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Abstract. This note is devoted to a small, but essential, extension of Theorem 2.1 of our recent paper
(LeCrone et al. J Evolut Equ 14:509-533 2014). The improvement is explained in “The improvement”
section and proved in “Proof of the main result” section. The importance of the extension is demonstrated
in “Application to the Navier—Stokes equations” section with an application to the Navier—Stokes system
in critical Lg-spaces.

1. The improvement

Let X¢, X1 be Banach spaces such that X| embeds densely in Xo, let p € (1, 00)
and 1/p < u < 1. Asin [6], we consider the following quasilinear parabolic evolution
equation

U+ Awu = Fi(u) + Fo(u), t >0, u(0) =u;. (1.1)

The space of initial data will be the real interpolation space X, =(Xo, X1)u—1/p.p>
and the state space of the problemis X, = X, ;.LetV,, C X, , beopenandu; € V.
Furthermore, let Xg = (Xo, X1)g denote the complex interpolation spaces. We will
impose the following assumptions.

(H1) (A, F1) € C'™(V,;; B(X1, Xo) x Xo).
(H2) F>:V,NXg— X satisfies the estimate

m
|F2(ur) = Fa(u2)lx, < € ) (1 +lunly, + lualy)uy — ulx, .
j=1

for some numbers m € N, p; > 0,8 € (u—1/p, 1), B; € [u — 1/p, B], where C
denotes a constant which may depend on |u;|x,, , -

(H3) Forall j =1,...,m, we have
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pjB—(u—=1/p)+Bj—(u—1/p) <1—(u—1/p).

Allowing for equality in (H3) is not for free, there is no free lunch, in particular not
in mathematics. We have to impose additionally the following structural Condition
(S) on the Banach spaces X and X|.

(S) The space Xy is of class UMD. The embedding
H,(R; Xo) N L,(R; X1) — H, P (R; Xp),

is valid for each g € (0, 1), p € (1, o0).

REMARK 1.1. (i) By the Mixed Derivative Theorem, Condition (S) is valid if
Xy is of class UMD, and if there is an operator A4 € H°(X(), with domain
D(A4) = X1, and H*°-angle qﬁf“; < /2. We refer to Priiss and Simonett [9],
Sect. 4.5.

(i1) The assumption that X¢ is a UMD space in Condition (S) cannot be skipped,
since the maximal domain of (%)a in L,(R; Xo) is given by H;‘ (R; Xp) if Xo
is a UMD space.

(iii) Condition (S) implies the embedding

0E1,,(0.T) := oH}, , ((0, T); X0) N Lp (0, T): X1)
< oH ) P((0,T); Xp).
Indeed, if u € ¢Eq,, (0, T), then we first extend u to a function & € oEq ;, (R4)
by [7, Lemma 2.5]. This in turn is equivalent to the fact

[t — t' i) € oH ,(Ry: Xo) N Lp(Ry: X1).
In a next step, we extend v(r) := 1! ~#ii(r) by zero to R_ to obtain
e H)(R; Xo) N L,y(R; X).

By Condition (S), it follows that v € H ;_ﬂ (R; Xg), and hence,
veoHy P(Ry; Xp) and therefore u € oH 7 (0, T); Xp).
The announced extension of Theorem 2.1 of [6] is the following result.

THEOREM 1.2. Suppose that the structural assumption (S) holds, and assume
that hypotheses (H1), (H2), (H3) are valid. Fix any ug € V,, such that Ao := A(uo)
has maximal L ,-regularity. Then there is T = T (ug) > 0 and ¢ = e(ug) > 0 with
BX%I‘- (o, €) C V,, such that problem (1.1) admits a unique solution

u(,ur) € H) (0, T): Xo) N Lp (0, T): X1) N C([0, T; Vo),
for each initial value u, € me(uo, g). There is a constant ¢ = c(ug) > 0 such that
luC,ur) —uC,u2)lg, ,0.7) < clur —u2lx, .

foralluy,us BXM (uo, €).
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We call j subcritical if in (H3) strict inequality holds, and critical otherwise. As
Bj < B < 1,any j with p; = 0 is subcritical. Furthermore, (H3) is equivalent to
pjB+Bj —1 =< p;j(u—1/p); hence, the minimal value of u is given by

1 .
Herit = - +B8- mjln(l = Bj)/pj-

This number defines the critical weight. Theorem 1.2 shows that we have local
well-posedness of (1.1) for initial values in the space X, ., provided (H1) holds for
W = lcric- Therefore, it makes sense to name this space the critical space for (1.1).

The main difference of Theorem 1.2 to our previous result, Theorem 2.1 in [6], is that
here we may allow for equality in Condition (H3), at the expense of assuming (S). In
the applications presented in [6], there was no need for this equality, as strict inequality
had to be imposed to ensure (H1). But meanwhile we realized that equality in (H3)
is an important issue. To demonstrate this, we use Theorem 1.2 to study the Navier—
Stokes equations and refer also to the recent paper Priiss [8] for an application to the
quasi-geostrophic equations on compact surfaces without boundary in R3. We mention
that the proofs of the remaining results in [6] remain valid without any changes.

2. Proof of the main result

We show how to extend the proof of Theorem 2.1 in [6] to the case of equality in
(H3). For this purpose, we fix any critical index j, i.e.,

piB—(u—=1/p)+Bj—(u—-1/p)=1—(u—1/p),
and set

I Bi—wu=1p 1 B=(u—1/p

- 9 - p 5 . 1/ .
r l—(u—=1/p° r 1—(u—1/p)
Then we have 1/r < 1, 1/r" < pj,and 1/r 4+ 1/r" = 1. Using the notation in the
proof of Theorem 2.1 in [6], we start with equation (2.12) in [6]:

|F2(v) — Fa(up) g, . 0.7)

m T I/p
<Ce ) (/ (1 + vy, + g1 )P v @) — ué(t)l‘;(ﬁjt(l_“)pdt> :
. 0
j=1
We apply Holders inequality to the result

|F2(v) — Fa(ug) gy, 0.7)
m

<o 3 (6D 100y + 1

*
/)jl)r’,a/(xﬂ))h) o u0|Lpr’” (Xﬁj)> ’
=1
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where

k(T) := ! T(PA=w+D/(pr’) _y 0,
(p(I = ) + DI

asT - 0and 1 —pu=r(1 —0)=p;r'(1 —c’). Note that o, ¢’ are admissible, as

1 1 1
M ’ o+ /1,/ - 5
roor pr pjr pjr pjpr

Next we have by Condition (S), Sobolev embedding and Hardy’s inequality
1-8; 1=Bj=r
0E1,,(0,T) = 0Hp " (0, T); Xg;) = oHpr,p = ((0,7); Xp,)
— Lpr,o((ov T); Xﬂj)!

as1/r+1/r'=1and
1 1
l-gj———0-—p)=———-(1-0),
p pr

see, e.g., Priiss and Simonett [9], Sects. 4.5.5 and 3.4.6 or Meyries and Schnaubelt
[7]. We emphasize that the embedding constants do not depend on 7" > 0. In the same
way, we obtain the embedding

0E1,,(0. T) <> oH ) F((0, T): Xg) <> Ly, pr.0((0, T): Xp),
as

— (1 =0.

1
l—f———(—p)=——
p pjpr

The triangle inequality first yields

* *
|U|ijp,,.a,(x,3) <lv— M1|Lpﬂ,,.,,g,(x,g) + Iullejp,,’o,(Xﬁ),

where uj (1) = e~ 40y, This implies with v(0) = u; the estimates

lv— MT|LPjPr’,a/(Xﬁ) =Clv— MT|0E11M

=< C(|v - uzk)|()E1,,i + |u3 - MT|QE1,#) < C(r + |Lt0 - M1|X},,M)
and

k k * k
|u1|ijp,/Y,,/(Xﬁ) = |u() - u1|ijpr/’(,/(Xﬁ) + |u0|ijP,/_”/(Xﬁ)

< C(luo — urlx,,, +¢(T)),

with o(T) = |uglL /((0.T): X)- Moreover, it holds that

pjpr’.o

* * * k
W —uglL,oxp) =1V UilL, o xg) + U1 —UglL,, . (xs)

=C@r+luo —uilx, ).
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Therefore, choosing T > 0,r > O and |ug—u1| Xyu small enough, we obtain the es-
timate | F2(v)|g,, < r/3.Infact,o(T) — OforT — 0, as uy € Ly pr.o((0,T); Xp)
by Proposition 3.4.3 of Priiss and Simonett [9].

A similar argument applies to the contraction estimate

[F2(v1) = F2(v2)lE, ,0,7)

m

Pj pj
<Ce ) ((x(T) T o L, o) = vz|L,,,,r,<xﬁj)) :
j=1

making use of [v;| < [v; — u| + [u}| and

* * * *
|U] - v2|L]7r,a(Xﬁj) S |U1 — 2= (ul - u2)|Lpr.J(Xﬂj) + |M1 - u2|Lpr,a(Xﬂj)'

3. Application to the Navier—Stokes equations

Let @ C R", n > 2, be a bounded domain with boundary 92 of class C 3= and
consider the Navier—Stokes problem

ohu+u-Vu—Au+ Vo =0, in Q,
divu =0, in Q, 3.1
u=0, on 0%,
u(0) = ug, in Q.

Here u denotes the velocity field and 7 the pressure. We consider this problem in
Ly (2)" with 1 < g < oo. Employing the Helmholtz projection P and the Stokes
operator A, this problem can be reformulated as the abstract semilinear evolution
equation

iU+ Au= F(u), t >0, u(0) = ugp, 3.2)

in the Banach space Xo = L, 5 (R2) = PL,(2)", with bilinear nonlinearity F defined
by
Fu)=Gu,u), Gui,uz)=—Pu-Vuy. (3.3)

Itis well known, see, e.g., Hieber and Saal [4] or Amann [1], that the Stokes operator
A = — P A with domain

X1 =D(A) := {u € H}(Q)" N Lyo(R) : u=0o0n0Q)

is sectorial and admits a bounded H°°-calculus with H*°-angle equal to zero. There-
fore, A has maximal L ,-regularity, even on the halfline, as 0 belongs to the resolvent
set of A, and so —A generates an exponentially stable analytic Co-semigroup in Xj.
Thus with A(u) = A, F1 = 0, and F, = F, problem (3.2) is of the form (1.1), and
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Conditions (H1) and (S) are valid. To apply Theorem 1.2, we therefore have to esti-
mate the nonlinearity in a proper way. This will be done as follows. As P is bounded
in L,4(€2)", by Holder’s inequality we obtain

G 1, u2)|x, < Clur - Vua|r, < Cluil,, luzlgy) .

where r,r’ > 1and 1/r + 1/r’ = 1. We choose r in such a way that the Sobolev
indices of the spaces L,(£2) and qu,(Q) are equal, which means

n n . n 1 n
l——=——, equivalently — =—-(14+—]).
qr qr’ gr 2 q

This is feasible if ¢ € (1, n), we assume this in the sequel. Next we employ Sobolev
embeddings to obtain

Xp C HYP(Q)" < Ly ()" N H,, (Q)".

This requires for the Sobolev index 28 — n/q of qu b ()
n n . 1 n
l——=28—-—, 1.e.,ﬂ=—<l+—>.
qr q 4 q

The condition 8 < 1 is equivalent to n/gq < 3, we assume this below. To meet
Conditions (H2), (H3), we set m = 1, p; = 1, 81 = B. Then (H3) requires

26=<1+un—1/p,

hence the optimal choice u = i 1S
1 1 (n
Heit — — =28—-1=-{—-—1]).
p 2\q
Finally, the constraint i < 1 requires that p should be chosen large enough, to be
subject to the condition
2
4l
P g

Computing the space of admissible initial values then leads to
—1
Xy = 0Bi Q)" N Ly o (Q).

Applying Theorem 1.2, this yields the following result on local well-posedness of
the Navier—Stokes system (3.1) for initial values in these critical spaces.

THEOREM 3.1. Let g € (1,n), p € (1, 00) be such that 2/p + n/q < 3, and
suppose that Q@ C R" is bounded domain of class C3~.
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Then, for each initial value ugy € an/q ! ()" N Ly 5 (2), the Navier—Stokes prob-
lem (3.1) admits a unique strong solution u in the class

ue HY ,((0.T): Ly (2)) N Lyu((0. T): HAQ)"),

for some T = T(up) > 0, with u = 1/p + n/2qg — 1/2. The solution exists on a
maximal interval (0, t1(ug)) and depends continuously on ug. In addition, we have

e CU0,14); Byp? Q)" N Lyo ()N CUO, 12); Byy /P (),
i.e., it regularizes instantly if 2/p +n/q < 3.

It is an easy consequence of this result that we also have global existence for initial
values, which are small in one of the critical spaces.

COROLLARY 3.2. Let the assumptions of Theorem 3.1 be valid. Then there exists
r > 0 such that the solution from Theorem 3.1 exists globally, provided |uo| gn/g-1 <.
qpr

Proof. By the estimate of F'(u) given above, it is easy to show via maximal regularity
that v(¢) = u(t) — e~ uy satisfies

2 2
lVlE . 0.1) = Ciluoly, , + C2lvlg, ,0.7),

for each T < ty(up). Here C1, C2 > 0 are constants independent of uo and 7.
This inequality implies boundedness of |v|g, ,0,7) on [0, 71), hence global existence,

provided |uolx, , <71 :=1/2/CiCa. O
REMARK 3.3. (i) Consider the particular case n = 3, p = g = 2. Then we
have

1/2
X, =oHY (PN Loo(R), X, =oH5 Q) N Ly (),

which yields the celebrated Fujita—Kato theorem, proved first in 1962 by means
of the famous Fujita—Kato iteration, see [3].

(ii) In the general case, observe that the Sobolev index of the spaces BZ; Iéq_l (RQ)
equals —1, it is independent of ¢g. These are the critical spaces for the Navier—
Stokes equations in nD, and their homogeneous versions are known to be
scaling invariant in 2 = R”. We refer to Cannone [2] for the first results in
this direction.

In a forthcoming paper, we will extend the range of g to [n, 00). Thus, by the
embeddings

1 —1
BN Q) — BITN(Q), 1<q) <qa<oo, pi,paell, ool
and
B, , ()= B, ,(Q), 1=p=<pr=oo,

and by maximal L ,-regularity, this will cover the range 1 < g < 00,1 < p < o0.
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