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Abstract. We study the large time behavior of a class of diffusive predator—prey systems posed on the whole
Euclidean space. By studying a family of similar problems with all possible spatial translations, we first
prove the asymptotic persistence of the prey for the spatially heterogeneous case under certain assumptions
on the coefficients. Then, applying this persistence theorem, we prove the convergence of the solution to
the unique positive equilibrium for the spatially homogeneous case, under certain restrictions on the space
dimension and the predation coefficient.

1. Introduction

In this paper, we are concerned with the large time behavior of a class of diffusive
predator—prey systems posed on the whole space R that takes the following form

oru —DAu =ugx,u) —I(x,u)v], t>0, x¢€ RN,

1.1
v —Av=r(x)v[l —8x)v/u]l, t>0, xeRV, (0

Here u = u(t, x) and v = v(¢, x) denote, respectively, the densities of the prey and
the predator at time ¢ > 0 and spatial location x € RV . In the first equation of system
(1.1), the function g denotes the intrinsic growth rate of the prey while the function
ull(x, u) denotes the functional response of the predation. In the second equation of
system (1.1), » and § are given nonnegative, continuous and bounded functions such
that r denotes the growth rate and u /5§ denotes the carrying capacity of the predator.
Finally, D > 0 denotes the normalized diffusion coefficient of the prey.

The above class of systems contains as special cases the so-called Leslie—Gower and
Holling—Tanner diffusive models that correspond to the following specific functions:

gx,u) = A(x) —a(u, I(x,u) = p(x),

B(x)

g w) =Mx) —a(@u, [x.u) = 7= 7o,
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where the functions A, &, 8 and y are nonnegative continuous and bounded on R" .
The aim of this work is to prove that the prey component of solutions of (1.1) does
not asymptotically quench as time becomes large. This will allow us to provide a
sufficient condition to ensure that the solution converges to some equilibrium solution
for some specific homogeneous functions.
In this paper, we set R := [0, 0co). We also introduce for any uniformly continuous
and bounded function f : RN — R the hull of £, denoted by H(f), defined by

Hp =cl({oyf. vy eRN)) with oy () = £+,

where the closure (denoted by cl) is taken with respect to the topology of Cioc (]RN )
In other words, one has

Fe () & 3y} CRY suchthat f(x) = lim f(x +ya) in Cioc(®").

Hereafter, for each p > 1, the set WIL’CZ;” ((O, 00) x RN ) is consisted of functions
¢ = ¢(t, x) defined on (0, c0) x RY such that

@, 0;¢, Oy, and 3;%,-,):]-‘/7 belong to Lf;c ((0, 00) X RN>

for all indicesi = 1,...,Nand j = 1, ..., N. Also, the set W]i;cp (R") consists of
functions ¢ = ¢(x) defined on R such that

@, Oy, and 33,-,):,-90 belong to L (RN>

for all indicesi =1,...,Nand j =1,..., N.
In order to state our main results, let us firstly introduce the general assumptions
which we shall use in this work. Our main set of assumptions reads as follows.

ASSUMPTION 1.1. The function g : RN x R, — R is continuous and satisfies

(i) there exists some constant M > 0 such that g(x,u) < 0 for all x € RN and
u>M;
(i) the set g (RN x [0, M]) is bounded and g is uniformly continuous on RN x
[0, M];
(iii) there exists a constant y > 0 such that

J(=DA=F1RY) < -y, VEeH((,0).

Here, ifweset L = DA +g(x), A (—L; RN) denotes the generalized principal
eigenvalue of the elliptic operator L, that is defined by

A (—L; RY)
=sup{,\eR: 3¢ € WEN®RN) such that ¢ > 0, (L+A)¢§OinRN}.
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REMARK 1.1. Here we have used the notion of generalized principal eigenvalue
for which we refer the reader to [4] (see also [5] and the references therein). Since the
operator L arising in the above assumption is self-adjoint, this principal eigenvalue
can also be formulated using the usual Rayleigh quotient as follows:

k[(—L RN) — inf fRN (D|V¢|2+§(x)¢2) dx'
' peHI(RN)\(0} Jrn ¢?dx

ASSUMPTION 1.2. The function TT : RN x R, — R is continuous and satisfies

(i) the set TT(RY x Ry) C [0, 00);
(i1) the set I1 (RN x [0, M ]) is bounded and 11 is uniformly continuous on RN x
[0, M].
ASSUMPTION 1.3. The functionsr, 8 : RN — R are uniformly continuous and
bounded and they satisfy
(i) there exists 8o > 0 such that 8(x) > 8o for all x € RN ;

(ii) any function™ € H(r) satisfies 7(x) > 0 almost everywhere for x € RN,

Our first result is concerned with the asymptotic positivity of the u-component. To
state our result, we consider the set S of all solutions defined by

S = {(u, VEXXX : 0<u<M,0<uv<M/S, (u,v) satisfies (1.1)],
wherein we have set

X =C (R+ X RN> N m Wll)f:p (((), o0) X RN> .
p=1

Before going to our first result, note that when system (1.1) is supplemented with
some initial data (ug, vo) € C(RY) x C(RY) such that

0 <infuo <uo(x) <M, 0<uvo(x) <M/8, Vxe RV, (1.2)
R

then it has (at least) a globally defined solution (u,v) € & x X such that u > 0
and v > 0. Moreover, although the parabolic comparison principle does not apply to
this system of equations, it separately applies to each component of that problem and
ensures that the following properties hold true

0<u(t,x) <M, 0<uv(r,x)<M/Ss, Vi>0, xeRV.

The first inequality is ensured by the positivity of I1 (see Assumption 1.2(i)) and
Assumption 1.1(i). The upper bound for v follows from the upper bound for # and the
uniform lower bound for the function § as stated in Assumption 1.3. As a consequence,
S is non-empty.

We are now able to state our first main result as follows.
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THEOREM 1.4. (Asymptotic persistence of the prey) Let assumptions 1.1-1.3 be
satisfied. Then there exists a positive constant € small enough such that for all x € RN
and all (u, v) € S one has

liminf u(z, x) > ¢.
11— 00

The proof of this result is based on uniform persistence theory, for which we refer
the reader to the paper of Hale and Waltman [9], the paper of Magal and Zhao [11]
and the monograph of Smith and Thieme [16]. However, the usual theory does not
directly apply to the problem we consider in this work. On the one hand, we are not
able to fully characterize the set of initial data ensuring the existence of a solution of
(1.1). On the other hand, the weak regularity we assume in this work does not ensure
the uniqueness of the solutions. As a consequence, it is difficult to associate a strongly
continuous semigroup on a complete metric space to system (1.1). Moreover, since the
value of & > 0 appearing in Theorem 1.4 holds for any x € R", the natural solution
set S for problem (1.1) defined above is not sufficiently large to prove the above
persistence result. To overcome this difficulty, we shall also act by space translation
on the solutions. However, our system is not invariant under space translations, since
the problem we consider is spatially heterogeneous. To resolve this issue, we consider
the set of solutions for a family of problems (see (Py) below) in the form of (1.1)
taking into account all possible spatial translations.

Based on Theorem 1.4, we shall investigate the large time behavior of the problem
(1.1) with the specific homogeneous functions

gx,u)=1—u, MNx,u)=k>0, rx)=r>0, sx)=1. (1.3)

Our next aim is to show that when vy # 0 the solution (u, v) of (1.1) with initial data
(uo, vo) satisfying (1.2) converges locally uniformly as ¢ — oo to the unique positive
equilibrium point (u*, v*) defined by

1
* *
(u ) )_m(l,l).
Observe also that (u, v)(¢, x) — (1,0) as t — oo locally uniformly with respect to
x € RN, when vy = 0. Such a property is usually referred to the so-called “air trigger
effect.” We refer to Aronson and Weinberger [3] for the derivation of such a property
for scalar reaction—diffusion equation of monostable type.

The question of converging to the positive equilibrium point has already been solved
in [7] in the case where the parameter k satisfies k € (0, 1). Indeed, in that case it is easy
to obtain that the u-component stays uniformly far away from the singular boundary
u = 0. This crucial property allows the author to use a sandwiching technique by
constructing a suitable decreasing sequence of invariant rectangles. In that setting,
namely O < k < 1, since v < 1 the function u satisfies

oou—DAu>u(l—k—u), t>0, x e RV,
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and, since 1 — k > 0, this prevents the u-component to be too close to u = 0. Of
course, when k > 1 such a simple argument can no longer be used.

In this paper, we first prove that the u-component cannot quench for all time for
arbitrary parameter £ > 0. Then we develop some refined arguments in order to prove
that (u, v) is asymptotically constant. More precisely, we obtain the following result.

THEOREM 1.5. Let (u, v) € S be any solution of (1.1) with (1.3) such that v > 0
on Ry x RN, Then one has

tl_l)rgo (u,v) (t,x) = (u*, v*)

locally uniformly for x € RN, if one of the following conditions is satisfied

(1) The dimension N is arbitrary and k € (0, 1];
(ii) The dimension N = 2 and k € (0, 1/sg) where so € (1/5,1/4) is the unique
solution of the polynomial equation 32s> + 165> —s — 1 = 0.

The proof of this theorem is given in Sect. 4 below. Note that the sandwiching
technique in [7] for k € (0, 1) can be extended to the case k = 1, but cannot be further
extended to k > 1. Here, for k > 1, we develop another technique based on energy
arguments using the Lyapunov function proposed by Du and Hsu in [6] in which the
global stability of (u*, v*) for a similar system posed on a bounded spatial domain
was studied.

The rest of this paper is organized as follows. In the next section, we shall provide
some preliminary estimates which will be used later. Then Sect. 3 is devoted to the
proof of Theorem 1.4. Finally, the proof of Theorem 1.5 is given in Sect. 4.

2. Preliminary estimates

In this section, we shall recall and derive some important estimates for the solutions
of system (1.1). For this reason, instead of only dealing with the solution of the initial
value problem (1.1), we will state our estimates for a larger class of solutions.

2.1. Harnack inequalities and maximum principle

Let 2 C R x RY be abounded open set such that (0, 0) € Q. For R > 0, we denote
by Qr the parabolic cylinder defined by

Or = (—R%,0) x Bg, with Bg = {x e RV : |x| < R}.

A function w: Q2 — [0, co) is said to be a Lipschitz sub- (resp. super-) solution of
the heat equation on € if w is a Lipschitz continuous function on Q satisfying the
inequality

/ drwedtdx +/ Vw - Vedtdx <0 (resp. > 0)
Q Q
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for all Lipschitz continuous test functions ¢ : R x RN — [0, 0o) with supp ¢ C .
We first recall from [8,12] the following two Harnack inequalities for sub- and
super-solutions of the heat equation.

LEMMA 2.1. (Harnack inequality for Lipschitz sub-solution) For each p > 1,

0 < 0 < t < 1, there exists a constant C = C(p, 0, t,2) > 1 such that for any
R > O with Qr C 2 one has

_N+2
supw < CR 7 [[wllLrg.z)
Oor
for any positive Lipschitz sub-solution w of the heat equation on Q.
LEMMA 2.2. (Harnack inequality for Lipschitz super-solution) For each R > 0
such that (—4R?%,0) x Br C , there exist p = p(R) > land M = M(R) > 1 such
that

lwllLe((—4r2,—3R2)x BR) = Miéllf w

for any positive Lipschitz super-solution w of the heat equation on <.

We continue this section by recalling a strong maximum principle for Sobolev
super-solution of a parabolic equation (cf. [8]).

LEMMA 2.3. Let T > 0 be givenand p > N +2. Letu € W,
be a function such that

1,2;p
ocC

((0, T) x RV)

du—Au>0ae in(0,T) xRN,
Ifu(0, -) > 0 then either u(t,-) = 0oru(t,x) > Oforallt > 0and x € RV,

2.2. A family of problems and basic estimates

As explained in the introduction, the proof of Theorem 1.4 requires the introduction
of a suitable family of problems related to (1.1) in order to take into account spatial
translations. To that aim, let us recall that the functions g(x, u) and IT(x, «) are both
uniformly continuous and bounded from RY x [0, M] into R (see Assumptions 1.1
and 1.2). Next we set

K=c ({(g(- Y TG4y, ), 0y 038) . y € RN}) , 2.1

where the closure is taken for the topology on Cioc (RY x [0, M])2 x Coc (RY )2.
Because of the uniform continuity assumption, let us further observe that the set /C is
uniformly equi-continuous. Moreover, from the definition of the set /C, one also has
the following boundedness property:

g, W] < sup gy, v)], Y(x,u) € RN x [0, M],
yERN, ve[0,M]

0 <IT*(y,v) < sup [T(y,v), V(x,u)e€ RN x [0, M],
yeRN, vel[0,M]

r*(x) <7:= sup r(x), 0<3 <8 (x)<3:= sup 8(x), Vx e RV,
xeRN xeRN
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for any (g*, IT*, r*, §*) € K. Therefore, K is compact with respect to the topology
on Cioe (RY x [0, M1)” x Cioc (RV).
Next, for each W = (g*, IT*, r*, §*) € K we consider the problem

oru — DAu=u [g*(x, u) — IT*(x, u)v] , t>0, xeRVN,
(Pw)

v —Av=r*(x)v(l —8x)v/u), t>0, xeRN,

Similarly as in the introduction, for each W € IC, we consider the set of solutions of
(Py) defined by

Sy={u,v) e X¥xX : 0<u<M,0<v<M/§, (u,v) satisfying (Py)},

and we consider the set S defined by

5= su. 2.2)
vek

Here let us observe that if (i, v) € S then, for each xg € RY, the function (i, D) (¢, x)
= (u, v) (¢, x + x0) belongs to S.

In the following, we shall derive some basic uniform estimates for the solution set
S. Our first estimate reads as follows.

LEMMA 2.4. Let0 < 6 < T < 1 be given. Set ¥ = sup{r(x), x € RV}. For each
R > 0, there exists a constant Cg such that for all (u, v) € S one has

B _ 1/2
sup e "v(t 4+ h,x) < Cg (// e "% (s + h, y)dsdy) (2.3)
x€Qgr (—7R?,0)xB:g

forany h > R?.

Proof. Since u > 0, the function v is a classical solution of the following differential
inequality
hv—Av—rv<0, t>0, x e RV,

Let R > 0 be given. For a fixed value & > R2, we consider the function wh (t,x) =
e ""v(t + h, x) that satisfies the inequality

Btwh—Awhfo, t > —h, x € RV,

Then, applying Lemma 2.1 on Q = Qg with p = 2, there exists some constant
C = C(R, 9, 7) such that (2.3) is satisfied. O

Our second result deals with estimates for the u-component as follows.

LEMMA 2.5. For each R > 0, there exist some constants M > 1 and p > 1 such
that for all (u, v) € S one has

P
// ul (t + h, x)dedx < M|: inf u(t+h,x):| .
(—4R2,—3R2)x By (1,x)€Qr

for any h > 4R
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Proof. Since (u, v) € S, the function u satisfies
oru — DAu > —’k\u,
for some constant k > 0 such that for any (g*, I[T*,r*,6*) e K
g (x,u) — I (x, u)v > %, Vx e RV, (u,v) € S.
One may apply Lemma 2.2 to the smooth function w” (¢, x) := ekt u(t +h, x) and the

lemma follows. O

Before going to the proof of our main result, we need to derive some further local
estimates.

LEMMA 2.6. Foreach R > 0and T > 0, there exists a constant K = K(R, T) >
0 such that for all V = (g*, IT*, r*, §*) € K and (u, v) € Sy one has

T
//|Vv(t,x)|2dxdt§K, (2.4)
0 JBg

T v2
/ / r*(x)8* (x) — (¢, x)dxdr < K. (2.5)
0 Bgr u

Proof. Let R > 0 and T > 0 be given. Consider the function ¢ € C* (RN ) defined
by

1 .
g)(x): exp (-m), if x EBR+1,
0, elsewhere,

and let us observe that Vo/ /¢ € L? (Bgr41). Now, fix (u, v) € Sy. Then multiplying
the v-equation by v and integrating over Br yields

d 2

v 2 UV(ﬂ
— p—dx +/ @ |Vv|~dx = — JoVu - (—) dx
dr 2 Br+1 Br+1 \/a

Br+1

3
—i—/ r*(x)(pvzdx—/ r*(x)cS*(x)(pv—dx.
Br+1 Br+1 u

However, one has

v 1 2 Vol|?
JoVu - (_v_<p> dx < —/ @|Vv|?dx + Ivllo / Vel dx:
N 2 JBry 2 Br+1 @

Br+1

and this ensures that

d 2 1
p—dx + —/ |Vv2dx < ||v||§o/
Br+1

a4 [1%
dt Bri1 2 2 Bry1

3 + r*(x)go] dx.

As a consequence, since v < M /8y and r*(x) < F, there exists a positive constant
K = K{(R, T) such that
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T
/ / o|Vul*dx < K{(R, T),
0 JBgr4i
and (2.4) follows.

To prove (2.5), let us multiply the v-equation by ¢ and integrate over Bgy1. This
yields
d TN
— pvdx + or*(x)§ (x)—dx
dr Bry1 Br+1 u

= —f Ve - Vodx +/ r*(x)pvdx.
BRry1 Br+1

2

(2.6)

However, one gets
Vo

1
— Vg - Vvdx < —/
/BRH 2 Br+1 \/a

and we infer from the above computations that

1
dx—i——/ ¢|Vv|*dx;
2 Br+1

T
—/ / Vo - Vodxdt <2K1(R, T).
0 JBry

Finally, integrating (2.6) over (0, T'), there exists a constant Ko = K>(R, T') > 0 such
that

T U2
/ / r*(x)8*(x)p—dxdt < K,
0 JBgr4i u

and estimates (2.5) follows. [l

As a consequence of the above lemma, one obtains that the set S is relatively
compact for some suitable local topology. To that aim, let us recall that for each p > 1
and ¢ > O such that ¢ < 2 — % then, for each € [—o00, 00), the embedding
WIL’CZ;” ((a, 00) X Bg) —> CEC’a ((a, 00) x RY) is compact.

We are able to state the compactness with respect to time translation action of the
set S. To that aim let us introduce the time translation operator of S.Foreachh > 0
and (u, v) € S we denote by 1, - (u, v) the function defined by

- (u,v)(t,x) = u,v) (t +h,x), Vt>—h, xeRV.
Then our next result reads as follows.

PROPOSITION 2.7. Foreachp > 1, the setS is bounded in W27 ((0, 00) x RY)
x L ((O, 00) x RN ) and relatively compact with respect to the topology of
il ((0,00) x RY) x L2 (Ry x RY)
foranya € (0, 2). Moreover, let {hn}n>0 C Ry be a given sequence suchthat h,, — 00
and let {U,},>0 be a sequence of functions with U,, € rhngfor alln > 0. Then {Uy, },>0
is relatively compact with respect to the topology of Clgéa (R x RN ) X L12OC (R x RN )
for any a € (0, 2).



764 A. DUCROT AND J.-S. GuO J. Evol. Equ.

Proof. The proof of this compactness result follows from usual parabolic regularity for
the u-component, while the compactness for the v-component follows from Lemma 2.6
and Simon compactness theorem (see [15]). Indeed, fix a smooth and compactly sup-
ported function ¢ € D ([0, o0) X RN). One has, for any ¥ = (g*, IT*,r*,8*) € K
and any (u, v) € Sy,

2
0 (pv) = @div +v9 = (pAv) + ((pr*(x)v - W*(X)(S*(x)% + U3z<ﬂ> - @2

However, because of Lemma 2.6, the first term in the right-hand side of (2.7) is
bounded in the dual space (H' ((0, 00) x RY ))/, while the second term is bounded
in L' ((0, 00) x RY). Hence, for each ¢ € D([0, 00) x RY), gv is bounded in
L>((0, 00)xR") and 9, (¢v) isboundedin L' ((0, o) xRV)+(H! ((0, 00) x RN))’.
Therefore, Simon compactness theorem applies and ensures that { v, (u,v) € 3} is
relatively compact in Llloc (]R+ x RN ) and thus in leoc (]R+ x RN ) This completes
the proof of the first statement of the proposition. The second statement follows from
the same arguments and the proposition is proved. 0

With the above estimates and the local compactness property, we are now in position
to prove Theorem 1.4 in the next section.

3. Proof of Theorem 1.4

In this section, we aim at proving Theorem 1.4. To reach this goal, we will make
use of the following crucial lemma.

Lemma 3.1 (Weak persistence of S). There exists ¢ > 0 such that for all (u, v) € S
one has

limsupu(t,x) > ¢
11— 00

forall x € RV,
Proof. In order to prove this lemma, we shall argue by contradiction by assuming that

for each n > 1 there exist x, € RV, W, € K and U, = (up, vn) € Sy, and t, > 0

such that .
lim t, =00 and u, (t, +1t,x,) < —, Vn>1, Vt > 0. 3.1

n—oo n
Now, consider the sequence of maps (", v") defined on [—1,, 0c0) x RY by
(un’ vn) (t,x) == (up, vp) (t + 1y, x +x,), V= 1.

Note also that (3.1) re-writes as

1
u"(t,0) < —, YVt >0, n>1. (3.2)
n
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We now divide the proof of Lemma 3.1 into three steps. We will first investigate the
behavior of the sequence {#"},>1 as n — co. Then we will derive some uniform con-
vergence for the sequence {v"},>1 to finally reach a contradiction and thus complete
the proof of the lemma.

First step In this first step, we will prove that for each R > 0 and & > 0 one has

lim sup u"(t,x) =0. (3.3)

"0 (¢ x)el—h,00)x B

To that aim let us first observe that due to Proposition 2.7 up to a subsequence there
exists a pair of functions (1>, v>®) : R x RV — [0, M] x [0, M /o] such that

W = u™ in Cloc (R x ]RN> and weakly in W27 (R x RN) forall p € [1, 00);
V" — v™ strongly in L, (R X RN) and weakly* in L. (R X RN>.

Let us write ¥,, = (g:: I, ry, 5;:) In addition, possibly along a subsequence, one
assume that the uniformly bounded sequence of function g (x, u") — IT (x, u™) v"
converges weakly* in L%, (R x RN ) toward some bounded function K (z, x).

Now note that the function u" satisfies the following equation on (—,, c0) x R¥
ou" — DAu" =u" (g;F (x, u”) — I (x, u") v”) ,

so that passing to the limit » — oo and using the above convergence property ensure
that the function pair (>, v™°) satisfies the following equation:

Ju™® — DAu™ = u®K(1,x), ae. (1,x) € R x RV,

Moreover, (3.2) ensures that ©°°(¢,0) = 0 for all + > 0. Since u>*° < M and v*>° <
M /$p and K is bounded, the function u*° satisfies the differential inequality

Ju>® — DAu™® > —ku™, ae. (¢, x) € R x RV,

for some constant ¥ > 0 such that K > % Finally, since 1 is nonnegative and
belongs to WIL’CZ;p (R X RN) for any large p and u®° (¢, 0) = Oforallr > 0,Lemma2.3
ensures that u®(r, x) = 0 for all (, x) € R x RV.

Due to the above arguments, in order to prove (3.3) we shall argue by contradiction

by assuming that there exists a sequence t, — 0o such that

lim sup sup u" (,, x) > 0. (3.4)
n—>o0 xeBg
Now we replace the sequence of function (1", v") by (@", v") := (", v") (- + tp, ).
Note that (3.2) re-writes as

1

", 0) =u"(t +1,,0) < —, Vt > -1, n> 1.
n
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Hence using the same arguments as above with (4", v") instead of (1", v") leads us
to a contradiction of (3.4) and this proves (3.3).

Second step We shall now investigate the behavior of the sequence {v"},>; and we
shall prove that for each R > 0 one has:

lim sup v'(t, x) =0. (3.5)

"% (1,x)€[0,00) x B
We first show that v*° = 0. To that aim observe that v" satisfies the equation
u" 3" —u" AV = ()" " — i (x)8) (x) (v”)2 )
Up to a subsequence one may assume that
(g::, I, ry, 8:) (x) = (g", I, r*, §™)(x) locally uniformly,

for some function r* € H(r) and §* € H(S). Recall that due to Assumption 1.3(ii),
r* > 0a.e.

Let T > 0 be given and ¢ € D ((—T,T) x Br). Then multiplying the above
equation by ¢ and integrating over R x R yields for any large enough n:

— // Orpu’v" — // @, u"v"dxdt
RxRN RxRN
+ // Vo - u"Vu'" + // eVu'" - Vv'dxdt
RxRN RxRN

= // ori()vtudxdr — // ri(x)8 (x)g (v”)2 dxdz. (3.6)
RxRN RxRN

However, since Vv" is bounded in L2 ((=T,T) x Br), one may assume, possibly
along a subsequence, that

Vo' — Vo™ weakly in L (=T, T) x Br).

Furthermore, due to the first step, since " is bounded in WL2P (=T, T) x Br) one
may assume, possibly along a subsequence, that

Vu" — Vu® = 0 uniformly on [T, T] x Br,

du" — du™ =0 weakly in L> (=T, T) x By).

Hence passing to the limit n — oo in (3.6) it yields:

// r*(0)8*(x)g (v°°)° =0.
RxRN

Since this true for arbitrary test function ¢ € D(R x R") and since r* > 0 a.e. and
8* > 8¢ > 0, we obtain that v*>° = 0.
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Now, using the uniform convergence of u” as stated in (3.3) and the above arguments
one can obtain the stronger convergence property:

. n =
Jimsup 10"+ )l 0,0 = 0

for each R > 0. As a consequence of the above uniform converge with respect to
the local L2-norm, one can apply the Harnack inequality as stated in Lemma 2.4 to
conclude that for each R > 0 one has

lim sup sup v"(t+h,x) =0,

00 h>0 (1,x)e Ok

from which (3.5) follows.

Third step From (3.3) and (3.5), we shall reach a contradiction. For that purpose, we
consider for each R > 0 and each continuous and bounded function p defined in RV
the principal Laplace Dirichlet eigenvalue A z[p] on the ball Br defined by

¢ € C (Br) N C*(Bg),
— (DA + p(x)) ¢ = Age in Bg, (G.7)
¢ =0o0ndBg and ¢ > 0in Bg.

Recalling from the result of Agmon in [1] (see also [4,5]) that one has

lim Ag[p] = A1(=DA — p(x); RY).
R—0o0

Due to Assumption 1.1(iii), choose R > 0 large enough so that Az[g*(-, 0)] < O (see
Assumption 1.1(ii)). Now observe that

Jim Ag [g1(. 0)] = Ar[g7(. 0)] < —y/2.
Then fix ng > 0 large enough such that
AR [85C,0)] < —y/4, ¥n = no.
Now let > 0 small enough be given such that
y/4 > 2n, (3.8)
and choose ¢ > 0 small enough such that
gr(x,u) > gr(x,0) —n, Vuel0,e]l, Vn=>ny.

(Here recall that the set /C is uniformly equi-continuous). Next because of (3.3) and
(3.5), let us fix n > ng large enough such that

g (x u™) = T (x, ™" = gi(x,0) — 2 forall (z, x) € [0, 00) x Bg.
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Hence, recalling that n is fixed, the function u” satisfies
ou" — DAu" > [g:‘;(x,O) — 277] u", t>0, x e Bpg.

For notational simplicity, we write Ag = Ag [g:: G, 0)] < 0. Let ¢g be the correspond-
ing principal eigenfunction normalized by [|¢r|lcc = 1 of the eigenvalue problem
(3.7).

Consider now the function u (¢, x) := e(=21=2R) 1 (x) on [0, 00) X Bp that satisfies

oiu — DAu = [g:;(x,O) — 27]] u, fort > 0, x € Bpg;
u=0 on [0,00) X dBg.

Then, choosing ¥ > 0 small enough such that « < minﬁ u" (0, -), one obtains from
the comparison principle that

ku(t,x) <u'(t,x) V¥t >0, x € Bpg.

However, due to the choice of 1 in (3.8), one has —2n — Ag > 0. Thus one obtains
that lim,_, o, " (¢, 0) = 00, a contradiction with u” < M. This completes the proof
of Lemma 3.1. ]

We are now able to complete the proof of Theorem 1.4.

Proof of Theorem 1.4. Let us argue by contradiction by assuming that there exist a
sequence (u,, v,) € S and x,, € R¥ such that for all n > 1 one has

1

liminf u, (t, x,) < —.
—00

S

Using Lemma 3.1, there exist a sequence #, — oo and a sequence /,, > 0 such that
for all n large one has

Un (tn, Xp) = % un(t, xp) < g Vt € [ty ty +1n), un(tn +1n, xp) = %
Consider the sequence of functions (1", v") defined by
(u”, v”) (t,x) =1y, - Oy, (Un, Vy) (t,X) = (Un, V) (t + tn, Xy + X),
that is a solution on (—#,, 0o) of the problem (Py) with W = W, defined by
v, = (g(- + xp, ), (- + x4, +), O, 1, aan) .

Since t, — 00, possibly along a subsequence, one has

(u", v") — (uoo, v°°) in Cioc (R X RN> X leoc (R X RN) ,

v, - Wy, 1= (g*, I, r*, 8*) € K locally uniformly,

l, = [ :=liminf[,,
n— oo
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and wherein the function (u°, v*®°) € X x L*® (R X RN) satisfies

(0; — DAY u®™ = u®>® (g* (x, u°°) —IT* (x, u°°) v°°) ,

4®(0,0) = % and u™(t,0) < % Vi € [0, 1).
Let us further observe that [ = oo. Indeed, if [ < oo, then the function u*° satisfies
in addition #®°(Z, 0) = 0. Note that latter condition contradicts #°°(0, 0) > 0 and the

comparison principle as stated in Lemma 2.3.
As a consequence of the above construction, #> > 0 on R x R" and satisfies

u™(@t,0) <=, vi>0,

N ™

while the function pair (#*°, v*°) (for positive time) belongs to Swy__ . This contradicts
Lemma 3.1 and completes the proof of Theorem 1.4. U

4. Proof of Theorem 1.5

In this section, we prove Theorem 1.5. To that aim, consider (1, v) € S, a solution
of (1.1) with (1.3), with v > 0. Note that M = §o = 1 so that we have

O<u<1and O<v<l.
Take a sequence t, — oo and assume, up to the extraction of a subsequence, that
Tt,z'(“’ U)(t, x) = (l/t, U)(t + t}’lﬂ x) - (MO(H vOO)(tv x)

locally uniformly for (¢, x) € R x RV,
To prove Theorem 1.5, it is sufficient to prove that

(uoo, voo) ([, X) = (u , U ) = <m, m) . (41)

Let us firstly observe that, due to Theorem 1.4, one has, for all (¢,x) € R x RN,
Uxo(t, x) > ¢ for some given ¢ > (. Then we claim that the following holds true.

CLAIM 4.1. One has
Voo(t,Xx) >, Y(t,x) e R x RV,

Proof. Let0 € (0, 1/2) be given. Fix R > 0 large enough such that, for each contin-
uous positive function wy, the solution w = w(t, x) of the problem

B,w—szw(l—ﬁ), t >0, x € Bg,
w(0, ) =wg, and w(,x) =0, t >0, x € 0Bg,
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satisfies
Iim w(t,0) > (1 —260)e.
11— 00

Now fix & € RY and observe that, due to Theorem 1.4, there exists #p > 0 large
enough such that
u(t,h+x)>(1-—0)e, vVt >ty, x € Bp.

Hence the function vh(t, x) = v(t, h + x) satisfies

ol

8[vh—Avh zrvh 1—-—
(1 —0)e

),t>to,xeBR.

Since v > 0, one obtains from the comparison principal that

lim inf v" (¢, 0) = liminf v(r, h) > (1 — 20)e.
—>00 t—0o0

Hence we have proved that for each 8 > 0 small enough, and each i € RY one has
liminf v(¢, h) > (1 — 20)e.
11— o0

Letting & — 0, Claim 4.1 follows. O

From this claim, we obtain that there exists n > 0 small enough such that
(Uoo, Vo) (1, X) € P =g, 1 — n]*, ¥(t,x) e R x RV, (4.2)

while (1, Voo) is @ bounded entire solution of (1.1) with (1.3). In addition, because of
parabolic estimates, this function pair is C* on R x R¥ and has bounded derivatives
of any order.

From now on, we split our arguments into two parts. We first complete the proof
of Theorem 1.5(i) using a sandwiching argument and then we go to the proof of
Theorem 1.5(ii) by developing Lyapunov like arguments.

Proof of Theorem 1.5(i). Here we prove Theorem 1.5(i). Since the result is already
known for k € (0, 1) we shall only focus on the proof of the case k = 1. To that aim
we fix k = 1 and we set

Umin = Inf Ueo, Umax = SUP Uoso, Umin = INf Vs and vpax = SUP Voo
RxRN RxRN RxRN RxRN

Here recall that (¢eo, Vso) (¢, x) € P forall (¢, x) € R x RV so that
€ < Umin, Umin and Umax, Umax < 1.

Next observe that

(8,—A)voozrvoo<l—vio>zrvoo(l— Uoo) on R x RV,

Uoo Umin
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so that one deduces that vog > Umin on R x RY. A similar argument also provides
Voo < Umax O R x RV This re-writes as

Umin < Umin and Vmax < Umax (4.3)
Now from the u-equation one gets
(0 — DA)ttoo < too(l — oo — Umin) on R x RV,
Hence one gets
Uoo < 1 — Upmin on R x RY and Umax < 1 — Umin. “4.4)
Now also observe that
(0 — DA)thoo > tioo(1 — oo — Umax) on R x RV,

This yields oo > 1 — vmax on R x RY and umin + vmax > 1. Hence we infer from
(4.3) and (4.4) that

I > tmin + Umax = 1 = Umin + Umax = 1.

Next, due to (4.4), one has vyin < 1 — Umax = Umin, and since Umin < Vmin (see (4.3)),
one concludes that vimin = Umin. On the other hand, coupling umin > 1 — vmax and
Umax < Umax, Yields #max = Umax-

As a consequence, take a sequence (t,, x,) € R — R¥ such that v(ty, Xn) = Vmin
and let us show that (u,,, v,) (¢, x) := (u, v)(t +t,, x +x,) converge locally uniformly
up to a subsequence to (Umin, Umin)- L0 that aim observe that the limit function (up to
a subsequence) denoted by (U, V)(¢, x) satisfies V(0,0) = infg, gy V = vmin and
the function W := V — vpin > 0 is a entire solution of

W + Umin

@ — AW —r (W + vmin) [1— U

i|=0withW20andW(0,0)=0

Hence, since umin = vmin, We obtain
0 — AW —r (W + vin) W/vpin >0 with W >0 and W(0,0) = 0.

This implies that W = 0, namely V = vpi,. Hence, we deduce from the above
W-equation that U = vpjy,. Finally, form the U-equation, we get

1

1 —2vmin =0, ie., Upin = 3

Therefore, since vmax = 1 — Umin and #max = 1 — vmin ONe obtains that Vyin = Vmax =
1/2 and umax = Umin = 1/2. O
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Now, we assume that N = 2. In order to prove (4.1), let p: R — R4 be a C*®
compactly supported function such that

p(=z) = p(2), Vz € R,
p(x)=1ifz €[0,1], p(z) =0 if |z] > 2.

Then set the function 7 : R? — R4 defined by w = p®2, that is
m(x) = px)p(xz) for x = (x1,x7) € R%.

Consider also the function V : (0, o0)?> — R defined by

2 * Vo k
V(u,v) = /é (u)dé—i- / nnvdn,

where ¢ > 0 is a parameter that will be specified later. This function has been proposed
by Du and Hsu in [6], as a suitable Lyapunov function, to prove the global stability
of the unique positive equilibrium for the reaction—diffusion system (1.1) with (1.3)
posed on a bounded domain with Neumann boundary conditions. Here we make use
of the function V to prove (4.1) for the case N = 2.

Before going to this argument, let us first give some preparation computations. First,
note that the function V defined above can be re-written as follows:

V(u,v) = Vi) + cV2(v),
with Vi (u) = (u — u™)?/u, Vo(v) = v*G (v/v*) and G(x) = x —Inx — 1.

Hence V > 0 on the set P, if we choose > 0 in (4.2) sufficiently small. Moreover,
there exists k € (0, 1) small enough such that

K (Iu WPt — v*|2) <V@,v) <k (Iu — P - v*|2) . ¥(u,v) € P.
Now define the vector field F : P — R? by
F(u,v) = u(l —u —kv), rv(l —v/u)).

Then we have

CLAIM 4.2. Ifk < so_l (see Theorem 1.5(ii) for the definition of so), then there
exist two constants ¢ > 0 and o > 0 such that

VVu,v)-  F(u,v) < —aV(u,v) Y(u,v) € P.

Moreover, V{' = 0 and V) = 0 on [, 1 — n].

The proof of this computational claim follows from the arguments and computations
developed by Du and Hsu in [6] in proving their global stability result (see [6, Theorem
2.2)).

We are now able to complete the proof of Theorem 1.5(ii) as follows.
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Proof of Theorem 1.5(ii). To that aim let us consider for each R > 0 the function
t > Eg(t) defined by

X
Er(t) = /Rz T (E) V (oo, Voo) (7, X)dux.

We compute the time derivative of Eg as follows:

d X
R0 = [ 1 () TV G, v) - Guts D)
X / /
:/ T (—) [V] (tto0) DAl + V3 (vao) Aveo] dx
Rz R
+/ 7 (f) VV (oo, Voo) - F (o, Vao) dux.
RZ R ’ ’
Hence, using Claim 4.2, one obtains that
d
&R0 = —akr(®) + IR(t) + I%(t), VteR,
where
X
1) = DfR2 e (E) V! (o) Attoodx,
X
13(t) == C/RZ . <E> V4 (Uoo) Avsodi.

Now observe that for all # € R one gets

1 _ D X X 1" 2
o=-% | v (E) YV (V) (ao)) dx — D/R2 e (E) V! (too) |Vitoo|? dx

R
D[ A (X)V( )d f (x)v”( ) IVitoo |2 d
= —= T\ — X — T\ — X.
R? Jpo O \R) T ke \R) (1 o) [Tl

As a consequence of the boundedness of u«, and recalling that V{" > 0, one obtains
1h(t) < K; forallt € R

for some positive constant K independent of R > 0. Using the same computation
arguments, one also obtains that there exists some constant K» > 0 independent of
R > 0 such that

II%(I) < Kjforallt € R.

Thus, setting K = K| + K>, one deduces that

d

EER(Z‘) < —alr(t)+ K, Vt € R.
The above differential inequality implies that

K
ErR)< —, VteR, R>0,
o
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and, by letting R — o0, itensures that there exists some positive constant, still denoted
by K, such that

/ |uoo(t,x) — u*|2dx +/ |voo(t,x) — v*|2dx <K, VtelR.
]R2 RZ

Finally, using the above integrability property the function £(¢) := limg_, 5 Eg(t)
is well defined and turns out to be a bounded and decreasing energy functional along
the entire solution (¢, Vo). More precisely, one has

d
—&) + D/ V' (o) |Vitoo|? dx +c/ V5 (Voo) | VUsol? dx < —a&(1).
dr R2 R2

Standard argument allows us to conclude that (io0, Vo) (2, x) = (u*, v*). This con-
cludes the proof of (4.1) and thus the proof of Theorem 1.5(ii). O

REFERENCES

[1]  S. Agmon, On positivity and decay of solutions of second order elliptic equations on Riemannian
manifolds. Methods of functional analysis and theory of elliptic equations (Naples, 1982), 19-52.
Liguori, Naples, 1983.

[2]  D.G. Aronson, H.F. Weinberger, Nonlinear diffusion in population genetics, combustion, and nerve
pulse propagation, in: J.A. Goldstein(Ed.), Partial Differential Equations and Related Topics, in:
Lecture Notes in Math., vol. 446, Springer, Berlin, 1975, 5-49.

[3] D. G. Aronson, H. F. Weinberger, Multidimensional nonlinear diffusions arising in population
genetics, Adv. Math., 30 (1978), 33-76.

[4]  H.Berestycki, L. Nirenberg and S.R.S. Varadhan, The principle eigenvalue and Maximum principle
for second-order elliptic operators in general domains, Comm. Pure Appl. Math., 47 (1994), 47-92.

[S]  H. Berestycki and L. Rossi, Generalizations and Properties of the Principal Eigenvalue of Elliptic
Operators in Unbounded Domains, Comm. Pure Appl. Math., 68 (2015), 1014-1065.

[6] Y. Du and S.-B. Hsu, A diffusive predator-prey model in heterogeneous environment, J. Diff.
Equations, 203 (2004), 331-364.

[71  A. Ducrot, Convergence to generalized transition waves for some Holling-Tanner prey- predator
reaction-diffusion system, J. math. pures appl., 100 (2013), 1-15.

[8]  L.C.Evans(1998), Partial differential equations. American Mathematical Society, USA. For elliptic
PDEs see Theorem 5, p. 334 and for parabolic PDEs see Theorem 10, p. 370.

[9] J. K. Hale and P. Waltman, Persistence in infinite dimensional systems, SIAM J. Math. Anal., 20
(1989), 388-395.

[10]  S.-B. Hsu and T.-W. Huang, Global stability for a class of predator-prey systems, SIAM J. Appl.
Math., 55 (1995), 763-783.

[11]  P. Magal and X.-Q. Zhao, Global attractors and steady states for uniformly persistent dynamical
systems, SIAM J. Math. Anal., 37 (2005), 251-275.

[12]  J. Moser, A Harnack inequality for parabolic differential equations, Communications on Pure and
Applied Mathematics 17 (1964), 101-134.

[13]  J.D. Murray, Mathematical Biology, Springer, Berlin, 1993.

[14]  E. Renshaw, Modelling Biological Populations in Space and Time, Cambridge University Press,
Cambridge, 1991.

[15]  J. Simon, Compact sets in the space L? (0, T'; B), Ann. Math. Pura Appl., 1 (1987), 65-96.

[16] H.L.Smith and H. R. Thieme, Dynamical systems and population persistence, American Mathe-
matical Soc., 2011.



Vol. 18 (2018) Asymptotic behavior of solutions to a class 775

Arnaud Ducrot

Univ. Bordeaux, IMB, UMR 5251
Bordeaux 33076

France

E-mail: arnaud.ducrot@u-bordeaux.fr

and

CNRS, IMB, UMR 5251
33400 Talence
France

Jong-Shenq Guo

Department of Mathematics
Tamkang University

151, Yingzhuan Road, Tamsui
New Taipei City 25137

Taiwan

E-mail: jsguo @mail.tku.edu.tw



	Asymptotic behavior of solutions to a class of diffusive predator–prey systems
	Abstract
	1. Introduction
	2. Preliminary estimates
	2.1. Harnack inequalities and maximum principle
	2.2. A family of problems and basic estimates

	3. Proof of Theorem 1.4
	4. Proof of Theorem 1.5
	REFERENCES




