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Abstract. This article is concerned with developing an analytic theory for second-order nonlinear parabolic
equations on singular manifolds. Existence and uniqueness of solutions in an L ,-framework are established
by maximal regularity tools. These techniques are applied to the Yamabe flow. It is proven that the Yamabe
flow admits a unique local solution within a class of incomplete initial metrics.

1. Introduction

Nowadays, there is a rising interest in the study of differential operators on mani-
folds with singularities, which is motivated by a variety of applications from applied
mathematics, geometry and topology. All the work is more or less related to the semi-
nal paper by Kondrat’ev [26]. Among the tremendous amount of the literature on this
topic, I would like to mention two lines of research on the study of differential oper-
ators of Fuchs type, which have been introduced independently by Melrose [36,37],
Nazaikinskii et al. [38], Schulze [45,46] and Schulze and Seiler [47].

One important direction of research on singular analysis is connected with the
so-called b-calculus and its generalizations on manifolds with cylindrical ends. See
[36,37]. Many authors have been very active in this direction.

Research along another line, known as cone differential operators, has also been
known for a long time. Operators in this line of research are modeled on conical
manifolds. During the recent decade, many mathematicians have applied analytic
tools like bounded imaginary powers, H*-calculus and Z-sectoriality, c.f. Sect. 4.1
for precise definitions, to study the closed extensions of cone differential operators
in Mellin—Sobolev spaces and to investigate many interesting nonlinear parabolic
problems on conical manifolds. See for instance [13,42-44]. A comparison between
the b-calculus and the cone algebra can be found in [27].

There has been more recent progress in understanding elliptic operators on mani-
folds with higher-order singularities, e.g., manifolds with edge ends. The reader may
refer to [7,30-33,46-48] for more details. The amount of research on differential
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operators of Fuchs type is enormous, and thus it is literally impossible to list all the
work.

Geometric evolution equations by now are a well-established tool in the analysis
of geometric and topological problems, and thus forms probably the most important
class of differential equations on Riemannian manifolds. In this article, our focus
will mainly be the Yamabe flow on incomplete manifolds. As an alternative approach
to the Yamabe problem, Hamilton introduced the Yamabe flow, which asks whether
one can drive a given metric by this flow conformally to a metric with constant scalar
curvature. More precisely, on a Riemannian manifold (M, go), the Yamabe flow studies
the conformal evolution of metrics driven by the following rule.

%g=—Rgg onMr, g(0)=go onM, (1.1)

where R, is the scalar curvature with respect to the metric g, and M7 := M x [0, T'].

4
Let g = um=2gg. This flow is equivalent to the following scalar quasilinear parabolic
equation.

B = T Agyu — c(m)un= Ry, on Mz, u(0) =1y onM, (1.2)

where c(m) = 4(’:',[—_721). On a compact closed manifold (M, go), the short-time exis-
tence of the Yamabe flow is just a consequence of the positivity of the conformal
factor u and the compactness of (M, gg). Nevertheless, the theory for the Yamabe
flow on non-compact manifolds is far from being settled. Even local well-posedness
is only established for restricted situations. Its difficulty can be observed from the fact
that, losing the compactness of (M, go), Eq. (1.2) can exhibit degenerate and singu-
lar behaviors simultaneously. The investigation of the Yamabe flow on non-compact
manifolds was initiated by Ma and An [28]. Later, conditions on extending local in
time solutions were explored in [29]. In [28], the authors showed that for a complete
closed non-compact Riemannian manifold (M, go) with Ricci curvature bounded from
below and with a uniform bound on the scalar curvature in the sense that:

Ricgo = _Kg07 |Rg0| <C,

Equation (1.1) has short-time solution on M x [0, T (go)] for some T (gg) > 0. If in
addition Rg, < 0, then this solution is global. Here Ricyg, is the Ricci curvature tensor
with respect to gg. The proof is based on the widely used technique consisting of
exhausting M with a sequence of compact manifolds with boundary and studying the
solutions to a sequence of initial boundary value problems. Then uniform estimates of
these solutions and their gradients are obtained by means of the maximum principle
on manifolds with Ricci curvature bounded from below in the sense given above.
The more challenging case is to study the Yamabe flow on incomplete manifolds.
Bahuaud and Vertman started the research in this direction in [8] by considering the
Yamabe flow on a compact manifold with asymptotically simple edge singularities.
Their proof for short-time existence is based on a careful analysis of the mapping
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property of the heat operator between Holder spaces defined with respect to an edge
metric. Very recently, the same authors established the long-time existence of the
Yamabe flow on edge manifolds in [9].

Another line of work on the Yamabe flow on geodesically incomplete manifolds is
to extend the problem onto manifolds with boundary. Brendle in [10] commenced the
exploration of existence and convergence results on compact manifolds with vanishing
mean curvature H, on the boundary, i.e.,

0§ =—Ryg onMr, H, =0 ondMr, g(0)=go onM. (1.3)

4
Under the conformal change g = um=2go, H, is related to Hg, by

2 _.m_( du m—2
H, = u m2 | — +——Hgu]), (1.4)

where ng is the unit inward normal vector with respect to the metric go, cf. [19,
Formula (1.4)]. Then the boundary condition H, = 0 becomes the homogeneous
Neumann condition 387”0 =0.

I feel it worthwhile mentioning the studies of the well-known Ricci flow on incom-
plete manifolds. So far the research in this line mainly focuses on dimension two, in
which case the Ricci flow coincides with the Yamabe flow up to a constant multiple.
A remarkable feature of the Ricci flow for incomplete metrics is the loss of unique-
ness. One important new notion of solutions is the instantaneously complete solutions,
which originally appeared in a paper by DiBenedetto and Diller [16], and was later
simplified and generalized by Giesen and Topping. To describe it in more details, we
look at the Ricci flow on a possibly incomplete manifold (M, go).

9:§ = —2Ric, onM7, g(0)=go onM. (1.5)

A solution (M, g(¢)) is called instantaneously complete solution if for all # > 0
(M, g(1)) is complete. Many aspects of instantaneously complete solutions have been
investigated in a series of papers by Giesen and Topping [20-22] and Topping [52,53].

Another line of research on the Ricci flow, which indicates the loss of uniqueness
of solutions to (1.5) on incomplete manifolds, studies those solutions starting from an
incomplete metric and remaining incomplete for all time. In [24,34,55], the analysis
of the Ricci flow on manifolds with conical singularities was carried out. Roughly
speaking, a conical metric near an isolated conical point can be expressed in polar
coordinates (¢, x) € (0, 1] x S! by

g0 = de? +2dx? + K,

where « is a 2-tensor decaying like ¢ with ¢ > 1. Note that the conical point r =
0 stays at a finite distance, and thus (M, go) is incomplete. The existence of both
instantaneously complete solutions and conical solutions indicates the nonuniqueness
of the solutions to the Ricci flow. A survey on the Ricci flow for incomplete metrics
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up to the year 2011 can be found in [23]. To the best of the author’s knowledge, the
only results on Ricci flow on incomplete manifolds in higher dimension is by Vertman
[54].

In 2014, the author of this article established an existence and uniqueness result for
the Yamabe flow on singular manifolds under some mild initial regularity assumption.
The result [50, Theorem 4.4] shows how to construct examples of the Yamabe flow
starting at a metric with unbounded scalar curvature. The work in the current article
extends the result in [50] and shows that the Yamabe flow can start with a class of
incomplete metrics. This class includes examples different from those that have been
studied for the Yamabe flow and the Ricci flow so far; the results are established via a
totally different approach from the previous literature. As a first example, we look at
the following theorem.

THEOREM 1.1. Suppose that (A, go) is a compact manifold with boundary
oM = 0o U0\, and 3;. M4 are both open. Let (M, go) := (M \do. 4 , golm)-
Then the Yamabe flow (1.3) admits a local in time L, solution.

The proof for this theorem is given in Theorem 5.1, Proposition 5.3 and Exam-
ple 5.4(ii). The explicit definition of L, solutions can be found in Sect. 3. The Rie-
mannian manifold (M, go) defined in Theorem 1.1 is incomplete. At first glance, the
Yamabe flow in Theorem 1.1 can be viewed as a flow on manifolds with boundary but
with no boundary condition on dyp.#, and thus is seemingly ill-posed. But as we will
show in Sect. 5, this flow is a well-posed problem. Indeed, considering this problem
on the conformally complete manifold (M, go/p?) for some p € C>®(M; (0, o0)),
(1.1) becomes a singular parabolic equation. The core of the analysis of (1.1) in The-
orem 1.1 is how to offset the singular behavior of the conformal factor u with a proper
adaptation of the function spaces.

This paper is organized as follows.

In Sects. 2 and 3, some preliminary materials are presented. I introduce the precise
definitions and properties of singular manifolds and function spaces used in this paper.

The theoretic basis of this paper is Sect. 4. Based on the results from [51] and a
modification of Duong’s method in [18], we can prove that a class of second-order
singular elliptic operators defined in (4.1) is %-sectorial. By the maximal L ,-regularity
theory, cf. [15], this implies that the class of singular parabolic equations considered
in this article admits a unique local solution in an L ,-framework.

In Sect. 5, the theory developed in Sect. 4 is applied to the Yamabe flow to establish
existence and uniqueness of local solutions with incomplete initial metrics. The main
theorem of this article, Theorem 5.1, is presented in Sect. 5.1. In Sect. 5.2, explicit
examples of incomplete manifolds satisfying the conditions in Theorem 5.1 are given.

Notations Given any topological set U, U denotes the interior of U.

For any two Banach spaces X, Y, X = Y means that they are equal in the sense
of equivalent norms. The notation £(X, Y) means the set of all bounded linear maps
from X to Y, and Lis(X, Y) stands for the set of all bounded linear isomorphisms
from X to Y.
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Given any Banach space X and manifold ./, let || - |loo, || - lls,005 Il - I, and || -
lls, p denote the usual norm of the X-valued Banach spaces BC(#; X)(Loo (A ; X)),
BC*(M; X), L, (A ; X) and W;, (A, X), respectively. If the letter X is omitted in
the definition of these space, e.g., BC(.#), it means that the corresponding space is
C-valued.

2. Singular manifolds satisfying property 773
2.1. Uniformly regular Riemannian manifolds and singular manifolds

In[2,3], Amann introduced the concepts of uniformly regular Riemannian manifolds
and singular manifolds

Let (M, g) be a C°°-Riemannian manifold of dimension m with or without boundary
endowed with g as its Riemannian metric such that its underlying topological space
is separable. An atlas 2 := (O, ¢, )«eq for M is said to be normalized if

Ql/)l’ o/( C I\O/I’
Pic (OK) =
Q"NH", O,NIM £ @,
where H™ is the closed half space Rt x R”~! and Q" is the unit cube at the origin
in R™. We put Q" := ¢, (O,) and ¥, := ¢!
The atlas 2 is said to have finite multiplicity if there exists K € N such that any
intersection of more than K coordinate patches is empty. Put

Nk) = (& € R: 0z N0, # 7).

The finite multiplicity of 2l and the separability of M imply that 2l is countable.

An atlas 2 is said to fulfill the uniformly shrinkable condition, if it is normalized
and there exists r € (0, 1) such that {y,, (rQ?) : k € R} is a cover for M.

Following Amann [2,3], we say that (M, g) is a uniformly regular Riemannian
manifold if it admits an atlas 2 such that

(R1) A is uniformly shrinkable and has finite multiplicity. If M is oriented, then 2 is
orientation preserving.

(R2) llgy o Yicllk,00 = c(k), k € R, n € N(k), and k € N.

(R3) ¥kg ~ gm, k € R Here g, denotes the Euclidean metric on R” and g
denotes the pull-back metric of g by V.

R 1¥¢gllk,00 < c(k), k € Rand k € No.

Here ||ullk,00 1= maxq|<k [10%u ]l o0, and it is understood that a constant c(k), like in
(R2), depends only on k. An atlas 2 satisfying (R1) and (R2) is called a uniformly
regular atlas. (R3) reads as

€12 /c < ¥rg(x)(£, &) < cl&]?, forany x € Q", & € R™, k € & and some ¢ > 1.
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In [17], itis shown that the class of uniformly regular Riemannian manifolds coincides
with the family of complete Riemannian manifolds with bounded geometry, when
oM = 0.

Assume that p € C*°(M, (0, 00)). Then (p, R) is a singularity datum for M if

(S1) (M, g/p?) is a uniformly regular Riemannian manifold.
(S2) 2is a uniformly regular atlas.
(S3) ¥ipllkoo < c(k)pi, k € Rand k € Ny, where p, := p (¥, (0)).

(S4) pe/c < p(P) < cpi, P € Oy and k € K for some ¢ > 1 independent of «.
Two singularity data (p, R) and (p, ,é) are equivalent, if

ED p~p.

(E2) card{ik € R: 0Oz NO, #0} < ¢, K € R.

(E3) llgz © Yellkoo < c(k), k € &,k € Rand k € Ny

The notation ~ has the same meaning as in (R3). In particular, in scalar case, ~ means

Lipschitz equivalence. We write the equivalence relationship as (p, ) ~ (p, J:?t). SDH
and (E1) imply that

/e < pe/pe <c, kK €R, & €Rand Oz NO, # 0. 2.1

A singularity structure, S(M), for M is a maximal family of equivalent singularity
data. A singularity function for G(M) is a function p € C*°(M, (0, c0)) such that
there exists an atlas 2 with (p,20) € &(M). The set of all singularity functions for
& (M) is the singular type, (M), for G(M). By a singular manifold we mean a
Riemannian manifold M endowed with a singularity structure G(M). Then M is said
to be singular of type T(M). If p € T(M), then it is convenient to set [p] := T(M)
and to say that (M, g; p) is a singular manifold. A singular manifold is a uniformly
regular Riemannian manifold iff p ~ 1.

We refer to [4,5] for examples of uniformly regular Riemannian manifolds and
singular manifolds.

Lastly, for each k € N, the concept of C k-uniformly regular Riemannian man-
ifold is defined by modifying (R2), (R4) and (L1), (L2) in an obvious way. Sim-
ilarly, C*-singular manifolds are defined by replacing the smoothness of p by
p € CK(M, (0, 00)) and altering (S1)—(S3) accordingly.

2.2. Singular manifolds satisfying property .73

In this subsection, a class of singular manifolds, called singular manifolds satisfying
property .74, is introduced. This concept has proven itself useful for the theory of
second-order differential equations on singular manifolds in [51].

DEFINITION 2.1. A function 7 € C?*(M;R) is said to belong to the class
76.(M, g; p) with parameters (¢, M) for some ¢ > 1 and M > 0, if
(1) M/c < plgradh|g < Mc;
(H52) M/c < p*div(p>*gradh) < Mc.
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The precise definition of the divergence operator div is given in (3.5). Observe that
if h € 74, (M, g; p) with parameters (c, 1), then Mh € 4 (M, g; p) with parameters
(c, M).

DEFINITION 2.2. A singular manifold (M, g; p) is said to enjoy property 773, if
there exists some i € J4, (M, g; p).

Examples of singular manifolds with property 775 can be found in [51, Section 5.2].
We will introduce one example, which will be of particular interest in the following
sections.

Let Jy := (0, 1]. We denote by Z(Jp) the set of all R € C*°(Jy, (0, 00)) with
R(1) = 1 such that R(0) := tlgr(l) R(?) exists in [0, co]. We write R € € (Jp) if

i) R eZo);

(ii) fJO dt/R(t) = o0;

(i) 9fRlloo <00, k> 1;
(iv) 3R ~1y, |3*R| < oco.

2.2)

Then we call R a uniformly mild cusp characteristic. The first three conditions were
introduced by Amann [5] to define cusp characteristics.

Assume that (B, gp) is a d-dimensional uniformly regular Riemannian submanifold
without boundary of RY and R € € (Jo). The (model) (R, B)-cusp, denoted by
P(R, B), on Jy, also called R-cusp over B on Jy, is defined by

P(R, B) = P(R, B: Jo) := {(t, R()y) : t € Jo, y € B} C RI*4.
Itis a (1 4+ d)-dimensional submanifold of R+ The map
¢p=¢p(R): P —> Jox B: (t,R(0)y) — (t,)

is a diffeomorphism, the canonical stretching diffeomorphism of P.
Assume that (I", gr) is a compact connected Riemannian manifold without bound-
ary. Then the (model) I'-wedge over the (R, B)-cusp, P(R, B), is defined by

W =W(R,B,T"):=P(R,B) xT.

If ' is a one-point space, then W is naturally identified with P. Thus every cusp is
also a wedge.

We call (M, g) a closed uniformly mild T"-wedge over P(R, B), if there is a diffeo-
morphism f : M — W(R, B, T") such that g = f*(qb’,ﬁ(dt2 + gB) + gr).

EXAMPLE 2.3. Let A € [0, 1) U (1, c0). Assume that (M, g) is a closed uniformly
mild I'-wedge over P(R, B). Then (M, g) is a singular manifold satisfying property
J6.-end.

Proof. See [51, Remark 5.11]. O
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3. Weighted function spaces on singular manifolds

In this section, I follow the work of Amann in [2] and [3] to introduce some concepts
and properties of weighted function spaces on singular manifolds.

3.1. Tensor bundles

Suppose (M, g; p) is a singular manifold. Given o, T € Ny,
TPM := TM®? @ T*M®*

is the (o, t)-tensor bundle of M, where TM and T*M are the (complexified) tangent
and the cotangent bundle of M, respectively. We write 7. M for the C°°(M)-module
of all smooth sections of 7,7 M, and I"(M, .7 M) for the set of all sections.

For abbreviation, we set J° := {1,2,...,m}°, and J° is defined alike. Given local
coordinates ¢ = {x!, ..., x"}, (i) := (i1, ...,iy) € J° and () := (ji, ..., j:) € J%,
we set

0 B

d : . .
m=3x_’1®®8x_’ff’ dx(J):=dx/‘®~~®dx/T.

The local representation of a € I'(M, 77 M) with respect to these coordinates is given
by
a=a? 2 gaxh 3.1)
=) 55D :

with coefficients aé;)) defined on O,

We denote by V = V, the extension of the Levi-Civita connection over 7. M.
() : T°M x TJM — C°(M) stands for the extension of the fiber-wise defined
duality pairing on M, cf. [2, Section 3]. Set V; := Vj, with §; = % For k € Ny, we
define

VELTOM — oM, a > Vi

by letting V% := a and V¥*!g := V o Vka. We can also extend the Riemannian
metric (-|-), from the tangent bundle to any (o, 7)-tensor bundle 7.7 M, which is still
written as (-|-)g. Meanwhile, (-|-)¢+ stands for the induced contravariant metric. In

addition,
[ lg =1 lgz s TEM = C¥M), a+> J(ala),

is called the (vector bundle) norm induced by g.
We assume that V is a C-valued tensor bundle on M, i.e.,

V =VZ :={TZM, (-|)¢},

for some o, T € Ny.
Throughout the rest of this paper, unless stated otherwise, we always assume that
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o (M, g; p) is a singular manifold.
e peIM),s >0,ke Ny, 1 <p<ooand® € R.
e 0,71eNy, V=V :=(TM, (-])q}.

3.2. Weighted function spaces

We denote by D(M, V) the space of smooth sections of V that is compactly sup-
ported in M. Then the weighted Sobolev space W,’ﬁ’ﬂ (M, V) is defined as the comple-
tion of D(M, V) in Ly ;o (M, V) with respect to the norm

. . 1
I llepio == (i 107 Viug|15) 7.
Note that W,(JW(M, V) = LZ(M, V) with equal norms. In particular, we can define

the weighted spaces LZ (M, V) for g € {1, 0o} in a similar manner.
Define

BCYY (M, V) := (fu € C*M, V) - Jlullk orp < 00} I+ llk.00:0)
where [[u|lk.0019 := maxo<i<k | 0" T T Viul,|loo. We also set

BC™"(M, V) := [ BC" (M, V).
k

The weighted Sobolev—Slobodeckii spaces are defined as
5, . ? kv
WS (M, V) = (LY (M, V), WE? (M, V) k. (3.2)

fors € Ry\No, k = [s]+1, where (-, -)g,  is the real interpolation method [1, Chapter
1.2.4.1].

In the special case of uniformly regular (M, g), since p ~ 1y, the definition of any
weighted space 37 (M, V) is actually independent of the weight ©. In this case, all
spaces are indeed unweighted. We thus denote these spaces simply by §* (M, V).

In the rest of this subsection, several properties of weighted function spaces are
presented without proof. Their proofs can be found in [51].

Let V; = Vg’ = {T;;jM, ()¢} with j = 1,2, 3 be C-valued tensor bundles on
M. By bundle multiplication from V| x V; into V3, denoted by

m: Vi x Vo — V3, (v, v2) = m(vy, v2),

we mean a smooth bounded section m of Hom(V; ® V;, V3), i.e.,
m e BC®°(M, Hom(V| ® V2, V3)), (3.3)

such that m(vy, v2) := m(v] ® v2). Equation (3.3) implies that for some ¢ > 0

Im(vi, v2)lg < clvilglvalg, vi € T(M, Vi) withi =1,2.
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Its point-wise extension from I'(M, V| @ V;) into I'(M, V3) is defined by:

m(vr, v2)(P) := M(P)(v1(P), v2(P))

forv; € I'(M, V;) and p € M. We still denote it by m. We can formulate the following
point-wise multiplier theorem for function spaces over singular manifolds.

PROPOSITION 3.1. Let k € Ny. Assume that the tensor bundles V; = V,(;j =
{TM, (|)g} with j = 1,2, 3 satisfy

03— 13 =01 +0) — T —T2. (3.4)

Suppose that m : V| x Vo — V3 is a bundle multiplication, and 3 = v + 9. Then
[(vi, v2) = m(vy, v2)] is a bilinear and continuous map for k € Ng and s < k

BCHI(M, Vi) x W (M, Vo) — WEP3(M, V3).
PROPOSITION 3.2. For § € {BC, W,}, we have
VeL@ETTM, V), FTM, V),
and
grad € L(F TP M, vO), 302 (M, voThy).
PROPOSITION 3.3. For § € {BC, W)}, we have
fo = [u > p’ul € Lis(F VT M, V), 37 M, V)).

We denote by C‘;_tll (Ve :]l — V7 the contraction with respect to position o + 1

and T + 1, that is for any (i) € J°, (j) € J* and k,l € J' andp e M

o+l . ol G 9 0 ) 1. Gk O )
Cilja:= Cr+1a(j;l) FYG) ® o Q@ dx") @ dx’ := G0 5@ ® dx
in every local chart. Recall that the surface divergence of tensor fields with respect to
the metric g is the map

div =divg : C'M, Vi) — C(M, V7). aw> CIf(Va). (3.5)

Put V' := V7. Let C: V7" x V/ — V;]' denote the complete contraction. For

anya € V; J:“t‘:l and b € V', the complete contraction (on the right) is defined by
Cla.b) = ali )0 g gytin
YU TG TE) gy i) ’

with (i) € J° ,(iy) € J°1, (j) € J%,(j1) € J%, in local coordinates. The complete
contraction (on the left) is defined in an analogous manner. Note that the complete
contraction is a bundle multiplication.
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Suppose that dM £ (4. Since 7'(dM) is a subbundle of codimension 1 of the vector
bundle (TM)ypm over M, there exists a unique vector field n in (TM)yp of length 1
orthogonal to 7' (dM), and inward pointing. In every local coordinate system, ¢, =
{xl LA ] xm}

1 d
n = 1
\/g11|8ol( dx

We consider the boundary operator

_Jyu on dM wheni =
C(Vu,n) ondM when i

i

|
- o

Here y is the trace operator on dM. We define for s > i 4+ 1/p the space
W;:?gl. (M, V) :={ueWy"(M, V) : Bu=0}. (3.6)

Note that this is a well-defined closed subspace of W,f,”9 (M, V).ForO<s <i+1/p,
we set

5,0 o s,0
Wy ls, (M, V) i= W) (M, V).
See [3, Section 21].
PROPOSITION 3.4. For § € {BC, W,}, it holds
dive LE T M, VI, 37 (M, vO)).

The following results are not contained in [51].

THEOREM 3.5. Foranya € Wzl’fﬁ(M, VY and b e Wzl’ﬁ(M, votl)

/ (C(by, m), a)dpg — / (divh, a) dug = / (b, Va)dug.

oM M M

Proof. This follows from the divergence theorem and the proof for [51, Theorem 2.6].
O

PROPOSITION 3.6. Suppose that k; € No, 9; €e Rwithi =0,1,0 <6 < 1 and
ko < k1. Then

(W, 5" (M, V), Wyl (M, V), p = W' (M, V).

Here &y := (1 —0)E0+0&, forany &y, &1 € R. When OM = 0, k; ¢ N; while M # 0,
ki #i+1/p, wherei =0, 1,6.

Proof. This follows from [3, Theorem 8.2(i), Formula (8.3), Theorem 21.3] and the
proof of [3, Formula (21.2)] ]
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PROPOSITION 3.7. Suppose that 9 € Rand s > k + %. Then

W5 (M) < B (M),
Proof. See [2, Theorem 14.2(ii)]. O
PROPOSITION 3.8. Suppose that 1 < vy and § € {BC, W, W), 5,}. Then
FUM) = FOM) ifp < 1
FHOM) = FM) ifp = L.
Proof. See [3, Theorem 15.1]. U

4. Maximal L ,-regularity of second-order elliptic differential operators
Suppose that o7 : D(I\oll) — I'(M) is a second-order differential operator defined as
follows.
u = —div(p* *gradu) + C(Vu, ar) + aou, 4.1

with a; € T(M, TM) and ay € CM, for any u € C°°(M) and some 1 € R. We say
that o7 is (p, A)r-regular if its coefficients satisfy

a; € WEAM; TeM),  ag € L% (M; R).

Here TrM denotes the real tangent bundle.
Throughout, we assume that the singular data [p]] and the constant X satisfy

ol =1, 2 >0. (4.2)
4.1. Z-sectorial operators on singular manifolds
I first introduce several basic concepts in the study of elliptic differential operators.

The reader may refer to the treatises [1,6,15,41] for more details of these concepts.
For 6 € (0, 7], the open sector with angle 26 is denoted by

Yo = {w € C\{0} : |argw| < O}.

DEFINITION 4.1. Let X be a complex Banach space, and A be a densely defined
closed linear operator in X with dense range. A is called sectorial if Xy C p(—.A) for
some 6 > 0 and

sup{llie(ue 4+ A7 e Tp) < o

The class of sectorial operators in X is denoted by S(X). The spectral angle ¢ 4 of A
is defined by

pa=infl¢: Trp Cp(—A), sup [uu+A)"| <oof.
HEZr—¢
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Let ¢ € (0, 7 ]. Define
H®(Zy) :={f : g — C: fisanalytic and || f [l < 00}
and

Ho(Zp) = | Hap(Zp).
«o,B<0

where
Hap(Zp) = {f € H(Sy) 1 1f1S 5 < 00}

with [ £15 5 = sup [u®f(w)] + sup |u=P f()l.
[ul=1 [p|=1

DEFINITION 4.2. Suppose that A € S(X). Then A is said to admit a bounded
‘H*°-calculus if there are ¢ > ¢ 4 and a constant K4 such that

Lf (A= Kpll flloo, [ € Ho(Zg). (4.3)
The class of such operators is denoted by H*(X). The H*-angle of A is defined by

¢% = inf{p > ¢4 : (4.3) holds).

DEFINITION 4.3. Let X and Y be two Banach spaces. A family of operators
T C L(X,Y) is called Z-bounded, if there is a constant C > 0 and p € [1, 00)
such that foreach N € N, 7; € T and x; € X and for all independent, symmetric,
{—1, 1}-valued random variables €; on a probability space (£2, M, ) the inequality

N N

| Z giTixjlL,@;y) < Cl Zsm L, @:x)
j=I j=1

is valid. The smallest such C is called Z-bound of 7. We denote it by Z(7).

DEFINITION 4.4. Suppose that A € S(X). Then A is called #-sectorial if there
exists some ¢ > 0 such that

RA(p) = Blun+ A" 1 e Ty} < oo,
The Z-angle ¢>ﬁ is defined by
¢R :=inf(0 € (0, 7) : Za(mw — 0) < o).
The class of Z-sectorial operators in X is denoted by RS (X).

DEFINITION 4.5. A Banach space X is said to belong to the class H7 if the
Hilbert Transform defined by

H(f)(t) := lin}) f —s):l[—s, teR, feCyR, X)
€—> S

|s|>€

can be extended to a bounded linear operator on L , (R, X) for some p € (1, 00).



1608 Y. SHAO J. Evol. Equ.

It is a well-known fact that L ,(M) is of class H7 . This immediately implies that
forany 9 € R
L) (M) is of class HT, 1 < p < oo. (4.4)

Suppose that X is a Banach space of class H7. Then by [15, Formula (2.15),
Remark 3.2(1), Theorem 4.5], we obtain the inclusions

H*®(X) C RS(X) C S(X), 4.5)
and the inequalities
% = 0l = pa.

Recall an operator A is said to belong to the class H(X, Xo) for some densely

d
embedded Banach couple X| — Xy, if —A generates a strongly continuous analytic
semigroup on X with dom(A) = X;. A € H(X1, Xo) iff there exists some w > 0
such that

w+ A e SXo)

with spectral angle ¢ 4 < 7/2 and dom(A) = X;.
Let XRr be a real Banach lattice with an order <. See [6, Chapter C—I]. The com-
plexification of X is a complex Banach lattice defined as follows

X = Xp ®iXg. (4.6)
The positive cone of X is defined by
X]i{f ={xeXp:0=<ux}.

DEFINITION 4.6. Let ¢ € R, and X be a complex Banach lattice defined as in
(4.6). Suppose that A € S(X). Then the semigroup {e_tA}zzo is real if

e AXp C Xg, t>0.
We say that {e ="}, is positive if
eMAXE X, >0,
For example, taking X = L3 (M), {e ™"}, real means
ALY M R) € LY(M; R), 1> 0,
and {e "4}~ positive means

eTALYM Ry) € LY(M; Ry), 1> 0.
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PROPOSITION 4.7. Suppose that (M, g; p)isa C2-singular manifold. Let ' € R,
and A > 0. Furthermore, assume that the differential operator

u = —div(p* *gradu) + C(Vu, a1) + aou

is (p, A)r-regular and satisfies that Re(pag) is so large that there exists some C1 < 2
and w < 0 such that

essinf(Re(pAao) + w) > 0;
P* 120 p! Fgradp + ailg < C1v/ (Re(prag) + w);
1@ = 0)p' rgradp + arlg < C1v (Re(p*ap) + o).

Lemﬂ =

PB()(

tinuous semigroup on L)‘ (M) with domain W

. Then %é‘, generates an analytic contractive strongly con-

22 (M) forall 1 < p < 0.

It is proved under the same conditions (w1th o=t=0andd = p>*)in [51,
Section 3] that ,Qféo generates an analytic contractive strongly continuous semigroup

on L;‘,/(M) with domain V(VI%’)‘L)‘(M) where

W2A A(M) 2)» A(M)OWZ)» )\(M)

However, the characterization of the domain of .7 given in [51] is erroneous. We will
fix this error and state the necessary changes herein.

Proof. For w satisfying the given conditions, let .27, := &/ + wp " and we associate

with o7, a form operator a,, with D(ay,) = X = W1 A=A/ 2(M) defined by

fe (1, V)
= (a - gradu|gradv), 3 + (C(Vu, 2)/a - gradlog p + ap)|v)a.
+ (a0 + wp™Mulv)2 v

forall u, v € X and@ = p>~*. Here (u[v),,;/ is the inner product in L3 (M) defined
by

(ulv)zz 1=Aﬂp2A/(u|v)g dv,.

By the given conditions, <7 satisfies the conditions (Al), (A2) and (A3’) in [51].
Following the argument in [51, Section 3.1], we can show that a,, is continuous and
X-coercive, cf. [51, Proposition 3.2]. This shows that a,, with D(a,) = X is densely
defined, sectorial and closed on L%/(M). By [25, Theorems VI.2.1, IX.1.24], there
exists an associated operator T such that —T generates a contractive strongly con-
tinuous analytic semigroup on L’zv(M), ie., |le” ”L(u My = 1 for all ¢+ > 0, with
domain

D(T):={ueX, e L;(M) tauu, @) = (), Vo € X}, Tu=wv,
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which is a core of a,. 7T is unique in the sense that there exists only one operator
satisfying

ap(u,v) = (Tu,v),, ue D), velX.
On the other hand, we can infer from [51, Formula (2.9), Definition (2.12)] that
(pu|v)ar = ay(u,v), u,veX.
So by the uniqueness of 7', we have
Yplpary =T.

Therefore, —.7, generates a contractive strongly continuous analytic semigroup on
L% (M) with domain D(7,):

D(e,) ={ue X, e L’;(M) Day(u, @) = (v, Vo € X}, u =v.

It can be verified that D(<,) can be equivalently stated as
D(y) :={u € X : dyu e L} M)}.
One can conclude from Propositions 3.1, 3.2 and [51, Propositions 2.5, 2.9] that
Wy it (M) € D(,).
Define
Bou := p dyu.
By the previous discussions and Proposition 3.3, we infer that
B, € Lis(D(<,), Ly ~*(M)). 4.7)

On the other hand, in view of [4, Theorem 5.2], by the given conditions and a similar
discussion to <7, we can prove that

By, € H(Wyp. (M), LY (M) 0 Lis(Wy 5,7 (M), L5 = (M)).
Combining with (4.7), we can infer that
D(e,,) = Wy 5~ (M),
The rest of the proof follows the same arguments as in [51, Section 3.2]. 0

REMARK 4.8. Note that the exclusion of p € {3, 3/2} in [4, Theorem 5.2] is only
necessary for maximal regularity theory, cf. Sect. 4.2, to guarantee2—2/p #i+1/p
for i = 0, 1. So the generation of analytic semigroup in [4, Theorem 5.2] actually
holds forall 1 < p < oo.
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The following theorem is the theoretical basis of this paper.

THEOREM 4.9. Suppose that (M, g; p) is a C?-singular manifold satisfying p <
1,

IVplg ~ 1, [[Apllec < 00
onM, :={p e M: p(p) < r}forsomer € (0, 1]. Moreover, assume that the set
Sy :==1{p € M: p(p) = ro}

is compact and closed for ro € (0,r). Let ' € R, and A € (0, 1) U (1, 00). Further-
more, assume that the differential operator

u = —div(p* *gradu) + C(Vu, a1) + aou

is (p, M)r-regular. Let MBM = .52%|W2,,\/,~A(M) for i = 0, 1. Then there exists some
! p.B;
w > 0 such that

o+ ) € RSW ™ (M), LY (M), 1< p < oo,
with Z-angle ¢£+Mé; < /2.
Proof. (1) For M > 0, we set
h(p) = Msign(l — 1) log p(p), pe M. 4.8)
A direct computation shows that
pgradh = Msign(1l — A)gradp,
and
p)‘div(pszgradh) = Msign(l — A)pAp + M|1 — A||grad,o|§.
Together with (S3) and (S4), one can then show that h € BC 2.0(M), and
h € My, g; p) (4.9)
with parameters (c, M) for some ri < r sufficiently small. Hence, (M,,, g; p) is a
singular manifold with property J23.
(i1) Following the proof of [51, Theorem 5.17], we introduce a retraction-

coretraction system on the weighted Sobolev spaces over M. Choose r, € (0, r1),
where r is defined in (4.9). Define

Mo:={peM:p(p) € [r, 1]}
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Note that My is a uniformly regular Riemannian manifold with boundary. With a little
abuse of notation, we put M; := M,,.

Based on the collar neighborhood theorem, we can find an open neighborhood U
of S, in Mj N My such that there exists a diffeomorphism

¢ U — Sr1 X [O’ 1)5 ¢*g|U = g|S,41 +dt2,
with ¢ (S,,) = S, x {0}. We choose functions $,§ € BC®([0, 1), [0, 1]) such that
Eloi2 =1, &lan=0; Eloia=0, &lnan=1.

Set g 1= gb"‘(lS,1 ® &) and 711 1= d)”‘(lsr1 ® ). We define ,

I, peM\U, I, peMM,
71(p) =171, pevU, and 7o(p) =70, peU,
0, elsewhere, 0, elsewhere.

For j =0, 1, we set
NE

Then {72, 72} forms a partition of unity on M, and 7r; € BC*%(M). Define
0° 71 p y j

T =

Wj;j;i M) := W;f;[ (Mp) x W;,iZ;O(M]).

It is understood that on My, the singularity function can be taken as 1pm,, and thus
the definition of weighted function spaces on My is independent of the choice of the
weight ¥. We further introduce two maps:

, 5,9
A° W;,B,- M) — W;,Bi M) :  u— (mou, mu),
and
N N
A W;,lB,-(M) — Wlsle,’(M) : (ug, uy) V> moug + wuy.
By Proposition 3.1, we immediately conclude that A is a retraction from the space
W;%i (M) to W;’%’, (M) with A€ as a coretraction.

(iii) We will prove that @7 := 427’6}‘;|M1 generates an analytic contractive positive
strongly continuous semigroup on L;/(Ml) with domain Wz’go_)‘(Ml) forl < p <
0.

Based on Proposition 4.7, we can follow the proof of [51, Theorem 5.18] and
immediately prove that

A € HW g (M), L) (M)
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For this reason, I will only point out necessary modifications to show the contraction
property and then present a proof for positivity-preserving herein.
Let

A, = —zdiv(pzflgradh) — zzpzf)‘lgradhlg +zC(ay, Vh) + ap.

For any z = a + ib € C with |z| = 1 and (c, M), the parameters of 4 in (4.9), we
quote two conditions from [51, Section 5.1].

1
(H2) a € (— M ,0),and |z] = 1.
c
(H3) M is sufficiently large such that

p*Re(A;) > Cop?|gradhlg —

2
0* 7 = 22p> P gradh + tp>*gradlog p + a; lg < —=+/P*Re(A;) + @

v Ci
for some w < 0, Cy > 1 and C; € (1, Cy). Here t € {22/, 21" — A}.

Letof, = e Moatioe?. (My, g; p) is a singular manifold with property 7 . Based
on Proposition 4.7, the only changes we need to make to the results in [51, Section 5]
is to change the domain of .27 from W2 » ’\(Ml) to W2 » A(Ml). A modification of
[51, formula (5.5), Remark 5.22] 1mp11es that

€ H(Wy 5 (M), L5 (M) 0 Lis(W; 57 (M), LY (M), (4.10)

and the semigroup {e™’ T }r>0 is contractive.
We have ¢? = psign(1=MzM — psign(I=2)aM sign(1-MbMi Ty Step (iii) of the proof
for [51, Theorem 5.18], we have proved

psign(l—k)bMi c BCZ’O(MI)

By Propositions 3.1, 3.3 and the fact that e e~ = e=#¢? = 1y, we infer that

s z9+51gn(k DaM

[uHeZhu]eﬁls(W (M ), W M), IT<p<oo, 0<s=<2.

Note that |pS1gn(1=MPMi| = 1 'in particular, we have

[u — e"u] isan isometry from Lﬁ(Ml) to LIHSIgn()” 1)aM(Ml). 4.11)

A similar argument to [51, Theorem 5.2] (with proper change from VCV;’)‘L)‘(Ml) to

;%?30 *(My)) and (4.10) yield

A eH( 22;;’0 A+sign(kfl)aM(M )., LA +sign(A— l)aM(M )

N Lis(W. Msign(i— 1)aM(l\/ll))-

222 —A+sign(k—1)aM(M ) L
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Since A’ is arbitrary and sign(A — 1)aM € (—1/2¢3, 1/2¢%), it implies that for any
N eR

A € HOW; 57" (M), LY (M) 0 Lis(Wy 57 (M), L3 (M),

By (4.11), the semigroup {e""?{1 }t>0 1s contractive.

The assertion that o] generates an analytic contractive strongly continuous semi-
group on L;;/ (My) with domain W;:)é/o_k (M) forl < p < oo now follows from (4.11)
and a similar argument to Step (iv) and (v) of the proof for [51, Theorem 5.18].

The only thing left to prove is the positivity-preserving of the semigroup {e ™’ Ay 1>0-

It is easy to see that
201 (M, implies that i € W2 ~* (M) and it = Fu
”€W2,BO ( 1)1mplestatueW2ﬁ0 (M) and A u = < \u.

Here u stands for the complex conjugate of u. By [6, Chapter C-II, Remark 3.1], the
semigroup {e~"“1},5 is real.
On the other hand, one can verify that L’};(Ml; R) is a real Banach lattice. If u €

WZZ,’ZASO_A(MI ; R), we have

Vut Vu u >0,
u =
0 u<0.

This implies u™ € W;;gl;w,; R). By [2, Formulas (12.1), (12.3)] and Proposi-
tion 3.3, for s € [0, 1/2) U (1/2, 1] and ¥ € R, we can define the weighted Sobolev
space of negative order W, 5,24 =0 (M, V) as the dual space of Wg:go(M, VF) with
respect to

(5 Im = / P2 () dV.
M
Recall (-, -) is the duality pairing, cf. Sect. 3.1. Note that it follows from [2, Theo-

rem 11.3(ii)] that W' (M; R) = W3” (M; R) in [2].
It is known that in local coordinates the divergence operator div reads as

1 . .0
divazﬁai(@a’), a:alﬁ.

Since 9; € L(L2(X), Wz_l(X)) with X e (R™,H™) and ,/g/p;" is uniformly
bounded for all k¥ (see (S1) and (S4)), in every local patch O,

ﬂai(\/_

8 i
\/E Wa )”W;I(X) < C”a”LQ(X)

for some C independent of k. Now it follows from [2, Page 17, Theorem 12.1] that

||diVCl||W2—l(X) = |

div e LY M, TM), W, "7 (M)).
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Combining with Propositions 3.2 and 3.3, we infer that
i € LW, 5 (M R), Wy (ML R).
Since, by Proposition 3.8, u™ € Wzl,’g;_)”(Ml; R) — Wzl”g;(Ml; R), we have
hu~ € WM, R).

Take a sequence (vg)x C D(l\?l) converging to u~ in Wzl”l);;fl(Ml; R). Then by Theo-

rem 3.5, we have

(0> *eradvi|gradu™)y ;s + (24 p**grad log p + ar|u gradvg)a 5 + (aovelu™ a0

=(luT) oy — (Auu).

The convergence follows from @jvy — @u~ in W, LA+ (M, R). On the other
hand, agvy — aou™ in L% (My; R) and thus in L +*(M;; R). This implies

(aovrlut)a — (aou™ lut)a ;.

Observe that, by Propositions 3.2 and 3.3, we have p>*Vur, — p?>*Vu~ in
LY 72(M, T*M) and gradu™ € Ly ~*T2(M, TM). The fact % > 0 implies that

,02_’\ radvy radu™ o —> p2_)‘ radu~ |gradu™ 2 -
g g , g g ,
Similarly,
(24 p*gradlog p + ay|uTgradv)a i — (24 p* *gradlog p + a1 lutgradu™)s ;.
This establishes

(Au, uT) 5 = (p*"gradu” |gradu™)y 5

+ 2V p**gradlog p 4 ay|[uTgradu™), 50 + (aou” |uT)2 0 = 0.
We thus infer that
(u,u)y 0 = 0.

This implies that —.¢7] is dispersive. It now follows from [39, Theorem 2.1] or [6,
Chapter C-II, Theorem 1.2] that the semigroup {e~’ = }1>0 1s positive.

(iv) In this step, we will show that o] € HOO(L;/(Ml)) with ¢(‘§1 < /2 for all
1< p<oo.

Given any ¥ € L1(R) with compact support, we have

m() = fooe—’“’lw(t) dr € L(LE (M).
0
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By the discussion in Step (iii), it is not hard to verify that the semigroup { ,0)‘/ oe o

,o_’\/ }¢>0 is positive contractive strongly continuous on L , (M;). We immediately have

o0
m()) = f ,0)‘ 0 e op_)‘ Y (t)dr € L(L,(My)).
0
It was established in [12, Theorem 3.5] that

()l o,y < 1971

where ||y*|| is the norm of the convolution operator [u — u * ¥] on L,(R). This
gives rise to the following estimate. For any u € L;‘;(Ml),

, [o° o 1/p
”m(M)M”L?}/(Ml) = (/M |,0)L /0 e " 1u1ﬂ(t)dt|pdug>
1

’ l/p ’
= (/M () p* u|f’dug) = [l () p* ullL, o)
1

< 110wl oy = 19l u, -

Therefore, we obtain
Im D ay anyyy < 1971 (4.12)

Based on (4.12), we can follow the proof of [18, Theorem 2] and prove that
e HO(LY(My)), 6% =m/2, 1< p<oo. (4.13)
When p = 2, we infer from [35, Theorem 8] that
o € HO(LY (M), 6%, < /2. (4.14)

Let us denote this angle by ¢».

We can follow the ideas in [14] to prove ¢2§1 < m/2forall 1 < p < oo. Given
0<¢ <¢p <73 <p,where ¢ € (¢2,7) and B > 7. There exists 6 € (0, 1) such
that

T
o= —9)¢2+05.
For ¢ € (0, ), let
Sy ={x+iyeC:ye(=y,¥), x eR}

For any f € H®(X,), set n(z) := f(e*), where z € X,. Then n is analytic and
bounded in S,. By [14, Lemma 1], there exists a family {n; : ¢ =& +in : § €
(0, ), n € R} of functions satisfying the following properties:

(a) ng is analytic and bounded in Sz _, for any small ¢ > 0 and

sup{|n;(2)| : z € Sg—¢} < Clinlloce™/?

for some fixed C > 0.
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(b) ny =n.
(c) Forany x € R, [¢ = n(x)] is analytic.
Now we define

fr(@) =ng(og(z), ¢=&+in, ze .

Then f; € H*(X¢_,) for any small ¢ > O and f, = f.
We first look at ¢ with Re¢ = ¢. Then for any ¢ € (42, ¢), we have f; €
H*(X4,). By (4.14), it holds

1 /e ()l gz ayy < Coll felloo < CCollflloo(@ — ¢1) ™72 =t Bo.
When Re¢ = , by (4.13) and a similar argument as above
”f{ (,5271) ”E(L;/(M)) < B

for some fixed constant Bj.
We put m; := pk/f; (M)p"v. Then

Imgrinllc,amy < Bo,  lmpyinllci,my < Bi.

Now for p satisfying % = % +
obtain

EES

, applying the Stein interpolation theorem, we

gl z,m) < By " BY.
This implies that

1-6 po
”f(ﬂ{l)”L(L)];’(M)) = ”f(p(fdl)”L‘,(L;\”(M)) = BO Bl .

Since the choice of ¢ is arbitrary, we have proved that
e HO(LY (M), ¢% <m/2, 1< p <o

(v) By (4.4) and (4.5), it holds that
A e RS(LY M), 1<p<oo (4.15)

with ¢i;l < /2.

On the other hand, (Mo, g) is uniformly regular, and thus p|p, ~ 1y, Therefore,
the choice of weights is immaterial in the definition of function spaces on (M, g).
oy = 2|, is uniformly strongly p-elliptic in the sense of [4, formula (5.1)]. It is
proved in [4, Theorem 5.2] that

wo + oy € RS(LY (Mg)), 1< p < o0, (4.16)

for some wg > 0 with ¢§j0 < /2 and domain Wz’gi_A(Mo) fori =0, 1.
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(vi) An easy computation shows that for j = 0, 1 and any v € D(M)

mjdv = adi(wjv) + 2p>*C(V, gradm;) + [div(pz_kgradnj) — C(Vrj,anlv
=: (wjv) + Bjv. (4.17)

Note that
gradm; € BC®? (M, TM)

for any ¥ € R. Based on this observation and Propositions 3.1, 3.2, 3.4, and [2,
Corollaries 7.2, 12.2], we infer that

Bj e LoV IR M), LY M), i j =0, 1. (4.18)
for any r € (0, 1). Put o = (ﬁ%j)}:o and
o W2A R gV -
E| = WP,Bi M), Ep:= Lp M), E, :=(Eo, E1)y,p-

By the definition and convexity of Z-boundedness, c.f. [15, Proposition 3.8], it is clear
that (4.15) and (4.16) imply

wo+ 9 € RS(Ey), 1<p<oo (4.19)

for some woy > 0 with ¢£ o < 1 /2. By [15, Proposition 3.4, Theorem 4.4], for
0+

some 0 € (/2,7 — ¢§O+Q/)
R{(wo+ )Y+ wg + ) e By} < 0.

By (4.18), we have

Bi= (B))l_y e LWy 02

(M), Eo).

One can conclude that

BA € L(E 14, Ep).

2

Interpolation theory thus implies that for every ¢ > 0 there exists some positive
constant C (&) such that for all u = (uj);zo e E;

I1BAulg, < ellullg, + C(e)llullg,- (4.20)
It is well known that (4.19) implies that there is a constant £ > 0 such that
o' @+ D) NeEne) <€ =01, 0>
Together with (4.20), it implies

IBAu|| g, < e€ll(wo + S ullg, + C(@)llullk,



Vol. 18 (2018) The Yamabe flow on incomplete manifolds 1619

By [15, Proposition 4.3, Theorem 4.4], we can find some w; > wq such that
w1+ +BA € RS(Ey), 1<p<oo 4.21)

ith R )
wit ¢w1+£7+BA

< 1/2, and for some 6 > 7/2
R+ w1+ +BA) e B} < oo (4.22)
(4.17) shows that
A+ o1+ D=+ o+ )N u+BAAN U= (u+ o) + o + BA)ACu.
One readily checks that
A+ o1 + o + BA) A (1w + o) + )
= A(p+ w4+ +BA) ' (n+ w1+ +BA)AC = id 200

».B; M

(vii) On the other hand, one can also view
14r, 2 = (14r)/2 /
Bj e LW, 5" TR My, L ().

Following a similar argument as in

Let Bu := Z}:O Bju; foru = (“j)}zo € Epzrf.

Step (vi), we have for some wy > w
(U + w1+ VA + @y + o — A°B)IAC
= Ap+ o+ — ADB)(u+wr+o — AB) 1A = idyy )
and for some 6 > /2
Rl + w1+ —AB) e 5y < 0. (4.23)
Therefore, we have
(H+w+ )= A+ + o — AB)TAC
and by [15, Proposition 3.4]
Bl + oy + /) i€ B} < 00
The asserted statement now is an easy consequence of [15, Theorem 4.4]. O
We say u, v € C¥(M; R) are C¥-equivalent, which is denoted by u ~ v, if
u~v, |Vulg~|Vivlg, i=1,....k

Given any compact submanifold ¥ C (M, g), the distance function is a well-defined
smooth function in a collar neighborhood %5 of . The distance ball at ¥ with radius
r is defined by

Bm(Z,r) :={p € M : disty(p, ) < r}.
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DEFINITION 4.10. Suppose that (.#, g) is an m-dimensional uniformly regular
Riemannian manifold.

(i) (A, g) is an m-dimensional uniformly regular Riemannian manifold, and ¥ =
{¥; : j =1,...,k} is a finite set of disjoint (m — 1)-dimensional compact
submanifolds such that £; C .4 or T; C 8.4 . Put Go := .4\ UI;=1 % ; and

Bir =B 4(2;,1)NGo, j=1,.... k.
Furthermore, the singularity function p satisfies
p ~o dist 4 (-, ;) in B, (4.24)
for some r € (0, §), where § < diam(.#) and %; s N %, s = P fori # j, and
p ~ 1, elsewhere on Gy.

(i’) Assume that X := {p; : j = 1,..., k} is a family of points in A . In addition,
Gy and p are defined as in (i).

i) G = {Gy,...,G,} is a finite set of disjoint m-dimensional closed uni-
formly mild wedges. More precisely, there is a diffeomorphism f; : G; —
W(R;, B;, I';) with R; € €4, (Jy). Let I, :== (0, r] and

Gri= N op x By xTh), i=1,...,n.
Moreover, the singularity function p satisfies
p~2 [ (@p(Ril;, ®1p,) ®1r,) in¥Yj, (4.25)
for some r € (0, 1], and
p ~ 1, elsewhere on G;.

(iii) {Go} U G forms a covering for M, and Gy N G; C 3Gy N 3G;.

If (M, g; p) satisfies condition (i)—(iii), then it is called a torn singular manifold with
closed uniformly mild wedge ends. If (M, g; p) satisfies ("), (ii) and (iii), then it is called
a punctured singular manifold with closed uniformly mild wedge ends. Analogues of
these two concepts were first introduced in [51] and then slightly modified here.

One can show that (4.24) and (4.25) imply that
|Ap| <00 in%;,and ¥; . (4.26)

THEOREM 4.11. Suppose that ) € [0, 1) U (1, c0) when (M, g; p) is a torn C2-
singular manifold with closed uniformly mild wedge ends, or A € [0, m)U(m, 0o) when
(M, g: p) is an m-dimensional punctured C?-singular manifold with closed uniformly
mild wedge ends. Let \' € R. Furthermore, assume that the differential operator

du = —div(pzf)‘gradu) +C(Vu, ay) + apu
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is (p, M)r-regular. Then there exists some w > 0 such that szl%; = | 2o

o5 (M)

satisfies
o+ o € RS(LY(M), 1<p<oo,,
: 3 R
with Z-angle ¢w+e9f§; < /2.

Proof. This follows from [51, Proposition 5.10, Corollary 5.20, Remarks 5.16, 5.21,
5.22] and a similar argument as in Theorem 4.9. O

4.2. Maximal L ,-regularity of second-order elliptic differential operators

In order to study nonlinear parabolic equations on singular manifolds, we will
establish maximal L ,-regularity for differential operators of the form (4.1). To this
end, we consider the following abstract Cauchy problem

ou(t)+Au(t) = f(@), t>0
4.27)
u(0) = 0.

d
DEFINITION 4.12. Assume that X; < X is some densely embedded Banach
couple. Suppose that A € S(Xg) with dom(A) = X;. The Cauchy problem (4.27)
has maximal L ,-regularity if for any

f € Ly(Ry; Xo),
(4.27) has a unique solution
u e Ly(Ry: X1) N Hy (R Xo).
We denote this by
A e MR, (Xo).

THEOREM 4.13. Let )’ € Rand p # 3/2, 3. Suppose that a C?-singular manifold
(M, g; p) and X satisfy the conditions in Theorems 4.9 or 4.11. Furthermore, assume
that the differential operator

du = —div(,oszgradu) +C(Vu,ay) + apu

is (p, A)r-regular. Let J = [0, T]with T € (0,00) andi = 0, 1. Then for every

N=a(1—1

/ 2-2, )
(f,u0) € Lp(J5 Ly (M) x W, 4 (M),

and

2—i—d Vgl 1-Li-.L Wit L
heL,J; W, 7 TroMynw, 2L, 7

i

T )
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satisfying the compatibility condition
Boug = h(0) on oM ifi =0and 3/2 < p,
Biug = h(0) on oM ifi =1 and3 < p,
the Cauchy problem

ou(t) + Aul) = f(t) on My,
Bu=h  on 8My; (4.28)
u(0) = ug on M.

has a unique solution
we Lpy(J: Wi (M) N H)(J: Ly (M),

Proof. Theorems 4.9,4.11 and [15, Theorem 4.4] show that, for some w > 0, dé‘: =
427|W§:,¥;A(M) satisfies

o+ df € MRy(LY (M)). (4.29)
By Proposition 3.6, we have

2 4 1
2- 2 =r(1=)

(LA MY, W™ (M) 1ypp = W, 7 (M)
We set
Eo(J) == L,(J; L} (M),
and
Ei(J) = Lp(J5 W™ () 0 HL(J5 LS (M));
and put
Fo(J) := L,y(J; Ly 77 (amy),
and
Fi(J) = Ly (J; W P oMy 1) (75 Ly VP oMy,

and

Eo(J) = (Eo()), Ex(U))e.p, Fo(J) = (Fo(J), F1(J))g. p-
[3, Definition (8.3), Theorem 20.3] show that for 6 = 1 — ’5 — ﬁ

Bi € LE(]), Fo(J))
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is aretraction and there exists a coretraction B € L(Fg(J), E1(J)) suchthat B;o 3 =
id. Note that in [3] the author used the following notations:

Ei(J) = Wz %P o)

and

]Fl(]) — Wg’/éai(k’_)ﬁ‘ri-‘rl/p’)n)(a'vl)’ ]Fl(]) — Wﬁ{é;(k’_A+i+l/p,)n)(aM).

To obtain a precise characterization for Fy (J), we apply interpolation theory and infer
that

(Lp(J; Ly TP @MY), Ly Wt P oMy,
= L, er,x’—;\+i+1/p(3M))‘
On the other hand, following the proof for [3, Theorem 21.1], we can show that

(Lp(J5 Ly P @My), 1L L TP M),

A’+i+%fk(179)

= Wi Ly (OM)).
Therefore,
2€,)\4/_)h+.+l A/+'+i—k 1—-6
Fo) =L W, My nwl s L, P oy

is the boundary trace space for E;(J). Let u* = B{(h). Then u = u* + it solves
(4.28), where # is a solution to

u+ Adu=f—ou* —Fu* = f* on Mr;
Biu=0 on oMrp; (4.30)
u(0) = ug — u*(0) =: ip on M.

We will show (4.30) has a unique solution in [ (J).
Given Banach spaces E and E such that E < L j,.(J; E), define

e’ E:={u € Lijoc(J; E): e “u e E},
equipped with the norm

Mg

lulleors := lle
The boundedness of J gives

¢”'Ej(J) =E;j(J), j=0,1. 431

. 1} A
One readily checks that w(z) = e 75, g solves

ou(t) +Au() =0, Biu=0 u(0)=uop.



1624 Y. SHAO J. Evol. Equ.

[1, formula (II1.1.5.6), Proposition 4.10.3] and (4.31) imply that w € E{(J).
Hence it only remains to prove that for any f € Eq(J), the Cauchy problem

qv@) + (w+ ) =e " f(t), v(0)=0
has a unique solution v € E;(J), or equivalently,
u=-e"vee’Ei(J)

uniquely solves (4.30) with &g = 0. This is an immediate consequence of (4.29).
2—Z V-r(1-1y
Lety : Ey(J) — E := w, Bf P"(M) : u + u(0). Then

y € LE((J), E). (4.32)
By the maximal regularity property, cf. [40, Formula (1.2)] and (4.32), we have

lullg, oy < lulE o) + lllg o)
< CIhllwy(ry + I1f sy + N0l E)
< Clhllgg(ry + 11 flEg(ry + 18eu™ 4 U™ ([Eg (1) + lluoll e + 14 (O) || £)
< ClhllEy ) + 1 flmery + Nluolle)-

This establishes the uniqueness of the solution u = u™ + . U

COROLLARY 4.14. Under the same conditions as in Theorem 4.13, if (f, h, uop)
is real valued, so is the solution u.

Proof. If h is real, then u* = B (h) is real. Since the semigroup {e”"y},zo is real on
L;’ (M), the variation of parameters formula for the solution # to (4.30), i.e.,

t
a(t) = e " (ug — u*(0)) +/ eI prydt, t>0
0

immediately gives the desired assertion. 0

5. The Yamabe flow

Suppose that (M, go; p) is a C2-singular manifold of dimension m for m > 3. The
Yamabe flow reads as
g =—Rgg on Mr;
H, =0 on oMy; 6D
8(0) =go on M,
where Rj is the scalar curvature with respect to the metric g, and H, is the mean

curvature of ggm. The evolving metric g is in the conformal class of the background
metric go, i.e., [go].
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Note that a singular manifold satisfying the conditions in Theorem 4.9 (in addition,
we ask M, to be bounded for some r € (0, 1]) or 4.11 must be incomplete. Indeed, it is
not hard to verify that the manifolds in Theorem 4.11 are incomplete. Since a manifold
with non-empty boundary is incomplete, we consider a manifold (M, g) with dM = @
satisfying the conditions in Theorem 4.9 and M, is bounded for some r € (0, 1].
Assume that (M, g) is complete. Then by the closedness and boundedness of M, and
Hopf-Rinow Theorem, one immediately concludes that M, is compact. We can pick
a sequence (x,), C Mr such that p(x,) < 1/n. From the compactness of M, and the
continuity of p, we infer that there exists a subsequence (x,, ),, — x for some x € M,
and p(x) = 0. A contradiction. Through the rest of this paper, we always assume that
either (M, go) satisfies the conditions in Theorem 4.9 with Mr being bounded for some
r € (0, 1] or the conditions in Theorem 4.11. By the above discussions, (5.1) actually
starts with an incomplete metric.

5.1. Well-posedness of the Yamabe flow on singular manifolds

In this subsection, we apply Theorem 4.13 and Corollary 4.14 to establish the general
theory for existence and uniqueness of solutions to the Yamabe flow (5.1) on (M, go).

Let c(m) = 4(":’1—7_21). The conformal Laplacian operator L, with respect to the

metric g is defined by
Lgeu := Agu — c(m)Rgu.
Here A, is the Laplace-Beltrami operator with respect to g defined by
Ag :=divg o grad.

4
Let g = um=2gq for u > 0. By rescaling the time variable, Eq. (5.1) is equivalent to

m+2 m +2
8;1/1’"*2 = ngOM on MT,
C(Vu, ng) = on O0My;
u(0) = 1y on M,

where ng is the inward pointing normal of go on dM. The vanishing mean curva-

ture condition H, = 0 has been transformed into the Neumann boundary condition
ou

C(Vu, ng) = 0. See (1.4) in Sect. 1. Note that C(Vu, ng) = P It is equivalent to
n

0
solving the following equation:

ou = zfﬁLgou on Mrp;
C(Vu,np) =0 on JMr; 5.2)
u(0) =1y on M.

Put

P(uyv = u" 7 Agyv, Q) i= —c(m)un= Rg.
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We set

_m+2 2. — m+2

Eo:=L, " (MiR), Ei:=W, 5" (MR).

Then it follows from Proposition 3.6 that

2

Er-1/p = (Eo, ED1-t/p.p = Wl 7 (M:R).
By Theorem 4.13 and Corollary 4.14, the operator
P(up) = Agy € MRp(Ep), 1 <p<o0
with domain E;. We assume that
p>m+2.

Proposition 3.7 then implies

Ei—1/p <> BC"O(M; R).

We first look at the linear problem
O = Agou on  Mr;
C(Vu,ny) =0 on OMry;
u(0) = 1y on M.

It is clear that u™ = 1) solves (5.4).
Then we look at the nonlinear problem

Ou—Pu+u*Hu=Qu+u*) on Mg;
C(Vu,ng) =0 on O0Mrg;
u(0) = O on M.

We take

U :=BrOy) :={v e BC''(M;R) : |v]l1.00:0 < R}

J. Evol. Equ.

(5.3)

(5.4)

(5.5)

to be an open ball around Oy in BCYO(M; R) with R < 1, and set U := i_l(lj),
where i is the embedding of E1_j,, into BC"*(M; R). Then U is open in E1_1,,

and

inflo+1y)>1-R >0, vel.

On the C2-uniformly regular Riemannian manifold (M, §) := (M, g/p?; 1y), we can
define unweighted BC*-spaces as in Sect. 2.2 with respect to the metric g and by
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taking p = 1y. We denote these spaces by BCk(I\7|). By [4, Formula (4.4)], it holds
that

BCK(M) = BC*O(M)

An observation into the proof for [49, Proposition 6.3] shows that this proposition
remains true for BCK (M; R). Therefore, it holds for any « € R that

[v > v*] € C(U + 1m, BCO(M; R)),
where w is the symbol of real analyticity, and
U+ Im={ueLlijoMR):u=u+1y withu; € U; Il 11.00:0}
is open in BC9(M; R). Moreover, [v — (v + 1y)] € C®(U, U+ 1m). Therefore,
v (v+1w)? € C*(U, BC'(M; R)), (5.6)
In view of Propositions 3.2 and 3.4, we have
Ay, € L(E1, Ep).
Now one infers from Proposition 3.1 and (5.6) that
[vi> P(v+u™)] e C?U, L(Ei, Ep)) 5.7

Our most important assumption for the Yamabe flow can be stated as follows.
(YF) There exists some ¢ € (%, o0) such that

P € L,(MiR), Ry € BCP2(M; R). (5.8)

We would like to comment on the second entry of (5.8). This condition is not optimal.
Indeed, in [50, Formula (4.13)], it is shown that

Rg, € BC®2(M; R).

So (YF) actually asks Ry, to be less singular. However, we will show in Sect. 5.2 that
(YF) is satisfied by plenty of examples of singular manifolds.
As a consequence of (5.6) and (YF), we conclude from Proposition 3.1 that

[vi> Qv+ u)] e C(U, BC">"¢(M: R))
and for any v € BC27¢(M; R)
o mt2
”v”p;z_% < ”v”oo;Zfe”P P ”p < C”v”oo;Zfs-
Combining the above two results, we infer that

[ve> Qv +u")] e C?U, Ey). (5.9)
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[11, Theorem 2.1], (5.3), (5.7) and (5.9) imply that there exists a unique solution
ii € Bi(J) := Lp(J; E1) N H,(J; Eo)

solving (5.5). Now it is clear that & := & + u™ solves (5.2). We will show that # is
indeed the unique solution in the class [E1(J) & Ry, where Ry is the space of all
real-valued constant functions on M. First we have

Ei(J) = C(J; E1—1/p)»

and Ry NE|_1/p = {Ou}. If u € E{(J) ® Ry solves (5.2), then we have a unique
decomposition of the solution u = uj + up with u; € E(J) and up € Ry. Since
u(0) = u1(0) + uy = 1y, we infer that up = 1py. Thus u; € E;(J) is a solution to
(5.5) by our construction, and the uniqueness follows immediately.

Now we are in a position to state the following well-posedness theorem for the
Yamabe flow.

THEOREM 5.1. Suppose that (M, go; p) is a C>-singular manifold satisfying either
the conditions in Theorem 4.9 with M, being bounded for some r € (0, 1] or the
conditions in Theorem 4.11. Suppose in addition that p > m + 2 and condition (YF)
is fulfilled. Then the Yamabe flow (5.2) has a unique positive solution

_m+2 o m+2

weL,(J;W, 537 MR)NH(J;L, 7 (M;R) @ Ry.

for some J := [0, T]with T > 0. Moreover,

2

-2 _m
ueCJ; Wp,B‘]’ " (M; R)) @ Ry.

The local positivity of the solution « in the above theorem follows from the fact that
2 m 2 2 _m

2-2_m :
ueCWU; W, " "(M;R)@®@1yand W, ”" 7 (M;R) — BCO(M; R).

REMARK 5.2. We observe that our solution to the Yamabe flow (5.1) remains in
the set U @ 1) at least for a short period of time J = [0, T']. For any fixed 7y € J, we
have

0 < inf u(tp) < supu(ty) < oo.

This means that (M, g(¢); p) is a singular manifold forall t € J.So the unique solution
obtained in Theorem 5.1 preserves the type of singularities and is not instantaneously
complete. This has the same feature of the solution obtained in [8] for compact man-
ifold with an incomplete edge singularity.

5.2. Examples of the Yamabe flow starting on incomplete manifolds

PROPOSITION 5.3. Suppose that (M, go: p) is a torn or punctured C>-singular
manifold with Vol 40 (M) < o0o. Then condition (YF) is satisfied for all & € (’”TH, 2].
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Proof. By Definition 4.10, (M, go; p) is constructed by removing a finite family of
(m — 1)-dimensional compact submanifolds X := {X; : j = 1,...,k} or a finite
family of points p := {p; : j = 1,..., k} from a uniformly regular Riemannian
manifold (A, g) with g|m = go.

The proof of [17, Theorem 1.2(b)] also applies to the scalar curvature R;. This
implies that the covariant derivatives of Ry, = R3|m are uniformly bounded, i.e.,
Rg, € BC oo’O(M). Hence, by taking ¢ < 2, we infer from Proposition 3.8 that

Rg, € BC®27¢(M).

Set B, =B 4(X;,r)NMwith j =1, ..., k. By the collar neighborhood theorem,
there exists an open neighborhood 7} ; of X in ./, and a diffeomorphism f; such
that

fi Ve = 0% x (=.8),  (f)«&ly,, = glax; +dr*,

for some ¢ > 0. Let T+9% ;j denote the normal bundle of 0X; in .#. At every point
p € 0X;, there exists a unique vp € TpLa X such that

Tpfjvp =e1 € ToR.

Then, f j_l(p, t) = expp(tvp), where expp is the exponential map at p. Therefore,
letting js = (—¢, ¢)\{0}, we have

(fspP, 1) :=18;(P), indXT; x J,

for some B; € C*°(9X;) and B; ~ 132_/.. Because of the compactness of %, it is
easy to compute that

_m+2 o o
10" 1 :/ 1B (PP (f)adug §Cf P dr dug,,
3 AT % Je !

jx.]g

Therefore, ¢ > m7+1 will guarantee

e mt2
p- » e L,(M;R).
The case of punctured singular manifolds follows by considering the polar coordinates
around each p;. 0

EXAMPLE 5.4. The following are examples of C2-singular manifolds satisfying
the conditions in Proposition 5.3.

(i) Assume that @ C R™ is a bounded C3-domain, g,, is the Euclidean metric in

R™, and d(-) := dist(-, 9Q) near d2. The fact that (2, g,.; d) is a C>-singular
manifold follows from [5, Theorem 1.6] or [50, Proposition 3.7].
By [5, Corollary 4.3], (R, g,») is a uniformly regular Riemannian manifold.
Definition 4.10 implies that (2, g,; d) is a C2-torn singular manifold satisfying
the conditions in Proposition 5.3, and thus the Yamabe flow (5.1) admits a unique
local solution on the incomplete manifold (M, go; p) = (2, gn; d).
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o) /4

O M

Figure 1. Example 5.4(ii)

(ii) More generally, suppose that (.#, §) is a C*> compact manifold with boundary;
00 10\ M = 0.4 and 0; ./ are both open. See Fig. 1. Then by Definition 4.10,
(M, go) := (M \do.#, Z|\) is a C>-torn singular manifold satisfying the con-
ditions in Proposition 5.3. So Theorem 5.1 holds true in this case. In contrast to
the situation in [10], we do not require any boundary condition on dy.Z .

REMARK 5.5. Theorem 1.1 is a direct consequence of Example 5.4(ii).
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