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Non-autonomous maximal regularity in Hilbert spaces

DOMINIK DIER AND RICO ZACHER

Abstract. We consider non-autonomous evolutionary problems of the form
u' () + Au) = f(@), u®) =up,

on L2([0, T1; H), where H is a Hilbert space. We do not assume that the domain of the operator A(t)
is constant in time ¢, but that A(r) is associated with a sesquilinear form a(z). Under sufficient time
regularity of the forms a(t), we prove well-posedness with maximal regularity in L2([0, T); H). Our
regularity assumption is significantly weaker than those from previous results inasmuch as we only require
a fractional Sobolev regularity with arbitrary small Sobolev index.

1. Introduction

Let KK be the field R or C and let V and H be Hilbert spaces over the field K such

that V <i> H;i.e., V is continuously and densely embedded in H. Then H Ci V' via
v+~ (v|-)g, where V'’ denotes the antidual (or dual if K = R) of V. Let I := [0, T']
where T > 0. Suppose a: I x V x V — I is a bounded quasi-coercive non-
autonomous form; i.e., a(t, -, -) is sesquilinear for all ¢ € I, a(-, v, w) is measurable
for all v, w € V, and there exist constants M, n > 0 such that

la(t, v, w)| < Mvllvlwly (tel, vyweV),

Rea(r, v,v) > nlvlly — Mllvll}, (el veV).

We define the operator A(t) € L(V,V’) by A(f)v := a(t, v, -) and the operator
A(t): D(A(t)) > Hby D(A(t)) :={v eV : A{t)v € H}, A(t)v := A(t)v for all
tel.

A famous result due to Lions (see [11, p. 513]) states that the non-autonomous
Cauchy problem

u' + ACQu() = f. u(0) =ug (1.1)

is well posed with maximal regularity in V' and the trace space is H; i.e., for every
f € L*(I; V') and ug € H there exists a unique u € H'(I; V) N L>(I; V) —
C(I; H) that solves (1.1).
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We say that a has H maximal regularity if for all f € L>(I; H) and ug = 0 the
solution u of (1.1)isin H'(I; H), and consequently in

MR:={ueL*(I;V)NH'I; H): Au € L*(I; H)}.

It is easy to see that if a has H maximal regularity, then the solution u of (1.1) is in
H'(I; H) forevery f € L?>(I; H) and ug € Tr, where the trace space Tr is defined
by Tr = {v(0) : v € MR}.

In the autonomous case, i.e., a(-, v, w) is constant for every v, w € V, additional
regularity of the inhomogeneity f and the initial value u( leads to higher regularity
of the solution u. In particular, it is known that one has maximal regularity in H
with Tr = D(A(0)'/?). The problem of non-autonomous H maximal regularity has
been studied extensively in the literature and was explicitly asked by Lions (see [17,
p- 68]), if the form is additionally symmetric, i.e., a(t, v, w) = a(t, w, v) forallz € I,
v, w € V. As shown recently, the property of H maximal regularity fails in general
in the non-autonomous case, that is without further regularity assumptions on the
form a. This was first shown in [9, p. 36]. Furthermore, in [13] for any « € (0, 1/2) an

example of complex Hilbert spaces V fi H and a bounded coercive symmetric non-
autonomous forma: I x V x V — C with A(:) € C*(I; L(V, V")) was constructed,
which fails to have H maximal regularity.

Lions himself proved H maximal regularity if a is symmetric and A(-) € C!(I;
L(V; V") (see [17, p. 65]). Using a different approach, H maximal regularity was
established in [20], assuming that A(-) € C*(I; L(V, V")) for some « > 1/2, without
symmetry assumption. This result was further improved in [15], where the aforemen-
tioned Holder condition is replaced by a weaker ‘Dini’ condition for a, which can be
viewed as a generalization of the Holder condition above to the limiting case o« = 1/2.
Moreover, in [15], maximal L?(I; H) regularity was established for 1 < p < oo.

Lions’ result was recently generalized in another direction in [10]. Assume in ad-
dition that a is symmetric and of bounded variation; i.e., there exists a bounded and
non-decreasing function g: I — R such that

la(z, v, w) —a(s, v, w)| < [g(®) — g ]lvllviwlly O=<s=<t=<T, v,welV).

Then a has maximal regularity in H with 7r = V, and MR is continuously embedded
inC(I; V).

More recent further contributions to maximal regularity for non-autonomous prob-
lems are [2-4,7,23].

The main contribution of the present article is a general result on higher regularity
of solutions to the non-autonomous problem (1.1); see Theorem 6.2. As a special case,
it contains the following result on H maximal regularity.

COROLLARY 1.1. Suppose that in addition A(-) belongs to the homogeneous
fractional Sobolev space W22 £(v, V")) for some § > 0; i.e.,

At) = A=y o
//” OI2wvy g, 45 < oo
1JI

|t _s|2+28
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Then (1.1) has H maximal regularity with Tr = D(A(O)l/z). Moreover, MR embeds
continuously in H1/2(1; V).

Note that W1/2+8.2(1; L(V, V")) < C(I; L(V, V') and we identify A(-) with its
continuous version.

This result closes the gap between the Holder and the bounded variation assumption
on the form a in the following sense: It holds C'/2H3(1; £L(V; V")) — W1/2+3.2(1; £
(V, V). Moreover, without symmetry of the form, by the counterexample in [9,
p. 36] mentioned above, bounded variation does not suffice for H maximal regularity.
However, if we replace this assumption by the slightly stronger assumption A €
WL (1, £(V, V")), for some § > 0, we also obtain that W1H3(1; £(V, V') <
W1/2+82(1: £(v, V') with 8 = laﬂ Thus, Corollary 1.1 applies and yields H
maximal regularity.

We like to point out that Theorem 6.2 does not only treat the case of H maximal
regularity, but covers the whole range of complex interpolation spaces [H, V]| 24,
where o € (0, 1/2]. Maximal regularity with respect to this space will be obtained
under the additional assumption that A(-) is in Wotd. /e (I; L(V, V")) forsomed > 0.

Further, we investigate perturbations of lower order as in [5,22]. As an application
the authors of [5,22] treat non-autonomous Robin boundary conditions. Again we
significantly relax the regularity assumption from a Holder condition to a fractional
Sobolev space condition.

Our approach relies on elementary Hilbert space methods, such as the Lax—Milgram
lemma and Plancherel’s theorem. A key idea in the proof of Corollary 1.1 is to test
equation (1.1) not only with u and u’ but also with Hu’, where H denotes the Hilbert
transform. This is crucial to obtain a bound for the H'/2(R; V) norm of u.

The present article is organized as follows. Section 2 is of preliminary character.
We provide some well-known results about fractional powers of operators associated
with forms and complex interpolation spaces. Section 3 is concerned with abstract
maximal regularity results on / = RR. Here, we discuss conditions on operators A €
L(L*(R; V), L>(R; V")) such that the Cauchy problem of the form u’ + Au = f is
well posed with maximal regularity in V’, H and in the spaces ‘in between.” Section 4
is devoted to non-autonomous forms and their associated operators. In Sect. 5 we apply
our abstract maximal regularity result of Sect. 3 to non-autonomous forms on I = RR,
and in Sect. 6 we treat initial value problems by reducing them to the situation of
Sect. 5. In Sect. 7 we illustrate our results from Sect. 6 with applications to parabolic
problems in divergence form (scalar equations and systems) and to problems related
to generalized fractional Laplacians. Finally, in the appendix we collect some facts
about Banach space-valued fractional Sobolev spaces on the real line.

2. Interpolation of the Gelfand triple

d
Let V and H be Hilbert spaces over the field K, such that V — H;ie., V is
continuously and densely embedded in H. Then there exists a constant cy such that
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vl < culvly (v eV). 2.1

We denote by V' the antidual (or dual if IX = RR) of V. Furthermore, we embed H
into V'’ by the mapping
Jive (W) (2.2)

Then (u|v)yg = (j(u),v) forallu € H and v € V, where (-, -) denotes the duality
pairing between V' and V. Moreover, H is dense in V'’ and

lj@lly < cullully (u e H),

where cy is the same constant as in (2.1). It is convenient to identify V and H
as subspaces of V’. This means with respect to (2.2) that we identify u € H with
jw) eV,

We define B € L(V, V') by Bv = (v|-)y. Note that this is the operator associated
with the scalar product in V. Since this is a symmetric and coercive sesquilinear form
B is invertible, defines a sectorial operator on V' and the part B in H of B defines a
self-adjoint operator (see [21, p. 15]).

We define the Hilbert space H,, where y € [—1, 1] by

Hy, :={ve DB : B e HY, |vlg, = 18",

where B7/? denotes the fractional power of the sectorial operator B (see, e.g., [1, p.
163)).

PROPOSITION 2.1. If y € [0, 1], then H, = [H,V], and H_, = [H, V'],
where we denote by [-, -], the complex interpolation space of order y. In particular,
H =V Hy=H,and H = V.

Proof. Let v € D(B). Since B is self-adjoint, we have |BY/?v||2, = (Bv|v)n
||v||%,. Thus, D(B'/2) = V and since B~'/2 = B1/28~1 we also have D(B'/?) =
H. Since B is self-adjoint it has bounded imaginary powers. It follows that B =
B'2BB~1/2 has also bounded imaginary powers. Thus, the claim follows by [18,
Theorem 4.17]. O

Leta: V x V — K be a sesquilinear form. Moreover, we assume that a is bounded,
i.e., there exists some M > 0 such that

lav, w)| < M|vv|wlly (v, weV)
and coercive, i.e., there exists n > 0 such that
Rea(v,v) > iy, (veV).

Let A € L(V, V), Av = a(v, -) be its associated operator and A € L(D(A), H),
D(A) ={v eV : Av € H} its part in H. Note that .4 defines a sectorial operator on
V.
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PROPOSITION 2.2. Let a € (—1/2,1/2). Then there exist constants ¢, C > 0
depending only on o, M and n such that

vl = 1A% VIE < Clvlim, @ € Hu).

Proof. For the case o € [0, 1/2), see [16, Theorem 3.1]. The case o € (—1/2,0)
follows by a duality argument. We define the adjoint sesquilinear forma*: VxV — K
by a*(v, w) = a(w, v). Then a* is bounded and coercive with the same constants M
and 7. Moreover, the part in H of the operator A* associated with a* is the adjoint
operator of A and

vl < 1AHPVllE < Cllvlay, (v e Hap) (2.3)
for B € [0, 1/2). Let v, w € V, then we obtain by (2.3) with 8 = —«
(AV]w)g = @ (AW E < (0] 1A W iy < (V1 H_ Hlwlla

and

A

(Vs W)ty Hogy = (A" V[ (AN W) = AV CllW] s, -

Taking the supremum over all w € V with ||w||g < 1 in the first inequality and with
lwllz_,, <1 in the second proves the claim. O

3. Maximal regularity on R

Let V and H be Hilbert spaces over the field K such that V 7) H . Furthermore, let

A e LIL*>(R; V), L>(R; V')) and set M := ||.A]||. Suppose there exists some 7 > 0
such that

Re/ (Av,v) dt = nllvl)7, (e L*(R; V). (3.1)
R Vv
Note that we denote the norm of L2(RR; X) by ||| L for any Hilbert space X.

THEOREM 3.1. For every f € L*(R; V'), there exists a unique u € MRy(A) :=
L3(R; V) N HY(R; V') such that

W+ Au = f (3.2)

in L*(R; V'). In addition, u € H'/*(R; H).

Proof. We define the Hilbert space V) := H'2(R; H)N L*(R; V) with norm || v||%/O

= |9V 2vlli2 + ||v||iz. Furthermore, we define the bounded sesquilinear form
H 14

E: V) x V) — Kby

E(v, w) :=/(31/2v|a<1/2>*(1—5H)w)H dt+/(Av,(l—8H)w) dr
R R
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where § 1= MLH and H is the Hilbert transform, i.e., the operator with Fourier symbol
—i sign &. Note that E is bounded. Moreover, E is coercive, since for v € V) we obtain
by the boundedness of .4, (3.1) and Parseval’s relation that

Re E(v, v) > Re/]R|s|<i sign(§) + 819117, dé + (1 = M) v,
=810 2vl7, + (n = SM)IIT, = 8lvII,,

A~ 1 i .
where v(§) = Wir f]R e~ "8y (t) dr denotes the Fourier transform of v.
Let f € L?(R; V') and define F € V, by

F(w) := / (f, 1 =§H)w) dr.
R
Then by the Lax—Milgram Lemma, there exists a unique # € V) such that
E(u,w)=Fw) (wely). 3.3)

Since 0 < § < 1 weobtainthat 0 < 1 —§ < |§isign& 4+ 1| <1+ forall &€ € R.
Thus, by Plancherel’s theorem 1 — §H defines an isomorphism on H LR; V). Now
(3.3) implies

—/(u,v’) dt+/(Au,v) dt:/(f,v) dr (ve H'(R; V)).
R R R

Hence, u € H'(R; V') and u satisfies (3.2) by density of HY(R; V) in L3(R; V).
On the other hand, any solution of (3.2) satisfies (3.3), since MRy(A) < V. This
embedding is a consequence of the estimate

/ l1g1"2a)]);, dé =/<|$|ﬁ(s),ﬁ(§>> dg < [§all,2 Nl
R R v

and Plancherel’s theorem. Thus, u is unique. O

In order to model evolutionary problems, we introduce the following ‘causality’
condition.

PROPOSITION 3.2. Suppose the operator A is as above and commutes with the
Sunction 1 (_oo 1) for all t € R in the sense that

T(—oonAv = A(L(—oonv) (v e L*(R; V), t € R).

Then for any t € R and u € MRy(A) we have u(s) = 0 for all s < t if and only if
f(s) := u'(s) + Au(s) = 0 for a.e. s < t. Here, we identify u with its continuous
version with values in V'.

Proof. Lett € R and u € MRy(A). Note that we have [u(-)[|3, € WII(R) with
(||u(-)||%1)/ = 2Re(u’, u) (see [25, Proposition 1.2]).
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First suppose that u(s) = O for all s < ¢. Then we obtain that
F(s)=u'(s) + Au(s) =0+ L_oony(s)Au(s) =0 (ae.s <1).

Now suppose that f(s) = 0 for a.e. s < . We have

' t '
n/ ||u||%,ds§Re/ (Au,u)ds:Re/ (f —u',u)ds

—00 —00 —00

889

1/ 1
- ‘Elw("“"%’)/ ds =~ )1}

Thus, u(s) =0 forall s <t.

O

Next we prove higher regularity under stronger conditions on the operator A, where
we write A as the sum of a regular part A; and a perturbation A,. Let & € (0, 1/2]
and let Ay, Ay: L2(]R; V) —> LZ(IR; V') be linear operators. Suppose there exist

constants 17, 11 > 0 and M > 0 such that

IAwl2, < Ml (v € L2@R; V),
A € H(R; V) & 9" Avll 2, < Mvllgg (v € HYR: V),

Re [ (Ajv,v)dr > nllvll?, (v e LA(R; V),
R LV
Re/ (0% Arv, 0%v) dr = mi[[0%v]17, — Mv[7, (v e H*(R: V).
R % 4
Moreover, suppose that there exist M> > 0 and 72 < n such that
I Aavll2, < Mallvll s (v € L2(R; V),

Re/ (Arv, v) dit = —ma|lvll}, (v e L*(R; V),
R Vv

and that for every ¢ > 0 there exists a constant ¢, with

'/ (Av, 0%0% w) dt
R

< [elvl 5 +eclvl 2 |

34
(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

x |:||w||Hg + 0wl } (v e H(R; V), w € H*(R; V)). (3.10)

Note that the operator A := A; + A is in L(L*(R; V), L*>(R; V) by (3.4) and
(3.8) and satisfies (3.1) by (3.6) and (3.9). Thus, we may apply Theorem 3.1 to the

operator A.

We define the Hilbert space V, := H'/?T¥(R; H) N H*(R; V) with norm

2. 1/2 2 2
vy, =119 / +O‘UIIL% + vl
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Furthermore, we define the maximal regularity space
MRy (A) == {v € H'(R; Hyq—) NL*R; V) : Av € L*(R; Haq—1)}
with norm

o IAvII2,

2 . 2
1o liar, ) = 1N, M
.

20—
Note that MR, (A) is a Hilbert space.
THEOREM 3.3. Leta < (0, %] and A := Ay + Ao, where Ay, Ay: L*(R; V) —

L>(R; V') are linear operators satisfying (3.4)—(3.10). Then, for every f €
L2(R: Hoy_1), there exists a unique u € MRy (A) such that

u+Au=f 3.1D)
in L2(R; Hog—1). Moreover, MRy (A) < V.
For the proof of the theorem, we begin with two lemmas.

LEMMA 3.4. Leta € (0, %] and§ € [0, 1 —2«]. Supposeu € H%“‘(R; H_5)N
HOT(R; Hy_ps). Then u € H?*(R; H\_25_24) and

2o 1— 20
-6 1-6

H%+a(]R'H,6) ||u||H6+a(R;H]—26).

”88+2a

Ul 22 (R; Hy_as_ne) = Nl (3.12)

Proof. Note that
HYP2(R; Hy g5 ) = [H 7 TR H_y), H***(R; Hy )]s,
with A = 127"‘8 € [0, 1]. Now the claim follows by Proposition 2.1 and [18, p. 53]. O

LEMMA 35. Leta € (0, ] and A := A; + Ay, where Ay, Ay: L*(R; V) —
L2(R; V') are linear operators satisfying (3.4)—(3.10). If f € L*(R; Hy—1) and
u € MRo(A) NV, such that u' + Au = f, then u € MRy (A).

Proof. Let$ € [0, 1 — 2] and suppose that u € HOT(R; Hi_»5). We show that u
is in H%“" (R; H_s). Let p: R — [0, c0) be a mollifier and define the function
on: R — [0, 00) by p,(t) :=np(nt) forn € N. We set g, := g * p, forany n € IN
and g € L2(R; V). Moreover, we denote by |3 the operator with Fourier symbol |£|.
Since u,, € Hl(]R; V), we obtain

41 _ S+1
1977 u, |7, = 1B7°210]F *unl7,
H,(; H
- / (Hud | B2 1012w, g di = / (H(fo = (Au)). B0 u,) di
R R
:/IR(Ba—l/Zan |Bl/2—5—(¥|8|5+2(xun)H dr

- / (HIB1® (Ayu)n, B8101 uy,) dr — / ((Aau), 1917 T HB P uy) dt
R R

=! R+ Ry + Rs.
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We have
IR < 1 2R oy )18 2%t | 2 (R Hy -
By (3.5) we have
|Ra| < M|l grecrevy 1% ull 2R 1y o -

Moreover, by (3.10) for every ¢ > 0 there exists some constant c, such that

|Rs| < [elld%ull 2 + cellull g2 [Nl prove ;b o) + Nt | srov2e ey 5200 -

We apply Lemma 3.4 and Young’s inequality for products and obtain that there exists
some constant ¢ > 0 such that

o+l

10wy, = [ Il gsserm s + Nl + 12, |-

By this inequality and since u, — u in L?(R; V), we obtain that every subse-
quence of (u,) converges weakly to u in H %J“"‘(]R; H_s). Hence, u belongs to
HT 4 R; Hoy).

Ifa > %, we choose § = 1 — 2« and obtain that u € Hl(IR; H»y_1) and conse-
quently u € MR, (A). In the case @ < ;11, we have to iterate. We consider the sequence
Sp=1—=2""Tue H'72"T*(R; Hy-n_,), which is the case for n = 1, then we
obtain by the consideration above that u € H =270 e (R; Hy-n_1), provided that
1—-27"4«a < 1. Now if n is the maximal integer satisfying this inequality, we choose

8 = 1 — 2« and obtain that u € H'(R; Hag_1). O

Proof of Theorem 3.3. Let @ € (0,1/2] and f € Lz(]R; H>y_1). Note that V, —
H*(R; Hi—20)NH*(R; V) by Lemma 3.4 with § = 0. Thus, by (3.10) the sesquilin-
ear form (v, w) — fR(sz, 9% 9**w) dr extends continuously to a sesquilinear form
from V, x V, to K.

We define the bounded sesquilinear form E: V, x V, — K by

E(v,w) = /R(a‘/”%|a<‘/2*“>*[a“*a“(1 — 8H) + plw)y dt
+/R(8°‘A1v, 3% (1 — SH)w) dr + /]R(sz, %% 3% (1 — sH)w) dr
+p/]R((A1 + A2)v, w) dr,

where we choose §, p > 0 appropriately. Furthermore, we define F € V), by
F(w) := /R(B“*I/zf|B*“+1/2[a“*a“(1 —8H) + plw)y dt.

We show later that E is coercive. If this is the case, then by the Lax—Milgram
Lemma, there exists a unique u € V, such that

E(u,w)=F(w) (weV,).
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The operator D: H'/>**(R; V) — H'/?*(R; V), v > [3%*0%(1 — §H) + p]v is
invertible, since it has the symbol (1 + 8i sign(£))|£]>* 4+ p. Let v € H'/?=*(R; V)
and set w = D~ 'v € V,. Now the identity E(u, w) = F(w) implies, as in the proof
of Theorem 3.1, that u € MRy(A) with u’ + Au = f in L>(R; V’). We conclude by
Lemma 3.5 that u € MR, (A). Moreover, u is unique by Theorem 3.1.

We finish the proof of the theorem by establishing coercivity of E. Let v € V,, then

Re E(v,v) > Re / [1&]172 (i sign(&) 4 &) + pi&]||D]% d&
R

+ (m = 8M)[0%vII3, + (o — m2) — 8M — M)|jv]l7,
Vv 14

- [sna“anzV +ca||v||LzV] [n(l = SH)vl vy + 1071 = 8H)vll }
> 8010212, + (i — SM)[0%VI, + (o — m2) — 8M — M)|v]l?,
H \%4 14

= [elovll, +eclivl 3 | 2V/82 + Tholy,

by (3.6), (3.7),(3.9), (3.10) and Lemma 3.4. Hence, E is coercive for sufficiently small
8, € and sufficiently large p by Young’s inequality for products. g

4. Non-autonomous forms

d
Let V, W, H be Hilbert spaces over the field K with V., W — H.Let I C R be a
closed interval. The mapping

a: I xVxW-=IK

is called a non-autonomous formif a(t, -, -): V. x W — K s sesquilinear for all t € [
and a(-, v, w): I — K is measurable forallv € Vand w € W.
We say the non-autonomous form a is bounded if there exists a constant M such
that
la(t, v, w)| < M|v|yllwllw Cel, veV, weW). “.1)

PROPOSITION 4.1. There exists a unique operator A € L(L*(I; V), L>*(I; W'))
such that a(t, v(#), w(t)) = ((Av) (@), w(?)) fora.e.t € I, forall v € L%(I; V) and
w e L>(I; W).

LEMMA 4.2. The mapping ®: L*(I; W') — (L*(I; W)), v — [, {v(?),.) dt is
an isometric isomorphism.

For a proof of the lemma, see [12, p. 98].

Proof of Proposition 4.1. We define the bounded form

a: L2(1; V) x L*(I; W) > K, a(v, w) =/a(t, v, w) dr,
1
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and we define A € L(L2(I; V), (L3(I; W))) by Av =d(v, ). Weset A := & 1o A,
then by the definition of ® and A we have

/(.Av, w) dt = (Av, w) = @(v, w) = / a(t, v, w) dr
I

1
forallv e L2(1; V) and all w € L2(I; W). O

Leta: I x V x W — K be a bounded non-autonomous form. Then we call the
operator A € L(L3(I; V), L*(I; W)) from Proposition 4.1 the operator associated
with a and we write A ~ a. Moreover, we denote by A(t) € L(V, W) the operator
v a(t,v, ).

In the case that V = W, we call a quasi-coercive if there exist n > 0 and w € R
such that

Rea(t, v, v) +ollvl|y = nlvl} (el veV) 4.2)

and coercive if there exists n > 0 such that
Rea(t,v,v)znﬂvll%, (tel, veV). 4.3)

Note that A 4+ w and A(¢) + w are invertible if a: 7 x V x V — IK is a bounded
quasi-coercive non-autonomous form and A ~ a.

5. Maximal regularity for non-autonomous operators associated with forms on
R

Let V and H be Hilbert spaces over the field IK with V <i> H. Suppose a: R x
V x V — KK is a bounded coercive non-autonomous form, where M > 0 and n > 0
are constants such that (4.1) and (4.3) hold. Let A € E(LZ(IR; V), L2(R; V’)) be the
operator associated with a.

THEOREM 5.1. Forevery f € L>(R; V') there exists a unique u € MRy(A) such
that

u' + Au = f. 5.1
Proof. Ttis easy to check, that A satisfies the conditions of Theorem 3.1. O

Next we consider higher regularity. Let ¢ € (0, 1/2], 8 € [0, @) and let a;: R x
VxV =K, a: RxV x Hi428-2¢ — K be bounded non-autonomous forms and
A1 ~ a1, Ay ~ ay. Thus, there exist constants M, M, such that

lar(t, v, w)| < M|vlvIwly (teR,v,weV), (52)
loa(z, v, w)| < Ma|vllvIiwllay s 0 (¢ E€R, vEV, we Hitopa) (53)

By the definition of H>o—2—1, we have that it is a subspace of V’; thus, the mapping
v = Av := (A; + A)v defines a bounded operator from L>(R; V) to LZ(R; V).
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Moreover, we suppose that there exist constants > 0 and 772 < n such that
Rea(t,v,v) = glvly (1€ R, veV), (5.4)

Reax(t,v,v) > —772||v||%/ teR,veV). (5.5)

Note that the form a: R x V x V — K, a = a; + a, satisfies the conditions of
Theorem 5.1.

THEOREM 5.2. Suppose in addition that A, (-) € W“""SO%(R; LV, V") and if

° 1
B > 0 that Ay(-) € Wﬂ”o’F(R; L(V, Hyy—28-1)) for some &y > 0. Then for every
f € L (R; Hay_1), there exists a unique u € MRy (A) such that

u + Au = f. (5.6)
Moreover, MRy (A) — HY(R; V).

For the proof, it will be crucial to control the commutator |3|* Ajv — A |3|*v. This
will be established by the following lemma.

LEMMA 5.3. Let X, Y be Hilbert spaces, y € (0,1/2]andG € L*°(R; L(X, Y))N

o 1
WY ooy R; L(X,Y)) for some §g > 0. Then for every ¢ > 0 there exists some
constant c, such that

/ 160 ~ GO} | i
RJR |t — s|1+2v

< &lld" vl oy + vl 2y (v € HY R: X)) (5.7)

Moreover, the mapping u(-) — G(-)u(-) belongs to L(HY (R; X), HY (R; Y)).

Proof. Let0 < h < land M := [|G(®)|lL>(R;c(x,v))- We obtain by Fubini’s theorem
that

/] 160 -Gweiy )"
t
R JR\(—h,i+h) |t —s|t+2y
o) v
ARY
<oM —— X dsdr
(/ /]R\(t hoithy |1 —S|1+2y )

M (/ / ! dr [Jv( )||2 d )1/2 M vl
- T — a2y GV s) = —Ivllem:
R JR\(s—h.s+h) |t — 5|17 X Jyhy "I E

for all v € L2(R; X). Next choose 0 < § < 8y and p > % such that p(y + 8) <

%(y + &p). Let g be such that 1= % + % For v € H” (R; X), we obtain by Holder’s
inequality
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o ||<g<r> G )
r— S|]+2y

i ||g<r>—g(s)||£(”> ey )
//t |t — s|1+P(r+8) //,h |t — s|1—%4 '

Using the uniform boundedness of G by the constant M, we obtain that the first term
on the right-hand side is bounded by

(2M) Ea [g] C
WY (R LX)

which is finite by our assumptions on the form. By Fubini’s theorem, we obtain for
the second term that

1/q s+h 1/q
// Oy, =(// 1= s dr ||v<s>||?(ds)
r—n |t—s|'7 RJs—h
5 ( 2 . 1/q
=h —/||v(s)|| ds) .
3q Jr X

Since p > 1, we obtain that ¢ < ﬁ if y < % andg < o0 if y = % Now the
inequality (5.7) follows by Lemma 7.12.
Let v € H” (R; X), then by Proposition 7.9

1/2
IGv(®) = Gu)II5
C,,Ila’”gvlleaR;Y)Z(/]R R |t — |7 = ds dr

12
IG@) @) —v(s)y
= (/]R R |t —s|1+2r » dt)

172
1G@) — GsHvs) 13
+(/}R/ T ds dt)

< MCy + DI" vl 2. x) + ctllvll 2w x)s

where ¢ is the constant from (5.7). Thus, the mapping u(-) — G(-)u(-) belongs to
LHYR; X), HY (R; Y)). O

Proof of Theorem 5.2. 1t is our goal to show that A; and A; satisty the conditions of
Theorem 3.3. First we consider the operator .A; . Note that (5.2) implies (3.4) and (5.3)
implies (3.6). By Lemma 5.3 we obtain that A, satisfies (3.5). Next we show that .4
satisfies (3.7). Let v € H*(R; V), then by Corollary 7.10

Cy Re/ (0% Ajv(t), 0%v(r)) dr
R
R // ((Arv() — Aju(s)), v(t)—v(S))
= Re

|t—S|1+2D‘ dr
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_R// (A1) (1) — v(s), v(t) — V) 1o ds

t_s|1+2a
+R// (Al(l)—Al(S))Tl(JSrlav(l) U(S)>d dr

= r;Ca||3°‘v||L2(]R;V) - [8”3 U||L2(]R;V) + Cs||U||L2(IR;V)] Y% Coz||3av||L2(]R;V)~

Here, we use again Lemma 5.3 with y = « for some ¢ > 0. If we choose ¢ < nJC_a ,
then the desired estimate (3.7) follows by Young’s inequality.

Next we consider the operator 4. The assumptions (3.8) and (3.9) are satisfied
by (5.3) and (5.5). In the case 8 = 0, the assumption (3.10) is satisfied without any
further conditions on A,.

For B > 0, we have by Lemma 5.3

'/ (Av, 390% w) dt| =
R

< 18P Agvll 2 88« P *w]|, .

Hyy—28-1 Hy 20428

/ (B8 Ayu| BB g @By dr
R

< Cllvll g vy 182 Pwll ;2
Hi 20428

< [el00l5 + cellvl gz | [lwllmeqmv) + 102wl 2 |-

forallv e H*(R; V), w € H% (R; V), for any ¢ > 0 and sufficiently large c.. Here,
we apply the complex interpolation inequality (see [18, p. 53]) on the space

H* P(R; Hi—2g428) = [H*(R; Hy), H**(R; Hi—20)]ep

and Young’s inequality. Thus, .4; and A, satisfy the conditions of Theorem 3.3. [J

REMARK 5.4. The theorem extends to more general perturbations than A, e.g.,
sums of such operators, provided that condition (5.5) holds for the sum of these
operators.

REMARK 5.5. The statement of Theorem 5.2 implies that the mapping
T: MRy(A) > L*>(R; Hyg—1), Tu=(d+ Au

defines an isomorphism. Thus, 7 and 7! are bounded operators by the closed graph
theorem. On the other hand, we may see by our proofs that these bounds depend only
on the constants appearing in the conditions of the theorem.

6. Initial value problems

d
Let V, H be Hilbert spaces over the field K with V < H and let I = [0, T'] where
T > 0. Suppose a: [ x V x V — K is a bounded coercive non-autonomous form,
where M > 0, n > 0 and w > 0 are constants such that (4.1) and (4.2) hold. Let
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A e L(L*(I; V), L*>(I; V")) be the operator associated with a. For o € [0, 1/2], we
define the maximal regularity (Hilbert) space

MRy (I3 A) :={v € H'(I; Hyy—1) N L*(I; V) : Av € L*(I; Hag—1)}

with norm

”v“%’IRa(l;A) = ”v/”iz(liHZu—l) + ”AUH%Z(I;HQQA)'
Note that MRy(I; A) — C(I; H) by [25, p. 106, Proposition 1.2].

THEOREM 6.1. For every f € L*(I; V') and uy € H, there exists a unique
ueMRy(I; Ay = H'(I; V)N L*(I; V) with

W+ Au= f, u0) = uo. 6.1)

This result is well known, at least in the case that H is separable (see [11, p. 513]).
In order to illustrate our strategy of reducing the case of an interval to R and for the
sake of completeness, we provide a proof.

Proof of Theorem 6.1. First note that u € MRo(I; A) is a solution of u’ + Au = f,
u(0) = ugifandonlyifv(z) := e~ ®'u(t) € MRy(I; A)isasolution of v’ +(A+w)v =
e~ f,v(0) = ug. Thus, we may assume that a is coercive, i.e., » = 0.

It is our goal to apply Theorem 5.1. We extend a on the complement of / by
% fOT a(t, -, -) dt. We denote this extension again by a. Thena: R x V x V — Kiis
a bounded coercive non-autonomous form. In particular, (4.1) and (4.2) hold with the
same constants M > 0 and n > 0.

Inthe case ug = 0, we extend f by 0 on the complement of 7, then the restriction to /
of the solution u given by Theorem 5.1 satisfies (6.1) and is unique by Proposition 3.2.

For the case ugp € H \ {0} note that H = [V, V']12 = (V, V')122 since V and
V' are Hilbert spaces. By the trace method for the real interpolation spaces (see [18,
Corollary 1.14]), there exists some v € MR(([0, c0); A) with v(0) = uy. We set
w(t) ;= v(—t) € MRy((—00, 0]; A) and we extend f to R by w’(¢) + (Aw)(¢) on
(—00, 0) and by 0 on (T, c0). Again the restriction to / of the solution u given by
Theorem 5.1 satisfies (6.1) and is unique by Proposition 3.2. O

Next we consider higher regularity. Let « € (0, 1/2], 8 € [0, @) and let aj: I x
VxV = K, a: V x Hiy2—2¢ — K be bounded non-autonomous forms and
Aj ~ a1, Ay ~ ay. Thus, there exist constants M, M, such that

lar(t, v, w)| < M|vlvlwlly (el v,weV), (6.2)
laa(t, v, w)| < Ma|lvlivIwllayop 00 (€T, vEV, we Hitop2a).  (6.3)

By the definition of H1424-24, we have that V is a subspace of H; 224, and thus,
the mapping v — Av := (A; + A»)v defines a bounded operator from L>(I; V) to
L%(I; V'). Moreover, we suppose that a; is quasi-coercive; i.e., there exist constants
n > 0 and w € R such that

Reai(t, v,v) +olvllg = vl (el veV). (6.4)
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THEOREM 6.2. In addition, suppose that A;(-) € Vi/“""so’é(l; LV, V") and if
B > 0 that As(-) € WP B (I, £(V, Hay_25-1)) for some 8y > 0. Fort € I we
denote by A(t) the part of A1(t) in H if B = 0 and the part of A(t) in H if < 1/2.
Then for every f € L2(I; Hoy—1) and ug € Hay for a < 1/2 and ug € D(A(O)l/z)
for o = 1/2, there exists a unique u € MR (I; A) with

w + Au = f, u(0)=up. (6.5)

Moreover, MRy (I; A) — H*(I; V), MR, (I; A) — C(I; Hyy) ifa < % and u(t) €
D(A(t)'/?) for every u € MR12(I; A) and every t € I.

Proof. It is our goal to apply Theorem 5.2. By the same rescaling argument as in the
proof of Theorem 6.1, we may assume that a; is coercive, i.e., ® = 0. We even may
replace A, by Ay + A for some A > 0. This will be necessary to obtain (5.5) for some
n2 <.

Since A;(-) belongs to the space VT/“JF‘SO’«IL(I; L(V, V")), we may extend A (-) to
Wetdog (R; L(V, V")) by applying the operators 5(1) and &7, defined in Proposition 7.8.
Moreover, we extend A3 (+) to W’H‘SO’% (R; L(V, Hyq—2p—1)) inthe same way if § > 0
and by 0 if B = 0. To apply Theorem 5.2, it remains to show that (5.5) holds for some
n2 < n if we choose A sufficiently large. Indeed by (6.3) and Young’s inequality, we
obtain for sufficiently large X that

Re(A2(1)v, v) + AllvllF = —[{A2(0)v, V) + AlvllF = =Mallvllv vl o,

+ Mol = =Malolly ol ol 4 Al = =J il
forallv e Vandallr € R.

We proceed as in the proof of Theorem 6.1. In the case up = 0, we extend f by 0 on
the complement of 7, then the restriction to / of the solution u given by Theorem 5.2
satisfies (6.1) and is unique by Proposition 3.2.

Next we consider the case ug # 0. By the trace method for real interpolation (see
MRy ([0, 00); A0)) :8>0

with
MR ([0, 00); A1 (0)) : B=0
v(0) = ug, where we use Proposition 2.2 in the case « < 1/2. Note that in the
case B = 0 we have MR, (I; A) = MR, (I; A;) with equivalent Norms, since A, €
MRy ((—00,0]; A0)) :8>0
MRy ((—00,0]; A1(0)) : =0
and we extend f to R by w'(r) + Aw(¢) on (—o0o, 0) and by 0 on (T, 00). Finally, the
restriction to I of the solution u given by Theorem 5.2 satisfies (6.5) and is unique by
Proposition 3.2.
Moreover, MR, (I; A) — C(I; Hy,) if @ < % (see [28, Theorem 3.6.]) and in

the case & =} we have ulrogy € | MR 0RAT) 1p>0
MR ([T, 00); A(T)) =0

D(A(T)'/?) again by [18, Corollary 1.14]. O

[18, Corollary 1.14]), there exists some v € [

L(L3(I; V); L3(I; H)). We set w(r) := v(—1t) € {
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7. Applications

This section is devoted to some applications of the results given in the previous
sections. We give examples illustrating the theory without seeking for generality.
Throughout this section, we consider the field K = R.

7.1. Elliptic operators with time-dependent L°° coefficients

Let & C R? be a bounded domain, where d € IN. Suppose a;x € L®(I x Q),
j.ke{l,...,d} satisfy

d

D aplt, 0EE = nlEF (el xeQ, & eRY).
Jk=1

for some n > 0. By HO1 (€2) we mean the closure of the test functions D(2) in H' ().
We denote for B € [0, 1) by H{f () the space [L*(Q2), Hj ()]s and by H#(Q)
the space [L*(Q), H~'(Q)]p, where H~1(Q) = (H] (Q))'. Note that H#(Q) =
(H(f}(Q))/ (see [27, p. 72]).

COROLLARY 7.1. Let I = [0,T], « € [0,1/2] and if « > 0 suppose that in
addition a i € W“""s’é(l; L*>®(Q)) for some § > 0. If « = 1/2 we also assume that

Q has Lipschitz boundary. Then for every f € L*>(I; H**~1(Q)), ug € HOZO‘(Q) there
exists a unique u € H*(I; HOl ) N HYI; H*~Y(Q)) such that

u' —div((ajr)Vu) = f, u(0) = u.

Proof. We define the non-autonomous form a;: I x Hj () x H} () — R by

d
al(t,v,w)z/ > ajit, x)djv(t, x) dw(t, x) dx.
Q

jk=1

Then a; satisfies the conditions of Theorem 6.2. Note for the case « = 1/2 that
D(A(0)'/2) from Theorem 6.2 coincides with the space HO1 (2) (see [8]). O

Note that the domain of the part of A4 (¢) in Hoz‘)‘_l (2) is time dependent for o > 0,
where A| ~ aj.

7.2. Elliptic operators on R¢ with mixed regularity

Let/ =[0,T]with T > 0,d e N,0 <ap <a < 2and 0 < o < f < 1 such
that 2c0 + Bo = 1. Moreover, letajx € L* xRY), j, k € {1,...,d)} such that there
exits some 1 > 0 with

d

D apt, 0EE = g (el xeRY & eRY.
Jjk=1
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oo L o B 4
COROLLARY 7.2. Suppose in addition that a i € W% @ (I; Wﬁ’ Fo (Rd))for all
J. ok e{l,...,d}. Then forevery [ € L2(I; LZ(IRd)) and every ug € Hl(Rd), there
exists a unique u € HY(I; LZ(IRd)) NnHY(r, Hl(Rd)) such that

u' —div((ajr)Vu) = f, u(0) = u.

Proof. We set V := H'tPo(R?), H := HP(R?), and we identify H with H’, then
V' = HP=I(RY). Hence, Hayy—1 = H-p, = [H, V'], = L*(RY). It is our goal to
apply Theorem 6.2 in this setting. We define b: H/(R?) x HP(RY) — R by

wx) —v(y))(wx) —w(y)) dxdy
b(U, 'I,U)Z/]Rd iy |x—y|2ﬁ0 |x—y|d +(U|U))L2(]Rd).

Then b is a scalar product on H%(R9). Let B € L(HPRY), (HP(R?))') be its
associated operator and B € L(H*0(RY), L2(RY)) the part of B in L2(RY).
Moreover, we define the non-autonomous form

d
a: I x HYPO®RY) x HFTPRY) - R, alt,v.w) = D bajxt)d, d;w)
jk=1

and we denote its associated operator by .A. By our assumptions on the coefficients
ajk, we obtain that a is bounded, quasi-coercive and that

A() € Wa (I; L(H o RY), (' (RY)))).

We only show that a is quasi-coercive, the other properties are easy to check. Let
v e H'tPo(R?), then

d
B @) — () @) — djp(y) dx dy
e ,El UR /R @ikt x— P =yl

+/ (ajr(t,x) —ajr(t, y)v(y)(dv(x) —d;v(y)) dxdy
R¢ JRI |x — y|%Po Ix — y|4

+/ ajr(t, x)okv(x)0;v(x) dx]
R4

d
=

b(0rv, Jkv)

N3

k=1

d
—Zi/ / laji(t, x) = aj(t, y)P1v (> dx dy
= 21 Jrd JRre lx — y[o lx =yl

J.k=1

where we used the ellipticity of (a;r), Holder’s inequality and Young’s inequality
(a-b < %az—kﬁbz, a, b € R). Itremains to estimate the last term by % Z?,k:l b(0kv,
ov) + C||v||ilﬂ0 for some C > 0. This can be done as in the proof of Lemma 5.3
using the regularity of (a ). Thus, a is quasi-coercive.
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Let f € LZ(I; Lz(Rd)) and ug € Hl(le). By Theorem 6.2, there exists a unique
U € MRy, (A) such that u’ + Au = f in L>(I; (H'*H(R%))’) and u(0) = uy. Since
the identity

(V. W) (g0 ey 1 +o ey = V| Bw) ey (v € L2 (RY), w € H¥ORY))

holds and since 9; Bv = Bd;v forevery v € H'*2Po(RY), j e {1, ...,d} we see that
the function u is the desired solution. O

7.3. Parabolic systems

Let /] =[0,T]with T > 0,d,n € IN. Let ai"" e L®°(I; BUC(R?)) for j. k €
{1,...,d},I,m € {1, ..., n} and suppose that there exists > 0 such that

d n
> A atat = nlcPEP (e x eRY £ R, € RO,

jk=11m=1
Note that this condition is called the Legendre—-Hadamard ellipticity condition.

COROLLARY 7.3. Leta € [0, 1/2] and if o > 0 suppose in addition that ajj €
W"‘M’&(I; L®MRY)) for some § > 0. Then for every f € L*(0, T; H*~1(R%))",
ug € H*(R4)", there exists a unique u € H*(I; H'(R9))" N H'(I; H>**~1(R%))"
such that

m=1
Note that the domain of the elliptic operator is time dependent.

Proof. We define the non-autonomous form a: I x H'(R%)" x H'(RY)" — R by

d n
a(t,v,w):/Rd DD dR x)d v dwy dx.

jok=11m=1

Then a satisfies the conditions of Theorem 6.2.

Indeed, boundedness and time regularity are a direct consequence of the assump-
tions above. Furthermore, quasi-coercivity may be obtained by localization of the
coefficients aﬁ.’}: (t, -) and Plancherel’s theorem (see [14, Theorem 3.25]). U

7.4. Time-dependent generalized fractional Laplacians

Let I = [0,T]with T > 0,d € N, « € [0,1/2] and B € (0, 1). Suppose
K: I xR xRY — R is measurable, K (¢, -, -) is symmetric for all # € I, and there
exist constants 0 < n < M suchthatn < K(¢t,x,y) < M forallt € I,x,y € RY.
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COROLLARY 7.4. Leta € [0, 1/2]and B € (0, 1). In addition, suppose that K €
Wotd 3 (1: L(R2)) for some § > 0. Then for every f € L*(I; H2*~DB(RT)),
ugy € Hozaﬂ (RY), there exists a unique u € H* (I, HER) N HY(I; H2—DB(RYY)
such that

/ (u(r, x) —u(t,y))
u —i—p.V./]RdK(t,x,y) PR dy = f, u(0) = ug.

Proof. We define the bounded and quasi-coercive non-autonomous form a: / X
HPRY) x HF(R?) — R by

a(t, v, w) = / / Kt x, y) (v(x) — v(y))(w(2x) —w(y) dx dyd
R TR e =y x — ¥l

and we denote by A its associated operator. It is easy to check that A(-) € Wetsa (I;
L(HPR?), (HP (R?)))). Thus, we may apply Theorem 6.2. For the case & = 1,
note that D(A(0)"/2) = HP(R?), where A(0) denotes the part of A(0) in H, since

a(t, -, -) is symmetric. O

Appendix: Vector-valued fractional calculus

The material covered in this appendix is well known, despite that we could not
find all the needed results in the literature. More results about vector-valued Sobolev
spaces can be found in [6,19] and [26].

Leta € (0,1),let p € [1,00),let I C R be an interval, and let E be a Banach
space. Given a measurable function f: I — E, we set

[Flwerag) == (//(nf(t)—f(s)nE)P dtds)l/p
WerP(LE) = . It — s|® It — s .

We define the homogeneous fractional Sobolev space

W®P(I; E) ;= {f: I — E measurable : [flwer.E) < 00}
and the fractional Sobolev space
WP E) :={f € LP(I; E) : [flweru:E) < 00}.

Note that [-]ye.r(;. g) is a seminorm and (W“”’(l; E), |-l Wa,p([;E)) is a Banach space
where

p p 1/p
1 hweraiey = (L W ey + U Werr) -
We collect some well-known results about these spaces.

PROPOSITION 7.5. Let « € (0,1), let p € [1,00), let I = (a,b), where
—00 < a < b < oo, and let E be a Banach space. There exists an operator
E € LIW®P(I; E), W“P(R; E)), such that (£f)|; = f forall f € W*P(I; E)
and supp(Ef) C (a — (b —a), b+ (b — a)).
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Proof. Let ¢ € D(R) with ¢(t) = 1forallt € I and suppy C (a — (b —a),b +
(b — a)). It is easy to check that the mapping defined by

f(@), tel
E)E) = ot)fQRa—1t), te(a—(b—a),a)
e f@b—1), te® b+ ®-a)
0, else
has the desired properties. g

PROPOSITION 7.6. Let @ € (0, 1), let p € [1,00), let I C R be an interval,
and let E be a Banach space. The E-valued test functions D(R; E) are dense in
W*P(R; E), and the smooth functions C*°(I; E) are dense in W*P(I; E).

Proof. Since D(R; E) is dense in W7 (R; E) and since

WP (R: E) = (LP(]R; E), WP (R; E))
a.p

we obtain that D(RR; E) is also dense in W*?(R; E) by [27, p. 39].
The second statement follows by Proposition 7.5 and the first statement. O

Leta € (0,1),let p € [1,00),let I C R be an interval, and let E be a Banach
space. Given a function f: I — E, we set

[flcer;Ey := sup M

s,tel [t —s|*
We define the space of Holder continuous functions
C(I;E):={f € CU; E) : [flce;E) < o0}
Note that C*(I; E) is a Banach space with respect to the norm

| fllce;ey == I fllLeo; ey + [flcer:B)-
By [26, Corollary 26], we have what follows.
PROPOSITION 7.7. Let @ € (0, 1), let p > é, let I C R be an interval, and let
E be a Banach space. Then
WP (1 E) < ¢4 (15 E).
Ifa> %, we identify the function f € W*?(I; E) with its continuous version.

PROPOSITION 7.8. Let o € (0, 1), let p > L let I C R be an interval, and let

o’

E be a Banach space. For any t € I the mappings

f(@s), sel,s<t

£ WOP(I; E) — WOP(I U[t,00); E), (] f)(s) = i
f@). s=1
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and

f(@s), sel, s>t

EL: WP (I3 E) — WP (1 U (=00, 11 E), (] f)(s) = i
f@). s<i

define bounded operators.

Proof. We consider the interval / = [0, 7] and the operator el , the other cases are
similar. Let f € C*°(I; E). By subtracting f(0), we may assume f(0) = 0. We have

[g(l)f]ﬁ/w(( 00,T];E)
//(Ilf(t)— (s)IIE)” dr ds // (Ilf(s)llg)” dt ds
+2
Il—SI“ [t —s| 1J(—00,00 \ (s =) s —t

B 2 [ (IfOE
[f]Wotp(I E)+ p ( 50‘ )

Since f is smooth and thus also Lipschitz continuous, the second term on the right-
hand side is finite. By [24, p. 745, (6.8)] we have that

p 1/p 1 -1
( / (M) ds) e U i,
I s a—1/p

Hence, [E(l) f ]Wa P(—c0.TLE) = Clflwer. ) for some constant C depending only
on « and p. Finally, by Proposition 7.6 and Proposition 7.7 this estimate extends to
arbitrary f € W*P(I; E). O

Let H be a Hilbert space and let o € [0, c0). We define
H*(R: H) := {u € L*(R: H) : [§|*4(§) € L*(R; H)}

and for u € H*(R; H) we define 9% by (0%u) (&) = (i&)“u(¢) and |9|*u by
(10|*uy (&) = |&|*u(&). Then H*(R; H) is a Hilbert space with the norm

lallFgg = el + 9%z, -
PROPOSITION 7.9. Fora € (0, 1), we have H*(R; H) = W*2(R; H) with

C ||8aM|IL2 - [M]Wo(2(R H)’

where Cy =2 [ };‘ffzs,j ds.

Proof. First note that

— cos(&h) 11— lfh|2
CulePe =2 [ osmitan = [ Lot
r R || 12
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by substituting s with |£|. Let u € L>(R; H). By Plancherel’s theorem and by
Fubini’s theorem, we have

Calld®ullz, = CulllE*a@)I7> =/ ColEIPNIi(E) 17 d&

1 — e (1 = eismyaE) |2
// |h|1+2°‘ dhlli (é)”HdE // |h|1+2 2 d¢ dh

lu(r) — utt +h)l|
:/R/R i dr dh = (]2 . - O

By polarization, we also have

o o (u(t) —us)|v@) —v(s)y .
Cy(0%u|o v)LzH:/]R k 7 — s dtds (u,ve H*(R; H)).

COROLLARY 7.10. Foreveryu € H*(R; V') and every v € H*(R; V), we have

o, oo _ (u(@) —u(s), v(t) — v(s))
Ca/R(B u,d v)dt—/]R/IR 5 dr ds.

PROPOSITION 7.11. Letu € L*>(R; H) and o > 0. Then u € H*(R; H) if and
only if there exists a v € L*>(R; H) such that

w[0*¢) 2 = Wle)2 (¢ € D(R; H)).
Proof. By Plancherel’s theorem, we obtain
@1 GE9) 2 = @192 (9 € DR H)),
Hence, by the density of D(R; H) in L>(R; H) it follows that (i£)%4 = . O
LEMMA 7.12. Let o € (0, %] andlet2 < p < ﬁ ifa < %andZ <p<ooif
o= % Then H*(R; H) — L?(R; H) and for every ¢ > 0, there exists c, such that
lvllr@r: ) < elld®vll 2 gy + cellvll L2m: my
forallv e H*(R; H).

Proof. Let p’ besuchthat 1 = %—i—# and ¢ such that ﬁ = %—}—5 Note that p’ = %
and g = ﬁ > é.For,o >0andv € H*(R; H) N L?(R; H), we have

Illir@:my = I0llLe@:my < cpllvllpy g m)
< 1™ + D™ ILawy 1™ + 1-D*Dll 2R 1y

2 Va |
g o
< (qa — 1) P (pllvll 2 1y + 1%V L2wi ) -

This estimate proves the claim for p sufficiently large. 0
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Let I C R be an interval. We define H*(I; H) :={f|; : f € H*(R; H)} with

IS e by o= inf{ligllper:my - g € H*(R; H), glr = [}

Since H*(I; H) is isometric isomorphic to the quotient space H*(R; H)/{f €
H*(R; H) : f|; = 0}, it is also a Hilbert space. Furthermore, by Proposition 7.5
and Proposition 7.9 we have H*(I; H) = We2(I; H) with equivalent norms for
a e (0,1).
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