — P
</ fullg, ™70 1dt> '
0
In order to continue estimating by using (21), we choose p; 41 as
Po
O(pny1— 1) =Tn. (25)
po—1

Since r, = sn%, Eq. (25) implies % =(1- )po(ff’Hl 5 and thus with (23)

2 po—1
=1 PO Pnil (26)

d po ppr1—1

In order to verify that above choice of p,; satisfies
into (25) and calculate

p"(;’;—fl_l) < s,, we insert (26)

( N Po d—2
_ _Z - — =
Pn+1 o—1 dpn—H "

0o(pny1 — 1 2
:> sn_L:_(sn_pn_‘rl) >0_
po—1 d

d=2

Similar, by recalling s, S =m=m-— 1 + py, we get the iteration

d(po—1) dl(m — 1)(po — 1) + pol
n = Pn . 2
Pt =P a2 12 ped-2 12 @7
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Altogether, by inserting (25) into (24), we obtain thanks to (21)

. 146(ppgp1 -1
la (TG < | luoll ™™ 4 (14 0(pugs — 1)

Pn+1
P01 T+0(pp1—D

T , P0
I flLrocor) (/ ||M||52df)
0

(28)
1460 (pyy1—1)
< [Iluollpn+f 0t — 1)
Pn+1
po—l | T+0(ppy1—D
||f||L"0(QT)DTf7,2 ] =: CT 41
and thus

ueL®O,T;LP+(Q) and [u(T)|pt) < Cropgi. (29)

Step 4 (Iteration of (21)). We will use similar arguments to Step 2. Integrating (22)
" 2
and adding fOT Jo ’|u| | dxdr to both sides yields in particular

T 2 T
C(pn+1>/0 Hl(g)dt=€(pn+1>fo /QUV(IMI

Tnt |2
ul ™3 ’ dx]dt

n+1
lu| 2

n+1 2
2 )‘ dx

+

T
Pn+1 Pnt+1—1
< lluollppiy +pn+1/ I po el g -1y G2
0

po—1

T
)
4+ Clpurt) / i
0
T
V4 O(ppy1—1) (1=0)(puy1—1)
< JuolZ! + py / £ 1o [P g =0 =D g,
0

T
+C(pn+1)/ leallry ) de (0 in (23))
0

(1-0 Ppt1=D LT 8 1)
Pn+1 Pn+1 Pn+1—
< lluollpnis + Pn41Cr g " / £ po laells, ™ de
0

T
+ C(Pn+1)/0 lJull 7t} de (using (29))
po—l

_ (Ppt1—D T o
Pn+1 Pn+1
< lluollpnty + Pus1Cr gy ™ ||f||Ll’0(Qr)</0 ||M||§',:dt>

T
+C(pn+1)/ luallry ) de (using (25))
0
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1—g) Pt1=D po—1
< lluolipitt + Pnt1Cr iy Pt ||f||LP0(QT)DT’p,?
T
+Clow) [ Mullziar (using 1),
0
Now by Sobolev’s embedding
Cpns) /T [, ar = puen C§/T lull
0 HI(Q) — 0 n+1

. e ifd >3,
with  s,41 = ] .
T+l < Sp41 < oo arbitrary  ifd =1, 2.

By the bound llu@)|br+! < CT.n+1, the interpolation inequality

Pn+1
< 4 1=y — c¥/Pniry 1=y
Nl = Ntllp, o lluells, oy = Clpiy Nulls,
1— 2
with =Y 4 Y for y = Pr+1 € (0, 1].
Fn+1 Pn+1 Sn+1 2pp+1 + (m — 1)d

Like in Step 2 in case m > 1 and y < 1, we have by Young’s inequality,

T T
I'n n n (I=y)rn
Clpwen) [ Muliziar = Caprn) [ CF ™ a1
0 0

2
_ o) C§

T
< LU [ ar + crep
0

(30)

(€2Y)

(32)

analogue to (17) while the case m = 1 and r,+1/pn+1 = 1 follows without interpo-
lation and the first term on the right-hand side above. Combining (30), (31) and (32)

yields
Ppy1—D po—1
C(pns1) C5 (T (1-0) = e
S Tn+1 Pn+1 Pn+1 2
T/ lullgiydt < Nluollpniy + Put1Crpyy ™ N f oo Dty
Tnt1/Pn+1
+CTCT,n+1 ’
hence
T
T4l
/ ||I/t||sZLdt =< DT,n—H
0
with
_ (Pn+1—|) ro—1
Pn+1 1-0 Pn+1

Drpi1:=————5 | luollp,s1 + Pnt1C
n+ C(pn+1)C§|: puyt T Pnr1Cp g

n+1/Pn
+creys] +1} .

1fIiLrocor) Drly

(33)
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Step 5. Passing to the limitas n — oo. Considering the iteration (27), the only possible
fixed point ps of the sequence p,, is

_ dln = D(po = D) + po]
2452 — po]

P

Hence, po < 0if and only if py > %. In particular, it is straightforward to check

that the sequence p, defined by (27) is strictly monotone increasing if and only if

: : d+2 : d+2
either p, < poo in the case pp < 5= or p, > peo in the case pg > 5= when

Poo < 0holds or py = # where po = +00.

Therefore, we have as n — oo

: d+2
Poo if po < er,

Pn — d+2
a2,

4+oo if po >

Step 6 (Interpolation). From (20) and (21) and by using the interpolation

+2

L0, T LP(Q)) N L™ (0, T; L (Q)) < LT PHm=1(Qp)

. 2 2
we getu € L"(Qr) for all r < 0o in the case py > d%. In the case pg < d%, we

obtain u € L¥(Q7) for all

d+2 (md + 2) po
§<—Poctm—1= ——F—.
d d+2—-2pg
This completes the proof of Lemma 2.1. U

Lemma 2.2. Let u be a weak solution to (S) and

dlv—m)+2wv—1)
> ;

”M”qu(Qr) <Cr, Vi=1,...,8, with qo>

where m = min{m; : i = 1...S}, v is defined in (G), and Cr is growing at most
polynomially in T.
Then, it follows that ||u;||p~g;) < Cr foralli =1...8.

Proof. From u; € L%(Q7) foralli = 1,...,S, we have f;(u) € L%/"(Qr).
Moreover, note that the quasi-positivity assumption (P) ensures non-negative solutions
u for non-negative initial data u; ¢. Hence, the concentrations u; satisfy the (non-sign-
changing) porous media equation

dui — d;i AW = fi(u) € LYV (O7).

Lemma 2.1 implies that if go/v > #, then u; € L"(Qr) for all r < oo, while if
qo/v < %, then
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d+2
ui € L(0r) forall s <q = — "4+ 2do
v(d +2) —2qo
id +2
o mid¥2d0 i1,
v(d +2) —2qo
since m < m;. We then construct a sequence g, (equally foralli = 1,...,S) such
that
d+2
qni+1 = —(m +2)n forn > 0. (34)
v(d+2) — 2Qn
It follows that
dntl md + 2
qn v(d +2) —2%.
Therefore, as long as v(d +2) —2g, > 0 < ¢q, < W‘#,
dv — 2(v—1
Il foralln >0 q0 > v m);— w ).
dn

d(v—m)+2(v—1) (d+2)v
2 2

Hence with gp > , after finitely many steps, we arrive at g,, >
(d+2)v

From u; € L*(Qr) for all s < ¢,, we have in particular u; € L™ 2 (Qr), which

implies f;(u) € Ldziz(QT) fori =1,...,S. By applying Lemma 2.1 once more, we
obtain u; € L"(Q7) for all r, ¢ < co. Thus,

Opu; — diA(u;"i) = fi(u) € L"(Qr) foralls < o0

with || f; @)l L7 (@y) < Cr for some r > 412, Therefore,

luillzeor) < Cr forall i=1,...,8,
thanks to the following Lemma 2.3. 0
Lemma 2.3. Let u be the solution to
dqu —SA(lul"tuy = £,  (x,1) € Or,

V(ul™ ) -7 =0, (x,1) € 3Q2 x (0, T),
u(x,0) =up(x), x e,

with ug € L*(2) and || fllLa(or) < Cr for some q > % Then,

lullLeor) < Cr. (35)

Though the boundedness result of this Lemma has been cited in many works, we
are unable to find a precise reference. We therefore give in this paper a full proof based
on the famous Moser iteration. Moreover, our proof shows the polynomial growth of
the L°°-norm in (35), which is important for our sequel analysis.

To prove Lemma 2.3, we need the following two lemmas.



Vol. 20 (2020) Reaction—diffusion systems with nonlinear diffusion

975

Lemma 2.4. [7, Lemma 2.5] Let {y,}n>1 be a sequence of positive numbers which

satisfies

Vi1 < KB () + y©)

where K, B > 0 and y,k > 1 are independent of n. Then there exists ¢ > 0 such

that, if y1 < &, then
lim y, = 0.
n—00

Lemma 2.5. [27, I1.§3] Define

WO, T):= {u : Q7 — R such that ||ull3y . 7y:= sup [u(®)|®
te(0,7)

T
+f0 lu(@)1131 gt < +oo}.

For p, q satisfying
1 d d

P 2q Ty
there exists a constant C independent of T such that
lullLr©,7;L0(2) < Cllullwo,1)-
In particular, when p = q =2 + 3,

u 4 < Cllu T)-
l ||L2+d(QT) llellw o, 1)

Proof of Lemma 2.3. Let k > 1 be a constant which will be specified later. For each

i > 0, we define

. k k.
v = M—k+§ Jr=rnax u—k+5,0

and

Aizz{(x,t)eQT: u(x,t)zk—%}.

The following simple observations will be helpful
vit1(x, 1) S vi(x, 1) forall (x,1) € A;,
forall (x,1) € Aj4+1 C A;.

k
vi(x, 1) > pYEs]

(36)
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By multiplying the equation d;u — 8 A(lu|"~'u) = f by v;41 and integrating on Qr,
we have

T
sup [lvip1 ()1 + 26m / / ™ Vv [*dxdr
te(0,7) 0 JQ

T
< i1 )2 +2 / / Fuierddr. 37
0 Q

Note that u > k — 2£ > % on A;, we have

i

T
28m/ / "1V 2dx = 28m // ™ V1) ?dx
0 JQ A
km—l 5
> BMW//I; |V'Ui+]| dxdt

om T 5
2 s | ] (Vv Paxar

thanks to k > 1, and the fact that v;11 = 0on Qr\A;+1 D Qr\A; since A;+1 C A;.
By adding fOT llvi+1]1%dr to both sides of (37), we get

I O + 2 /Tn 121 dxdr
sup ||vi+1 — Vi+1ll g1 X
1€(0,T) l 2m=2 Jo IHLE)

T T
< C/o lvis1117de + [lvi1(0)]? +/0 / Sfvig1dxde.
Q

which yields

T T
Clvisilyo.r) < fo Vi1 17de + [[vi1 (O] + /0 fQ fuipidxdr. (38)

By definition,

2
=0 (39)

k
i1 ()7 = H (uo —k+ F>+

when we choose k > 2|jug||x(q). By using (36), we have with 1 < zik—ﬂvi on Aj4

T T
/ / |v,~+1|2dxdt Z/ [ lA,-_H |vi+l|2dth
0 Q 0 Q

T
5/ /1Ai+l|vi|2dxdt
0 Q (40)

2i+1 3 T 4
(55 ) ) [

. 2+i
< CCYN il 6.1y
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Since g > %, we have
—1 4
o=1"" (2 + —> >0
q d
Moreover,
4
o9 _ A
qg—1
thus
lvill eq < Clvillwo.r)-
La=1(Qr)
‘We now can use Holder’s inequality to estimate with (36)
T T gi+1N~1
/ / foiyrdxdr < / / fuig (—> v? ~ldxdr
0o Ja 0o Ja k
gi+1NO~L T
< (—) | [ it avar
k 0o Ja
< QYIS lLacorvill” oo
L1=1(Qr)
< CQY N llLacon Vil o.7)- (41)
Inserting (38), (39) and (41) into (37) leads to
2 i 243 o
lvig1 ”W(O,T) <Cc1+ “f”L‘i(QT))B (”Ui”W(()’T) + ||Ui||w((),7“)) (42)
for all i > 0, where B = max{2%/¢; 2°~1}. By setting ¥; = ||v; ”%V(O,T)’ we obtain a

sequence {Y,},>1 satisfying the property in Lemma 2.4. It remains to show that Y is

small enough.

We show now that for any ¢ > 0, there exists k > max{l; 2|jug|L>)} large

enough such that

Y1 = |lvillwo,1) < &.

From Step 2 in the proof of Lemma 2.1, we have

llell oo o, 7:L9(2)) + el Lro,7;05 ) < Cr

(43)

wherer =m+q—1>qgands = derZideZandr <s§ < o0 arbitrary if d < 2.

By interpolation, see e.g. [15, Lemma 4.1], we see that

o itd >3
lullzro;) < Cr with 7= d ' na=
<r+gq arbitrary ifd <2.
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Direct calculations show that T > 2 + 3 ifd >2and r > 3ifd = 1. In particular,

lll 244, < Crford =2 and Jullpagy < Crford = 1.

From (38),

T T
C”””%”O’T)S/o ||v1(t>||2dz+||v1(0>||2+/0 fgfvldxdr.

Since k = 2luollz ). 1v1(0)]1* = [l(wo — k/2)+]|* = 0.
Consider now the case d > 2. By using (36), it yields

T T 4 4.7 .
//|v1|2dxdt=//1A,|v1|2dxdt§(—) //|v0|2+zdxdt
0 Ja 0 Ja k 0 Ja
4

4
4\ d 2+4 4\ 4
< (;) ||M||L2+3 =< (E) Cr,

recalling that vo = u. Similarly to (41), we get

T 4 o—1 4 o—1
dxdr <[ - v <|- Cr.
/o /val N <k> I leeenll zyg o) = (k> !

From (42), (45) and (46), we get (43) if

(@) (2)7)

Thus, with this choice of k, it follows that

0= lim ¥ = [[(u — k)|,
1—> 00

d 1
Cr\% [/Cr\o-T
luell ooy < k = 4 max { <TT> ; <TT> }

which is our desired estimate.

and hence,

The proof for the case d = 1 is very similar using the

r 4 (T 4
/ / vy [2dxdr < -/ / lvgPdxdr < —Cr
0 Ja kJo Ja k

T 4\ THE 1+ 4\ T
/Ofgfvldxdrs(z) ||f||m<QT)||u||L3(QT)s(;) Cr

where & = %(Zq — 3) > 0. We therefore omit the details.

and

(44)

(45)

(46)

(47)
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Now, we are ready to prove the boundedness of solutions to (S):

Proof of Theorem 1.2. Assuming m; > v — 1, the existence of weak solutions fol-
lows similar to [26,38] and is proven in Sect. 5 in detail. By the duality estimates in
Lemma 5.1, we have

e L™*(Qr) forall i=1,...,S8.

Because m; > v — it follows that

4
24+d°

dlv—m;j)+2(v—1)

mi+1> 5

Therefore, Lemma 2.2 yields u; € L*°(Qr) and |lu;||z=g,) < Cr for arbitrary
T > 0, which shows that the weak solutions are bounded and the L°°(£2) norms
grows at most polynomially in time.

The local Holder continuity of the bounded weak solutions is a classical result, see
e.g. [9] or [43, Theorem 7.18]. O

3. Convergence to equilibrium

In this section, we prove exponential convergence to equilibrium of solutions to (R)
by using the entropy method. We start by recalling the entropy (free energy) functional

M N
E[a,b]=Z/(a,-lna,'—ai+l)dx+z'/(bjlnbj—bj—i-l)dx
i=1 7% j=1"%

and its non-negative entropy production (free energy dissipation) functional D[a, b]:=

C?E[a bl,ie.

Vai| |b|
Dla.b] = Zd lzlmldx—i—Zh/ /(a bﬂ)ln—dx>0

where we have used the short-hand notation

N

M
= Haf“ and b = Hbfj.
i=1

j=1

Moreover, the following additivity property of the relative entropy holds

E[av b] - E[aOOa bOO]

M a; N bi
:Z/ a;iln —— — a; + aioo dx+2f bjln —L —b; +bjo | dx
PEERAY Aico = Q bjoo
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M a; N b
= a;iln = ) dx + / biln=L | dx
> [ (am)ars 2 [ ()

J— N R
- b o
(a_ilni—a_i‘f‘aioo)dx—‘rZ/ (bjlnb'—]_bj+bjoo)dx.
j=17% 7o

dico
The first Lemma 3.1 of this section states the generalisation of the logarithmic
Sobolev inequality, which shall use in our approach.

Lemma 3.1. (A generalised logarithmic Sobolev inequalities, [34]) Assume that m >
(d—2)+/d where (d—2)4+ = max{0, d—2}. Then, there exists a constant C (2, m) > 0
such that

/ M

where u = fQ udx.

/ulnidx > C(Q.m)a" Vi — val?
Q u

Proof. The first inequality follows from [34]. The second estimate follows from an
elementary inequality:

/ulnﬁdx:/ (ulnﬁ—u—i—ﬁ)dxz/(\/ﬁ—«/ﬁ)zdx.
Q Q u Q

u

O

The estimates in Lemma 3.1 constitute a generalisation of the logarithmic Sobolev
inequality (5), which is recovered by setting m = 1 and for which the pre-factor 7"~}
vanishes. In the case of porous media diffusion m > 1, the pre-factor #”~! causes the
lower bounds in Lemma 3.1 to degenerate for small spatial averages u. In particular,

we have by Lemma 3.1 the following lower bound for the entropy production
M

Dla,b] = Zd,-C(Q,m,-)a_imi—l/ a;iIn 2 dx

@
i=1 @ !

N
—pi— b ot
+Zh,~C(Q,pj)bj”f ‘/bj1n=fdx+f(a“—bﬁ)1n“—dx (48)
o Q b Q bP

M a
Za—imf”/a,-ln:’dx
i=1 @ i
N
Z /b 1n_’dx+/(a bﬂ)ln—dx .

The problem of degeneracy appears when some averages a; or E do not satisfy
a positive lower bound. To overcome this problem, we first observe that due to the
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mass conservation laws (3) not all spatial averages can be small at the same time. If,
for instance, a particular @; is sufficiently small (w.r.t. M;;), then another b j can’t be
arbitrarily small because of a mass conservation law (3) connecting these two species,
ie.

Bjai +aibj = M;; > 0, (49)
The following crucial Lemma 3.2 shows functional inequalities, which quantity
the so-called “indirect diffusion effect” and allows to compensate the lacking lower

bounds for the species, whose spatial averages do not satisfy a lower bound.
We first introduce some convenient notations:

Ai = Vai, Aico = \/dioo, Bj =./bj, Bjoo = /Do,

Silx) =A;(x)—A;, VYxeQ, nj(x) =B;j(x)—Bj, VYxe€Q,

where

AT:/A,»dx and B_j=/ Bjdx.
Q Q

Moreover,
M N
A* =[]A* and B? =]]BY.
i=1 j=1

The conservation laws are now rewritten as
BiAZ+eiBI=M;>0 Vi=1..M j=1..N. (50)

Lemma 3.2. (“Indirect diffusion transfer” functional inequality) Let A;, Bj : Q —
Rywithi =1...M and j = 1...N be non-negative functions satisfying the con-
servation laws (50) and ¢ > 0 be a constant to be determined later. Assume that for
some J € {1,..., N},

B_jz.fe forall j=1...J.

Then, there exists a constant K| which depends on e such that:

M N J
STUsP+ D0 il + 1A% = BRI = K1 Y I1? (51)
i=1

j=J+1 j=1

Remark 3.1. Note that when the last term on the left-hand side ||AY — Bf |2 diverges,
the inequality holds trivially. Therefore, in the proof, we only consider the case when
it is finite.
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Proof. Due to the mass conservation laws (50), we have the following natural bounds,
ALBY<Mj, Vi=1,... M Vj=1,..,N
for some constant My > 0. Therefore, by Jensen’s inequality, recalling that |2| = 1,

A <A} <My, Bj<\/B}<M Yij.

From these bounds, we get an upper bound for the right-hand side of (51)

J J J
. o
YomilP =Y (B2 =B;) <Y B2 <M.
Jj=1 j=1 j=1

We consider the following two cases.
Case 1: If there exists i € {1, ..., M} such that ||5;||> > & or there exists a j €
{J+1,..., N}such that ||77j||2 > g, we have:

an‘ 12+ Z 1P+ 1A% = BPIP = & = zJanll2

j=J+1
hence, the desired inequality (51) holds with K| = M 7
0
Case 2: Assume ||8;]|> < ¢ foralli € {1,..., M} and ||17j||2 <e for all j €
{J +1,..., N}, which together with the above assumption 32 < ¢ and 77 < 32 for

all j = 1...J1mphes ||77/||2 <eforall j €{l,...,N}.,
Let & > 0 and denote by

Qia=1{xeQ:18(x)| <AJe} fori=1,....M

Then
& 2/ 18 () [Pdx Z/ 18: () 2dx > A%e|Q\ Q4]
& Q\Qig
thus
1 S 1

\Qial = 55 whichimplies [Qia = 1— -3

Similarly we get,
2

1
12;B] 21—)»— where Qjp = {x € Q : |n;(x)] <AJe} Vj=1,...,N.

Now choose 12 = 2(M + N) and consider G = ﬂf‘ilﬁm ﬂ?/:] 2;p. Then, we have
|G| > % Note that |§; (x)| < A/e and |nj(x)| < A /e forall x € G and for all i, j.
Moreover, Vx € G

Ai(x) = A; + 8;(x) < A; +18;(x)] < Mo + AJe < 2My
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and similarly B;(x) < 2My, Vi, j if we choose ¢ such that

reE < M.

By Taylor’s expansion, we have

M M M M
i — . —0 —_
=[1A" =[]@& +s0* =4 + RCAi, 80 ) 6
i=l i=l1 i=l i=l

where the remainder terms R depends polynomially on A; and §;. Note that | R(A;, 8;)| <

Co(Mp) on G, we estimate with (x — y)2 1 x2 y2

2

M
|A% — B )% = /Q (]‘[ A% — Bﬂ) dx
i=1

M M \2
z/ (]‘[AT»""’—BMR(A_,-,«S-)Z&) dx
G \izi
1 M
Z A B —
EZ/GQJA’ B) dx f|R(Al,8)’
1 M
z§/< A - B*") dx — co(Mo)M/Z|6|2
G \i=i
1 M
25/ (HA_i“"—Bﬂ> dx — Co(Mo) M/ Zna I?
G \i=1

=
2]

SIA(

where we used [|8; |> < ¢ in the last inequality.
In order to estimate further, we use again Taylor’s expansion

N N N
BY = []B;+np)" =[]B;" + 0Bj.np Y nj
j=1 Jj=1

Jj=1

- Bﬂ> dx — Co(Mo)*M?e
1

where again, Q depends polynomially on B_j, nj, which implies |Q(Ej, nl <
C1(My) on G. Therefore,

2
2 M N

M
L(]‘[AT-"‘"—B'S) dx:fG ]_[A ]_[B ~Q@Bj.np) Y nj | dx
i=1 j=I
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N

—/ 1Q(B;. npIP1D _njldx
G =

2

N
/ ]‘[_"' ]‘[B_jﬂ-’ dx — C1(M)*N?e

where we used that ||77j||2 <eforallj=1,..., N.
Combining these two estimates, we arrive at

M N
A~ B2 = Lo [T - T 57
[ 1> =6 [TA™ - 15

i=1 j=I

e (%cl (M) N> + Co(Mo)2M2> . (52)

2

By Jensen’s inequality and the assumption of the Lemma, we have

51/3_]2.5\/5, Vi=1,...,J.

On the other hand B_/ < ,/B_Jz. < My, Vj =J +1,...,N. Thus, the conservation
law (50) and ||8;]|> < ¢ yield

. — 1 -3
Ai =\ A} — 11811 = \/,B_(Mil — & B) — |15
1

Mll
> ——s—a Vi=1,...,M.
B B

Hence, by using |G| > %, we get from (52) that

o B2 1 Y M;, o o/2 ! B Bj
14 =717 = | [T( 5~ — 5o —¢ H(f)f H My’ | — Cae.

i=1 j=J+1

Because the right-hand side of the above inequality converges to % ]_[lﬁil (%)a" as
¢ — 0, we can choose ¢ > 0 small enough, but still explicit, such that

A - B2 = — ﬁ(&) S H( )Zu I,
16 1 1\ B 16M2J g

which implies the desired inequality (51) with the constant

M
1 1—[ M\
16MsJ Pl B
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Lemma 3.3. (A time-dependent entropy—entropy production estimate) Let (a, b) =
(@i,...,apm, by, ...,by) witha;, b : Qr — R be non-negative functions, which
satisfy the conservation laws (3). Moreover,

laillLeor) < Cr and ||bjllL~g;) < Cr foralli, j.

Then, there exists a constant Ky > 0 independent of T such that,
1
D[a(T),b(T)] > Kr———(E[a(T), b(T)] — Elaco, boo)).
[a(T), b(T)] = 21+1n(1+T)( [a(T), b(T)] [doo, boc])

Proof. Lete > 0be asmall constant chosen in Lemma 3.2. We will consider two cases
and for convenience we will drop T in ¢;(T) and b;(T) when there is no confusion.
Case 1. Assume a; > ¢ foralli = 1,...,Mand5j >¢forallj=1,...,N.By
applying (48), we have

M
Dla. b] deiC(Q,mi)smi_I/ai In 2y

i=1 a 4
N
+ Y hiC(Q, p])gP/*‘/b In =L dx—l—/(a bﬁ)ln dx

j=1

Z/a,ln—dx—i—Z/b ln_/dx—i-/(a b’g)ln—dx

with

K3 = min  {d;C(Q, m)e™ ™ h;C(Q, py)ePiTh 1),
i=1..M;j=1..N

Using an entropy—entropy production inequality in case of system (R) with linear
diffusion, see Lemma 4.1 below, we know that

Z/a,ln—dx—i—Z/bln_]dx—i—[(a b’g)ln—dx
> K4(Ela, b] — [aoo, bool)
for an explicit constant K4 > 0. Therefore,
Dla, b] > K3K4(E[a, b] — Elaco, bo]).

Case 2. Suppose either a; < ¢ for some i € {1,..., M} or Ej < ¢ for some j =
1,...,N.

Due to the mass conservation laws 8;a; +a;b j = M;;,itcannot happen thata; < ¢
and b j =< & simultaneously for a sufficiently small ¢, e.g. ¢ < A/;” min { B 11 }
Therefore, without loss of generality, we can assume that

bj<e Vj=1,...,J and b;j>e Vj=J+1,...,N
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for some J € {1, ..., N}. Moreover, by mass conservation laws

1 _ 1
a; = —(Mj; —aibl) > —(Mj1 — «aje), foralli=1,..., M.
Bi B

Thus, we can apply Lemma 3.1 to D[a, b] and estimate

M m;—1
1 i .
Dla,b] = Y ¢a9mm[Emm—am} uémm?m
i=1 !

N
b; a”
i—1
+ E hiC(Q, pj)eli /bjlnl%dx+/(aa—bﬂ)lnb7dx
j=J+1 & Y £

S - 2
> k5| . |vai - Va| + X |Ver - B[+ la - 8
| i=1 j=J+1

" m N
= Ks [ Y0802+ 3 Injl? + A% BE] |
Li=1 j=J+1

where we have used (x — y) In(x/y) > 4(/x — ﬁ)z and

1 m,-—l
K5= min {diC(Q,mi) |:—(Mi1 —0158)] ;/’le(Q,pj)é‘pj_l;4}.
i=1..M;j=J+1..N B1

Applying Lemma 3.2 yields
M N )
Dla,b] = Ko [ Y _18il1> + D lInjlI* + | A* — B
i=1 j=1
where
I .
K¢ = Emln{K5; Ks5K1}.

By using another functional inequality, which was already proven in the case of linear
diffusion, see (61) in Sect. 4, we have

M
Dla,b] = K7 [Z <||81-||2 +1y A7 - AI-,OOF)
i=1

N
+Z<||nj||2+|\/B}—Bj,oo|2) : (53)
j=1

Now, we estimate E[a, b] — E[ax, boo] from above. Consider the two variables
function

_xIn(x/y) —x+y

PN =T R =
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which is continuous in (0, oo)2 and P (-, y) is increasing for each fixed y > 0. It holds
that

Ela, b] — Elaco, beol

M N

=) / D (ai, ai00) (Ai — Aj o) dx + ) jf ®(bj, bj.oo)(Bj — Bj.oo)dx
N Q X Q
i=1 j=l

< i:l_.,ﬁ;aszl...N{q)(”ai lL07)» @i,00); PUIBjIILo(Qr)s bjoo)}
M N
D A = Aol + Y 1I1Bj — Bjooll? (54)
i=1 j=1

M
Kg(1+In(1+ 1)) | D (817 + [A; — Ai ol

i=1

IA

N
+) mjl* + 1B = Bjool® | .
j=1
where in the last inequality, we have used the estimates ||g; || ~p;y < Cr and
IbjllL>os) < Cr and that Cr is a constant growing at most polynomially w.r.t.
T

Next, from [|8;]|2 = A? — A; = (\/ A2 — A;)(/ A% + A;), we have

= _ [ 50> F3 . .
Ai=4/A = VA7 = Qi(AD&i |l with  Qi(A) = ——=——

P T = =
VA + A; VA + A

It’s obvious that Q(A;) > 0 and moreover

5 AZ - Ziz A_,z —A;

Qi(A) = —= = = <1
A +A)?  JAI+ 4

Therefore,

[Ai — Aiool* <2 <|\/Al-2 — AP+ |\/A>i2 - Ai,oo|2)
2 (Q,-<Ai>2||a,-||2 + |/Zg - A,-,oo|2>
<2 <||5i||2 + I\/A_i2 - Ai,oo|2> foralli=1...M

and similarly

|B; — Bjol|* <2 <||n,~ 12 + |/;§ — B.,-,oo|2> forall j=1...N.
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Hence, it follows from (54) that

M f—
Ela, b] — Elano, boc] = 3Ks(1+In(1+ ) | S 20812 + 147 — 4100

i=1

N
+ ) Unjli> + 1y B = Bj ool | - (55)
j=1

A combination of (53) and (55) yields

K7
Dla, b] >
3Ks(1 + In(1 + 7))

(Ela, b] — Elaco, bool).
Finally, from Case 1 and Case 2, we can conclude the proof of Lemma 3.3 with
. K7
Ky, =min{ K3K4;, — ¢ .
3Kg
O

Remark 3.2. The assumptions ||a; || Lo (g;) < Crand ||bj||L>(9;) < CrinLemma3.3
are only needed to estimate E[a, b] — E[aco, boo] above as in (54). In the case of linear
diffusion, it is possible to avoid these L°°-bounds by using the additivity of the relative
entropy (see also the proof of Lemma 4.1 in Sect. 4), i.e.

Ela, b] = Elacs, bool = (Ela, b] — E[@, b]) + (E[d@, b] — Eldoo, boo)).

However, while for linear diffusion, the logarithmic Sobolev inequality controls to
first part E[a, b] — E|a, b] < C(CLs1) D[a, b], such an estimate is unclear in the case
of porous media diffusion, where the generalised logarithmic Sobolev inequality in
Lemma 3.1 degenerates for states without lower bounds on the spatial averages.

We need also the following Csiszar—Kullback—Pinsker type inequality. The proof is
standard and can be found in e.g. [13,19].

Lemma 3.4. There exists a constant Ccxp > 0 such that for any measurable non-
negative functions a;, b; : Q — Ry satisfying the mass conservation (49), there
holds

M N
Ela,b] — Elas. bool = Cexp | D llai — aiollf + D I1bj = bjoollt
i=1 j=1

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Due to the condition

4
D — mi 11 Vi=1..M,j=1...N,
mi, pj >max{v mm{d—i—Z } } ! J
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we can apply Theorem 1.2 to show boundedness of the weak solution (a, b) to (R),
i.e.

laillL=os) < Cr, IbjllLoy) <Cr, YVi=1...M,j=1...N.

By applying Lemma 3.3, this yields

D[a(T),b(T)] = K. (E[a(T), b(T)] — Elaco, beo])-

T+ +71)

Moreover, due to the boundedness of solutions, we have the entropy—entropy produc-
tion relation

d d
E(E[a, b] — Elaco, bo]) = aE[a, b] = —Dla, b]

< —sz(E[a, b] — Elac, bxo))-

A classical Gronwall’s inequality leads to
Ela(T), b(T)] — Eladco, b

- <1< fdr )(E bol — Elaso. b))
<exp|-— 2/0 T+ o) [ao, bo] — Elax, bo]).

By direct calculations,

r dt T 4z
-K L S —K — ) =(1 T_Kz.
exP( 2/0 1+1n(1+r)>_eXp< 2/0 1+r) +1)

Hence,
E[a(T), b(T)] = Elaso, bss] < (1 + T)"%2(Elag, bo] — Elao, bo]),  (56)

and therefore thanks to the Csiszar—Kullback—Pinsker inequality in Lemma 3.4

M N
Y llai(T) = aiollf + D 16 (T) = bl
i=1 j=I

< Cotp(1 + T)X2(Elag, byl — Eldos, bool) (57)

which implies algebraic convergence to equilibrium of solutions to (R).
We will now show that from this it is possible to recover exponential convergence.
Since the right-hand side of (57) tends to zero as T — oo, we can choose

C=L (Elao. o] — Elase. bao]) 175
CKP 0, Y0 00 Yoo :| — (58)

To = max 3 1;
[y 2 2
2 mini—i_p; j=1..8{8; o» b} oo}

which implies for all t > Tj

1 1
lla; () — ai,oll1 < 500 and ||bj(t) —bjolll < Ebj,oo,
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and thus,
_ 1 — 1
a;i(t) = lla; ()l = 500 and b;(t) = b;(H)lh = Ebj,oo forall > Tp.

Therefore, for all + > Ty, we can apply these lower bounds on the spatial averages
bounds and Lemma 3.1 to estimate the entropy—entropy production as follows

Dla(t), b(1)] > C, Z/ a; In —dx+2/ bj ln
aﬂl
+/(a“—bﬂ)ln—dx forall r > Ty,
Q bk

with

1 m,-—l 1 pj—l
C = min d;C(L, m)( a,oo> shiC(R, pj) <§bj,oo> N

i=1..M;j=1..
By applying again Lemma 4.1, we obtain
Dla(t),b(t)] = CiA(Ela(t), b(t)] — Eldcc, boc]) forall ¢ > T,
which in a combination with the classical Gronwall’s inequality yields for all > Ty,

Ela(t), b(1)] = Elaco, boo] < ¢ ¥~ (E[a(Ty), b(To)] = Elaco, boo])
< e P01 4 7o) K2 (Elap, bol — Elass, bool)

< e M1 (Elag, byl — Elaso, bool)

where we used (56) for the second inequality. On the other hand, it follows from (56)
that forall 0 <t < T,

Ela(t), b(t)] = Eldoo, boo] < (1 + 1) X2(E[ag, bo] — Elace. boo])

e M0 (Elag, bol — Elaco, boo])
Due to the explicitness of T in (58), we eventually get the exponential convergence
Ela(t),b(t)] — Eldco, bo] < Cgefil(E[ao, bo] — Elaeo, bo]) forall t >0,
with the constant C; = ¢*€170 and the rate A = AC). Note that C5 is explicit since

Tp is explicit (see (58)). With another application of the Csiszar—Kullback—Pinsker
inequality in Lemma 3.4, this yields
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M N
D llai(®) = aioolli + Y 11bj(t) = bj.coll}

< C2Cogpe M (Elag, bol — Elaso, bool) < Cze™

with C3 = CZCEéP(E [ao, bo] — Elasc, boo]). Finally, by combining the above ex-
ponential L'-convergence with the at most polynomial grow L a priori estimates
llaillLoo(orys I1bjllLe(or) < Cr, interpolation yields for any 1 < p < oo,

lai (T) = ai,oollp < i (T) = 001 llai (T) = aiosll ™
< Cgcg—ee—x(l—e)T < Cye 0T
forsome 0 < A, < A(1—6) since Cr grows at most polynomially in 7', and similarly
16 (T) = bjosllp < 16;(T) = bj.ocllsolIb;(T) = bjooly ™ < Cse™*r.

This concludes the proof of Theorem 1.3. g

4. Entropy—entropy production inequality

Lemma 4.1. (Entropy—entropy production estimate) Let as, € (0, 00)™ and by, €
(0, o)V satisfy

ag‘o=b£O

where o € [1, co)M and B € [1, oo)V.
Then, there exists an explicit constant . > 0 depending on aso, beo, @, B and

the domain 2, such that for any non-negative functions a = (a;) : 2 — Rf and
b=(bj):Q2— Rﬁ satisfying

Bjai +aibj = Bjaicc +ibj oo forall i=1,...,.M, j=1,...,N,
the following entropy—entropy production inequality holds
Dla, b] = A(Ela, b] — Elace, bo))

where

Dla, b] = Z/a,ln—dx+2/b In =L dx+f( —bﬁ)an—;dx

and

Ela, b] /(al Ina; — al+1)dx+Zf(b Inbj —b; + Ddx.
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Remark 4.1. The above entropy—entropy production inequality was first proved in
[19] in a constructive way with explicit bounds on the constant L. The proof stated
here follows the line of a significantly simplified version presented in [20].

Proof. First, by the additivity of the relative entropy, we have

Ela, b] — Elaco, bool = (Ela, b] — E[@, b]) + (E[@, b] — Eldcs, beo])

M _ N
= Z/a,ln?dx+2/b,1n_—fdx
imJe 4 ghYe j
M —_
+ (ailn——a,—i—aloo)
i—1 1,00

= () +U]I).
It is straightforward that (/) can be controlled by 5[a, bl,ie.
Bla.b1= L x )
- — x (I).
=5

It remains to control (/7). To do that, we first introduce the following useful notations
and definitions

Ai = \/a_,-, Bj = \/b'» Ajco = /licos Bjoo= bj,oo,
8i(x) = Ai(x) — A;,  nj(x) = Bj(x) — Bj,

and
M N p
A =T147" B =]]B}
i=1 j=I

By the elementary inequality (x — y) In(x/y) > 4(y/x — ﬁ)z, we have

/ailn?dx:/ <ai1n?—ai+ai)dxz4/<¢a—i—\/i>2dxz4||8,-||2
Q Q ai Q

ai

and similarly [, b;In %dx > 4|n;I*. Moreover, [, (a® — b#)1n ;;—f;dx > 4]|AY —

j
B#|]2. Therefore,

M N
Dla,b] =2 | Y 1I8i1> + Y llnjl* + 1A% — BP|* | . (59)
i=1 j=1

| =



Vol. 20 (2020) Reaction—diffusion systems with nonlinear diffusion 993

In order to bound to estimate the right-hand side of (59) with an upper bound of (/7),
we first observe from the conservation laws

Bjai +aibj = Bjaic +aibj oo, foralli, j.
that there exists a constant My > 0 such that
@i, bj < Mg, foralli,j.
Next, we note that the two variables function

Ox.y) = xIn(x/y) —x+y
’ (Vx = /)?

is continuous on (0, oo)z, and @ (-, y) is increasing for each fixed y. Then, the term
(I1) is estimated as

M N
(I =) @ ai00)Vai — Jaie) + Y _ 0B, bj,oox\/fj — Vbj.x)?
i=1 j=1

M f——
< max(P (M. ai00): S (Mg, bj,oo)}(Z(\/ AF = Aioo)?

i=1
N —
> /B - Bj,oo)2>. (60)
=1

From (59) and (60), it remains to show that

M N
DU+ il + 1A% — BPYP?
i=1 j=l

M — N —
> CO<Z(J:% — Aico) + Z(/B? - B,-,oo>2) (61)
i=1 j=I

for some constant Cy > 0. By using Lemma 4.2, we have with A = (Aq, ..., Ay)
and B = (B, ..., By)

M N
DU+ Mm% + 1A% — BP|?
i=l1 j=1

M N
— — 512
zcl(z ||6i||2+2||n,-||2+\A“—Bﬂ\) (62)
i=1 j=1
for some constant C; > 0. Using the ansatz

A? = A7 (14 p)* and B?:sz-!oo(l—}—{j)z, where 11, ¢ € [—1, 00),
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(63)

the right-hand side of (61) writes as
M N
RHS of (61) = Cy (Z ui+> ;}). (64)
i=1 j=1

Moreover, the bounds a; = A_l2 <Mjandb; = B_j2 < Mg imply
—1<pu; <My and —1=<¢; <M (65)

for some constant M > 0.From the ansatz (63) (and similar to the proof of Lemma 3.3),
we have

A

\/A:l-z— Qi (AD ISl = Ai oo (1 + pi) — Qi (ADI5; |l

Bj =B} = Ri(B)njll = Bjoo(1+¢j) = R;j(B)|njll
where

o léall Ayl
0<Qi(A)=—=——=<1 and 0<R;(Bj)i=—=— <
\/;12'—’_ B;
—

\/A:iz + A;
Next, we use Taylor expansion to estimate
A = (Aioo (14 1) — Qi (ADNI8: )% = AL (1 + up)® + O:118;]l
in which the Lagrange remainder term Q i = Q (i, 116i 1)) is uniformly bounded above
by a constant for all admissible values of w; and ||§; || thanks to the boundedness of
wi and ||6; || < \/A:l2 < M. Similarly,
B

1.

B;" = B (1+¢)P + Rjlnj|

with uniformly bounded remainder R i (&js Injl). Thus,

M . N —g,
[T4" -T13}
j=1

2
_p12
‘Aa—Bﬂ‘ =

M

(AT (1 + )™ + Dilai]

1

2
- ]—[ (Bﬁ{)o(l + )P+ leln,/H)
j=1
M N
= ‘Ago [T +m = B[] +¢pP
i=1 j=1

2

N M N
+0(0:. R,~)<Z I8l +y ||n,~||)

i=1 j=I
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with @(Q,, R; 7) is also uniformly bounded. Thus, by using (x + y)2 % — y2 and

AL = Ja% = bgo = Bfo and the Cauchy—Schwarz inequality,

2
‘—a

N
oI = >3 oo]"[(lw)“l [T+
j=1

N
—|®|2(M+N)2<Z ||3i||2+Z||nj||2>. (66)

i=1 j=1

Hence, for any § € (0, 1) holds

Zna I? +Z|In]|| A B[

2

> Znsin%ann2
i=1 j=1
N
D% = TTa+¢)?

1
8<—A°‘
2 .
Jj=1

M N
— 01X (M + N)z(Z 1802+ ||n,-||2))

i=1 j=1

2

N
H(l +u) = [ +¢pP

J=1

>A°‘

by choosing 8 small enough such that 1 > 8|®|*(M + N)? since © is uniformly
bounded above. This leads in combination with (62) to a lower bound of the left-hand
side of (61)

M 2

N
A+ u)® =TT +¢pP

8
LHS of (61) > C15 A%
i=1 j=1

(67)

From (64) and (67), it is sufficient to prove

N
+u)® =TT +¢)%
L

2 M N
2 2
ZC2<ZIJ«,'+Z§]'>' (68)
i=1 j=1
In order to do so, we note that the conservation laws
Bjdi + aibj = Bjaioc + @ibj oo
rewritten in terms of the ansatz (63), i.c.

Bi A7 oo (d +2) + i BT (¢ +2¢) = 0.
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imply w;¢; < O thanks to w;, {; > —1 for all i, j. Without loss of generality, we
assume p; > O and ¢; < Oforalli, j. Then, forany 1 <ip < Mand1 < jo <N,

M

N
[Ta+u = TTa+¢p%

i=1 j=1

M N
= [ +up* = TTa+¢ph

i=1 j=1
= (1+ pig) o — (1+ ¢jo)Po
= (14 pig) — (1 +&jo) = pig — &j = 0.

Thus,

2
> (Wip — Cjo)” = 1y — 2tigCjo + E = 147 + 0.

M N
[T +uo® =TT +¢pf
i=1

j=1

Since | < ip < M and 1 < jy < N are arbitrary, we finally obtain (68) with
Cr, = 1/max{M; N}. U

Lemma 4.2. Leta;, b be functions defined in Lemma4.1. Then, there exists a constant
C such that

— _n12
Aa—Bﬂ‘ .

M N
DS+ Il + 1A% = BA|P = €
i=1 j=1

Proof. Fix a constant L > (. Denote by

S={xeQ:16xI=<L,Injx)|<Lforalli=1,...,M, j=1,...,N} and
st =Q\S.

Recalling A < ,/A_iz < My and B_] < ,/B_JZ. < My, we use Taylor expansion to
estimate

2
dx

M N
1A — BF|2 > /S']"[(K,» + 8N = [ [ (B +n, )P
i=l1 j=I

M N
1 —g12 o
i=1 j=1
(69)

where |§| < C(My, L) due to the boundedness of §; and 7; in S. In S+, we have
M N M N
ST+ lml? = fs (Z 8P+ Inj(x)|2)dx > LS4,
i=1 j=1 i=1 j=1

g2 .
Next, there clearly exists a constant A > 0 such that ‘Za — Bﬁ‘ < Asince A;, B; <
M. Therefore,
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Zna 2 +Z||n,|| > L |SL|>—\ B[ 15" (70)

Combining (69) and (70), we find for any 9y, 6, € (0, 1)
M N
DS+l l* + 1A% — BP|?
i=1 j=1
L2 p > M N
7Y 7Y 1 2 2
= o— A"~ B[ Is |+<1—el)(§naiu +Z||n,-||)

—|—92—

—Bﬂ‘ |S|_92|R|<ZIIS I +Z||n,||>

. L? —a  —=p L
> min 91X;92§ ‘A — B ‘ S+ 187D

L2 1) -« —382
=min{6;—; 60— ‘Aa— ﬂ‘
A 2

by choosing 61, 6> small enough such that 1 — 0y — 92|§| > (0 and using | S|+ ISt =
|©2] = 1. The proof of Lemma 4.2 is hence complete. 0

5. Proof Theorem 1.1: existence of global weak solution to (S)

In this section, we give a proof Theorem 1.1 about the global existence of weak
solutions to (S) under the conditions (G)—(M)—(P). Consider the approximating system

i fiue)
Ortti e — di AUY) = fie(ue):= S
L+e X5 1 fitue)l
V@) T =0, uje(x,0) = ujge(x) 1)
where u, = (U1, ..., us ) and the sequence of approximating non-negative initial

data u; 9, € L°°(2) converges to u; o in L2(Q). By the construction of the approxi-
mative system, it directly follows that the nonlinearities f; . still satisfy the conditions
(M) and (P). Moreover, for ¢ > 0

|fi (ue)| 1

| fie(ue) < <= forallu, € RS,

T4+ eX 0 I fiue)] ~ €

Hence, by a classical result for the porous medium equation with L data, there exists
a strong non-negative solution u, = (u; ¢);=1...s (see e.g. [43, Section §8]) in the sense
that
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u't € Lj, (0, +00; H'(Q)), duie = di AW + fio(ue) € Ly (0, +00; L'(R)),

€

uie € C([0, T); L' (2)) and u; £ (0) = u; 0.,

and the equation for u; . holds a.e. in Q7 for any 7 > 0. Therefore, it follows
immediately that

T
—/ u;0,e ¥ (0)dx —/ /(Bzwui,ngu?’;'Aw)dxdt
Q 0 JQ ’
T
=/ /fi,s(us)l/fdxdt (72)
0o Jo

for any test function ¥ € C21(Q x [0, T]) with ¥(T) = 0 and Vi - 7 = 0 on
a2 x (0, T). As for the existence of weak solutions, it can be obtained by classical
methods, for instance following the ideas in [1] and more precisely, derive a Lya-
punov functional similar to the one on p. 39. One can also use similar arguments in
[26, Proof of Lemma 2.3] with a few modifications to adapt to Neumann boundary
conditions.

In order to pass to the limit as ¢ — 0 in the weak formula (72), we use the following
uniform a priori estimates, which are a consequence of a duality argument in the spirit
of e.g. [36] and references therein.

Lemma 5.1. (Duality estimates and uniform a priori estimates for the approximating
solutions, cf. [26]) Let u, = (U1, ...,us,) be the non-negative solutions to the
approximating system (71). Then,

IIM,-,gIILm,-H(QT)SCT forall T >0 and i=1,...,85, (73)

where the e-independent constant Ct depends only polynomially in T. Moreover, we
have

||fi,a(us)||L1+3(QT) <Cr
for some § > 0, where the constant Ct depends at most polynomially in T > 0

Proof. The proof follows [26] with straightforward changes due to the considered
Neumann (instead of Dirichlet) boundary conditions. By setting

S S
Z = Z)\,iui’g and W = Zdi)‘iu:lé
i=1 i=1

and by summing up the equations of systems (S), the mass dissipation property (M)
implies

%Z—AW <0 and VW.-7 =0.
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Then, integration over (0, #) and multiplication with W (¢) in LZ(Q) (due to the regu-
larity of the approximative solutions) lead after integration over €2 to

t
/ (Z(@) — Z(0)) W(t)dx —/ W(t)A/ Wi(s)dsdx < 0. (74)
Q Q 0

Next, we integrate by parts with homogeneous Neumann boundary conditions the
second term on the left-hand side and calculate

t t
—/ W(t)Af W(s)ds dx = / VW) - V/ W(s)ds dx
Q 0

2dt/ |V/ W(s)dsl dx.

Therefore, by integrating (74) with respect to ¢ on (0, T'), we obtain

//Z(t)W(t)dxdt+ fw/ W (s)ds| dx<f f Z(0)W (t)dxdz. (75)

Moreover, we note that

T T S S
Z@)W(t)dxdr = Ailli e dirut ) dxd
/() /Q ()W (t)dxdt /O fg(; u;, ) (; “z,a> xdt

N
2 i+1
= )il g, (76)

due to the non-negativity of functions u; . and the constant A;. To estimate the right-
hand side of (75) in terms of the L2-norm of Z(0), we first notice from 3, Z — AW < 0
that
T
Z(T) — A/ Wwdr < Z(0).
0
Define ¢(x) = f; W(x, 1)dz, we have, thanks to Z(T) > 0,
—Ap<Z@©0) in Q and Vg-7 =0 on 9.

Multiplying this inequality by ¢ > 0 and using the Poincaré—Wirtinger inequality
IVel* = Cpllg - |* yield

Crllo -l < Vel < /Q Z(0)pdx
:/ Z(0)(¢ — p)dx +¢f Z(0)dx

Ilfp ¢|I2+FIIZ(0)II2+¢/ Z(0)dx.
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where ¢ = Ilﬁl Jo ®dx. Thus,

lp — 21> < CIUZO)I* +BIZO)]| 11 (g-

‘We can now estimate
T
/ / ZO)W (r)dxdr :/ 0Z(0)dx = f (o —9)Z(0)dx +¢/ Z(0)dx
0 Ja Q Q Q

s2||<p—¢||2+2||Z(0>||2+¢/QZ(0>dx
< ClIZO)|* +Cl1Z©0)|p.

By inserting this into (75) and (76), we obtain

S
2 i+l 2 —
;dmi i el i o, < CIZO® + CIZO) 7
1=

N
= CIZO)P + CIZO) Y dikilluiellfn g,
i=1
An application of Young’s inequality gives us the first a priori estimate (73) of
Lemma 5.1.
Concerning the second uniform a priori estimate for the nonlinearities, we have

| fie(ue)l < [fi(ue)l = C(A + |uel®),

where C does not depend on ¢. By the assumption m; > v — 1 and the estimate of
lti,ell pmi+1 (g, We Obtain || fi e (ue)llp1+5(g,) < Cr- O

The following compactness lemma allows to extract a converging subsequence from
the approximating system.

Lemma 5.2. [3] Letm > (d —2)+/d with (d — 2)+ = max{0, d — 2}. The mapping
LY Q) x LY(Qr) 3 (uo, f) — u € L'(Qr) where u € C([0, T1; LY(Q)) is the
weak solution to

du—SAW™) = f, V™) -7 =0, u(0)=uo,
with § > 0, is compact.

Proof of Theorem 1.1. Thanks to the uniform bounds of the nonlinearities in Lemma 5.1
and the compactness Lemma 5.2, there exists a subsequence (not relabelled) {u; ¢ }¢
which converges in L' (Q7) to limit functions u; € L'(Q7). Fromthe L™ *!-bound in
Lemma 5.1, it holds in fact that u; . (up to another subsequence) converges strongly to
u; in L™ (Qr). For the nonlinearities, we first notice from Lemma 5.1 that the sequence
{ fi.e(uge)} is uniformly integrable. Moreover, for another subsequence u; , — u; a.e.
in Qr, it follows that

fie(ue) = fi(ui) ae.in Qr.
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Therefore, we can apply Vitali’s Lemma, seee.g. [41, Chapter 16], to obtain f; . (u,) —
fi(u;) strongly in LY(Q7). All this allows to pass to the limit in the weak formulation
(72) for any test function ¥ € C%1 (S x [0, T]) with ¥ (T) = 0and Vi - 7 = 0 on
a2 x (0, T). Hence, we get

—/ w(O)ui,odx—/ (0 Yru; +u:.n"A1/f)dxdt =/ fi(w)yrdxdr.
Q or or

The additional regularity u!" € L'(0, T; W1 ()) follows immediately from [29,
Lemma 4.7], I where

1

T
/0 /Qm?”wﬁdxdr < CT. usol L igy) forall 1 <6 <14+ 1o

From the above estimate and f; (1) € Ll(QT),we alsohave 8,u; € L'(0, T; (Wh1(Q))*)
which implies in particular u; € C([0, T']; L'(2)). This completes the proof of exis-
tence of global weak solutions. 0
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