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Dirichlet forms for singular diffusion in higher dimensions
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Abstract. We describe singular diffusion in bounded subsets 2 of R” by form methods and characterize
the associated operator. We also prove positivity and contractivity of the corresponding semigroup. This
results in a description of a stochastic process moving according to classical diffusion in one part of €2,
where jumps are allowed through the rest of 2.

1. Introduction

The aim of this paper was to present a treatment of multidimensional “singular”
diffusion in the framework of Dirichlet forms. Singular diffusion (sometimes called
gap diffusion) in one dimension goes back at least to Feller [6] and has a long history,
see, e.g., [14] and references therein.

To describe singular diffusion, we consider a suitable measure @ on an open and
bounded subset 2 C R”, and let particles move in €2 according to “Brownian motion”,
where the particles may only be located in the support spt i of . Furthermore, the
particles are accelerated or slowed down by the “speed measure” . If u is supported
only on a proper subset of €2, in terms of the stochastic process describing the motion
of a particle, this yields a time-changed process (on spt 1), see [10, Section 6.2]. In
terms of the Dirichlet form, we may also see that as a trace of the corresponding
Dirichlet space [10, Section 6.2].

We want to treat the evolution by constructing the corresponding Dirichlet form.
Since the particles moving according to Brownian motion are only located in spt i, we
will interpret the classical Dirichlet form in L, (€2, w). There is an abstract generating
theorem to find generators associated with forms defined in different spaces in [2];
however, our approach is different in that we consider the form itself in the Hilbert space
L>(€2, 1) (where the generator should act in). We will characterize the generating self-
adjoint operator and show that the corresponding Co-semigroup is submarkovian. The
associated process is a jump-diffusion process, with a diffusion part on spt x and jumps
through Q\spt x.

Such singular diffusions in one dimension and the form approach were described
in [8,9,17-19], see also, e.g., [16] for form methods. As it turns out in one dimension,
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functions in the domain of the form (and hence also the operator) have to be affine
on the complement of spt . Since in one dimension affine functions are exactly the
harmonic functions, this will be the right condition occurring in higher dimensions.

In higher dimensions, there are only few results in the literature, see [12,15,17],
focussing on the construction of the operator (however under somewhat different
assumptions; we will work with capacities).

In Sect. 2, we describe the setup and interpret the classical Dirichlet form in
L>(€2, n). The generator is characterized in Sect. 3, where also properties of the
associated semigroup are proven. In Sect. 4, we apply our result to two different sit-
uations. First, we consider singular diffusion supported on a subset of codimension
1. Then we apply our results to diffusion on a fractal domain (we choose the Koch’s
snowflake here).

2. Dirichlet forms for singular diffusion

Let K € {R, C} denote the field of scalars. We write A" for the n-dimensional
Lebesgue measure on R”.

Let 2 C R” be open and bounded. We define the classical Dirichlet form 7y on
by

D(1) := Wj ().

o(u, v) ::/ gradu - gradv (u,v € D(1p)).
Q

The corresponding form norm |||, = ('L’()(-) + ||-||%2(Q’}L,,)) 25 just the usual Wzl—
norm on 2, where to(u) := to(u, u).

We will provide some notions from potential theory, which will be needed in the
following. For an open subset V' C €2, we define

cap(V) := inf {||u||30; ue Do), u>1A"-ae.on V}.
For arbitrary A C €2, we set
cap(A) :=inf {cap(V); V C Q open, A C V}.

Then cap(A) is called the capacity of A. We say that a property holds true guasi
everywhere (g.e.) if there exists N € € of zero capacity such that the property is
satisfied on Q2\N.

Let (Fi)ren be a sequence of closed subsets of Q satisfying Fyp C Fj4 for all
k € N. Then (Fy) is called a nest if cap(Q2\ F) — 0. If (Fy) is a nest, then we set

C((Fp)) := {u: Q=K ulp, e C(F) (ke N)}.

A function u: Q — K is said to be quasi-continuous if there exists a nest (Fj) such
that u € C((Fy)). Note that this is equivalent to saying that for any ¢ > 0, there exists
an open subset U C 2 such that cap(U) < ¢ and u|o\y € C(2\U).
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PROPOSITION 2.1. (See [10, Theorem 2.1.3]) Every u € D(ty) admits a q.e.
uniquely defined quasi-continuous representative .

We set (writing B(€2) for the Borel subsets of €2)
Mo(2) := {p: B(Q) — [0, o0]; p o-additive,
w(N) = 0 for any Borel set N € 2 of zero capacity}.

It is easy to see that u € Mo(2) if u is absolutely continuous with respect to the
Lebesgue measure A" (- N ©2) on 2. As shown in [4, Theorem 4.1], also the (n — 1)-
dimensional Hausdorff measure on (n— 1)-dimensional C ! -submanifolds of £ belongs
to My(S2).

Let © € My(2) be a finite measure and U := Q\spt u. The measure ; may be
considered as a “speed measure”. Furthermore, we will assume

W, o (U) = {u € W, o(Q): i=0 M-a.e.} , (1)

where i is a quasi-continuous representative of u. Note that “C” is trivial; however,
“2” does not hold in general, as the following example due to Voigt [20] shows.

EXAMPLE 2.2. We start with a claim: Let n > 2, ¢ > 0 and ro > 0. Then there
exist0 < r < r' < rpand ¢ € C!(R") such that spt € B(0,r"), Ippo,] < ¢ < 1
and |l¢ll,,; < e.Here B(y, p) and B[y, p] denote the open and closed balls around y
with radius p, respectively.

Let B4 := {x € B(0, 1); x; > 0}. Using the claim, there exist (x*) in By, (rv)
and (rp) in (0, oo) satisfying ry < r; for all k € N and (¢) in Cl(R") such that
sptor € B(x¥,r)) € By, Lk ] < @k < 1 such that
e the set of accumulation points of (x¥) is exactly {x € B(0, 1); x; = 0},

e B@Ek r)NBH/, ri) =@ forallk, j €N, k # j,
o D2 gkl < oo
Let K := [Ugey BIxK, 1], €2 2 K be open and bounded and 4 the Lebesgue measure
on K.Letg := > ¢k and ¢ € CC], (R™) such that ¥ = 1 in a neighborhood of
K. Then ¢ — ¢ is quasi-continuous and ¥ — ¢ = 1 on {x € B(0, 1); x; = 0}, a set
with positive capacity. On the other hand, v — ¢ = O pu-a.e., since ¥ — ¢ = 0 on
Uren BIxX, r¢] and the set

k\|JB [xk,rk] — (x € B, 1); x; =0}

keN
has u-measure zero. Hence, ¢ — ¢ € {u € W21’0(Q); u=20 M-a.e.}, but
V—o¢ {u € Wi o(Q); i =0ge.on K} .

By [11, Theorem 1.13], we observe
{u € Wi (Q); it =0 ge.on K} = W o(2\K).

Thus, ¥ — ¢ ¢ W, ((Q\K).
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Since €2 is bounded, by Poincaré’s inequality we can equip Wzl’O(SZ) with the inner
product

(u, v) = 1o(u, v) = / gradu - grad v,
Q

inducing a norm, namely 7o(-)!/?> = |/|grad(-)|||,, which is equivalent to the usual
norm ||-|| ;. We will always equip W21 (§2) with this inner product.

PROPOSITION 2.3. Let Q@ < R" be open and bounded, U < 2 open. Then
WZIO(Q) = Wzlgo(U) @ D%’O(U), where

D} o) = {u € Wiy(R); Atwly) =0}
Proof. Letu € WZI’O(Q). We show that there exists a unique v € W21 o(U) such that
0 :/ Ul —/vA(p (p € C(U)).
U

Then Ju :=u —v € D% o(U) and this implies the assertion.
By Poincaré’s inequality, we observe that

(fi8) = (f 18 :=/Ugradf-gradg

defines an inner product on Wzl,O(U ) such that this space becomes a Hilbert space.
Since

/ qu‘ =
U

the mapping ¢ +> — |, y WAg is a continuous linear functional on WZI’O(U ). By Riesz’

/Ugradu : gradw' < Nlgrad ulll ) llello (¢ € C2U)).

representation theorem, there exists a unique v € WZI’O(U ) such that
(¢|5)0=—/MA<P (peCW)). O
U

Let J: Wz{o(sz) — D%‘O(U) be the orthogonal projection. Then Ju = i J-a.e.
by (1).

LetD := {u e Ly(Q,pn):; Ave Wzlgo(Q) ci=u ,u-a.e.}.ThenL: D — D%QO(U),
t(u) := Jv, where v € W21’0(§2) such that v = u pu-a.e., is a well-defined linear
mapping (again by (1)).

Define

D(zp) := D,

tp(u, v) :=/ grad t(u)(x) - grad «(v)(x) dx = 79(t(u), t(v)) (u,v € D(tp)).
Q
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REMARK 2.4. In fact, we do not need condition (1). One can always work with
the decomposition

1
Wio() = [ue Wlo@: i =0p-ac)oluewy@: i=0pael,

and define J: D — {u € Wzlyo(Q); u=0 u—a.e.}J— as the orthogonal projection. As
the previous proposition shows, if (1) is satisfied, the subspace
{u € Wzl’O(Q); u=0 /L-a.e.}L can be described more explicitly as the space of
W, ,(2)-functions, which are harmonic on Q\spt jz.

THEOREM 2.5. tp is densely defined in Lo(2, i), symmetric, nonnegative and
closed.

Proof. tp is densely defined since C°(2) € D(tp)isdensein Ly (€2, w). Symmetry
and nonnegativity is clear by definition. To show closedness, let (u,) in D(tp) be a
tp-Cauchy sequence, i.e., tp (4, —uy,) — 0,and u,, — win Lo (2, w). Since (¢(uy,)),
is a Cauchy sequence in WZI’O(Q), there exists v € Wzl‘O(Q) such that ¢(u,) — v in
WZI’O(Q). For ¢ € C°(U), we compute

O=/ L(un)A¢—>/ VA,
U U

—~—

ie.,v € D%’O(U).

There exists a subsequence (u,,) such that ¢(«,,) — v qg.e. and hence also p-a.e.

Since t(u,) = u, pn-a.e., we observe v = u pu-a.e. Hence, u € D(tp), t(u) = v and
tp(up —u) = 19(t(up) —v) = 0. O
LEMMA 2.6. The form tp is real, i.e., u € D(tp) implies Reu € D(tp), and
tp(u,v) € Rforall real u,v € D(tp).
We omit the obvious proof of the lemma.
THEOREM 2.7. Let F: R — R, F(x) := (0Vv x) Al forall x € R, where v

and N denote the maximum and minimum, respectively. Let u € D(tp) be real. Then
Foue D(tp) and tp(F ou) < tp(u).

Proof. Since F(x) < |x| forall x € R, we have F ou € Ly(S2, n). There exists
v E Wzl’O(Q) such that v = u p-a.e. Clearly, v can be chosen to be real. Then F ou €
Wzl,o (2) by the lattice properties of W21’0 (£2). Since F is continuous, by Proposition 2.1
we obtain Fov = F o7 g.e. and hence also p-a.e. Thus, Fov=Fou u-a.e. and
therefore, F o u € D(tp). Since Fov=Foi=FoJuv= mv u-a.e., by (1)
we obtain J(F o v) = J(F o Jv). Therefore, since J is an orthogonal projection and
hence a contraction for the norm 7o(-)!/2, we obtain

tp(Fou)=r1t((Fou)) =1t(J(Fov)) =1(J(FoJv)) <1(FolJv)
< 0(Jv) = 10((u)) = tp(u),
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where we used the fact that 7o(F o w) < 1o9(w) for any w € W21,0(9)~ O
THEOREM 2.8. C2°(R2) is a core for tp.

Proof. Note that [10, Theorem 1.4.2 (ii)] states that D(tp) N Lo (2, 1) is a core
for tp. Thus, it suffices to approximate u € D(tp) N Loo(S2, u). There exists a
sequence (¢;) in C2°(K2) such that ¢; — ¢(u) in WZI’O(SZ) (.e., tp(p; — u) — 0),
¢ — () qe. and M = sup {1911l oo, spt e [ € N} < o00. Since u € Mo(2), we
also have ¢; — m,u—a.e., and since?@? = u p-ae. also ¢ — u p-a.e. Since
ol < Mg € Lo(S2, ), Lebesgue’s dominated convergence theorem yields ¢; — u
in Ly(£2, ), and therefore, ¢y — u in Dy, = (D(tp), ||ll¢,)- U

REMARK 2.9. In view of Theorem 2.5, Lemma 2.6 and Theorem 2.7, the form tp
is a symmetric Dirichlet form. Theorem 2.8 assures that 7p is even regular.

3. Characterization of the operator

Let H be the self-adjoint operator in L, (€2, ) associated with tp, where Q2 and p
are as in the previous section.

DEFINITION. Let F' € L110c(€2; K*), g € L1(2, u). Then g is called the distri-
butional divergence of F with respect to u, denoted by div, F' = g, if

/Q F(x) grad p(x) dx = — /Q 2P du(x) (9 € C(Q).
THEOREM 3.1. We have

D(H)
Hu

{u € D(tp); div, grad(u) € L2(2, p)},
—divy, gradt(u) (u € D(H)).

Proof. First note that for u € D(tp) and ¢ € C°(R2), we have
T0(t(u), ) = / gradt(u) - gradg = / grad t(u) - grad 1(¢) = tp(u, ).
Q Q
Indeed, since ((¢) = Jpand ¢ — Jop € WZI,O(U), we obtain

/ grad ((u) - grad(p — Jo) = 0.
Q

Let H; be the operator defined by the right-hand side in the theorem. Letu € D(Hj)
and ¢ € C2°(R2). Then by the above, we have

tp(u, ) = / grad ((u) - grad ¢ = —/ div, gradt(w)pdu = (Hiu | ¢).
Q Q
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By continuity and Theorem 2.8, we obtain
(Hiu|v) =tpu,v) (ve D(tp)).

Thus, u € D(H) and Hu = Hju.
To show the converse inclusion, let u € D(H) € D(zp) and ¢ € C°(R2). Then

/gradz(u)~grad<p:/gradt(u)~gradt(<p)=rp(u,<p)=(Hu|<p)
Q Q

:/ Hupdpu.
Q

Hence, div, grad ((u) exists and div, gradt(u) = —Hu € L»($2, u). Thus, u €
D(H) and Hiu = Hu. O

REMARK 3.2. The operator H is the multidimensional analog of the operator
—0,,0¢ with Dirichlet boundary conditions, see [13,17,18] and also [8,9].

We now focus on properties of the semigroup (e~'# )i>0- A Cp-semigroup
T:[0,00) = L(L2(S2, n)) of bounded linear operators in L, (€2, w) is called positive,
if T(#)f > 0forall0 < f € Lr(R2, ), t > 0. The semigroup is called submarkov-
ian, if it is positive and L,-contractive, i.e., f € La(2, n), 0 < f < 1 implies
0K T@)f <lforallr > 0.

THEOREM 3.3. The Cy-semigroup (e_tH)t>0 is submarkovian.

Proof. By Lemma 2.6, the form tp is real. Hence, also the associated operator H
and the semigroup (e’ H ):>0 is real. By Theorems 2.5, 2.7 and the Beurling-Deny
criteria, the semigroup (e’ Hy >0 1s submarkovian. [l

REMARK 3.4. In [10, Section 6.2], the traces of Dirichlet forms and associated
processes were considered. Our result characterizes the corresponding generating
operator H in case of (suitably scaled) Brownian motion on a bounded domain spt u,
where  is the corresponding volume measure (i.e., Lebesgue measure). The process
may jump through Q\spt u however (due to the Dirichlet boundary condition at d€2)
gets killed on 9.

REMARK 3.5. Let us compare our description of the form 7p and the operator
H with the theory of [2]. To this end, let V := {u € WZI’O(Q); ue L), ,u)} and
equip V with the norm defined by

1/2
lully = (/ |gradu|2+/ |ﬁ|2du) we V).
Q Q

Let j: V — L(S2, ) be defined by j(u) := u.Leta: V x V — K be defined by

a(u, v) :=/ gradu - gradv (u,v € V),
Q
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i.e., a is the restriction of the classical Dirichlet form 7o to V. Then H is also associated
with (a, j) as in [2, Theorem 2.1]. One may ask where the projection J of our setup
appears in this framework. This may be answered by [2, Proposition 2.3], see also [3,
Theorem 8.11].

4. Applications

We will now show two applications. Note that by Remark 2.4, in fact we only need
to prove u € Mp(£2). However, we will also show “2” in (1) (so that equality in (1)
holds).

Note that for an open subset V € R”, we have

W) (V) = {u|v; u e WMR"), ii =0 qee. on av},

see, e.g., [7, Theorem 2.5] and [5, Theorem 4.2].

EXAMPLE 4.1. Letn > 2, Q := (=1, )" € R", T := Qn R"! x {0})
and u = A1 N T) be the (n — 1)-dimensional Lebesgue measure on I'". Then
w € My(2) by [4, Theorem 4.1]. We will show the equality in (1). Write Q4 :=
QN @R x (0,00)) and Q_ := QN (R""! x (=00, 0)) (Fig. 1).

Letu € WZI’O(Q), i = 0 p-a.e. There exists (gok) in C2°(£2) such that <pk — u in
W() and pF — @i q.e. Thus, also ¢* (-, 0) — (-, 0) = 01" l-ae.

Forv € Ly(2), let

v(x) x €€,

E =
v [O R™\Q

be the extension of v by zero, and vy := (Ev)|ga-14(0,00)-

We obtain ¢ — u in W) (R"~! x (0, 00)). By [1, Theorem 5.36], there exists a
bounded linear trace operator tr: W21 (R"! % (0, 00)) — L»(R"*!). Hence, tr ‘/’i —
truy in Ly(R""1). Since also tr <p§_ = ¢k, 00 — iy (00 = 0" lae. we
obtain truy = 0. By [1, Theorem 5.37], we obtain u; € Wzlyo(]R”_1 x (0, 00)).
Two applications of [1, Theorem 5.29] finally yield u|q, € Wzl’O(QJr). Analogously,
ulo_ € Wy ((Q2-), and hence, u € W ().

Thus, the corresponding stochastic process describes a particle diffusing in the
hyperplane and jumping through €.

Q_

Figure 1. The hypercube €2 divided into two parts 24 and Q2_ by
the hyperplane I'
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U=Q\D

Figure 2. The square €2 and the snowflake D

EXAMPLE 4.2. Let D be the filled (open) Koch’s snowflake centered at the origin
and Q C R? be a large open square centered at the origin such that D C . Let
w = A%(- N D) be the Lebesgue measure on D (Fig. 2).

Then pu € Mp(£2). We show equality in (1). Letu € WZI’O(Q), u =0p-ae By[l,
Theorem 5.29], the extension of u by zero yields u € W21 (Rz). By [7, Theorem 2.5],
we observe i = 0 g.e. on 9€2.

Since u|p =0 12-a.e., we have tr(ulp) = 0H%-a.e. on the boundary of D by [21,
Theorem 2], where HY is the d-dimensional Hausdorff measure with d = %. By
[5, Corollary 4.5], we thus obtain # = 0 g.e. on 0 D.

Hence, for U := Q\D we obtain # = 0 q.e. on dU, which by [7, Theorem 2.5]
yields u € W, o(U).

We can thus describe jump diffusion, where the diffusion takes part on the snowflake
D and jumps may occur along its boundary 9 D.
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