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Weighted energy estimates for p-evolution equations in SG classes

ALESSIA ASCANELLI AND MARCO CAPPIELLO

Abstract. We prove energy estimates for linear p-evolution equations in weighted Sobolev spaces under
suitable assumptions on the behavior at infinity of the coefficients with respect to the space variables. As a
consequence, we obtain well posedness for the related Cauchy problem in the Schwartz spaces S(R) and
S'(R).

1. Introduction

Let us start by considering the Cauchy problem

P(t,x, Dy, Dy)u(t,x) = f(t,x) (t,x) €[0,T] x R,

(L.1)
u(0,x) = g(x) x e R,
D = —id, where P(t, x, D;, D) is a differential evolution operator of the form
p—1 )
P(t,x, Dy, Dy) = Dy +ay,(t)DY + D aj(t, x)Di, (1.2)
j=0

withp e N, p>2,a, € C([0,T]; R)anda; € C([0, T]; B>), where B> stands for
the class of complex valued C*°(RR) functions with uniformly bounded derivatives.

Operators of the form above are usually referred to as “p-evolution operators”;
the condition that a, () is real valued means that the principal symbol of P (in the
sense of Petrowski) has the real characteristic 7 = —a,(¢)£7; by the Lax-Mizohata
theorem, this is a necessary condition to have a unique solution in Sobolev spaces of
the Cauchy problem (1.1) in a neighborhood of # = 0, for any p > 1. Notice that in
the case p = 1, operator (1.2) is strictly hyperbolic; in the case p = 2, operators of
the form (1.2) with real characteristics are usually called “Schrodinger-type evolution
operators,” being the Schrodinger operator the most relevant model in the class.

A wide literature concerning the well posedness of problem (1.1) in Sobolev spaces
exists for p = 1, 2. For general p > 2, many results are known when the coefficients
aj(t, x) arereal valued, see forinstance [1-3,11,13,15]. When the coefficients a; (¢, x)
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are complex valued forsome 1 < j < p—1,then we know from [8,20] that some decay
conditions for |[x| — oo must be required on the imaginary part of the coefficients
in order to obtain H* well posedness. In the papers [20,21], Ichinose has given
necessary and sufficient conditions for the case p = 2, x € R. Kajitani and Baba [22]
then proved that, for p = 2 and a>(¢) constant, x € R", the Cauchy problem (1.1) is
H> well posed if

Imai(t,x) = O(x|7%), o > 1, as |x| = oo, (1.3)

uniformly with respect to ¢ € [0, T']. Second-order equations with p = 2 and decay
conditions as |x| — oo have been considered, for example, in [12,16]. Cicognani
and Colombini [14] treated the case p = 3 proving H* well posedness under the
conditions

|Tmay| < Caz(t)(x)~",
|Imay| + | Re dyaz| < Caz(t)(x)~1/2.

Recently, Ascanelli et al. [6] extended the results of [14] and [22] to the case p > 4,
giving sufficient conditions for H*> well posedness of the Cauchy problem for the
operator (1.2); results in [6] have then been generalized to pseudo-differential systems
in [5] and to higher order equations in [4]; semi-linear three-evolution equations have
been then studied in [7]. Recently, in [8], a necessary condition of decay at infinity for
the coefficients of (1.2) with arbitrary p > 2 has been given.

In this paper, we want to consider the Cauchy problem (1.1) when P (¢, x, D;, Dy)
is an evolution operator of the form

(1.4)

p—1
P(t,x, Di, Dy) = Dy +ap(t, Dy) + > aj(t, x, Dy), (1.5)
j=0
p € N, p > 2, where a; are pseudo-differential operators with symbols a; of order
jfor0 < j < p,and for every t € [0,T], x,&§ € R we have: a,(t,§) € R,
aj(t,x,§) eCfor0<j<p-1
In [5], it has been proved the following:

THEOREM 1.1. The Cauchy problem (1.1) for the operator (1.5) is H* well posed
under the assumptions:

|dgap(t, £) = CplE|P~1 Ve €[0,T1, |E] > 1, (1.6)

for some Cp, > 0 and

A,

|Im dg'a;(t, x, §)] < Cofx) P71 € 1<j<p-1 (1.7)

—1

|Im 9g' Dyaj(t, x, §)] < Cofx) #71 € 2<j<p-1 (1.8)

_J=IB/2] i
1 Im 3¢ Dfaj(t, x, )] < Calx)™ 71 (E)) % 1< [g] <j-1L3<j=<p-1

(1.9)
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forall (t,x,&) € [0,T] x R? and for some Cy, > 0, where (-}, = h%+|- |3
h > 1. More precisely, there exists o > 0 such that for all f € C([0, T]; H®) and
g € H?, there is a unique solutionu € C([0, T]; H™?) of (1.1), (1.5) which satisfies
the following energy estimate:

t
lut, )2y < Cy (||g||§+/0 ||f<r,->||§dr) Vi €[0,T],  (1.10)

for some Cs > 0.

Formula (1.10) shows that the Cauchy problem (1.1), (1.5) is H* well posed with
loss of o derivatives, in the sense that the solution is less regular than the Cauchy data.
This phenomenon, which is usual in the theory of degenerate hyperbolic equations,
appears so also in the theory of non-degenerate p-evolution equations for p > 2
and has been yet observed in [13,21,22]. Notice that assumptions (1.6)—(1.9) are
consistent with the conditions in (1.3), (1.4). The loss of derivatives appearing in
(1.10) for the solution of (1.1) is explicitly computed in [5], and it can be avoided
by slightly strengthening the sole assumption (1.7) for j = p — 1. Formula (1.10)
gives so an accurate information about the regularity of the solution, but, in spite of
the very precise decay conditions on the coefficients, it does not say anything about
the behavior of the solution as |x| — oo.

This suggests us to change the setting of the Cauchy problem (1.1) to gain the
possibility of giving similar precise information on the behavior of the solution for
|x|] — oo; namely, one could try to obtain energy estimates in suitable weighted
Sobolev spaces and well posedness in the Schwartz spaces S(R), S’ (R).

Results of the above type have been proved for strictly hyperbolic equations (p = 1)
by Cordes [17]; we also recall similar results when the coefficients are not Lipschitz
continuous in 7, see [9,10]. The natural framework consists in dealing with pseudo-
differential operators with symbols in the classes SG™1™2 = SG™1-"2(R?), with
mj € R, j =1, 2, defined as the class of all functions p(x, &) € C*®(R?) satisfying
the following estimates:

IPllap = sup (&) * )" P lagalpx. &)l <00 (L1D)
(x,§)€R?
for every «, B € N. We refer to [17,18,24,25] for a detailed calculus for this class.
In the following, we shall prove energy estimates in the weighted Sobolev spaces
H 5,(R),s; € R, j = 1,2, defined as the space of all u € S’(R) satisfying the
following condition:
lullsy,so = I(x)2{D)" ull 2 < oo, (1.12)

where we denote by (D)! the Fourier multiplier with symbol (£)*!. It is worth to
recall that for s, = 0 we recapture the standard Sobolev spaces and that the following
identities hold:

(| Hyo®=S®). |J Hyo® =8M®). (1.13)

S],SzE]R sl,szeR
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Moreover, we recall that S(R) is dense in H, s, (R) for any s1, 52 € R.
The main result of the paper is the following.

THEOREM 1.2. Let P(t, x, D;, Dy) be an operator of the form (1.5) and assume
that the following conditions hold:

a, € C([0, T1; SG"?), (1.14)
10ca,(t, &) > CHlE|P™" Ve e[0,T1, €] > 1, withC, >0, (1.15)
aj € C([0,T]; SGI—/P=Dy j—=0,....p—1. (1.16)

Then, the Cauchy problem (1.1) is well posed in S(R), S'(R). More precisely, there
exists o > O such that forall sy, sy € R, f € C([0, T]; H, 5,(R)) and g € Hj, 5, (R),
there is a unique solution u € C([0, T; Hy, 5,—o (R)) which satisfies the following
energy estimate:

t
nmeawﬂsCOmﬁM+Anfmoﬁ&dﬂ Vi € [0, 7], (1.17)

for some C = C(sq1, s2) > 0.

REMARK 1.3. The energy estimate (1.17) shows that under our assumptions, we
can obtain well posedness in S(R) and S’ (R) without any loss of derivatives for the
solution u of (1.1), paying this with a modification of the rate of decay/growth at
infinity of the solution with respect to the Cauchy data. The solution of (1.1) has so
the same regularity as the Cauchy data; but, if we start from data with a prescribed
decay at infinity, then a loss of decay appears in the solution; similarly, if the data have
a fixed polynomial growth at infinity, then the solution presents a stronger growth.
Moreover, the solution exists uniquely and the precise value of o is computed, see
formulas (3.4) and (3.13). We address the reader to Remark 3.8 and to the examples
at the end of Sect. 3 for further comments on the phenomenon of the loss with respect
to the second Sobolev index.

REMARK 1.4. The proof of Theorem 1.2 is in part inspired by [6], but it takes
advantage of the fact that, in the new framework we are considering, we can admit
initial data with polynomial growth with respect to the space variable. On the other
hand, the assumptions on the coefficients given in our paper are stronger than the ones
used in [5,6]. Hence, one can modify the approach and define the functions A, in
the following by (2.14) for 1 < k < p — 1 (hence also for k = 1) as in [6] and repeat
readily the argument of the proof using the estimates of Lemma 2.1 in [6] instead of
Lemma 2.5 in the case k = 1. In this way, we are able to prove that there exists 6’ > 0
such that for all 51,52 € R, f € C([0, T]; Hy, 5,(R)) and g € Hjy, 5, (R), there is
a unique solution u € C([0, T']; Hy,—o’ 5, (R)) which satisfies the following energy
estimate:

t
Hwhwﬁdnfa(mﬁ&+lnﬂnﬂﬁmﬁ) Vi €[0,T], (1.18)
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for some C = C(s1, s2) > 0. We do not prove here this alternative result, the proof
being a repetition of the one of Theorem 1.1 in [6] in our functional setting.

REMARK 1.5. If the condition (1.16) with j = p — 1 is strengthened into
ap-1 € C(10,T]; SGP~H=(+9),

for any € > 0, then the Cauchy problem (1.1) is well posed in S(R), S’'(R) without
loss of derivatives and without modification of the behavior at infinity.

REMARK 1.6. We observe that the assumption (1.16) in Theorem 1.2 can be
slightly weakened without changing the argument of the proof. Namely, we can replace
the condition (1.16) with the following

Rea; € C([0,T]; SG'0), Ima; € C([0, T1; SG /=Dy 0<j<p—1.
(1.19)

The argument of the proof remains essentially the same, but it involves more complicate
notation. For this reason, we prefer to present our main result using the more simple
assumption (1.16). We refer to Remark 3.7 at the end of the paper for some comments
on the more refined result. Finally, we observe that if a; (¢, x, D,) are differential
operators, assumptions (1.14), (1.15), (1.19) are consistent with the ones given in
[6,14,22] for the corresponding case a,(t) > C, > 0Vr € [0, T].

2. Preliminaries

In this section, we collect some basic notions on SG classes of pseudo-differential
operators and prove some preliminary results which will be used in the proof of
Theorem 1.2 in the next section.

2.1. SG-pseudo-differential operators

We first recall that SG classes can be regarded as a particular case of general
Hormander classes, see [19, Chapter X VIII]. A specific calculus in different functional
settings can be foundin [17,18,24,25]. Here, we recall only some basic facts which will
be used in the proof of our result. In general, fixed d € N\ {0}, the space SG™!-"2 (R??)
is the space of all functions p(x, £) € C°(R?9) satisfying the following estimates:

I1pllap = sup2d<s>—"“+'“‘<x>—'"2+'f"|a§afp<x,s>|<oo 2.1)
(x,&)eR

for every o, B € N. We can associate with every p € SG™"2(R??) a pseudo-
differential operator defined by

Pu(x) = p(x, D)u(x) = 2r)™¢ / ) 8 p(x, £)a(E) de. (2.2)
R
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The operator p(x, D) is a linear continuous map & (R?) — S(R?) which extends to
a continuous map S’ RY) - S'(RY). Concerning the action of these operators on
weighted Sobolev spaces, we have that if p € SG™1-"2(R??), then the map

p(x,D): Hvl,sz (Rd) - HY]—WH,SQ—W!Q (Rd)

is continuous for every s1, s2 € R, where the space Hy, s, (Rd ) is obviously defined
in arbitrary dimension as the space of all u € S'(R?) satisfying (1.12). We also recall
the following result concerning the composition and the adjoint of SG operators.

PROPOSITION 2.1. Let p € SG™1™2(R*) and g € SG™1"™2(R?d). Then, there
exists a symbol s € SG™1 T -matmy (R2Y) guch that p(x, D)q(x, D) = s(x, D) + R
where R is a smoothing operator S’ (R?) — S(R9). Moreover, s has the following
asymptotic expansion

s(x, &) ~ D ol p(x, £)DYg(x, £)

i.e., for every N > 1, we have

(e, E) = >l px, ) DY (x, £) € SGMITmMmNmatmy =N (R2d)
|| <N

PROPOSITION 2.2. Let p € SG™"2(R??) and let P* be the L*-adjoint of
p(x, D). Then, there exists asymbol p* € SG™1-"2(R??) such that P* = p*(x, D)+
R’, where R’ is a smoothing operator S’(R?) — S(R?). Moreover, p* has the fol-
lowing asymptotic expansion

Pra§) ~ D el aE DY p . §)

i.e., for every N > 1, we have

Prg) = Dl DY p(x E) € SGM MmN (R,
la|<N

We also recall the definition of the class S (RZd), m € R, defined as the space of
all symbols p(x, &) € C*®(R>?) satisfying

108l p(x. )] < Cop(&)" 1, (x.6) e R
for every a, f € N¥. It is important for the sequel to notice that
SG™Mm2 (R ¢ §™ (R (2.3)

for any m, m, € R with my < 0 and that the operators with symbols in S°(R?>¢) map
continuously Hy, s, (Rd ) to itself for every s1, 52 € R.
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In the proof of Theorem 1.2, we shall also use the sharp Garding inequality applied
to SG operators. This result is known as a particular case of [19, Theorem 18.6.14].
However, for our purposes, we also need a precise estimate of the order of the remainder
with respect to £, which has been proved only for symbols in the Hérmander classes
sm (de ), see [23, Theorem 4.2]. Nevertheless, we have to observe that the operators
we shall consider have negative order with respect to x. Hence, in view of the inclusion
(2.3), we can base the proof of this result on the classical sharp Garding inequality
for standard Hormander symbols and estimate the order of the remainder term with
respect to & by looking at its classical asymptotic expansion. Namely, we have the
following result.

THEOREM 2.3. Let m; > 0,my < 0, a € SG™"2(R2?) with Rea(x, &) > 0.
Then, there exist pseudo-differential operators Q = q(x, D), R = r(x, D) and Ry =
ro(x, D) with symbols, respectively, ¢ € SG™ ™2 (R*), 7 € SG™~Lm2(R2) and
ro € SO (R such that

a(x, D) = q(x, D) +7(x, D) + ro(x, D) (2.4)
Re(q(x, D)u,u) >0 Vu € S(RY). (2.5)
Proof. Since my < 0, then SG™1"2(R*) ¢ §™ (R??). Hence, the classical Garding
inequality gives the existence of two symbols g and r such that a(x, D) = g(x, D) +

r(x, D) and g (x, D) satisfies (2.5). Let us now consider the asymptotic expansion of
the remainder term r (x, D). By Theorem 4.2 in [23], we have that

r(x, ) ~ Y1(E)Dea(x, E) + D Y pE)0f Dla(x, §), (2.6)
la+p1=2

for some real-valued functions v, Yo g With ¥ € SG~1OR?) and Ya,p €
SGUel=1BD/2.0(R2dY 1 particular, we have that

re, ) =y Dax.E) + D Y pE)0gDlalx. §) + ro(x. §).
2<la+B|=2m;—1
for a symbol ry € SO(RZd). Moreover, it is easy to verify that ¥ (§)Dya(x,§) €
§Gm—lma—1(R2dy and that
> Vap®df Dlalx,£) e SGMTIMRM),

2<|a+Bl<2m;—1
Then, we have that
F, €)= y1E)Deax, 6+ D Yup@dgDlalx, £)eSG™ I (RM).

2<]a+p|<2m—1

This concludes the proof. g

REMARK 2.4. In the sequel of the paper, we will often replace the weight function
(&) with (£), = (h® + |x|®)!/2 for some h > 1 to prove our results. It is clear that
this modification does not change the definition of the class SG™*!-"*2 (R%4) and of the
spaces H*12(R¥), and their properties.
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2.2. Changes of variables and conjugations

The idea of the proof of Theorem 1.2 is to prove an energy estimate in L2(R) for
the operator
p—1
iP =0, +iap(t,Dy)+ Y iaj(t.x, Dy) = + A(t, x, Dy). 2.7)
j=0
We have

d
Euuug — 2Re(du, u) = 2Re(i Pu, u) — 2 Re(Au, u)
< IFI3 + lull3 — 2Re(Au, u). (2.8)

Notice that2 Re{Au, u) = ((A+A*)u, u), with A* the formal adjointof A,and A+ A*
is an operator with symbol in SG?~1~! hence with positive order with respect to £.
This implies that the desired energy estimate is not straightforward, and in order to
obtain it, we need to transform the Cauchy problem (1.1) into an equivalent one of the
form

[P/\MA = fi 2.9)

u (0, x) = g,
where P, = D; —iA; and Re A, (t, x, §) > 0; then, we apply Theorem 2.3 to obtain
the estimate from below
Re(A;v,v) = —cl[v][5

for v € S(R) and for some positive constant ¢. This, computing as in (2.8), will
give an L? energy estimate for the solution u; of the Cauchy problem (2.9). The
operator P, will be the result of p — 1 conjugations of P with operators of the form
=D =1, p— 1, namely:

(iP)y = (e)tl(stx))7] . (e)\p—z(X,Dx))*l (e)\p—l(X,Dx))*l (l‘P)e)\p—l(xxDx)e)‘-p—Z(stx)
DY) (2.10)
Here and in the following, we shall denote by eTrr—k D) po— 1 ... p — 1, the

operators with symbols e**»—(-£) and the functions A p—k Will be chosen such that:

o Jp_i(x,&)arereal valued, 1 <k <p—1;

o 108 e SGOMp-1 for some Mj,_y > 0 and e*r—+*5) € SGO0 for2 < k <
p—L

e the operator e ) is invertible for every 1 < k < p — 1 and the principal
part of (e*r—+¥ D))=l jg g=hp—k(x.Dx)

Ap—k (x, Dy
e the operator
A}\‘ = (ekl(x,Dx))—l - (e)upfz(x,Dx))—l(e)npfl(x,DX))—l

(l'A)e)vp—l(x’Dx)e)\p—Z(stx) . e)tl(x’Dx)

is such that Re(A v, v) > —c||v||(2) Yu(t, -) € S(R).
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After the transformation of the problem (1.1) into (2.9) with P, defined by (2.10) and
f>. and g, given by

fir = (e)»l(X,Dx))—l . (e)hpfl(vax))_lf g = (e)\l(vax))_l . (e)‘])fl(vax))_lg,

’

(2.11)
we will obtain an energy estimate in L>(R) for the new variable

w (1, %) = (ML T (o2 P T (ot PNy ) (2.12)

which will yield to an estimate of the form (1.17) for the solution u of (1.1).

Let us now define the functions A ;. We set
Ap—1(x,8) =M (E)/x 1d (2.13)
(8 =My o= —dy, .
P P h)Jo (y)

andfor2 <k <p-—1

£\ ovoirt [t ()
hpoi(x, €) = Mp_kw(z) Ghas /O ) plw(m,,_l)dy, 2.14)

h

where M,_1, M,,_», ..., M are positive constants to be chosen later on, » € C*°(R)
is such that

() = [O sr=1 2.15)
sgn(dza,(t,£)) 1] >R '

for some R > 1, and ¥ € C3°(R) is such that 0 < ¥ (y) < 1Vy e R, ¥(y) = 1 for
ly| < %, ¥ (y) = 0 for |y| > 1. Notice that assumption (1.15) ensures the existence
of R > 0 such that for every fixed & with || > R the sign of the function dza,(t, §)
remains constant for every ¢ € [0, T'], then w is well defined and does not depend on
t.

Definition (2.14) is in part inspired by [5,6]; more precisely, the symbols A,
in (2.14) are exactly the same as in [5], while the symbol 4,1 in (2.13) is new. It
can be considered only in the framework of the SG calculus, where symbols with
polynomial growth in x can be handled. The setting we are using allows to construct a
transformation with a “stronger” A , 1 with respect to [5] still remaining in (weighted)
Sobolev spaces.

LEMMA 2.5. The function A ,_ defined by (2.13) satisfies the following estimates:
[Ap—1(x, &) <= Mp—1(1 +1In(x)) (2.16)
10898y 1 (X, E)] < Mp_1Caplx) P(E)," a=0,p>1, (2.17)
1080y (6. 6) < M1 Cl g (€)% (14 In(x) g, 4 6)) . =1, (2.18)

with positive constants C, Cy g, C(/x r» Where x Enr is the characteristic function of
theset Ep g = {£ € R| h < |&| < hR}.
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Proof. A simple explicit computation of the integral in (2.13) gives

[hp—1 (. §) < Mp_1 log(2(x)) < Mp_i(1+ In(x)). 2.19)

w (%) 3f )™t
0@ (%) hepp=1 ()1

For 8 > 1, we have

1083 p—1(x, &) = M) <M, iCp(x)F, (220

and foro, 8 > 1:

0808 A p—1(x, &) = M < My 1Coph™(x)7F

< Mp—1Co (€)% (x)7F.

(2.21)
Finally, for o > 1:
108 2 p1(x, E) =M <">(é)h“/x Ly ‘
—1(x, = —1 | — —dy
= ! h )
S Mp,]Cah_a ln(x>XEh,R(§)
< Mp_1Co r(E), " In(x) XE, ¢ (). (2.22)
since h~! < (R)(é‘);l on Ej g. O

LEMMA 2.6. Let A,k = 2,..., p — 1 be defined by (2.14). Then, for every
a, B € N, there exists a constant Cy o g > 0 such that

k=1 _ —g—
10898 0 p—k (2. £)] < CrapMp—ic(x) 71 P (E) T xe (1)
< CrapMpi(x)7P(E);,, (2.23)

where x¢ (x) denotes the characteristic function of the set {x eR | (x) < (&) ;: _1}. In

particular, we have that A ,_; € SGO0for2 <k <p—1.
Proof. See [6, Lemma 2.1]. O

From the estimates proved in Lemma 2.5 and 2.6, we obtain, by simply applying
the Faa di Bruno formula, the following estimates for the symbols e**r-+§) We
leave the details of the proof to the reader.

LEMMA 2.7. Let A, 4,k =1,..., p — 1 be defined by (2.13) and (2.14). Then,

|eﬂ,,,l(x,§)| < K(x>Mp717 (2.24)
|0g X109 | < Cull + In(x) g,  (8)](£), %108 g > 1, (2.25)
0f 10| < Cpx) Pehr1 D g > 1, (2.26)
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0g 9f e 0108 < Cy g [14In(x) x5 ()] (X) 7P (£), %108 o, B>1, (2.27)
|og 8P e v+ | < Cy g (x) P E) %D 2 <k<p—laBeN,
(2.28)

for some positive constants K, Cy, Cg, Cy g, Co k-

The next two results state the invertibility of the operators ¢*r—+®Dx) for k =
,....,p— 1

LEMMA 2.8. Let A, _1(x, &) be defined by (2.13). Then, there exists 21 > 1 such
that for 7 > h| the operator e*r-18.D) iq invertible and

(err10 Dy — p=hpt DI (f L R ) (2.29)
where [ is the identity operator and R, has principal symbol given by
Fp_1.-1(x,&) € SG,
Proof. By Proposition 2.1, it follows that
e 10600 g=hp1 (6, D) — rp—1,-1(x, D) +7r,_1,2(x, D),
where
Fp—1,—1(x,§) = 0 Ap_1(x,§)Dxdp_1(x, §)

and

1
Fp1.—2(x, &) ~ Z %%’le)»p—l(x,f)D;"e—lp—l(Xf)_

m=>2 "

By (2.17) and (2.18)
rp—1,-1(x,€) € SG™LT1H forevery & >0
and
Fp—1,—2(x,8) € SG™272 forevery ¢ > 0.

More precisely,

1
0 DErp1 1Ol < D (cal,az,magl* hop1l - 1957 DI

o t+ar=oc

1
+ > Caran prpol 06 DEAp 1| - 952 D0,
Bi+p2=p, B1#0
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< Cop r(E), ()P &), (n(x) + Dix) ™!
<2Capr-hHE),(x)F, Ve, p>0. (2.30)

Setting r,_1(x, &) :=rp_1,-1(x,8) —rp_1,—2(x, §), we have also
¢ DErp 1. E) < Clpp-h 6, x) P, Va.pz=0 (231

and for some C/, BR > 0; this means that for & large enough, operator I — R, 1 is
invertible by Neumann series and ,28 RZ—] is the inverse operator. Similar consid-
erations hold for e=*»=10:D0) ehp-1(6:D); thys, e~*r-1 3420 R’ is a left and right
inverse for e*r=1-Px) The lemma is then proved. 0

LEMMA 29. Let A, ¢(x,8),k = 2,..., p — 1 be defined by (2.14). Then, for

every k, there exists iy > 1 such that for & > hy the operator e*r—k(-D) ig invertible
and

(hr P Th = TRk PO (] 4 Ry, ) (2.32)

where [ is the identity operator and R, has principal symbol

_} _P=K
Fokk (X, E) = dehp 4 (X, E)Dihp i (x, E) € SG 70T,

Proof. The construction of the inverse is completely analogous to the one of Lemma
2.8. Moreover, by (2.23), we have that

1P petomk (6 )] = 19 2pi (6, ) Didpi (5, )] = CuM2_ ()25 ()2 e (o)

p—k

< GM_ (x) g
<GM, b (2.33)

since on the support of xg(x), we have (x) < (&),‘?_1. The derivatives of r_;, ¢ can

be estimated similarly. Thus, for / large enough, we obtain (2.32), and from (2.33),
k

. b=k
wehaver,_; _x € SG k=pet O

3. The proof of Theorem 1.2

The proof of Theorem 1.2 needs some preparation. As announced in Section 2, we
shall reduce the Cauchy problem (1.1) to the problem (2.9), where the operator P;, is
defined by (2.10) and the functions f;, g, and u, are given, respectively, by (2.11)
and (2.12). We first prove the following result.

PROPOSITION 3.1. Let P, be defined by (2.10). Then, we have:

p—1
(iP), =8 +iap(t, D)+ D Qpe(t,x, Dy) +ro(t, x, D),
(=1
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for some operators Q¢ with symbols Q,_¢(t, x,§) € SGP~0 satisfying
Re(Qpv,v) 20 veSMR), 1 <L=<p-1

and for some operator rq with symbol in S°.

Proposition 3.1 will be proved in p — 1 steps each of them corresponding to a

conjugation with an operator of the form e*»—*, k = 1,..., p — 1. We know by
(2.23) and (2.24) that the operators e**r-1%:Dx) have order (0, M,_), while the
other operators e**r—+(Dx) have order (0,0) for k = 2,..., p — 1. In the proof

of the energy estimate (1.17), the first conjugation will play an essential role since
it determines the loss of Hy, g, regularity; the others all work similar to each other.
This is the reason why we shall organize the proof of Proposition 3.1 as follows. We
present in detail the first two transformations, and then, we argue by induction. Each
of these steps corresponds to a different lemma. Before this, we give a preliminary
result which states for an operator with symbol a(x, £) € SG™0 the form of the
composed operator e 4 P)g(x, D,)e*&P0) i =1, ... p—1, with A; defined as
in the previous section.

LEMMA 3.2. Leta € SG™-%and let A;,i = 1, ..., p — 1 be defined by (2.13),
(2.14). Then, the symbol of e ™% P (x, D )e*i™DP) i =1, ... p — 1is given
by:

mi—1 mi—1

1
( et )(x E)=a+ Z —Bga e . Dfe Moy Z e DY (ae*)
mi—2mp—1
+> > —aV ~4 DY (8¢a - DY) + ro 3.1)
y=1 a=1 !

withrg € S G99, Moreover, the symbol

mi—1

1
_ = a¥Y =AY Ai
r(x, &) = Z y!ase D; (ae™)
y=I
mi—2mij—
+> Z —'y'ay e DY (8¢a - DZeM) e SGM 1L,
y=1 a=1
Proof. The proof easily follows by Proposition 2.1. 0

REMARK 3.3. If we assume that a € S™! instead of a € SG™!-9, then Lemma
3.2 still holds with r € §™1 1

LEMMA 3.4. Let h be as in Lemma 2.8 and consider, for 7 > hy, the opera-
tor (iP); = (e*r=1®P0))y=1(j p)erp-13:Dx) There exist operators Q ,—1(t, x, Dy),
aj1(t,x, Dy)andri(t, x, Dy) withsymbols Q ,_1(t, x, £) € SGP~1"1 a; (1, x, &)
€ SGIHI/P=D 1 < j<p—2andr (1, x, &) € SY such that
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p—2
(i P)1 =0 +iap(t, D) + Qp1(t,x, D) + D iaji(t, x, Dy) +r1(t, x, Dy),
j=1
and

Re(prl(t,x, D)C)v7 U> 2 07 VU € S(R)

Proof. We first notice that by Lemma 2.8, we have

P
(i P)1(t,x, Dy) = 3 + p (=1 ligehr1(n D)

Jj=0
p
=8+ > et 1Djg o1 D)
j=0
p
+> eI R g et D0
Jj=0

=9 + ef)-p—l(va)r)iapeAp—l(x»Dx)
p—1
+ Ze—)npfl(X,Dx)i(aj + Rpflaj+])€)‘”’l(x’Dx) + 50
j=1
=0 +e Ap-1(x, Dx)la e’ p—1(x.Dx)
p—1
+ D et DI 1 (0D g, 3.2)
j=1

for some so(t, x, Dy) of order (0, 0), and with new operators a; = a; + Rp_1a;41
having symbol @;(t, x, £) € SG/*~//(?=1) We now apply formula (3.1), observing
that in the case i = p — 1, the term r vanishes for || > AR since it is a sum of
products with at least one &-derivative of A,_1 appearing in each factor, see (2.18).
Then, in particular, the term r has order (0, 0) since it is compactly supported in & and
with order 0 in x. Hence, we obtain for the related operators:

p—1
(lP)l = 81 +lap + Z aglap e Ap—1 , Dge)»p_l

o= l

— 1
+>° i&j+zaagiaj.e*kp—l-Dge*v—l + 50
: — a!

p—1
=0 +iap + 0:apdxhp—1 +idp— 1+Z Bglap e~ P"-D)‘z‘e)‘P‘l
o= 2
p—1j-1

"'Z’a/ + ZZ _35”1/ el DYt + 5 (3.3)

j=la=1
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for a term 5y with symbol in SG%°. Now we consider the real part of the terms of order
p — 1 with respect to & in (3.3) and use (1.15), (1.16), (2.15), (2.20) for |£] > hR to
get:

Re (idp—1 + 0zapdchp—1) = —Imap_| + zapdchp—

= —Imap—1 + Mp_1[9zap(t, §)|(x) "

> (2*(P*1>/2cpMp_l . C) (g){j‘lm”,
where we used that a; = a; for |§| > hR, and we used also the inequality: (a), <
V2|a| fora € R, |a| > h. We thus obtain

Re (idp—1 + 0zapdchri) =0
if we choose the constant M), large enough:
M, >2r=D2c/c,. (3.4)

We can then apply Theorem 2.3 to the operator ia, | + dza,0xA,—1 and obtain that
there exist pseudo-differential operators Q1 (¢, x, Dy), R p—2(t, x, Dy) and Ro with
symbols Q,_1(t,x,£) € SGP™V71 R, 5(t,x,8) € SGP™>7 Ro(t,x,£) € S°
such that

Re(Qp-1(t, x, Dy)v,v) >0, Yv € S(R)
and
iﬁp_l +0sapdxrp—1 = Qp-1+ ]ép_z + Ryp.

Finally, we estimate the last three terms in the right-hand side of (3.3). We observe
that for2 < o < p — 1, we have

0¢a, - e Frt - DM | < Che) 0TI = €@ T T, (3)

sincea +1 >3 > (p—2)/(p—1). Similarly, we can estimate the derivatives of the
above symbol observing that the worst case occurs when & derivatives of order y fall
on the term e~ *r-1. By (2.27), this produces a term of type (In(x))" in the estimates
but since

[

p—

(In{x))? (x) 717 < (In(x))? (x) 72 < C{x) " » T

for every y > 0, we conclude that Sgap ce 7M1 DYetr-l g SGP=2=(p=2/(p=1)
By similar arguments, we obtain for 1 < & < j — 1 that 3¢d; - et D¥etr-l €
§G/=1=G=D/(=1 Hence, we can gather the last three terms in the right-hand side
of (3.3) and the remainder term R p—2 obtained from the application of Theorem 2.3
and conclude that
p—2
(iP)1 =0 +iay(t, D) + Qp-1(t,x, D) + D iaj1(t, x, Dy) +ri(t, x, D)
j=1
for some a1 € SG/~//?=D and r; € S°. Lemma 3.4 is proved. O
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To perform the second transformation, we need to compute the operator
(iP)y = (el D) Th (i P)yetrm2th D),
By Lemma 2.9, for i > h;, there exists an operator R,_» with principal symbol
rp2.-2(x,&) = dehp2(x,E) Dihpa(x, §) € G P72/(7D
such that:
(iP)y = e 2P 4 Ry 5)(i P)y 2P,
We have the following result.

LEMMA 3.5. Let hy, hy be as in Lemmas 2.8 and 2.9 and let h > max{hy, ho}.
Then, there exist pseudo-differential operators Q, >(t, x, Dy), a;j (¢, x, Dy) and
ra(t, x, Dy) with symbols Q,_»(t, x, &) € SG"720, a;,(t,x,€) € SG/—//P=D
forl <j<p-—3,rx§&) e SO such that:

(iP)y =0+ iap(t» D,) + Qp—l(ta x, Dy) + Qp—Z(ta x, Dy)
p—3
+ D iaj(t, x, Dy) + ra(t, x, Dy),
j=1

and
Re(Qp-2(t, x, Dy)v,v) = 0, Yv € S(R).

Proof. By Lemma 3.4, we have (omitting the notation (¢, x, Dy)):

p—2
(iP)y = 0 + e tr2 iap+ Qp_1+ Ziaj,l +n o2
Jj=1
p—2
+ehr2 iRp2ap+ Ry 20,1+ Z iRp—2aj1+ Rp-ari e)”l”z,
Jj=1

(3.6)

where a1 (t, x, D) have symbols in SGJ—i/P=D and r1 has a symbol in SO, Now
we observe thatiR,_»a, € SGP~2~(p=2/(p=1) Ry 20,1 € SGP—3.—(=3)/(p=1
and R, sia;j € §GI=2=U=2/P=D forevery j = 1, ..., p—2. Then, we can write
(3.6) as follows:

p—2
(IP)2 — 8; + e—)up72(X,DX) iap + Q[J—l + zl&j,l e)”l’*Z(x’DX) + 50
j=1
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for some s¢ with symbol in S and with new symbols aj € §G/—i/(P=1) Here, we
have considered the composition e*-2 (R p—271 )e*r=2 using Remark 3.3. It is important
to underline that the operator ic, 21 has the symbol:

iy (. %, §) = iap_o 1 (t. %, &) +iap(t, €)dshp—a(t, X, ) Dy p_(t, X, 6),

3.7
where the first term in the right-hand side depends only on the constant M,,_; and the
second only on M ,_» which will be chosen later on in this second transformation. But
now, by formula (3.1), we get:

p—3
(lP)2 = at + iap -+ Qp—l + iglp—z’l + ag’apax)\'p—Z + Zla],l
j=1

+>] —0fiay €M DM 2 —iapdehp 2 Dikpd

—2p—1
p—=p 1

#3300t (anne)

y=1a=1
=1
+ Z —0g Qpr - eThr DY

p2]1

+ Z z —85 iaj - e 2. D)‘z‘e)\l’—2

]10{1

+Z LD (Qp )

p—2p-3

+2.2. Tay e DY (9 Qp-1 DY)
a=1y= 10[
p—2j-1

—I—ZZ—E)V Ao 2Dy(za 1 2)
j=ly= R4
p—2j—-1j-2

13939 I 1% €71 DY G dj. ) Dyer)
j=la=ly= 10[

+50.

By estimating as before the orders of the terms appearing in the above formula, using
(2.23) and by (3.7), we obtain that
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p—3
(iP)y=d +iap+ Qp1+0eapdhpo+iap o1+ Y idji+35. (38)

j=1
for some operators c:tj,l (t, x, D) with symbols c:zj,l(t, x, &) € SG/=I/P=D and with
a term §o with symbol in S°. Now we want to apply Theorem 2.3 to the operator

iap 2,1 + 0gapdydp_2, namely to the term of order p — 2 with respect to &. We
observe that for || > hR, we have:

Re(iap-—2,1 + 0sapdxrp2) = —Ima, o1 + 0:apdxAp—2

=—-Ima,_> 1+ M, 20:a,w (g) (x)_ﬁ%%lﬂ ) (E>_1
r=2, p=2984p@ 3, <$>p—l h

h

1, -2 (x)
= —Ima, 21+ Mp_2[3sa,(t, §)(E), (x) 7Ty —

&
= —Cle)] )+ Mp—ch|sv’—l<s>;1<x>‘fv—zw( bﬁf_])
)
> —CE R 4 MpaCp2 PRy <x>_1)
&
(- 2 g2 )
= (—C—i—Mp,szZ (p 1)/2) @-)/117 (x)77 w((g)gl)
20— (x)
) P (1_¢ ] )
' (<s>,’j L
(- 2 -2 ) ,
2(—C+Mp72Cp2 (p 1)/2) (5)2’ (x) » w((g)ﬁl)_c’

where C = C(M_1) is a constant depending on the already chosen M,_1 > 0 and,

in the last inequality, we used the fact that on the support of 1 — ( (§<>)’C’)_1 ), we have
h

p—2

_2 _p=2
() (x) " p
obtain that

< (C’. Choosing the constant My > > C(Mp_1)2(p_1)/2/Cp, we

Re(iap—2,1 + 0gapdxhp_2) > —C' for |&| > hR.
Then, we can apply Theorem 2.3 to the symbol ia > 1+0:apdxrp—2+C' € SGP=20,
There exist operators Q> (¢, x, D), Iép,g, Ry such that

iap_21 +dsapdihp2+C = Qp 2+ I§p73 + Ry,

Re(Qp—ov,v) >0 Vv eSR).
It is now crucial to observe that O, »(t, x, &) € SGP—3.0 Ry € SO whereas by (2.6)

we have R,_3 € SGP~3~(P=3/(=D gince the constant C’ does not appear in the
expression of the symbol. As a matter of fact, we have
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F[J—?)(-xa &) = v1(§) Dy (iap—Z,l + 8§apax)\p—2)
+ D Yap®df DE(iap_a + deapdchp_2),
let-B[>2
which is in §G?~3~(P=3/(r=D The proposition is proved. g
We now prove by induction on n > 2 the following:

LEMMA 3.6. Given n € N, n > 2, we can find a constant &,, > 1 such that
for h > h, there exist pseudo-differential operators Q,_¢(t,x, Dy), 1 < £ < n,
ajn(t,x,Dy),1 < j<p—n—1,andr,(t, x, Dy) with symbols Q,_¢(t,x,§) €
SGP=40 a; (1, x,&) € SGI=I/P=D 'y, (2, x, &) € S” such that the operator

(iP), =: (e)»p—n(x,Dx))—l . (e)\p72(x;D,\'))_1(e)‘pfl(x;D,\‘))_l

X(l'P)e)\pfl(X»Dx)e)\pr(anx) . e)\pfn(anx)

can be written in the form:

n p—n—1
(i PYy=d+iay(t, D)+ D Qpe(t,x, D)+ D iaja(t,x, Dy) +ra(t, x, Dy),
=1 j=1
and
Re(Q,—¢(t, x, Dy)v,v) >0, Yo € S(R), 1 < £ <n. (3.9)

Proof. For n = 2, this is exactly the statement of Lemma 3.5. Let us suppose that for
h > hy_1, it holds

n—1
(i Pyt = 0 +iap(t, D)+ Qpe(t, x, Dy)
(=1
p—n
+ D iaju1(t,x, D) + a1 (t,x, Dy), (3.10)
j=1

for some pseudo-differential operators Q , ¢ (¢, x, D), 1< €< n—1,a;,-1(, x, Dy),
1 < j < p—n,and r,_i(t, x, Dy) with symbols Q,_¢(t,x,&) € SGP~40,
ajn_1(t,x,&) € SG/=IP=D r,_1(t,x,&) € S? such that

Re(Q) ¢(t,x, Dy)v,v) 20, Vv e SR), 1 <€ <n—1,
and consider the operator
(i P)y = (PTG Py, _yehrnP),
Lemma 2.9 gives, for & large enough, say h > ﬁn, that

(iP), = e*)Vp—n(X»Dx)(I + Rp_n)(iP)n_le)hp—n(x,Dx)’
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with a pseudo-differential operator R, having the principal symbol
Fp-n-n(x, ) = dhpn(x, E)Dakpn(x, €) € SGT7P=W/P=D,

Thus, for h > h, = max{hy, h,_;} and by (3.10), we have (omitting (¢, x, D) in the
notation):

n—1 p—n
(iP)y =0 +e "7 |iap + z Op—+ E idj 1+ a1 | e
=1 =
n—1 p—n
o E ' Ape
et | iRp—nap + 2 Rp—nQp—e + Z’Rﬁ—naj-,n—l + Ry_nrp—1 | e*r.
=1 j=1

Now we notice that R,_, Qp—¢ € SGP"=t=(p=n/(p=D c gGpr=n.—(p=m/(p=1)
since 1 < € < n—1,iRy_pa, € SGP==P=m/(P=D"and R, ,ia;,_ €
SGIi—m=p=m/(p=D <« §Gi—m=U-m/(p=D j = 1 ... p—n. So we can write
(i P), as follows:

n—1 p—n
(P)y =0 +e 0PI Liay, +3° Qp g+ D idjnr | 0P 45
=1 j=1

for some so with symbol in S, and with new symbols djn—1 € SGI/=i/(r=1)  Again,
we need to notice that at level p — n we get:

lﬁp—n,n—l(ta x,&) = iap—n,n—l(t, x,8) + iap(t7 S)aifxp—n(t, X, E)Dx)\p—n(ta x,§)

where the first term in the right-hand side depends on the constants M, 1, ..., Mp_,41
chosen before and the second one depends only on the constant M;,_,, which will be
chosen later on; this does not cause any trouble in the choice of the constant M),
because, again by (3.1), we get:

n—1 p—n—1
(P =0 +iap+ D Qpt+idpnn1+0%kapdhpn+ D idjn
=1 =1
p=n
7 —A D—n A)—n r
+Z;8§‘lal, e~ P DYetr T —iapdghp_n Dy p_p

a=2
1
+> —dfehr - (ia, DY etrr)

p—n p—n+1

b3S captle i, DY
y=1 a=I

n—1p—L—n

1 o —Ap—n O Ap—n
+£Zl Zl aang_£~e P .Dxep
= o=
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p—n j—1
+ZZ—a§za1n 1- "~Dze)‘1’*”
j=la=1
n—1 p—t
+2.2, —ag e 41 DY (Qpgehr)
{=1y= 1
n—1p—n p—L—1
+> > > a’—y’ay e P11 DY (8¢ Q p—y DZ et 1)
{=1a=1 y=1
p—nj—l
+ZZ—3V o1 DY (idj -1 Mr)
j=ly= 1
p—nj—1j=-2
+ZZZ—3V “hr-n DY (8¢ (idj 1) D) + 1
j=la=ly= 1
n—1 p—n—1 ~
:8!+iap+ZQp—£+(aéapax)\p—n+iap—n,n—l)+ Z iéj,n—1+§0a
=1 j=1
(3.11)

for some operators Ezj,,,_l(t,x, D,) with symbols 3j,,,_1(t,x, &) e SGJ—i/p=1),
1 <j =< p-—n-—1,depending on M,_1,..., My, and where 5o is a term
containing operators with symbol in S°.

As done in the second transformation, we now look at the real part of the terms of
order p — n with respect to £ in (3.11); for |£] > AR, we have by (1.16),(2.14) and

for a positive constant C = C(M,—1, ..., Mp_py1):
Re(iap_pnn—1+ 0sapdxip_p) = —Imay,_p 5
§ i {x) —n+1
+Mp7n3$apa) (h) (x) » w(@)zl ) <$>h
> —CE ()7 + MyoaCplgl ™€) ) 5_710((;)?1)
h

v

_ _p=n X

(=C 4 My Cp27 P72 () 7" (x) 70 w( <,,),1 ) -C'z-C
&)

if we choose M,,_, > C(M_1, ..., M,,_,,+1)2(1’_1)/2/Cp. An application of The-
orem 2.3 to the symbol ia,_, n—1 + 0:apdxrp—n + C' € SGP~0 gives then the
existence of operators Q,_,(t, x, D), Iép,n,l (t,x, D), Ry(t, x, D) with symbols,
respectively, O ,—,(t, x,£) € SGP™"O R, ,_| € SGP"=1.=(p=m/(=1) 'R e §0
such that

iap—pnn-1+ aéapa)c)\pfn +C' = prn + Rgpfnfl + Ro,
Re(Qp—nv,v) >0 Yv e SR).
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Then, from (3.11), we finally obtain

n—1 p—n—1
(iP)y, =0+ iap + Z pri + prn + Rpfnfl + Z iaj,nfl +s0+ Ro
=1 =1

n p—n—1
:8t+iap+ZQp—€+ Z iaj,n"l‘rn
=1 i=1

for some operators a; ,, r, with symbols a;, € SG/=/P=D 1, e §0 and where
O p—¢ satisfy (3.9) for 1 < £ < n. The lemma is proved. O

Proposition 3.1 follows directly from Lemmas 3.4, 3.5 and 3.6.

Proof of Theorem 1.2. By the change of variable (2.12), the Cauchy problem (1.1) in
the unknown u(t, x) is reduced to the Cauchy problem (2.9) for the unknown u; (¢, x),
where P is defined by (2.10) and f, and g, are defined by (2.11). Now we apply
Proposition 3.1 to derive an energy estimate for the solution to the Cauchy problem
(2.9). Forevery v € CcL([0, T1, S(R)), we have

I3 = 2Re(3v. v)
—|vllg = e(o;v, v
dr' "0 !
p—1
=2Re((iPy)v,v) —2 ZRe(Qp_gv, v) — 2Re(rgv, v)
=1
2 2
= CUIPvlI72 + Nlvli72)-

By standard arguments from the energy method, we deduce that, for all s = (51, 52) €
R? and every v € C'([0, T, S(R)), the following estimate holds

!
o, )55 < (uv(o, Mg+ /0 I P (r, ~)||§1,S2dr) Vi €[0,T], (3.12)

for some ¢’ > 0. The energy estimate (3.12) can be extended by a density argument
to a function v € C([0, T, H;, 5, (R)) for every s1,s2 € R. This implies that if
fr € C(0,T], Hy, 5,(R)), g € Hy, s, (R), then the Cauchy problem (2.9) has a
unique solution u, (¢, x) € C'([0, T, Hy, 5, (R)) NC([0, T, Hy, 4 p s, (R)) satisfying
(3.12). By the relation (2.12) between u and «;_and by Lemma 2.7, we obtain existence
and uniqueness of a solution u of (1.1). Moreover, from (2.11), (2.12) and (3.12), we
get

t
2 2 2 2
Wl ang, < etlunll? g,y < 2 (nguul,mm_] + /0 ||fx||x],S2Mp_,df)

t
< (ngnfl,sz + /0 ||f||§1,szdr) (3.13)

for some ¢y, c1, c3 > 0. This gives the energy estimate (1.17) and proves well posed-
ness in S, 8’ of the Cauchy problem (1.1). O
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REMARK 3.7. As outlined in the Introduction, Theorem 1.2 can be proved replac-
ing the assumption (1.16) by the weaker condition (1.19) and repeating readily the
argument of the proof above. For the sake of brevity, we leave the details to the reader.
We restrict ourselves to observe that the assumption (1.19) is sufficient for the appli-
cation of Theorem 2.3 in the proofs of Lemmas 3.4, 3.5, 3.6 where only the imaginary
parts of the symbols a;(t, x, &) are involved and that every step can be performed
identically with the only difference that the symbolsa; ¢, £ =1, ..., p — 1 appearing
in the above lemmas are now such thatRea; ¢ € SG/0 and Tm ajyg € SGJ=i/p=D,
Nevertheless, this is sufficient to obtain the assertion of Proposition 3.1.

REMARK 3.8. Asusual in this type of problems, it is natural to wonder whether the
loss in the second Sobolev index may really appear or it is due to a lack of sharpness
in the method of the proof. Here, we want to present some examples where this type
of phenomenon appears although we can show a modification of the behavior of the
solution only with respect to either the initial datum g(x) or the function f(z, x). An
example where the solution exhibits a loss of decay/increase of growth with respect
to both g and f seems to be difficult to construct, and at this moment, it is out of
reach. Nevertheless, the examples below show that this behavior of the solution is not
surprising in our setting. We stress the fact that in all the following examples, no loss
of derivatives appears in the solution.

EXAMPLE 1. Consider the Cauchy problem

x) (3.14)
u(0,x) = gx).

The function u (¢, x) = x(1 4 tx) solves (3.14) with Cauchy data g(x) = x and

|Dtu + D)%u + (LDXM = f(t,x)

ft,x) = —ix? + (1 +2tx)(x)" " =21,

We observe thatboth u and f belongto C ([0, T'], Hy, 5,) foreverys; € R, so < —=5/2,
while g € Hj, 5, for every s1 € R and for s < —3/2. Hence, in this case, we have
a loss in the second Sobolev index with respect to the initial datum: The solution
presents a stronger growth with respect to g.

EXAMPLE 2. The function u(¢, x) = (t + x)2 solves the Cauchy problem (3.14)
with Cauchy data g(x) = x2 and
Ft,x) = =2it — 2ix — 24+ 2t(x) "+ 2x(x) L.

In this example u € C([0, T'], Hy, s,) and g € Hjy, s, forevery s1 € R, 52 < =5/2,
while f € C([0, T, Hy, s,) for every s; € R, s < —3/2. We have so a loss in the
second Sobolev index with respect to f.

EXAMPLE 3. The function u(z, x) = ¢ (x)* with k € Z solves the Cauchy problem
(3.14) with Cauchy data g(x) = 0 and

Ft,x) = —i ()X 4+ ktx ()73 — ke ()72 — k(k — 2)rx? (x)F4,
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We observe that the solution belongs to C([0, T'], Hy, 5,) for every s1 € R, s, <
—k — 1/2, as well as f. In this case, we have an infinite loss in the second Sobolev
index with respect to the initial datum but the same decay/growth with respect to f as

|x| = oo.
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