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On the blow-up solutions for the nonlinear Schrodinger equation
with combined power-type nonlinearities

BINHUA FENG

Abstract. This paper is devoted to the analysis of blow-up solutions for the nonlinear Schrodinger equation
with combined power-type nonlinearities

iup + Au = A |ulPlu+ o lulP?u.

When p; = % and 0 < pp < %, we prove the existence of blow-up solutions and find the sharp
threshold mass of blow-up and global existence for this equation. This is a complement to the result of
Tao et al. (Commun Partial Differ Equ 32:1281-1343, 2007). Moreover, we investigate the dynamical
properties of blow-up solutions, including L2-concentration, blow-up rates and limiting profile. When
% <p < ﬁ@ <p1 <xif N =1,2 < p; < oc0if N = 2), we prove that the blow-up solution
with bounded H % -norm must concentrate at least a fixed amount of the H¢-norm and, also, its LP¢-norm
must concentrate at least a fixed L”¢-norm.

1. Introduction

Because of important applications in physics, nonlinear Schrodinger equations at-
tracted a great deal of attention from mathematicians in the past decades, see [1,18,19]
for a review. We recall some known results about blow-up solutions for the classical
nonlinear Schrédinger equation

iuy + Au = AMulPu. (1.1)

Ginibre and Velo [7] established the local well-posedness of (1.1) in H I see [1]
for a review). Glassey [8] proved the existence of blow-up solutions for the negative
energy and |x|ug € L%. Ogawa and Tsutsumi [17] proved the existence of blow-up
solutions in radial case without the restriction |x|ug € L2. Weinstein [21], Zhang [23]
obtained the sharp conditions of global existence for L2-critical and L?-supercritical
nonlinearities. Moreover, for the L2-critical nonlinearity, Weinstein [22] studied the
structure and formation of singularity of blow-up solutions with critical mass by the
concentration compact principle: the blow-up solution is close to the ground state in
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H ' up to scaling and phase parameters, and also translation in the non-radial case. Ap-
plying the variational methods, Merle and Raphaél [13] improved Weinstein’s results
and obtained the sharp decomposition of blow-up solutions with small supercritical
mass. By this sharp decomposition and spectral properties, Merle and Raphaél [12—15]
obtained a large body of breakthrough works, such as sharp blow-up rates, profiles.
Hmidi and Keraani [10] established the profile decomposition of bounded sequences
in H' and gave a new and simple proof for some dynamical properties of blow-up
solutions in H!. These results have been generalized to other kinds of Schrodinger
equations, see [3-5,9,11,24-27].

In this paper, we will investigate blow-up solutions of the nonlinear Schrodinger
equation with combined power-type nonlinearities

{iut—i—Au=A1|u|p'u+)»2|u|1’2u, (12)
(0, x) = uo(x), '
where u(r,x) : [0, T7*) x RV — Cisa complex valued function and 0 < T* < oo,
O<p2<p1<ﬁ(0<p2<p1§ooifN=1,0<p2<p1 < o0if N =2).
This equation arises as the leading-order model for propagation of intense laser beams
in an isotropic bulk medium, see Section 32.1 in [6] for a detailed explanation. Equation
(1.2) can also be considered as a simplified model resulting from the expansion of the
nonlinear Schrodinger equation with saturated nonlinearity, which is relevant in the
description of Bose superfluids at zero temperature, in the Hartree approximation, see
[18].

Tao et al. [20] undertook a comprehensive study for (1.2). More precisely, they
addressed questions related to local and global well-posedness, finite time blow-up,
and asymptotic behavior. This equation has Hamiltonian

A
| / lu(t, x)|P 2 dx
RN

p1+2
/ lu(t, x)|P22dx. (1.3)
]RN

1
E(u(t)) := 5 /RN |Vu(t, x)|?dx +

A2
p2+2
But there is no scaling invariance for this equation when p; # p».

About the existence of blow-up solutions, they proved the following theorem.

THEOREM A. Letug € £ :={u € H', xu e L*}, A,y <0, and v < p1 < 75
with N > 3. Let yg := Im f rugd,uodx denote the weighted mass current and assume
yo > 0. Then, blow-up occurs in each of the following three cases:

1) 22> 0,0 < py < p1, and E(ug) < 0;

2) A <0, 4~ P2 < p1, and E(up) < 0;

3) A < 0,0 < pp < %, and E(ug) + CM(ug) < 0 for some suitably large

constant C.

o . llxuol?
More precisely, in any of the above cases there exists 0 < T* < C ——L%

that

uch

Yo

lim || Vu(t)| 2 = oo.
t—T*
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As far as we know, when A1 < 0, A > 0, p; = %, 0< pr < %, the existence
of blow-up solutions of (1.2) has not been proved yet. In this paper, we first prove
the existence of blow-up solutions and then give the sharp threshold mass of blow-
up and global existence in this case. Moreover, we will investigate some dynamical
properties of blow-up solutions of (1.2) with L?-critical or L2-supercritical nonlinear-
ity, including L?-concentration, H¥e -concentration, LP¢-concentration, blow-up rates,
and limiting profile.

To solve these problems, we mainly use the ideas from Hmidi and Keraani [10] and
Guo [9]. The dynamics of blow-up solutions for the L>-critical and L?-supercritical
nonlinear Schrodinger equation (1.1) has been discussed in Hmidi and Keraani [10]
and Guo [9], respectively. In these papers, the study of dynamics of blow-up solutions
relies heavily on the scale invariance of (1.1). Hence, the study of dynamics of blow-up
solutions for (1.2), which has no the scale invariance, is of particular interest. First,
we prove the existence of blow-up solutions and find the sharp threshold mass || Q|| ;2
of blow-up and global existence for (1.2), where Q is the ground state solution of
(2.3). Then, in order to overcome the loss of scale invariance, we use the ground state
solution Q of (2.3) to describe the dynamical behavior of blow-up solutions to (1.2).
In the Lz—supercritical case, we choose the ground states of equations (5.1) and (5.2)
to describe some concentration properties of blow-up solutions to (1.2).

This paper is organized as follows: in Sect. 2, we present some preliminaries. In
Sect. 3, we first prove the existence of blow-up solutions of (1.2) and then give the
sharp threshold mass of blow-up and global existence. In Sect. 4, we will consider some
dynamical properties of blow-up solutions of (1.2) with p; = % and 0 < py < %,
including L2-concentration, blow-up rate, and limiting profile. In Sect. 5, we will
obtain some concentration properties of blow-up solutions of (1.2) with % < p1 <
ﬁ and 0 < py < p1.

Notation. Throughout this paper, we use the following notation. C > 0 will stand
for a constant that may be different from line to line when it does not cause any
confusion. We often use the abbreviations L” = L"(RY), H® = H*(R") in what
follows. & := {u € H!, xu € L?} denotes the energy space equipped with the norm
lulls = llullgr + llxull 2. For s € R, the pseudo-differential operator (—A)* is
defined by (—/A\)S f&) = &> f (&), where " denotes Fourier transform. We also use
homogeneous Sobolev space HS (RY) = {u € S'(RV); i |§|25|f($)|2d§ < oo} with
its norm defined by || f|lgs = ||(—A)S/2f||L2, where S’(RV) denotes the space of

N _ 2

tempered distribution on R . In particular, we use notation: s, = = and p. =

%. Therefore, it follows from the Sobolev embedding that H (RV) < LPe(RN).

2. Preliminaries

Firstly, let us recall the local theory for the initial value problem (1.2) established
in [1].
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PROPOSITION 2.1. Letug € H', 0 < py, p2 < ﬁ(o < p1,p2<0ifN =1,
0 < p1, p2 <0 if N = 2). Then, there exists T = T (|luo|| g1) such that (1.2) admits
a unique solution u € C([0, T], Hl). Let [0, T*) be the maximal time interval on
which the solution u is well-defined, if T* < oo, then |u(t)||;n — oo ast 1 T*.
Moreover, for all 0 <t < T¥*, the solution u(t) satisfies the following conservation of
mass and energy

lu@ll 2 = lluoll L2,
E(u(t)) = E(uo),

where E (u(t)) defined by (1.3).

For more specific results concerning the Cauchy problem (1.2), we refer the reader
to [1]. In addition, by some basic calculations, we have the following result (see [1]).

LEMMA 2.2. Assume that uy € X, and the corresponding solution u of (1.2) exists
on the interval [0, T*). Then, for all t € [0, T*), it follows u(t) € X. Moreover, let
J(t) = [pn |xu(t, x)|?dx, then

J'(t) = —4]m/ u(t, x)x - Vu(t, x)dx, 2.1
RN

and

AN
J'(t) = S/N |Vu(t,x)|2dx + pl——:_I;l /N |u(t,x)|pl+2dx
R R

AN
2b2 / (e, x)| P2 2dx. 2.2)
]RN

+
p2+2

Finally, we recall the following useful result of Weinstein [21] relating the ground
states of (2.3) with the best constant in a Gagliardo—Nirenberg inequality.

LEMMA 2.3. [21] Let p = % and Q be the ground state solution of the following
elliptic equation

—AQ+ Q0 =|0P"*0 in RV. (2.3)

It follows that the optimal constant in the Gagliardo—Nirenberg inequality

1 , C
;Iinmﬁﬁas-gmm;nvm@b 2.4)

isC=10l7.
REMARK. When N = 1, this lemma was proved by Nagy in [16].
3. The sharp threshold mass of blow-up and global existence

By the local well-posedness theory of the nonlinear Schrodinger equation, the so-
lution of (1.2) with small initial data exists globally, and for some large initial data,
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the solution may blow up in finite time. Thus, whether there exists a sharp thresh-
old of blow-up and global existence for (1.2) is of particular interest. On the other
hand, the following problems are very important from the view-point of physics. Un-
der what conditions will the condensate become unstable to collapse (blow-up)? And
under what conditions will the condensate exist for all time (global existence)? Espe-
cially the sharp thresholds for blow-up and global existence are pursued strongly (see
[1,2,18,21,23,24] and their references).

To solve this problem for (1.2), there exists two major difficulties. One is the loss
of scale invariance for (1.2); the other is that the second-order derivative of J(t) =
Jgw lxu(t, x)|*dx is the following form:

Npy — 16

4
J" (1) = 16E (ug) + / lu(t, x)|P22dx.
p2+2  Jrw

Because fRN lu(t, x) |P2+2dx is a positive uncertain function, which may be unbounded
with respect to time ¢, it is hard to choose E (u¢) to ensure the existence of blow-up
solutions.

In the following theorem, by using the scaling argument and the inequality (2.4),
we obtain the existence of blow-up solutions for (1.2) and the sharp threshold mass
of blow-up and global existence for (1.2).

THEOREM 3.1. Letug € H', Ay = =1, 0 =1, py = 3 and 0 < py < 7.
Assume that Q is the ground state solution of (2.3). Then, we have the following sharp
threshold mass of blow-up and global existence.

1) If lluollz2 < l1Qll 12, then the solution of (1.2) exists globally.

(i) If the initial data uy = c,o% Q(px) satisfies |x|\ug € L?, where the complex
number c satisfying |c| > 1, and the real number p > 0, then the solution u of
(1.2) with initial data uy blows up in finite time.

REMARK. From Remark 6.6.2 in [1], we infer that the critical value about the
initial data for global existence of (1.1) and (1.2) is the same.

Proof. (1) We deduce from (1.3) and (2.4) that

E(ug) = E(u(t)) = %/}RN |Vu(t, x)*dx — fRN lu(t, )| T2 dx

p1+2
/ [u(t, x)|P2T2dx
p2+2 Jry

1 luoll?s
> ———L- ) IVu®li..
2 2101

Due to |luoll;2 < [|Qll 2, we have that ||[Vu(¢)]| ;2 is uniformly bounded for all time
t. Therefore,



208 B. FENG J. Evol. Equ.

(i) follows from the conservation of mass and Proposition 2.1.
(i) Since |x|ug € L2, J(t) = [pn |xu(t, x)|*dx is well-defined, and it follows from
Lemma 2.2 that

4Np, — 16
J"(1) = 16E (ug) + %/RN lu(t, x)|P>2dx. 3.1)

By the definition of initial data ug(x) = c,o% Q(px) and the PohoZzaev identity for

equation (2.3), i.e., %HVQII%2 = ﬁll Qllilpﬁz, we deduce that

2.2 p1+2 .2
Eug) = <7 / VO () Pdx — 'C'—”f 10011+ 2dx

2 RN p1+2 Jry

p2t2 %1)2
c| _:)2 / |Q(x)|p2+2dx

P2 RN

N
|c|?p? ” ) lc|P2t2p 2 P2 5
=_ar MY PHdx. (3.
5 (lel DIVOIl;. + ) - [Q()|7* ™ dx.  (3.2)
Now, taking p such that
p2+2
2|C|p2||Q||Lp2+2 pz_%pzl

(r2+ 2 (P — DIVOIZ,

This implies E(ug) < 0. It follows from (3.1) that J”(t) < 16E(ug) < 0. By the
standard concave argument, the solution u of (1.2) with the initial data uy blows up
in finite time. 0

4. Dynamic of blow-up solutions in the case of L2-critical

In this section, we investigate some dynamical properties of blow-up solutions for
(12)ywitha; = =1, A =1, p; = %, and 0 < py < %. These results are closed
related to the results obtained for the classical nonlinear Schrodinger equation (1.1)
with p = % by Hmidi and Keraani [10]. For this aim, we firstly recall the following
refined compactness result which can be proved by using the profile decomposition
of bounded sequences in H' and the inequality (2.4), see [10].

LEMMA 4.1. Let {u,};2 | be a bounded sequence in H', such that

limsup [|Vupllp2 < M, limsup |luy | 4/n+2 > m > 0.
n—oQ n— oo

Then, there exist V. € H' and {xn}2, C RN such that, up to a subsequence,
Uy (- +x,) =V weakly in H!

with .
T N2+

N
Vi = (NH) Qe

where Q is the ground state solution of (2.3).
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THEOREM 4.2. (Lz-concentration) Letuge H', A,y = —1, 2, = 1, p1 = 4 , and
0< pr< %. If the solution u of (1.2) blows up in finite time T* > 0. Let a(t) be a
real-valued nonnegative function defined on [0, T*) satisfying a(t)||Vu(t)|| ;2 — o0
ast — T*. Then there exists x(t) € RN such that

liminf/ lu(t, x)|*dx 3/ |0(x)|%dx. 4.1
lx—x ()| <a(t) RN

t—>T*

where Q is the ground state solution of (2.3).

REMARK. Theorem 4.2 gives the L?-concentration and rate of L?-concentration of

blow-up solutions of (1.2). Indeed, we can choose a(t) = W with0 < 8 < 1.
L2

It is obvious that lim;_, 7+ a(t) = 0 and a(¢) satisfies the assumption in Theorem 4.2.
Applying Theorem 4.2, if u is a blow-up solution of (1.2) and T* its blow-up time,
then for every r > 0, there exists a function x () € R such that

liminff |u(t,x)|2dx Z/ |Q(x)|2dx.
[x—x(t)|<r RN

t—T*

Meanwhile, it follows from the choice of a(¢) that for any functiona () < W’

(4.1) holds, wh1ch 1mp11es that the rate of L?-concentration of blow-up solutions of

Proof. Set
p(1) = IVQIl2/IVu()l 2 and v(t,x) = pF (Dult, p(1)x).

Let {t,,}°° | be an any time sequence such that t, — T%, p, := p(#,) and v, (x) :=
v(ty, x). Then, the sequence {v,} satisfies

vl = lu(@)lizz = luoll2,  IVuelizz = el Vu(t)liz = IV Q2. (4.2)

Observe that

1
H(v,) = = \Y Zdx — pi+2
(vn) 2/RNI Un ()] "dx " +2A;N [vy (X) P17 7dx

1 1
2 2 2
= p? (E /RN |Vu(t,, x)|*dx — P /RN lu(ty, x)|P'T dx)

_ 2 1 / P2 )
= 0 <E(uo) 212 Jar lu(tn, x)|P277dx ) . (4.3)

Thus, applying the following Gagliardo—Nirenberg inequality

Npy

+
fR u )P 2dx < Cllull}); 2 vu ull 3,

4
for 0 < < —,
P2 N
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we deduce that

1
|H (v,)| < )0,% (IE(u0)| + 2 /RN |M(ln,x)|p2+2dx>

Npy
_E@oNVOIL - IVQIZ: VUG, 2
IVt 17 Va7
— 0asn — oo, 4.4)

which implies [y [v,(X)[P1T2dx — (2/N + D[V Q7.
Set mP*2 = (2/N + DIIVQI3, and M = ||[VQ] ;2. Then it follows from
Lemma 4.1 that there exist V € H' and {xn)o2, C RY such that, up to a subse-

quence,
V(- +xp) = pliv/zu(tn» pn(-+ x,)) =V weakly in H' (4.5)

with
1VIig2 = 101l 2. (4.6)
Note that

alt) _ a()| Va2
on VOl

Then for every r > 0, there exists ng > 0 such that for every n > ng, rp, < a(t,).
Therefore, using (4.5), we obtain

00, asn — o0.

liminf sup / |u(ty, x)|>dx > liminf sup / u(ty, x)|>dx
[x—yl<a(ty) [x—y|<rpn

nO0 yeRN "m0 yeRN

n—o0

> liminf/ lu(ty, x)|>dx
[x =X |<rpn

n—o00

=liminf/ o | (tn, pn(x + x4))|2dx
[x|=<r

zliminf/ [0 (ty, x + Xx,)2dx
|x|<r

n—o0

n—o0

> liminf/ |V (x)|%dx, foreveryr > 0,
lx|=<r

which means that

lim inf sup/ lut (1, x)|*dx 2/ |V ()] dx.
lx—yl<a(t) RN

n>00 | RN

e¢]

72 is arbitrary, we obtain

Since the sequence {#,

lim inf sup/ |u(t,x)|2dx2/ [O(x)[*dx. 4.7
lx—yl<a(r) RN

t—>T* yeRN
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Observe that for every ¢ € [0, T*), the function g(y) := f\x—y\fa(t
continuous on y € R and g(y) — 0 as |y| — oo. So there exists a function
x(t) € RY such that for every ¢ € [0, T*)

sup/ |u(t,x)|2dx=/ lu(t, x)|*dx.
yeRN Jix—yl<a() le—x(n)]<a(®)

This and (4.7) yield (4.1). O

) lu(z, x)|%dx is

In the following theorem, we study the limiting profile of blow-up solutions of (1.2).

THEOREM 4.3. Letug € H', A = =1, .y = 1, p1 = %, and 0 < pp < 7.
Assume ||ug||z2 = || Q| 12, and the corresponding solution u of (1.2) blows up in finite

time T* > 0, then there exist x(t) € RN and 6(t) € [0, 21) such that
,oN/z(t)u(t, p(t)(-+ x(t)))eie(l) — Q strongly in H', ast— T*, 4.8)

_ IVQll2
where p(t) = I\CGIR
Proof. We use the notations in the proof of Theorem 4.2. Assume that [jug|[;2 =
| Q2. Recall that we have verified that || V|| ;2 > || Q|| 2 in the proof of Theorem 4.2.

Whence

< ||V < liminf ||v = liminf ||u(z, = ||Uu = s
”Q”[Z_” ||[2_ n I n||12 o I (n)||12 I 0”12 ”Q”lz
and then,
lim ||v =V = , 4.9
" l n”lZ I ||12 ||Q||12 4.9)

which implies
v, (- + x,) — V strongly in L% asn — oo.
We infer from the inequality (2.4) that
10+ %) = VIPLZ < ClluaC +x0) = VIPA IV @ -+ 20) = V2.
From [|[Vv,(- + xu)ll;2 < C, we get
Vu(- +xp) = Vin LP2 asn — oo.

Next, we will prove that v,, (- + x,,) converges to V strongly in H'. For this aim, we
estimate as follows:

0= lim H(v,)
n—o00

1
I \v4 2dx — li P24y

5 /RN| QEPdr = ——— lim_ | 10,()

1
- E/RN [VO@x)|Pdx — s /RN [V (x)|P'H2dx. (4.10)
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Thus, we infer from the inequality (2.4) that

LIVIZY
/RN V)PP < - —Lo vy,

T 20017,

1 2
= SIVVI.. .11

1
—/ IVO(x)Pdx =
RN

2 p1+2

On the other hand, we deduce from (4.2) that [VV| ;2 < liminf,— [|[Vv,(- +
xn)lr2 = IV Qll2. Hence, we have | Q] g1 = ||V || 51 and

Un (- + x,) — V strongly in H' as n — oco. (4.12)

This and (4.11) imply that

H(V) = %/RN IVV(0)dx — /RN [V (x| 2dx = 0.

p1+2

Up to now, we have verified that

Vliz2 =11€2l2, IVVIl2 = IVQIl2 and H(V) = 0.
The variational characterization of the ground state implies that

V(x) =€ Q(x + xp) for some 6 € [0, 27), xo € RN
and

,o,iv/zu(tn, on(-+ x0)) — eiGQ(- + xp) strongly in H'asn — oo.

Since the sequence {1,,}7° | is arbitrary, we infer that there are two functions x () € RN

and 0(¢) € [0, 2m) such that
oN2 (1) Dut, p(t)(x + x(1))) — Q strongly in H' as 1 — T*.
O

In the following theorem, we will prove that the blow-up solution |u(, x) 12 like a
8-function as t — T* at the point x = xq, which implies that the point xy concentrates
all mass of blow-up solution of (1.2).

THEOREM 4.4. Letug € £, Ay = —1, Ay =1, p1 = 4, and 0 < py < 5. If the
solution u of (1.2) blows up in finite time T* > 0 and |\uo||;2 = || Q| 12, then there
exists xo € RY such that

lu(t, x)1* = 1011728 (4.13)

in the sense of distribution ast — T*.
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Proof. According to Theorem 4.2, it follows that for all » > 0

liminf/ lu(t, x))*dx > [ Q]3,. (4.14)
=T Jix—x(0)|<r
This, together with the conservation of mass ||u(t)||i2 = ||uo||i2 = Q||%2, implies

that forall » > 0O
liminf/ ju(r, 1)Pdx = 012,
[x—x(t)|<r

t—T*
This yields
u(t, x + x()* > 1 QlI728:=0- (4.15)

By using the inequality (2.4), for any & > 0 and any real-valued function 8 defined
on RV we have

P1
. 1 . u
H(eilf"u)z-/ IV (X)) 2dx [ 1 — ” ”ﬁfl =0
2 Jaw I

Therefore,
. 52
0< H(et %) = —/ lu?|VO|>dx F elm/ aVu - VOdx + H(u),
2 JrN RN

which implies that

1/2
';m/ aVu - Vodx| < <2H(u)f |u|2|V0|2dx> ) (4.16)
RN RN

Forany j = 1,2,..., N, it follows from (4.16) and H (u(t)) < E(u(t)) = E(uop)
that

=2 ‘f ﬁajudx'
RN
/ ﬁVqu/dx‘
RN ’

172
< 2<2H(u)/ |u|2|ij|2dx>
RN

<C.

d
—/ |u(l,x)|2xjdx
dt RN

=2

Lett,, tx € (0, T™) be any two sequences satisfying lim, o0 t;, = limg_ 00 tx = T*.
Then forany j = 1,2,..., N, we have

<Clty, —tx| > Oasm, k — o0,

’/ |u(tm,x)|2xjdx—/ |u(ty, x)|*xjdx
RN RN
which implies that

lim |u(t,x)|2xjdx exists forany j =1,2,..., N.
t—>T* JRN
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Set
x0 = QI3 lim f lu(z, x)xdx.
t—T* JrN
Then
lim lu(t, x)[*xdx = xol| Q7. 4.17)
t—T* JrN

On the other hand, we infer from Lemma 2.2 that there is a constant ¢ such that
/ x[?|u(t, x)Pdx < co.
RN
This yields
/ P lut, x + x(0)Pdx < 2/ x + x(0)Pu(t, x 4+ x(1)[*dx
RN RN

+2|x(t)|2/ lu(, x + x (1)) >dx
]RN
< 2c0 +2[x (1) luoll7 - (4.18)

We infer from (4.15) that
t—T* t—T*

lim sup |x(1)*[| Q|| , = lim supf Ix 4+ x(O)*u(t, x + x (1)) [>dx
[x]<1

5/ P, x)Pdx < co.
]RN

Thus,

lim sup |x(#)] < v

0
t—T* l Q||L2

Combining (4.18) and (4.19), we obtain

(4.19)

lim sup/ Ix|?u(r, x + x(1)>dx < C.
]RN

t—>T*

Hence, for any ¢ > 0, there exists Ry = Rp(¢e) such that

lim sup
t—>T*

f x|u(t,x+x(t))|2dx
[x[=Ro

C
<—<e.
=R

It follows from (4.15) that

limsup/ lu(t, x)|2xdx — x()Q12, =limsup/ lu(t, x)|>(x — x(1))dx
1—>T* |JRN —»T* |JRVN
glimsup/ |u(t,x+x(t))|2xdx
t—>T* |J|x|<Ro
+ ¢

=e, (4.20)
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which, together with (4.17) implies that lim;_. 7+ x(¢#) = x¢. Therefore,
: 2 _ 2
lim SUP/ lu(t, x)|"xdx = || Qll}2x0,
t—T* JRN

and
lu(t, x))* = | Q||i28x=x() in the sence of distribution as t — T*.

O

The following theorem gives the lower bound for the blow-up rate of blow-up
solutions with critical mass [[ug|[;2 = || Q] 12-

THEOREM 4.5. Letug € £, Ay = —1, A = 1, pj = v, and 0 < p> < 3. I the
solution u of (1.2) blows up in finite time T* > 0 and ||ug||; 2 = || Qll 2, then there
exists a constant C > 0 such that

Vu(®)ll2 =

C *k
-, Ve[0T, 4.21)

T*
Proof. Leth e Cg° (R™) be a nonnegative radial function such that
h(x) = h(x)) = |x, if |x| < 1and [VA(x0)]> < Ch(x).

For A > 0, we define ha(x) = A%h(%) and g4 (t) = [ ha(x — xo)|u(t, x)|*dx with
xo defined by (4).
From (4.16), for every ¢ € [0, T*), we have

N
d
‘ZgA(t) =2 ImZ/RN i(t, X)Vu(t, x)Vha(x — xo)dx
j=1

1/2
< 2y/E(up) (f |u(t,X)|2|VhA(x—xo)|2dx)
RN
< Cyga(), (4.22)

which implies

d
—/84()

dt

Integrating on both sides, we obtain

[Vea® — Vgan)| < Cle =11l (423)

It follows from (4.13) that

<C.

ga(t) = [1Qll2ha(0) =0asty — T
Therefore, letting t; — T in (4.23), it follows that

ga(t) < C(T* — 1)
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Now fix ¢t € [0, T*) and let A go to infinity, we have
/ lx — xol*|u(t, x)[*dx < C(T* —1)*.
RN
Then the uncertainty principle

2
(/ |u<z,x>|2dx) 5(/ |x—xo|2|u(r,x>|2dx) (/ |Vu<r,x>|2dx),
RN RN RN

implies a lower bound of the blow-up rate

C
IVullp2 = —. Vvt €0, T*).

5. The L?-supercritical case

When A1 < 0, A, € R, % <p1 < ﬁ and 0 < p» < pj, for some large initial
data, the solution may blow up in finite time. In order to investigate some concentration
properties of the blow-up solutions to (1.2) in this case, we need the following version

of compactness lemma which comes from [9].

LEMMA 5.1. Let {u,};2 | be a bounded sequence in H N H', such that

limsup [|Vupllg2 < M, limsup [|uyll;p+2 > m > 0.
n—00 n—00

Then, there exist {x,ll}oo (x2}° . c RN, vV, € H* N H', and V5 € LPe N H' such

n=1> Wnlp=1
that, up to a subsequence,

Uy ( +xrll) — Vi weakly in H* N H',

with

p1 ne p1
| LA — AN
Vil = TEEE 191
and
Uy ( +x,2l) — V, weakly in LP< N H',
with
) p1+2 )
V )C > - A R C Y
IVallzpe = TEENE IRIZp
where Q and R are the solutions of the following elliptic equations
P1
—AQ+7(—A)SCQ=IQIP‘Q, (5.1
and
— AR+ |R|P<"2R = |R|"'R, (5.2)

respectively.
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In the following theorem, we will use the ground states of equations (5.1) and (5.2)
to describe some concentration properties of blow-up solutions to (1.2). This result is
closed related to the result obtained for the classical nonlinear Schrédinger equation
(1.1) with 3 < p < 5+5 by Guo [9].

THEOREM 5.2. Let Aj < 0,2 € R, § < pi < 55,0 < p» < p1 and
uo € H% N H'. If the solution u of (1.2) blows up in finite time T* > 0 and satisfies

sup Jlu(@®)ll gse < 00. (5.3)
re[0,T%)
Assume that \(t) > 0 such that
L
ADONIVu@)|l 5 — oo, 54

ast — T*. Then, there exist x1(t), x2(t) € RY such that

liminf/ I(=A) % ulr, x)|2dx > ||Q||HA( (5.5)
=T Jx—x1(1)]<A(0)
and
liminf/ lu(t, x)|Pedx > ||R||Lpf, (5.6)
1T Jx—x(1)|<A(0)

where Q and R solve the elliptic equations (5.1) and (5.2), respectively.

Proof. Set

p() =1Vl “/nwu)n' g and (1, x) = P71 (Out, p(1)x).

Let {#,}72 | be an any time sequence such that #,, — T, p, = p(,,) and v, (x) = v(#y, x).
Then, it follows from assumption (5.3) that v, satisfies |v, || gsc = llu (@) | gse < 00
uniformly in n. Moreover, by some direct computations, we obtain

IVvall 2 = oy > IVu@)llz2 = IV QI 2,

and

1
H(vy) :== E/R |an(x)| dx + +2/ |Un(X)|pl+2dx

1 A
2(1—s, 2 1 2
= pX ”(5 /R Vit )P + — +2/RN Ju (1, x) |71 dx)

- A2
=7 <E(u(tn>) - / X |u<tn,x>|”2+2dx>
R

p2+2
Ivol? A
=—L22 (E(uo)— 2 / Iu(tn,x)|p2+2dx>. (5.7)
IVu@)lly p2+2 Jry
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In the following, we will prove H (v,) — 0 as n — oo, which implies fRN [V, (x)
P+2dx — 2||VQ||2
When 0 < py < 5, note that the following Gagliardo-Nirenberg inequality

2(p2+2)—Npy i)

N,
/R )P 2dx < Cllull,, > IVull 2 . (5.8)

By the similar argument as (4.4), it follows that H (v,) — 0 asn — oo.
When % < pr<p < % and % < p2 + 2, we can obtain the following
Gagliardo—Nirenberg inequality

/ ()P dx < Cllul T v 5, (59

RN LT

where 0 = —2P248=2Np1___ Thq we deduce from 61 (pr+2) < 2that H(v,) — 0
1= 2 Cpi+4—Npn) ) 1(p2 Un

asn — oo.

When—<p2<p1 < 42ande1

> p2 + 2, we have
NP] Hsc ’
(5.10)
where 6, = (mgﬁ%' This inequality and the assumption (5.3) imply that
H(v,) —> 0asn — oo.

/ |u(x)|[72+2dx <C||Ll||(1 92)(172"1‘2)” ”92(172"1‘2) < C” ”(1 92)(1’2""2)” ”92(172"1‘2)

When % <pr<p < % and % = p2 + 2, it follows from the Sobolev
embedding that
2 2
@12 = )Py, < Cllull 75 (5.11)
L2

which, together with the assumption (5.3), implies that H (v,) — 0 asn — oo.
Setm = 2||[VQI[7, and M = [V Q|,. Then it follows from Lemma 4.1 that there
exist V. € H*NH t and {x,}7°, C RY such that, up to a subsequence,
V(- + xp) = ppu(ty, pn - +x,) — V weakly in HNH'

with

VI3, IIQIIHYL (5.12)

Hee = 2M
By the definition of H S¢. we have
(=A)E putt(tn, pu - +xn) = (—A) TV weakly inL>.

Thus, for any R > 0,

/ (=A% V(x))2dx < liminf/ I(=A) % u(ty, x)[2dx.
[x|<R [x=xn|<pnR

n—o00

In view of the assumption A(#,)/p, — 00, this implies immediately

/ I(=A)% V|2dx < liminf sup/ I(=A) % ulty, x)[2dx.
|x|<R [x=y[=<A(tn)

n—00 yeRN
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Since the sequence {#,}7° , is arbitrary, we obtain

/ I(=A)% V[2dx < liminf sup/ I(=A) % u(t, x)|*dx.
lx|<R =y <A()

n— 00 yERN

Observe that for every ¢t € [0, T), the function y — f\x—y\<k(t) |(—A)s76u(t, x)|2dx

is continuous and goes to zero at infinity. Thus, there exists x(¢) € R" such that

/ (=AY T u(t, x)|2dx = sup/ I(=A) T u(t, x)|*dx.
=X ()] A1) veRN JIx—y1<a()

This and (5.12) yield (5.5). The proof of (5.6) is similar, so we omit it. This completes
the proof. O
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