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Well-posedness of the Ostrovsky—Hunter Equation under the
combined effects of dissipation and short-wave dispersion

GIUSEPPE MARIA COCLITE AND LORENZO DI RUVO

Abstract. The Ostrovsky—Hunter equation provides a model for small-amplitude long waves in a rotating
fluid of finite depth. It is a nonlinear evolution equation. In this paper we study the well-posedness for the
Cauchy problem associated with this equation in presence of some weak dissipation effects.

1. Introduction

Many physical problems (such as nonlinear shallow-water waves and wave motion
in plasmas) are described by the following nonlinear evolution equation

2

du+ 8y f(u) —ad’u—pad u=0, o, BeR, fu) = ”7 (1.1)
which was derived by Korteweg—deVries (see [12]). (1.1) is also known as the
Korteweg—de Vries—Burgers equation (see [2,9,26]), where aafxu is a viscous dissi-
pation term. If (1.1) describes the evolution of nonlinear shallow-water waves, then
the function u(¢, x) is the amplitude of an appropriate linear long wave mode, with
linear long wave speed Co. However, when the effects of background rotation through
the Coriolis parameter k need to be taken into account, an extra term is needed, and
(1.1) is replaced by

e (B + By f () — ad? u — B33 u) = yu, (1.2)
where y = % (see [7,11]). If « = B = 0, then (1.2) reads
0y (Oru + 0y f (u)) = yu. (1.3)

(1.3) is known under different names such as the reduced Ostrovsky equation [6,
23,25], the Ostrovsky—Hunter equation [1], the short-wave equation [10], and the
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Vakhnenko equation [20,24]. The well-posedness of (1.3) in class of discontinuous
solutions has been proved in [3,4].
If « =0, (1.2) reads

3 (B + By f () — B3 u) = yu, (1.4)

which is known as the Ostrovsky equation (see [22]). Mathematical properties of (1.4)

were studied recently in many details, including the local and global well-posedness in

energy space [8, 15, 18,28], stability of solitary waves [13,16,19], wave breaking [17],

and convergence of solutions in the limit of the Korteweg—deVries equation [14,19].
Let us assume, in (1.2), that « = 1, B = 0. Therefore, we have

By (B + 0y f () — 82 u) = yu. (1.5)

(1.5) describes the combined effects of dissipation and short-wave dispersion, and is
analogous to the (1.1) for dissipative long waves. It can be deduced considering two
asymptotic expansions of the shallow-water equations, first with respect to the rotation
frequency and then with respect to the amplitude of the waves (see [7,11]).

We are interested in the initial value problem for (1.5), so we augment (1.5) with
the initial condition

u(0,x) =ug(x), x e€R. (1.6)

Integrating (1.5) on (—oo, x) we gain the integro-differential formulation of problem
(1.5), and (1.6) (see [18])

8,u+8xf(u)=yffoou(t,y)dy+83xu, t>0, x eR, (7
u(0, x) = uo(x), x eR, '
that is equivalent to
8,u+8xf(u)=yP+8§xu, t>0, x eR,
0P =u, t>0, x eR,
(1.8)
P(t,—00) =0, t >0,
u(0, x) = uo(x), x € R.
On the initial datum we assume that
up € L'(R) N L®R), / uo(x)dx = 0. (1.9)
R
On the function
X
Po(x) = / uo(dy, xR, (1.10)
—0oQ
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we assume that

X 2
P00 = [ ( / uo(y)dy) dx < oo,
/ Po(x)dx = / ( / ’ uo(y)dy) dx =0,
R R —00

The flux f is assumed to be smooth, genuinely nonlinear, and subquadratic, namely:

(1.11)

feC®), [{f"=0=0, |fw]<Colul, uekR, (1.12)

for some a positive constant Cy.
The main result of this paper is the following theorem.

THEOREM 1.1. Let T > 0. Assume (1.9), (1.10), (1.11) and (1.12). Then there
exists a unique classical solution for the Cauchy problem of (1.7), or (1.8), u such
that

ueL®(0,T) x RyNC(0, T); H R)), V¢ e N,
P e L®(0,T) x RyNL*((0, T) x R),

/ u(t,x)dx =0, r>0. (1.13)

R

Moreover, if u and v are two solutions of (1.7), or (1.8), the following inequality holds
lu(t, ) = v, 2wy < € lluo — voll 2w, » (1.14)

for some suitable C(T) > 0, and every 0 <t < T.

The existence argument is based on passing to limit using a compensated compact-
ness argument [27] in the parabolic-elliptic approximation of (1.8):

dus + 0y f (us) = y Py + 0% us, —802 Ps+ 0, Ps = us. (1.15)

In (1.8) P is not a real unknown of the problem, indeed we can rewrite (1.3) as
the integro-differential problem (1.7). The same applies to (1.15). Indeed Ps has the

integral form
Jx=yl

(t ) = —1 / 2.8 ([ )d
P , X) = e u s y
’ 2\/5 R ’ Y

and we can rewrite (1.15) in the integro-differential form

lx—yl

Y - 2
bty + 0 f ) = 22 /R ¢ ug(t, y)dy + 32us.

The paper is organized as follows. In Sect. 2 we prove several a priori estimates
on the parabolic-elliptic. Those play a key role in the proof of our main result, that is
given in Sect. 3.
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2. Parabolic-elliptic approximation

Our existence argument is based on passing to the limit in a parabolic-elliptic ap-
proximation. Fix 0 < § < 1, and let us = us(z, x) be the unique classical solution of
the following mixed problem [5]:

dus + 3y f(us) =y Ps+d2us, t>0, x eR,
—80%, Ps + 0, Ps = us, t>0, x eR, 2.1)
us(0, x) = us,0(x), x eR,

where u; o is a C* approximation of uq such that

HM‘S*OHLZ(R) =< ”u()”Lz(]R) ) ”u(S,()”Loc(R) =< ”u()”LOO(R) )

2.2)

[0xus.oll 2@y < Co.  |[82,us.0
®)

<C
LX®) —
” PB,OHLQ(R) = ”PO”LZ(R) ’ ) ” axP5,0”L2(R) = C07

and Cy is a constant independent on §.
Let us prove some a priori estimates on us and Ps, denoting with C the constants
which depend on the initial data, and C(T) the constants which depend also on T'.

LEMMA 2.1. Foreacht € (0, 00),
Ps(t, 00) = 0y Ps(t, —00) = 9y Ps(t,00) = 0. (2.3)
Moreover,

52

02 Ps(t. )|

2
2 _ 2
LZ(R) + ||ax PS(E -)”LZ(R) - ||u8(t’ ')”Lz(R) . (24’)

Proof. We begin by proving that (2.3) holds.
Differentiating the first equation of (2.1) with respect to x, we have

Ox (Byus + 0y f (1) — Dpyus) =y Ps. (2.5)
From the smoothness of ug, it follows from (2.1) and (2.5) that
Jim (@5 + 0y f (us) — 37 us) = y Py(z. 00) = 0,
im 9, Brus + By f (us) — 03u5) =y Py(t, —00) = 0,
lim 9, Brus + B f (us) — 83,u5) = ydy Py(t, 00) =0,

which gives (2.3).
Let us show that (2.4) holds. Squaring the equation for Ps in (2.1), we get

82(82, Ps)* + (8, Ps)* — 80, (8, P)*) = u3.

Therefore, (2.4) follows from (2.3) and an integration on R. ]
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LEMMA 2.2. Foreacht € (0, 00),
V19 Ps(t, )l ooy < llust, )l 2 » (2.6)

[ st 0P, 05 < s, @)

Proof. We begin by proving that (2.6) holds.
Observe that

0 < (=802, Ps + 3y Ps)* = 82(32, P5)? + (8y P5)* — 80, (8, P5)?),
that is,
83, ((3x Ps)?) < 82(32, P5)* + (0, P5)*. (2.8)

Integrating (2.8) on (—o0, x), we have

X X
§(0, Ps)* < 82 / (82, Ps)dx + / (0, Ps)%dx
—0oQ —0Q
<4 / (82, Ps)*dx + / (3, Ps)2dx. (2.9)
R R
It follows from (2.4) and (2.9) that

50 Py)? < 8 /R (82, Py)dx + /R (0 P2 = s (t, )y

Therefore,
V8105 Ps(t, )| < llus(t, )l 2w »

which gives (2.6).
Finally, we prove (2.7). Multiplying by P;s the equation for Ps in (2.1), we get

—BPga)%ng + Psoy Ps = ugPs.

An integration on R and (2.3) give

1
/Mspsdx = —/ BX(PS)de—S/ Pgﬁgxpsdx
R 2 R R

= _3/ P59 Psdx =3/(8xP5)2dX,
R R

that is
/ungdx = 6/(BXP5)2dx.
R R

Since 0 < § < 1, from (2.4), we have (2.7). [l
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LEMMA 2.3. Foreacht € (0, 00), the following inequality holds

t
lues (1, 175 g, + 267" / e ogus (s, M2y ds < € uglfagg, - (2.10)
0

In particular, we have

02 Po(t, |

, V8113 Ps(t, )l pooqry < €' lluoll 2w -
2.1

10x Ps(t, I 2wy > O @)

Proof. Due to (2.1) and (2.7),

d 2
— [ uzdx =2 | usdiusdx
dr Jr R

= 2/ usd? usdx — 2/ us f'(us)dyusdx +2y/ ug Psdx
R R R
< /R (D052 + 29 lus(t, s -

The Gronwall Lemma and (2.2) give (2.10).
Finally, (2.11) follows from (2.4), (2.6) and (2.10). O

LEMMA 2.4. For eacht > 0, we have that
—00
/ Ps(t, x)dx = as (1), (2.12)
0
o
/ Ps(t, x)dx = as (1), (2.13)
0

where

8 1 1 1 1
as(t) = —afo,g(z, 0) — =0 Ps(t,0) + — f(0) — — fus(t,0)) + —0dyus(z, 0).
14 14 v v 14
(2.14)

In particular,
/ Ps(t,x)dx =0, t>0. (2.15)
R

Proof. We begin by observing that, integrating the second equation of (2.1) on (0, x),
we have that

X
/ us(t, y)dy = Ps(f,x) — Ps(£,0) — 80, Ps(t, x) + 80y Ps(¢,0).  (2.16)
0
It follows from (2.3) that

X —0Q
lim us(t, y)dy =/ us(t, x)dx = 89, Ps(t, 0) — Ps(t,0). (2.17)
0

X—>—00 0
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Differentiating (2.17) with respect to ¢, we get

—00 —00
i us(t, x)dx = / dus(t, x)dx = 802 Ps(t,0) — 3, Ps(,0).  (2.18)
0 0

Integrating the first equation of (2.1) on (0, x), we obtain that
X
/O Qrus(t, y)dy + fus(t, x)) — f(us(t,0))

X
— Oxus(t, x) + Ocus(r,0) = J// Ps(t, y)dy. (2.19)
0
Being us a smooth solution of (2.1), we get
lim (f(ug(t, X)) — dyus(t, x)) = f(0). (2.20)
X—>—00
Sending x — —o0 in (2.19), from (2.18) and (2.20), we have

—00
y/ Ps(t, x)dx = 832 Ps(t, 0) — 3, Ps(z, 0)
0

+ f(0) = f(us(t,0)) + dxus(z,0),
which gives (2.12).
Let us show that (2.13) holds. We begin by observing that, for (2.3) and (2.16),

o0
/ us(t, x)dx = 50y Ps(t,0) — Ps(¢,0).
0
Therefore,

X o0
lim [ dus(t, y)dy = / dus(t, x)dx = 802 Ps(t,0) — 3, Ps(t,0). (2.21)
0

X—> 00 0

Again by the regularity of us,
lim (f(us(f, X)) — Oxus(t, X)) = f(0). (2.22)
X—> 00
It follows from (2.19), (2.21) and (2.22) that

y/m&mwM=a%&mm—&mmm
0
+ £(0) — f(us(t, 0)) + dyus(t, 0),

which gives (2.13).
Finally, we prove (2.15). It follows from (2.12) that

0
/ Ps(t, x)dx = —as(t).

—0o0

Therefore, for (2.13),

0 (o)
/ &mmM+/ &mm=/&mmM=—%m+%m=a
0 R

—00

that is (2.15). O
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Lemma 2.4 says that Ps(t, x) is integrable at 00. Therefore, for each r > 0, we
can consider the following function

Fs(t, x) =/ Ps(t, y)dy. (2.23)

—00

LEMMA 2.5. Let T > 0. There exists C(T) > 0, independent on 6, such that

1 Psll o1y, < CUT), (2.24)
| Ps(t, ')”LZ(R) <C(), (2.25)
$10x Ps(t, )2y = C(T), (2.26)
where
Ir1=(0,T) xR. (2.27)

In particular, we have

t
/ / Pg&fogdsdx
0J/R

Proof. Integrating the second equation of (2.1) on (—o0, x), for (2.3), we have that

8 <C(T), O0<t<T. (2.28)

/ us(t, y)dy = Ps(t, x) — 80 Ps(t, x). (2.29)

Differentiating (2.29) with respect to ¢, we get

X X
mmww=/‘awmw®=@mmn—&ﬁ&mm.@w)

dr J oo —00

It follows from an integration of the first equation of (2.1) on (—o0, x) and (2.23)
that

/ Buus(t, YAy + Flust, x)) — deus(t, x) = y B, ). (231)

Due to (2.30) and (2.31), we have
3 Ps(t, x) — 897 Ps(t,x) = y Fs(t,x) — f(us(t, x)) + dxus(t, x).  (2.32)
Multiplying (2.32) by Ps — 89, Ps, we have

(3 Ps — 807 P5)(Ps — 83y Ps) = y F5(Ps — 83y Ps)
— f(us)(Ps — 80y Ps) (2.33)
+ 0yus(Ps — 50y Ps).

Integrating (2.33) on (0, x), we have

x x
/ 0y Ps Psdy — 5/ 0y Psoy Psdy
0 0
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X X
—5/ Pgafoady—i—(Sz/ 32 Psdy Psdy
0 0

X X
= 7// FsPsdy — 7/5/ F50, Psdy
0 0

(=}

X X
—/ f(ua)PadY+5/0 f(us)oy Psdy
X X
+/ Bxuandy—S/ Oxugdy Psdy. (2.34)
0 0
‘We observe that

X X
— 5/ 0x Ps0; Psdy = —6 Ps0; Ps + 8 Ps(t, 0)0; Ps(¢t, 0) + 5/ Pga,sz(;dy.
0 0
(2.35)

Therefore, (2.34) and (2.35) give
X X
/ 3 Ps Psdy + 52/ 92 P50, Psdy
0 0
X
= 6Psd; Ps — 6 Ps(t,0)0; Ps(t,0) + )// FsPsdy
0
X X X
- )’5/0 F50, Psdy _/o fus)Psdy + 5/0 f(us)dy Psdy
X X
+ / oxus Psdy — 8/ OxUsdy Psdy. (2.36)
0 0

Sending x — —oo0, for (2.3), we get

—0o0 —00
/ 3 Ps Psdy + 52/ 92 Psd, Psdy
0 0
—00
= —8P3(l,0)3tP5(t,0)+]// FsPsdy
0
—0o0 —0Q
- 7/5/ F50, Psdy —/ f(us) Psdy
0 0
—00 —00
+6 [ Flus)dePydy + / ey Pydy
0 0
—00
—8/ dxugdy Psdy, (2.37)
0
while sending x — oo,

o (0.¢]
/ 3, Ps Psdy + 52/ 92 Psd, Psdy
0 0

o0 o0
= —38Ps(t,0)0, Ps(z,0) + )// FsPsdy — V5/ F50, Psdy
0 0
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_/o f(ua)Pady—i-c?/o Sf(us)dx Psdy

o o
+ / oxus Psdy — 5/ 0xusoy Psdy. (2.38)
0 0

Ps0; Psdx = —— Py dx,
R 2dt Jr

82 d
52/ 82 Psd, Psdx = ——/(axPa)zdx,

Since

it follows from (2.37) and (2.38) that
l i p2
2dt Jr s

=)// F5P5dx—)/5/ F50, Psdx
R R

d +52d/(a Ps)*d
X —_ X
2 dt Jr xhe

- / S (us) Psdx +5/ S (us)oy Psdx
R R
+ / Oyugs Psdx — 8/ Oxusdy Psdx. (2.39)
R R
Due to (2.15) and (2.23),

2)’/ FsPsdx = 21// Fsd, Fydx = y (Fs(t, 00))*
R R

2
=y (/ Ps(t, x)dx) =0. (2.40)
R
(2.39) and (2.40) give

d
— (/ P§dx+52/(axpa)2dx)
dr \Ur R

= —2)/8/ Fs0, Psdx —2/ f(us) Psdx
R R
+25/ f(MS)axPSdX“r‘z/ Oxus Psdx
R R
—23/ Oxus0y Psdx. (2.41)
R

Thanks to (2.3), (2.15) and (2.23),
- 25y/ dy Py Fsdx = 25;// Psd, Fsdx = 28)// Pidx < 2;// Pidx,
R R R R
(2.42)
while for (2.3),

2/ dyugs Psdx =—2/ ugsoy Psdx. (2.43)
R R



Vol. 16 (2016) Dissipation and short-wave dispersion 375
Hence, from (1.12), (2.42) and (2.43), we get
d
— (/ Pidx + 87 / (8XP,3)2dx)
dr R R
< 2y/ P52dx — 2/ f(us)Psdx + 28/ f(us)oy Psdx
R R R
— 2/ ugdy Psdx — 23/ Oxugs0y Psdx
R R
< 2)// Pidx +2‘/ f (us) Psdx
R R

/ Bxugangdx
R

§2V/Rpszdx+2/RIf(ua)IIPaldx+25/R|f(ua)||3x1’a|dx

+ 26 ‘/ f(us)oy Psdx
R

+2'/ ugsdy Psdx| + 26
R

+2/ |”6||8xP8|dx+28/ [Oxus||0x Ps|dx

R R

52;// P§dx+2co/ |P5|u§dx+2C08/ |9, Ps|u3dx
R R R

+2/ |u5||8xP5|dx+28/ [Oxus||Ox Ps|dx.
R R

From the Young inequality,

2/ |01 Psllus| < 18x Ps(t, 7oy + luts s )7, »
R
xU§

0
28/ |8xu5||8xP5|dx=/
R R

VY
1 2 2 2
=< 5 ||8xu5(t, .)”LZ(R) + 26 Y ”8XP5(tv .)”LZ(R) .

12/y 80y Ps|dx

Thus,
d
L6 = 276() = lust, g, +2Co / | Pyluddx
R
+2Cos /]R 100 Polididx + 10, Py (t, )2 )
1 2
oy I18sus () o g, (2.44)
where
G(1) = IPs(t, Mg + 8 105 Ps(t, )17, - (2.45)
We observe that, from (2.10),
260 / | Pyluddx < Coe" | Pyl iy - (2.46)
R

where I7 1 is defined in (2.27). Since 0 < § < 1, it follows from (2.10) and (2.11) that
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2Co8 / |0, Psluzdx < 2Co8 1y P (1, )l ooy s (2, 172,
R
< 2/8Coe® < o (2.47)
Again by (2.11), we have that
195 Ps (2, 172, < Coe™". (2.48)

Therefore, (2.10), (2.47) and (2.48) give

i _ 2yt 3yt L 2

dtG(t) 2yG(1) = Co (I Pslipooqryyy + 1) e + Coe™”" + > 915 (2, )72 gy -
The Gronwall Lemma, (2.2), (2.10) and (2.45) give

I1Ps (2, 2 gy + 87 10 Ps (2, )17 2

< ||P0||iz(0,oo) A+ (”PS”LOO(IT,I) + 1) te?" + Cote®!

2yt t ) )
+ —=— [ e osus(s, ) 2 g, ds
0

2y (R)
< POl 720 00 € + (||Ps||Loo(1T,l) + 1) 12" + Cote®" + Coe?'.
Hence,

1P5 (2, 12 gy + 8% 1 Ps(t, I G2y < C(T) (||P(s||Loo<,T,1) + 1) . (2.49)

Due to (2.11), (2.49) and the Holder inequality,

Pi(t,x) < Z/R | Ps||0x Ps|dx < 2| Ps(t, )l 2wy 10x Ps(t, )l p2(ry

< 2\/C<T) (1Pshioecir ) + 1)V Coe? < ) (IPsllsqiy,y +1)

Therefore,
IPsl|Z ooty ) — CCTY 1 Ps ]l oo sy y — C(T) <0,

which gives (2.24). (2.25) and (2.26) follow from (2.24) and (2.49).
Let us show that (2.28) holds. Multiplying (2.32) by Ps, an integration on R and
(2.40) give
2 d 2
28 . 07 PsPsdx = I || Ps(t, ~)||L2(R) -2y . Fs Psdx
+ 2/ f(ug) Psdx — 2/ Oyus Psdx
R R

d 2
= — || Ps(t, - 2 Psdx — 2 | 0,usPsdx.
3 1P I 2y + /Rf(ua) sdx /R s Psdx
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An integration on (0, ¢) gives

t
2
25 / / 02 Py Podx = | Ps(t, ) sy — [ Peso]age,
0JR

! t
+2// f(ua)Padx—Z// dyus Psdx.
0/R 0JR

It follows from (1.12), (2.10), (2.24) and (2.25) that

t
/ / 92 Ps Psdsdx
0J/R

26 <IPs(t )22 + || Pesio] 72,

t
+2// | f (us)|| Ps|dsdx
0JR

t
+2// [0xus|| Ps|dsdx
0JR
t
2
= ” P‘S’O”LZ(R)—FZC(T)/O/R ugdsdx

t
+2// |9 us| Ps|dsdx + C(T)
0JR

<[ Psol 2 +CT)

t
+2// |0xus|| Ps|dsdx.
0J/R
Observe that, thanks to (2.10),

t
/0 s (5, )22z, s

t
< 621/!/0 e—ZV‘Y 1915 (s, ')HZLZ(R) ds < C(T). (2.50)

Due to the Young inequality,
2/ |0xus|| Ps|dsdx
R

< IPs(t, 172 gy + N10xus (@, )17,
< C(T) + 19515t )72y - (2.51)
Then, from (2.50) and (2.51), we have that

t
2// | Ps||0xus|dsdx
0/R

t t
< / P32, ds + / 00155, )22 ) ds < CCT).
0 0

t
2
2 ‘/O/R Psd Pydsdx| < [ Peoll g + C(T),
which gives (2.28). -

Therefore,




378 G. M. COCLITE AND L. DI Ruvo

LEMMA 2.6. Let T > 0. Then,

lusllzoo(ry ) < Nluollzoewy + C(T),
where It 1 is defined in (2.27).
Proof. Due to (2.1) and (2.24),

duts + O f (us) — us < yC(T).

Since the map
F@) = luollp~mw +yC(T)t,

solves the equation

dF
— =yC(T
ar yC(T)

and
max{us(0, x),0} < F(t), (,x) €I,

the comparison principle for parabolic equations implies that
us(t,x) < F(t), (t,x)elr;.
In a similar way we can prove that
us(t,x) > —=F(@), (t,x)elr).
Therefore,
lus (2, )| = lluollLoory + ¥y C(T)1 < lluoll Loor) + C(T),
which gives (2.52).

LEMMA 2.7. Let T > 0and 0 < § < 1. We have that

ds < C(T).

92 ?
us(s, -
s ( )‘ 2w

13
0suts (e, )2 ) + /0
Proof. Let0 <t < T. Multiplying (2.1) by —3§xu3, we have

—02 usdyus + (92 us)*

= —y PsdZus — f'(us)dcusd2 us.

—/82 orugdx = — —1/(8 )2
u usgax = u .
R xxUs0tUs dr \2 . xUs

integrating (2.54) on R, we get

d (/ (8xu5)2dx) +2/(a§xu5)2dx
dr R R

Since

J. Evol. Equ.

(2.52)

(2.53)

(2.54)
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=2y / P59 usdx
R
—Z/f’(ug)axu(;afxuadx.
R

Due to (2.10), (2.25), (2.52) and the Young inequality,

—2)// Ps59% usdx
R

<2y ‘/ P59 usdx
R
<2/‘\/§ P’ Pty
< v Ps
R V2

2 2 1
= 2)/ ||P5(ta .)”LZ(]R) + E

dx

025, )|

2
L2(R)

1 2
=C() + 3

02us(,)|

L2®)’

—2/ f(us)dyusd? usdx
R

<2 ’/ f(us)dcusd> usdx
R
3§xu5

ssziﬁf’(us)axus( v

<2 / (f'(us))? (0yu3) + ! / (92, us)*dx
R 2 Jr

dx

<2717 deus(t, )| ! 92 ’
< ||f ||L°°(IT,2) [0 us(z, ')”LZ(R) + E extts (1, -) L2R)’
where
Iro = (~ luoll oo gy — C(T), luoll ooy + C(T)) . (2:55)
Therefore,
d a 2 2 82 2
5 (oeuse, 9132 +2 | @2mste, 0|,
52 : 12 9 2 c(r
< || O us(t, ) 2w +|f HLOO([T;) 1915 (2, 72y + C(T),
that is

4 (1 2 a2 ?
(1805 )2 ) + | 920str. ) .
=<

| f/”iw([m) l[9ues (2, ')”%Z(R) + C(T).
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An integration on (0, ¢) and (2.2) give

32 us(s, ) @ ds

30y (4. )2 g, + /
=2 “ ! ”LOO(IT 2)/ l|0x s (s, ')||22(R) ds + C(T).
’ 0

(2.53) follows from (2.50) and (2.56).
LEMMA 2.8. Let T > 0and 0 < § < 1. We have that
”8 u3||L°°(1T 1) = < C(1),

where It 1 is defined in (2.27). Moreover,

2 t
+
L2(R) 0

Proof. Let0 <t < T. Multiplying (2.1) by 8%

02us(t, )|

83 us(s, )H < ().

xcls, we have

4 4 2
Oy yxxUs0rtts — Oy UsOY, US

= Y POt s — f(Us)dyusder s

4 d 1 5
0 i UsOusdx = — (8 us) dx
R dt

/ O v xxlts Oy usdx = / (3xxxua)2dx
R

/Pgaxxxxugdxz—y/ 3XP53xxxu5dx’

Since

/f (5) s, usdx —/ I (us) (Byus)*d], usdx

+ / f/(u(g)axxuaaxxxugdx,
R

integrating (2.54) on R, we get

I (/( ug)zdx) —|—2/( xxxu(g)zdx

= —2}// 3xP53xxxu5dx
+2/Rf’/(ua)(axua)zafxxu,;dx

+2 / f(us)d% usd? usdx.
R
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(2.56)

(2.57)

(2.58)

(2.59)
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Due to (2.11), (2.52), (2.53) and the Young inequality,
—2y / 3y Psd> usdx
<2y ‘/ Ox Pgaxxxu(;dx
<2 /}R ’\@y 3, Pg‘

<3y “3 Pé‘(t )”LZ(R)

3
8xxxu5

dx

3 2
8xxx us (t) L2®)

1
3

1
=CcM+3

B,

/ I (us)(Byus)?d;  usdx

< 2‘/ f (us)(Byus)*d> usdx
93 us

<2 \/g Vi ax 2 XXX

< /R\ £ us)( Ma)‘—ﬁ

Vi 2 4 1
<3 / (" (s))? (Byus) dx +
R 3

dx

3 2
Oy xtts(t, ) ‘ L2®)

3 2
axxxuﬁ(h )‘ L2(R)

2 1
= 3 ” f//”LOO(Iqu) ||ax'48||%00(1m) ||8xbt5(l, )H%Z(R) + 5

=1 VA P elC SY ERTY

IOB!
2/ f(us)d% usd3 usdx
R
52‘/ £ (us)d% usd3 usdx
R
<2 [ V35wt
R

<3 / (f (us))* (82, us)*dx + ;

3
8)cxx us

dx

2
axqug(l, )‘ [2(R)

1
L2(R) * 3

02 us(t, )‘

<3 ”f HLOO(Irz) xxxua(t )‘

L2R)

where 71 is defined in (2.27) and I7 3 is defined in (2.55). Therefore,

d
— 2
dr ( L2 R)) *

3 2
= axxx”SO“) L2®)

2
a3 us(t, )

xUs (t ) XXX L2(R)
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+3 1 £ Ve ty 1y € 13551 sy,

a2 us(t, )

2 2
+3 7] Lo(I7.0) C® + C(T),

d 2
dr ( Lz(R)) +

< C() 1315113 gy ) + C(T)
2

that is

3 2
3xxx148(t’ )

8)%){“8([’ ) LZ(R)

+C(T) || 82,us(t, )

L2R)

An integration on (0, t), (2.2) and (2.53) give

2 1
‘)
L2(R) 0

t
= (€@ 195y ) + C(1) /0 ds
ds

t 2
(T
+ ()/0 L@

< C(T) 19xut5 1 o gy + C(T).

2 t

+
L2(R) 0
< C(T) (1 + ||3xu5”%°°(17.1)) )

Due to (2.53), (2.60) and the Holder inequality,

2
2 us(s, )

2
O us(t, ) . 2®) ds

32 us(s, )

Thus,

2
93 us(s, )

2
Az us(t, ) . 2®) ds

@uus(t, )% <2 / (O1e5]192, 5
R

< 2010,us (1, )l 2ry |05 s (2, )

L2(R)

< C(T>\/ (14 102513 sy )
Then,
195245117 0017, ) = C(T) 182451700 4, — C(T) <0,

which gives (2.57).
(2.58) follows from (2.57) and (2.60).

Arguing as in [5], we obtain the following result

LEMMA 29. LetT >0,£ >2and0 < § < 1. Foreacht € (0, T),

3bus(r,-) € LA(R).

J. Evol. Equ.

(2.60)

2.61)
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3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1.
We begin by proving the following result

LEMMA 3.1. Let T > 0. Assume (1.9), (1.10), (1.11) and (1.12). Then there exist
ueL®0,T) x RyNC((0,T); H'(R)), ¢ > 2, 3.1
P e L®(0,T) x R)YNL*((0, T) x R), 3.2)

where u is a classical solution of the Cauchy problem of (1.8).

Proof. Let n : R — R be any convex C? entropy function, and ¢ : R — R be the
corresponding entropy flux defined by ¢’ = f’n’. By multiplying the first equation in
(2.1) with 1 (u) and using the chain rule, we get

dn(us) + dequs) = 82,1(us) —n" (us) Byus)> +yn'(us)Ps,
—_———
=Ly =Ly =:L35

where L1 5, L2 5, L£3,5 are distributions.
Let us show that

{L1s}s is compact in H_l((O, T)xR), T > 0. 3.3)

Since
02 n(us) = (' (us)dyus),

we have to prove that

(' (ug)dyus}s is bounded in L2((0, T) x R), T > 0, (3.4)
(" (us) (Bus)? + 1’ (us)d> us)s is bounded in L>((0, T) x R), T > 0.  (3.5)

We begin by proving that (3.4) holds. Thanks to Lemmas 2.3 and 2.6,

T
”77/(146)3x145 ||iz((0,T)><]R) S || 77/ ||iw(IT‘2)A ||axu<3(s» )”%42(R) dS

IA

T
2 2yT -2 2
|’ ||L°°(IT,2) e’ /0 e 10xus (s, )72 ) ds

T lugll? 2, < C(T),

1 2
=5 'l 2@ =

where I is defined in (2.55).
We claim that

(0" (us)(dyus)?}s is bounded in L>((0, T) x R). (3.6)
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Due to Lemmas 2.3, 2.6, 2.8

2

' (s) 5)?|

L2((0,T)xR)
2 T 4
< 10 iy [ [ @rsts. 0 asan

T
2
I Voo iy ) ||axM8||2L°°(1T,1)/0 19xus (s, )72, ds

IA

L2 2 2yT 2
=32 I HLOC(Ir,z) 0xuslzoo (s, ) €™ Nuoll 2y < C(T),

where I1 is defined in (2.27).
We claim that

{1 (us)d> us)s is bounded in L((0, T) x R).

Thanks to Lemmas 2.6 and 2.7,

2
32 us(s, -)

2 12 T
LAO.T)R) (L o /0

< |7, ,) CT) < €T,

’ 2
Hfl (ua)a”u‘s‘ L2(R)

(3.6) and (3.7) give (3.5).
Therefore, (3.3) follows from (3.4) and (3.5).
We have that
{L2.5}s=0 is bounded in L' ((0, T) x R).

Due to Lemmas 2.3, 2.6,

T
" 2 " 2
JCRICRTOE I | PR /0 9105 (s. )22, ds

IA

” n Hiooum) et

5 luoll?5 gy < C(T).

‘We have that
{L3.5)s-0 is bounded in L] ((0, T) x R).

Let K be a compact subset of (0, 7) x R. By Lemmas 2.5 and 2.6,
lyn's) Ps | 1y = ¥ / |’ (ue) || Pe|drdx
K
=Y || 77/||Loo([T12) ”Pé‘”LOO(IT_l) K|

Therefore, Murat’s Lemma [21] implies that

{0rm(us) + 0xq(us)}s~o lies in a compact subset of ngcl((O, o0) X R).

3.7)

T
2 _
I ey €7 [ €77 Bosts,

3.8)
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The L bound stated in Lemma 2.6, (3.8) and the Tartar’s compensated compactness
method [27] give the existence of a subsequence {us, }xen and a limit function u €
L*°((0, T) x R) such that

us, > uae.andin L) ((0,7) xR), 1< p < oo, (3.9)
Hence,
us, > u in L0, T) x R). (3.10)

Moreover, for convexity, we have

t
e, )72 ) + 267" / e |9xu (s, I3, ds < C(T),
0

t
oyt )uLz(R) /0

/

We need only to observe that

ds < (), (3.11)

2
XX

Cu(t, )

83 s, )H < ().

1
2yt —2ys 12
2e /0 ¢ (s, )22 g ds

2yt -2
< 2e7V hmklnf/0 vs ||8 us, (s, )”LZ(]R) ds < C(T),

t

t

.. 2

0 2 u(s, )‘ N hmklnf/o 82 us, [ds < (1),

t t

53 o 3

/0 83 u(s. )HL oy & < liminf /0 83, us, s < C(T).
Moreover, it follows from convexity and Lemma 2.9 that
dlut,) e LA(R), €>2, te(0,T). (3.12)

Therefore, (3.10), (3.11) and (3.12) give (3.1). (3.2) follows from Lemma 2.5.
Finally, we prove that

/ u(t,y)dy = P(t,x), ae. in (t,x) € It . (3.13)

—00

Integrating the second equation of (2.1) on (—o0, x), for (2.3), we have that

X
/ us, (t, y)dy = Ps, (t, x) — 805 Ps, (2, x). (3.14)
—00
‘We show that

83y Ps(t,x) — 0in L®°((0,T) xR), T >0as s — 0. (3.15)
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It follows from (2.11) that
81102 Psll oo (0.1yxy < V8" Jueo]l 12y = V3C(T) >0,

that is (3.15).
Therefore, (3.13) follows from (3.1), (3.2), (3.14) and (3.15). The proof is done.

LEMMA 3.2. Let u(t, x) be a classical solution of (1.7), or (1.8). Then,

/ u(t,x)dx =0, >0, (3.16)
R
Proof. Differentiating (1.8) with respect to x, we have
0y (Ou + 0y f (u) — aﬁxu) =yu. (3.17)
Since u is a smooth solution of (1.8), an integration over R gives (3.16). O

We are ready for the proof of Theorem 1.1.

Proof of Theorem 1.1. Lemma 3.1 gives the existence of a classical solution of (1.7),
or (1.8), while Lemma 3.2 says that the solution has zero mean.

Letus show thatu(z, x) isunique and (1.14) holds. Letu, v be two classical solutions
of (1.7), or (1.8), that is
V8,u + f(u)dyu = y P* + fou, t>0,x eR,
0 P =u, t>0,x €R,
| #(0, x) = uop(x), x €R,

V8,v + f/(v)oyv =y P¥ + fov, t>0,xeR,

0 PY = v, t>0,xeR,
v(0, x) = vo(x), x e R.
Then, the function
w(t,x) =u(t,x)—v(t,x) (3.18)

is solution of the following Cauchy problem
do+ fwdu— f'Wdv=yQ+d>o, >0, xeR,
0,2 = w, t >0, x eR, (3.19)
w(0, x) = uog(x) —vo(x), x €R,

where
Q(tax) = Pu(tax) - Pv(tv-x)

_ / u(t, y)dy — / o(t, y)dy

_ / Wt y) — v(t, y))dy = / w(t, y)dy. (3.20)

—00 —00
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It follows from Lemma 3.2 and (3.20) that

Q(t,0) = / u(t, y)dy —/ v(t, y)dy = 0.
R R

Observe that, from (3.18),

Fl@deu — f')dv = f(wosu — f'wdsv + fw)dcv — f'(0)drv

= fw)d(u —v) + (f'(u) — f'(v)dyv
= ffwdyw + (f'(u) — f'(v))dyv.

Therefore, the first equation of (3.19) is equivalent to the following one:
B + f'Wdro + (f' ) = f'(©)dv = yQ+ 85,0

Moreover, since u and v are in L°°((0, T) x R), we have that

387

(3.21)

(3.22)

f/(u(t’x)) - f/(U(t, x))‘ E C(T)|M(t,x) - U(t,x)|, (tvx) € (Ov T) X R’

where

c = sw | Wi+ i}

(0,T)xR

Therefore, (3.18) and (3.23) give

’f/(u(t,X)) - f/(v(t,X))‘ =C(Mw(t, x)|, (1,x)€(0,T)xR.

Multiplying (3.22) by w, an integration on R gives
d 2
— | w*dx =2 | wd;wdx
dt Jr R
=2/ wd? wdx —2/ wf’ ()d,wdx
R R
— 2/ o(f' () — f'(v))d,vdx +2y/ Quwdx
R R
=2 / (0, w)*dx + / ? " (u)dcudx
R R
— 2/ we (f () — f'(v))d,vdx +2y/ Quwdx.
R R
It follows from the second equation of (3.19) and Lemma 3.2 that
L ot I2agg + 213000, 12
ar O e AR VAT 1)

S/]szlf//(u)llf?xuldx+2/R|w||(f/(u)—f/(v))llaxvldX~

(3.23)

(3.24)

(3.25)

(3.26)
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Since u(t, -), v(t,-) € HY(R), £ > 2, for each t € (0, T), then

au(t, ), dv(t, ) € HYR) c L*¥[R), 1€ (0, 7). (3.27)

Therefore, thanks to (3.23), (3.24), (3.26) and (3.27),

d
3 e, Mo g +218:0(, Mo < CD) o, )7 g, -

The Gronwall Lemma gives

s
(@, )17y + 26T / e CD 0,0 (s, 72 ds < D MlwolFa g, -
0

(3.28)

Hence, (1.14) follows from (3.18), (3.19) and (3.28). ]
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