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Heat kernel estimates for pseudodifferential operators, fractional
Laplacians and Dirichlet-to-Neumann operators

HEIKO GIMPERLEIN AND GERD GRUBB

Abstract. The purpose of this article is to establish upper and lower estimates for the integral kernel of the
semigroup exp(—t P) associated with a classical, strongly elliptic pseudodifferential operator P of positive
order on a closed manifold. The Poissonian bounds generalize those obtained for perturbations of fractional
powers of the Laplacian. In the selfadjoint case, extensions to t € C are studied. In particular, our results
apply to the Dirichlet-to-Neumann semigroup.

0. Introduction

Let M be a compact n-dimensional Riemannian C°°-manifold and P a classical,
strongly elliptic pseudodifferential operator (yydo) on M of order d > 0. We consider
upper and lower estimates for the integral kernel Cy (x, y, t) of the generalized heat
semigroup V (t) = e~'¥. Semigroups generated by such nonlocal operators have been
of recent interest in different settings.

(1) For a Riemannian manifold M with boundary M, the Dirichlet-to-Neumann oper-
ator is a first-order pseudodifferential operator on M with principal symbol |£].
Arendt and Mazzeo [3,4], initiated the study of the associated semigroup and its
relation to eigenvalue inequalities, motivating later studies, e.g., by Gesztesy and
Mitrea [12] and Safarov [21].

(2) The heat kernel generated by fractional powers of the Laplacian A%/? and their
perturbations provides another example. Sharp estimates for e~/ Am, 0<d<?2,
can be obtained from those for e ~*# by subordination formulas. For perturbations
on bounded domains in R”, recent work on estimates includes Chen et al. [8] and
other works by these authors, and Bogdan et al. [6].

In this article, we generalize the Poissonian estimates obtained in the second case to
sectorially elliptic operators P of all positive orders on closed manifolds, by pseudo-
differential methods. In particular, we allow nonselfadjoint operators and systems. A
main result for such systems P is as follows:
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THEOREM 1. The kernel of the semigroup satisfies
Ky (x,y, 0] < Ce ™Vt (d(x,y) + 1Y) forallx,y e M,t >0, (¥

for any c1 smaller than the infimum y (P) of the real part of the spectrum of P.
If P is selfadjoint > 0, the estimates extend to the complex t = e'|t| with |0| <
with uniform estimates

l
2

It
(d(x,y) + 1]

Ky, y. 0l < Cleosf)~Ner (! 1/d)d((d(x, » DT,

(%)
where N = max{%, 2 4 4d + 7}.

Here, d(x, y) denotes the distance between x and y. If P is a system, it suffices
that P is sectorially elliptic, having the spectrum of the principal symbol in a sector
{A £0| |argh] < 6p} with Gy < % Extending (*), also derivatives of the kernel,
and, if further spectral information is available, a refined description of the long-time
behavior, are obtained in the paper. Moreover, for the expansion of the kernel in quasi-
homogeneous terms in local coordinates, we show estimates of each term.

For the Dirichlet-to-Neumann operator, as well as for the perturbations of fractional
powers of the Laplacian of orders 0 < d < 2, we get not only upper estimates but
also similar lower estimates at small distances.

The estimate (*) exhibits a large class of operators which satisfy upper estimates
closely related to those studied abstractly, e.g., in Duong and Robinson [10] and
Coulhon and Duong [9]. They have implications for the maximal regularity of the
associated evolution equation in L, the L ,-independence of the spectrum as well as
the functional calculus.

As a simple application of (**) and Holder’s inequality, one can obtain ultracon-
tractive estimates

_ _ It _
le™Pllze,.L,) < Cleos®) ™| Ty ((d(x, y) + 1]/ "Dl

(d(x,y) + 1]

uniformly for all # € C with Re# > 0. In the case of operators with Gaussian heat ker-
nel estimates, a rich spectral theory has been developed (see e.g., Arendt [2], Ouhabaz
[20D).

With the help of comparison principles, our result implies Poissonian estimates,

e.g., for boundary problems in an open subset 2 of M: If P is the variational operator
associated with a Dirichlet form a with domain D C L, (M), we consider the abstract
Dirichlet realization Pg associated with the closure of a|pncy(q). In the case where
a is Markovian, one obtains 0 < K —rr, < IC,—» on Q. See Grigor’yan and Hu [14]
for more refined comparison principles.
Outline. Section 1 collects some known facts. In Sect. 2, we treat semigroups gen-
erated by nonselfadjoint P for r > 0, by pseudodifferential methods based on [16].
Section 3 extends the estimates to complex ¢ for selfadjoint P. Section 4 includes
lower estimates for perturbations of fractional powers of the Laplacian and for the
Dirichlet-to-Neumann operator.
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1. Preliminaries

Notation: (§) = /€2 + 1. The indication < means “< a constant times,” >
means “> a constant times,” and = means that both hold.

Let P be a classical {do of order d € R, acting in a Hermitian N-dimensional
C®° vector bundle E over a closed, compact Riemannian n-dimensional manifold M.

We assume that the principal symbol pO(x, &) of P has its spectrum (for & # 0)
in a sector {A # 0 | |argA| < o} for some ¢y < % (In the notation of the book
[16], P — A is parameter-elliptic on the rays in the complementing sector; according to
Seeley [23], the latter are “rays of minimal growth” of the resolvent.) From P, one can
define the generalized heat operator V(1) = ¢, t > 0, a holomorphic semigroup
generated by P, as explained in detail, e.g., in [16, Sect. 4.2]. The kernel Ky (x, y, t)
(C®° for t > 0) was analyzed there in its dependence on ¢, but mainly with a view
to sup-norm estimates over all x, y, allowing an analysis of the diagonal behavior,
that of Cy (x, x, ). We shall expand the analysis here to give more information on
Ky(x,y,t).

For convenience of the reader, we recall the definitions of symbol spaces that are
used. For d € R, the symbol space Sf,O(IR" x R™) consists of the C*°-functions
a(x, &) (x, & € R") such that for all o, B € N,

|DEDEa(x.£)] = (&)1, (1.1)

it is a Fréchet space provided with the seminorms sup, ¢ [(& )_‘H"“‘Df D‘ga|. The
symbols define operators A = Op(a(x, &)) of order d by

Op(a(x, £)u = F~ a(x. £)Fu =/

Rl

l e Ea(x, £)i(E) dg,

where Fu = u denotes the Fourier transform and dé = (27)7"d&. The operator
maps from S(R") to S(R"), extending to suitable spaces of distributions and Sobolev
spaces, and obeying various composition rules.

The space of classical symbols of order d, S¢(R" x R™), is the subset of Si{o(R" X
R"™) where a(x, £) moreover has an asymptotic expansion a ~ ZleNU ag_; in terms
aq—i(x, &) homogeneous in & of degree d — I for |§] > 1, such that a}, = a —
Doy dd—i € SﬁaM for all M € Ny. The principal symbol ay is often denoted a°.
(The homogeneity need only hold for || > R, some R > 0.)

It should be noted that we here use the globally estimated symbols of Hormander
[17, Section 18.1], which have the advantage that remainders are kept inside the cal-
culus.

Operators on manifolds are defined by use of local coordinates and rules for change
of variables, composition with cut-off functions etc.; we refer to the quoted works for
details.

The book [16] moreover includes parameter-dependent symbols a(x, &, 1) for A in
a sector of C, with special symbol estimates involving the parameter (also operators
on manifolds with boundary are treated there).
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Consider alocalized situation where the symbol p(x, §) of P is defined in abounded
open subset of R"—we can assume that it is extended to R", with symbol estimates
valid uniformly in x. The principal symbol p°(x, £) is an N x N-matrix with spectrum
in the sector {A # 0 | |argA| < @p}, when || > 1. This holds in particular when P
is strongly elliptic, for then

Re(p’(x, &)v, v) > clg|?|v)?, for|g] > 1, veCV, withe >0, (1.2)
and hence since

I Tm(p%v, v)| < |(pv, v)| < Clg|9|v> < ¢ 'CRe(p%v,v), for|g| =1, veCV,
(1.3)

the sectorial ellipticity holds with ¢y = arctan(c~1C) € [0, %[. When P is scalar,
the two ellipticity properties are equivalent, but for systems, strong ellipticity is more
restrictive than the mentioned sectorial ellipticity (also called parabolicity of 9, + P).
When working in a localized situation, we assume (as we may) that the sectorial
ellipticity holds uniformly for the symbols extended to R". The estimates in the fol-
lowing are valid in particular for operators given on R” with global symbol estimates.
The spectrum o (P) of P lies in a right half plane and has a finite lower bound
y(P) = inf{Re A | A € o(P)}. We can modify p° for small & such that o (p°(x, £))
has a positive lower bound for all (x, £) and lies in {A = re'? | r > 0, |¢| < @o).
The information in the following is taken from [16, Section 3.3].
The resolvent Q; = (P — A)~! exists and is holomorphic in A on a neighborhood
of a set

Wipe =f{A € C||A| > ro, argA € [@o + &, 27 — @o — €],} U{Rer < y(P) —¢}.
(1.4)

(with ¢ > 0). There exists a parametrix Q' on a neighborhood of a possibly larger set
(withé > 0,¢& > 0)

Voo ={reCl[A[=dorargh €[po+e2m —go—el}U{Rer < ing)/(l)o(x,é'))};
X,

such that this parametrix coincides with (P — A)~! on the intersection. Its symbol
q(x, &, 1) in local coordinates is holomorphic in A there and has the form

G, &0 ~ D qai(x. & 1), wherega = (P°(x. &) =07 (1.5)
>0

Here, when P is scalar,

2l
G-a1=b1(. g%y .. qea =D b, E)g L (16)
k=1
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with symbols by , independent of A and homogeneous of degree dk —[ in & for |§] > 1.
When P is a system, each g_,4_; is for [ > 1 a finite sum of terms with the structure

r(-xvgv)") =b1QEldb24i2dbMCIiﬂébM+l, (17)

where the by are homogeneous yrdo symbols of order s; independent of A, the v; are
positive integers withsum € [2, 2/+1],and s;+- - -+spy41—d(vi+- - -+vy) = —d—1.
(Further information and references in Remark 3.3.7.) Moreover (cf. Theorems 3.3.2,
3.3.5.), the remainder q,’w =q— ZI<M q—q— satisfies for A on the rays in W, ,:

|DE D gy (x, &, W) £ (€)M A 4 (& + 107, when M + |a| > d.
(1.8)

2. Semigroups generated by sectorially elliptic pseudodifferential operators

tP

As explained in [16, Section 4.2], the semigroup V(¢) = e¢~'" can be defined from

P by the Cauchy integral formula
V() = 5 / (P — 1), @2.1)
C

where C is a suitable curve going in the positive direction around the spectrum of P;
it can be taken as the boundary of W, . for a small ¢. In the local coordinate patch,
the symbol is (for any M € Ny)

VO E D) = Vgt vy V)~ D v i(x.E. 1), where
>0

Vg = %/Ce_”‘q_d_l(x,g,)\)dk, Vy = 5 Ce_t)‘q;‘,l da. (2.2)

A prominent example is e’ VA \where A denotes the (nonnegative) Laplace—Beltrami
operator on M. This is a Poisson operator from M to M x R as defined in the Boutet
de Monvel calculus ([7], cf. also [16]), when ¢ is identified with x;,+1. When M is
replaced by R”, its kernel is the well-known Poisson kernel

t

]C('x7 Y, t) =Cn (|X _ y|2 + t2)(n+l)/2

(2.3)

for the operator solving the Dirichlet problem for A on R’r“l.

Also, more general operator families V (f) = e~'P
spoken of as Poisson operators (e.g., by Taylor [24]), and indeed, we can show that
for P of any order d € Ry, V(¢) identifies with a Poisson operator in the Boutet
de Monvel calculus. This will be taken up in detail elsewhere. In order to match the
conventions for Poisson symbol-kernels, the indexation in (2.2) is chosen slightly dif-
ferently from that in [16, Section 4.2], where v_;_; would be denoted v_;. We define

with P of order 1 are sometimes
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V_aq—i(t) and V,{,, (t) in local coordinates to be the rdo’s with symbol v_s_;(x, &, ¢)
resp. v;w (x,&,1). The kernel Ky (x, y, ) is in local coordinates expanded according
to the symbol expansion:

Ky, y, 0= > Kv, & y,0+Ky (x, 0. (2.4)
0<l<M
The following result follows from [16].
THEOREM 2.1. 1° In local coordinates, the kernel terms satisfy for some ¢’ > 0:
td=m/dird — 1 > —n,
"1t(llogt|+ 1) ifd —1=—n, (2.5)
t ifd—1< —n.

|]CV_,1_1 (X, ) t)| S e ¢

For a given co > 0 we can modify p° to satisfy infy ¢ y(p°(x, &) > co; then ¢’ can
be any number in 10, col .

2° Moreover, with the modification in 1° used with co = y (P) if y(P) > 0, the
remainder satisfies

t(M—n)/d ifd — M > —n,
Ky; e,y e Fi(llogt| + 1) ifd — M = —n, (2.6)
t ifd—M < —n,

for any c1 < y (P). In particular,
Ky (x, y, )] < e /4, Q2.7)

Proof. The theorem was shown with slightly less precision on the constants ¢/, ¢y in
[16, Theorems 4.2.2 and 4.2.5]. It was there aimed toward applications where d is
integer. The estimates of resolvent symbols in Sect. 3.3 are still valid when d € R,
but the replacement of P by P + a (¢ € R) in the beginning of Sect. 4.2 on heat
operators only gives a classical {7do when d is integer, so we need another device to
take the value of y (P) into account for general d € R;. We shall now explain the
needed modifications, with reference to [16].

For 1°, the proof in Theorem 4.2.2 shows the validity of (2.5) with a small positive
¢ < infy y(p°(x, £)). For a given ¢o > 0, the proof goes through to allow any
¢ < co, when p®(x, &) is modified for |€] < R (for a possibly large R) to satisfy
inf y (p(x, ) = co.

For 2°, the remainder symbol q//w is holomorphic on W, ,; here, if y(P) > 0 we
define the terms ¢_4—; as under 1°, with ¢o = y (P). For large M, ¢}, is < ()72
The proof of Th. 4.2.2 gives an estimate of IC% by et (1 + |log ), and the proof
of Theorem 4.2.5 shows how to remove the logarithm. The estimates of KV& for lower
values of M follow by addition of the estimates of finitely many Cy_, ,-terms. [
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We shall improve this to give information on the dependence on |x — y| also. This
will rely on the following result on kernels of Sj ;-¥do’s, found, e.g., in Taylor [24,
Lemma XII 3.1] or [25, Proposition VII 2.2].

PROPOSITION 2.2. Let a € C®°(R" x R™) be such that for some r € R, some
N eNowithN >n+r,andall0 < |x| < N,

sup, ¢ (&) Dga(x, £)| < Cy < oo. 2.8)

Then the inverse Fourier transform K4 (x, y) = .7-'5__1>Za(x, E)lz=x—y is O(]x — yI=)
for |x — y| — oo, and satisfies for all |x — y| > 0:
—r—n

lx =yl ifr>—n,

IKatx, )| < Coqlloglx —yl|+1 ifr =—n, (2.9)

1 ifr <—n.

In particular, if a € SI,O(R" x R"™) defining the Wdo A, the estimates hold for its
kernel ICa(x, y) forall N > n+r, each estimate depending only on the listed symbol
seminorms.

The dependence of the kernel norms on Cy is seen from an inspection of the proof.

In the scalar case, the kernel study can be based on nice explicit formulas that
we think are worth explaining. Consider the contribution from one of the terms in
(1.6). As integration curve, we can here use C, consisting of the two rays re'? and
re % ¢ =@y +¢.Fort > 0, areplacement of 1A by o gives the following:

j _ by p(x,%) ; _ t*by x
i th > — 1 e 0r
wyk(x, 8, 1) = 5 /c e (PO(x, £) — skt di = o ¢, ¢ (1p0 — o)k H de

¢

. e @ 0

= ’—tkblk/ —  _do = Lifb e (2.10)
7 ey g @0 — ) A

here, we have replaced the integration curve by a closed curve Cy g connecting the

two rays by a circular piece in the right half plane with radius R > 2¢|p®(x, &)| and

applied the Cauchy integral formula for derivatives of holomorphic functions. This

shows the following:

21
v = v (gD =D bk, )P forl = 1. (2.11)
k=1

Then, the kernels of the V_;_;(¢) can be estimated by the following observations.

PROPOSITION 2.3. Let p°(x, €) be the principal symbol of a classical scalar
strongly elliptic do P onR" of orderd € Ry, chosen such thatRe p°(x, £) > co> 0.

1° Letc’ € [0, col . Forany j € No, (t(p°(x, &) —c')) e TP 6= jg i 89 o(R™ x
R™) uniformly int > 0.
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2° Let

i — b(x"i:)
w(x, £,1) = g/cwe * ) — T 9 (2.12)

wherek > 1 and b € Sﬁ%_l (R" x R™). Then
wx §.1) = Lb(r, e = ' (x, £, 1), 2.13)

where w'(x,&,1) € Sf’al (R™ x R™), uniformly fort > 0.

Moreover, W(x, z,t) = .7-'5__1>Zw satisfies for any ¢’ €10, co[ -

tzI'=4" ifd —1 > —n,
[D(x, z,0)] < e e (loglzl| + 1) ifd —1=—n, 2.14)
t ifd—1 < —n.

It follows that for 1 > 1, Ky_, ,(x,y,t) = Fol Zv_d_l()c, &, 1)|;=x—y satisfies the

E—
estimates

t|x — yll_d_” ifd —1 > —n,
Ky, oy, 0l <e " Trloglx —yl|+ 1) ifd—1=—n, (2.15)
t ifd—1< —n.
Moreover, Ky_,_,(x,y,1) is O(e_C/’tlx —yI™) for |x — y| = oo, any N.

Proof. 1°.Foreach fixedt > 0, e’ 8) g rapidly decreasing in &, hence is in Sigo .
But for our purposes we need estimates that hold uniformly in ¢ for # — 0. Let

Lok .j —
M;j i =sups d5(s’e™).

s>0
Then, for all t > 0, & € R”,
1(ep"(x, £)) e ) < M,
10, ((1p%) ™) = 185 (s7 e ") y—pot 3 PO < Mjatl(p%) 05 p°1 £ (6)71 ..
10 ((tp%) ") < (&)1, (2.16)

showing the assertion for ¢/ = 0. (2.16) holds also if p° is replaced by p® — ¢/
throughout, when ¢’ €0, ¢l .
2°. The first identity in (2.13) was shown in (2.10). We can also write

w(x, & 1) = 41 b(p° — ) T (p® — ) le e P D = oy (x, &, 1),

Here, b(p° — ¢)! =% isin Sigl, independent of 7, and by 1°, (1 (p° — c’))k_le_’(po_cl)
is uniformly in S?,o’ so it follows that w’ is uniformly in Si{al. We can now apply
Proposition 2.2 to draw the conclusion (2.14).

Since v_g4_;(x, &, 1) is a sum of such terms when [ > 1, the estimates (2.15)
follow. O



Vol. 14 (2014) Heat kernel estimates for pseudodifferential operators 57

For systems P, we can use systematic estimates from [16]. We find for general P:

THEOREM 2.4. 1° In local coordinates, Ky_, satisfies for some ¢’ > 0:
Ky (e, 3,0 2 et fx — 747", (2.17)

Forl > 1, the kernels Ky_,_, satisfy (2.15). For alll, the kernels are O(e_c/’t|x—y|_N)
for|x —y| — oo, any N. If y(P) > 0, we modify po to satisfy inf ¢ y(po(x, &) >
y(P), then ¢’ can be any number in 10, y (P)[.

2° Moreover, with pO chosen as in 1°,

tlx —y|M=d=n ifd — M > —n,
Ky, .y, 01 e e (loglx — yll+1) ifd — M = —n, (2.18)
t ifd—M < —n,

for any c; < y (P). In particular,
Ky (x, y, 1) < eVt |x — y| =4, (2.19)

Proof. 1°. When P is scalar, the estimates in (2.15) for/ > 1 are shown in Proposition
2.3, when we take co = y (P) if y (P) > 0. For general systems P, the symbols g_4_;
are sums of symbols as in (1.7), and we apply [16, Lemma 4.2.3]. Here, (4.2.35) with
k = —d — [ shows that

ID)‘?D?v_d_l(x, £.1)] < (g)d—Ilge=ct,

for all ¢, B. Actually, the estimate (4.2.35) has e~ ©" with a positive c as the last fac-

tor, but an inspection of the proof (the location of integral contours) shows that e (¢ ¥

can be replaced by e, if ¢’ < inf y (p°(x, £)). This shows that e’t~'v_y4_; is in

Si{gl uniformly in ¢, so the estimates of the Ky_, , follow by use of Proposition 2.2.
For [ = 0, we can argue as follows in the scalar case: Foreach j = 1,...,n,

—1p0 —ip0
O, v_g = Og eV = —t(agjpo)e L

— . .. — _ 0_./y . . —
where 0g; p0 e Sfol. Now, as in Proposition 2.3, e C’agjpoe Hr°=¢) s in Sfol
uniformly in ¢, and hence v_; = ]—"s__l)zv,d satisfies, sinced — 1 > —n,

|20 al £ et |z 741", (2.20)

Taking the square root of the sum of squares for j = 1, ..., n, we find after division
by |z| that

15_al < e <1t]z|74 ", (2.21)

In the systems case, we note that

%;4-d = —q—d(3; P")q—a. (2.22)
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since 8;/, [(po — )L)(p0 —2)~11=0.Lemma4.2.3 applies to this in the same way as
above, showing that

|D£Dgag’:j v_g(x, &, 1) S (é_—)d—lf\auefc/l,

) e"/’tagj v_g is uniformly in Sf,al. We conclude (2.20), from which (2.21) follows,
implying (2.17).

2°. Here, the estimate in (2.18) has already been shown for large M in Theorem
2.1. For lower values of M, we can add the estimates of the entering homogeneous
terms Ky_, , with [ > M; the top term gives the weakest estimate. O

Theorems 2.1 and 2.4 together lead to Poisson-like kernel estimates:
THEOREM 2.5. 1° One has in local coordinates:
t(lx —y|+tVl=d=n jrg ] > —p,

t(log(lx —y| + YD+ 1) ifd—1=-n, (223)
t ifd—1< —n,

IKv (e y, 0l < e!

for some ¢’ > 0. If y(P) > 0, we modify p° to satisfy infy ¢ y(p°(x, &) = y(P);
then ¢’ can be any number in 10, y (P)[.
2° Moreover, with pO chosen as in 1°,

t(lx —y| +tVHM—d=n irqg — M > —n,
Ky (.01 < e e ([log(lx — y| + 1Y)+ 1) ifd —M =—n, (2.24)
t ifd—M < —n,

for any c1 < y(P). In particular,
Ky (e, y, 0] £ e Ve (jx — y| + 11/ 747",
Ky (x, v, D £ et (Ix — y| 117414, (2.25)

3° For the operators defined on M, one has (with d(x, y) denoting the distance
between x and y)

Ky (x, vy, )] < e Vi d(x,y) + /=4, (2.26)

foranycy < y(P).
Proof. 1°-2°. In the region where |x — y| > (i,

1/d

X =yl < lx =yl +17/% =< 2[x =yl

in other words, |x — y| = |x — y| 4+ ¢!/4. Then, the estimates in Theorem 2.4 imply
the validity of the above estimates on this region.
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In the region where |[x — y| < /4 we have instead that /9 = |x —y|+ /4, Then
the estimates in Theorem 2.1 imply the above estimates on that region; for example

t*l’l/d =t (tl/d)fdfn = t (|x _ y| + tl/d)*dfn

there. For the two regions together, this shows (2.23)—(2.25).
3°. This follows from the estimates in local coordinates. ]

The operator P on M has compact resolvent. When the eigenvalues with real part
equal to y (P) (necessarily finitely many) are semisimple (i.e., the algebraic multiplic-
ity equals the geometric multiplicity), we can sharpen the information on the behavior
fort — oo:

COROLLARY 2.6. Assume that all eigenvalues of P with real part y(P) are
semisimple (it holds in particular when P is selfadjoint). Then

Cyir (x, v, 1)] < 7PN d(x, y) + /9 4 1) .27

awm i (
(d(x, y) +1t/d)d

Proof. The spectral projections I1; = # fcj (P —x)~'dA onto the eigenspaces X j for
the eigenvalues {11, ..., At} withreal part y (P) (where C; is a small circle around the
eigenvalue) are pseudodifferential operators of order —oo, and their kernels /C I, (x,y)

are bounded. If ¢ > 0, the operator P' = P + ¢ lezl I1; satisfies y (P') > y(P).
By Theorem 2.5 applied to P’,

IK,mie (2, y, D] £ eV Plr(d(x, y) + 11/~

On the other hand, V(1) = e ™7 + (1 — e™) >4 _ e "% 1}, s0

k
Kopoir (e, 3. 1) = Ky G,y 1) + (1= ™) D" e Ky, (x, y).
j=1
From
~¢ < min{1, et} < ! - ! ’
o = (diam(M) + tV/4)d = (d(x, y) + t1/4)d

1—e

we conclude that (1 — e™*")|Kp; (x, y)| < m, and (2.27) follows since

le=™%i| = eV (P) for each j. d

REMARK 2.7. The proof of Corollary 2.6 allows to sharpen the estimates in The-
orem 2.5 and Theorem 2.9 below also in the general case where the eigenvalues with
real part y (P) are not all semisimple. Denote by r the dimension of the largest irre-
ducible P-invariant subspace of any eigenspace X; associated with an eigenvalue
with real part y (P). Then, in Theorems 2.5 and 2.9, we may replace the upper bound
e"'/’t(d(x, y) + tl/d)fdfnfk by
t

—y (P (] 4 -1
¢ A+ GGy 7 7

(G, y) + 9™k 41). 228)
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It is not hard to extend the estimates to complex ¢ in convenient sectors around R .
Namely, since po has its spectrum in the sector {| arg 1| < ¢p}, ¢'? P has the sectorial
ellipticity property when |6] < 6y = 5 — . For each 6, it generates a semigroup
e—te’P , and these operator families coincide with the holomorphic extension of V (¢)
to the rays {re'?} in the sector Voo = {t € C | |argt| < 6p}. On each ray, we have the
estimates in Theorem 2.5, and they hold uniformly in closed subsectors of Vy,. We

have hereby obtained the following:

THEOREM 2.8. With ¢ defined as in the beginning of Sect. 1 and 6y = 5 — ¢y,
the semigroup generated by P extends holomorphically to the sector {| argt| < 6p},
and the estimates in Theorem 2.5 hold in terms of |t| on any closed sector {| argt| < 0}
with 0 < 6 < 6o, taking ¢ < minj|<p y (¢! P).

For the case where P is selfadjoint, global estimates on the open sector {| arg | < 5}
will be given in Sect. 3.

Also, the derivatives of the kernels can be estimated by use of the symbol estimates
in [16].

THEOREM 2.9. 1° One has in local coordinates:
\DEDY D/ Ky, (x, y,1)|
t(Jx — y| + VI AEDA=Y = (G  Dd + |y | — 1 > —n,
e Ve (llog(lx — I+ YD+ 1) if G+ Dd + |yl —1 = —n,
t if(G+Dd+1y|—1< —n,
(2.29)

for some ¢’ > 0. If y(P) > 0, we modify p° to satisfy infy ¢ y(p(x, £)) = y(P);
then ¢’ can be any number in 10, y (P)[.
2° Moreover, with p° chosen as in 1°,
|DEDY D! Ky, (x, y.1)]
£l =yl +VOMEUEDEEIEf g Dd + |y = M > —n,
e M r(log(x =yl + 1D+ 1) if (j+Dd+ 1y =M= —n,
t fG+Dd+lyl—M < —n,
(2.30)

forany cy < y(P).
3° The estimates of derivatives of Ky hold for the operator defined on M with
|x — y| replaced by d(x, y).

Proof. As in Theorem 2.5, the estimates are pieced together from estimates general-
izing those in Theorem 2.1 resp. Theorem 2.4 to include derivatives. We use that

|DEDYD]Ky_, (x,y.0| = |DEDID]5_4_1(x,z,1)|

= |7 (€ DED] vy (x, £, 1)),

z=x7y|

:x—y"
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To generalize Theorem 2.1 to allow x- and y-derivatives, we just have to apply the
arguments of [16, Theorems 4.2.2 and 4.2.5], to the modified symbols &7 Df V_4_i,to
get the estimates (2.29) with |x — y| replaced by 0. Derivatives with respect to ¢ alone
are explained in Theorem 4.2.5; finally, this is combined with x- and y-derivatives in
a straightforward way. Similar considerations work for remainders; here, we can in
fact refer directly to (4.2.60) for large M, and the statements for lower M follow by
addition of the appropriate set of estimates of Ky_, ,-terms. This gives the expected
generalization of Theorem 2.1, namely (2.29)—(2.30) with |x — y| replaced by 0.
For the generalization of Theorem 2.4, we note that estimates

|$VDfD§D{v_d_,(x,g,t)| < (g)UHDd+HyI-lal—l =t

for || +1 > 0, all 8, j, follow from [16, Lemma 4.2.3] (see the remarks around
(4.2.40) for how to include ¢-derivatives, as done also in Theorem 4.2.5). Thus,
e ’t‘lgyDﬂDjv d—1 1s in S(/H)dﬂy‘ - uniformly in ¢, and it follows by Propo-
sition 2.2 that

DY DED]5_g-1(x, 2, 0)]
tz| 7A=Y G (4 Dd + |y — 1 > —n,
t(log(lz| + YD+ 1) i (j+Dd+ |yl —1=—
t f(G+Dd+1y|l—1< —n.

. L
Sec‘t

This implies estimates as in (2.29) with [x — y| + /¢ replaced by |x — y|. The con-
clusion is immediate for / > 1, and for /[ = 0, we use the estimates of D;,.v as in the
proof of Theorem 2.4. Again for remainder estimates, we can appeal to (4.2.60) for
large M.

The proof is now completed as in Theorem 2.5. 0

REMARK 2.10. As an example of a nonselfadjoint strongly elliptic case of inter-
est to which the results apply, let us mention the first-order operator P = Az + L,
where L is a first-order differential operator with real coefficients (in the situation on
R", L = b(x) -V + c¢(x), b and c real smooth with all derivatives bounded). Since
the principal symbol b(x) -i& of L is purely imaginary, Re p®(x, &) = |£|, s0 p°(x, &)
for & # 0 ranges in a sector {A # 0 | [argA| < ¢o}, go < 5. This case is treated by
other methods in Xie and Zhang [26].

3. Estimates in the complex plane for selfadjoint operators

In this section, we shall derive some uniform kernel estimates for the extension of
the semigroup into the region C; = {t € C | Ret > 0}, when P is selfadjoint. We
assume for simplicity that P is > 0. As noted in Theorem 2.8, V (¢) exists for all
t € C4, and the estimates worked out in Sect. 2 hold uniformly on closed subsectors
{t € Cy | |argt| < 6},0 <6 < 7. For the analysis of the behavior for 6 — %,

additional efforts are needed. We shall rely on a theorem of Agmon [1]:
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PROPOSITION 3.1. Let Q2 be an open set having the cone property. Let T be a
bounded operator in Ly (2) such that the ranges of T and T* are contained in H™ (2)
foran m > n (m can be noninteger if Q@ = R" or is suitably smooth). Then T is an
integral operator with a continuous and bounded kernel Kt (x, y) on Q x Q satisfying

1—
K7 e 1< CUT llon + 1T o)™ 1T 155"
with a constant depending only on 2 and m.

Here, ||T'||4.» stands for the norm of T as an operator from H“(2) to H’(Q). The
theorem holds in particular when €2 is replaced by our manifold M or by R”.

We note first that there is an easy estimate of the kernel in terms of # alone that can
be obtained essentially by functional analysis.

THEOREM 3.2. The full kernel satisfies for t = €'°|t| € C.:
Ky (x,y, )] £ 14 (cos@)4)s| /4,

Proof. Notethat ||V (t)]lo.., = [I(1+ P™yY (1) llo.0o because P > Ois strongly elliptic
and of order d. By the standard theory of analytic semigroups (see e.g., Lunardi [18,
Proposition 2.1.1]) or functional calculus, and ((Re #) P)M V (¢) is uniformly bounded
for M € Ny. This extends to M > 0 by interpolation. Hence, we obtain for m > 0:

IV©Ollom = 11+ PV (@)oo < 1+ (Ret) ™™/

The estimates likewise hold for V (1)* = V (¢). Proposition 3.1, therefore, yields for
any m > n

Ky, y. 01 = UV Olloa + IV lloa)" ™ IV Ol e"™ <1+ Rer)™/4

= 1+ (cos@ |t])™4,
as was to be shown. O

Extensions to C of the other estimates in Sect. 2 are more costly in negative pow-
ers of cos 6. We first consider the homogeneous terms in the symbol of Q;, showing
how the estimates of symbols like (1.5)—(1.7) depend on arg A, when A is close to the
spectrum of P.

Asin [16], we denote |A|'/¢ = 1 and write ((&, n)) = (1 + |&|> + u2)/? for short
as (€, p)itis = (1+ €]+ [4V9).

PROPOSITION 3.3. Let p°(x, &) be symmetric with lower bound > c(€)¢ , and
let A € Cwithargh = ¢, 0 < |p| < % Then

lg-a (. & 0 = (P70, §) = 1)1 < [singl (g )~

IDEDEq a(x, & 1) £ |sing| ™ 717 Blg) el g 1724 yohen || + |B] > 0.
3.1

Foralll,a, B withl > 0,

IDEDEq-a-1(x, €, 2)| < |sing| 2 71lel=Plgyd=tlele yy=2d (3.2
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Proof. We have for A = ¢/¢|A| with 0 < |¢| < % and v € CV:

1(p%v, v) — Alv]?| = [Tm((p%v, v) — [Ale"?|v|*)] = |A]| sin | |v]?,
1(p%v, v) = Av)?| = e (p%v, v) — [Al[v?] = [ Im e (pOv, v)|
= |sinp|(p"v, v) > |sing|c(g)!|v]?,
from which follows
1(p° = Mvllv] = [((P° = v, v)| = [sing|(|A] + €)Dv).

This implies that |(p® — 1) 71| < | sing| L&) + A1 = |sing| 7' (£, u) ¢, show-
ing (3.1).

The other estimates follow as in [16] from the structure of the terms in the parame-
trix, using (3.1): g_4—; is for [ > 1 a finite sum of terms, where vi + --- + vy > 2
takes values up to 2/ + 1,

r(x, &, 1) =big",b2g", - - byug™by1,

cf. (1.7). Each ¢_, contributes to the estimates with a factor | sin ¢|~!, and there are
up to 2/ + 1 such factors; this shows (3.2) for « = B = 0. Each differentiation may
hit a factor ¢_4 giving an extra | sin ¢|~! in view of (2.22); this leads to the estimates
(3.2) by the Leibniz formula. O

The symbol terms v_g_;(x, &, t) are defined from the g_;_;(x, &, 1) as in (2.2).
Whent € C,, withargumentargs =6 € ]— %, %[, we must assure that Re(At) — oo
when |A| — oo on the integral curve C. This holds if A runs on a contour formed of
the rays A = rei% where 0o = %(% — 161), connected near 0 by a circle of radius
¢ < inf y(p°(x, £)) passing to the right of 0:

C={reé? |oco>r>¢e}Ufee? | pyp>¢>—po}U{re ™ | & <r < oo},

9o = 5(5 — 16). (33)
Here, inf;, cc Re(A) = ¢1 > 0.

REMARK 3.4. Note that |§] = 7 — 2¢o belongs to [0, Z[ if and only if ¢y belongs
to ]O, %]. On this interval, singpy = sin(2¢p) = cos#, so they can be used inter-
changeably in our estimates.

We shall need the following generalization of [16, Lemma 4.2.3].

LEMMA 3.5. Lett = ¢'|t|, and choose ¢y and C as in (3.3).
Let M € N, let o1, ..., oy be nonnegative integers with

o=o01+ - +oy>1, (3.4
and let f(x, &, \) be a (matrix-formed) symbol of the form

Fa e = AP =0 AP =072 (P = N)TM fypy, (35)
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wherethe f;(x, &) are yrdo symbols of orders; € R, homogeneous for || > 1. Denote
S1+ -+ Sy+1 =S, then the order of f isk =s —od. Let F, = Op(f(x,&,A)) on
R", and let E(t) be the operator family defined from F) for Ret > 0 by

E(t) = 5 /C e F, da. (3.6)

Then E(t) = Op(e(x, t, §)), where the symbol

e(x,1,) = 5= / e flx, £, 1) dA (3.7)
C
satisfies:

i) e(x,s %, s&) =se(x,1,6) forlg| =1, s> 1,

(i) |DEDEe(x,1,6)| < (singp) o leI-IFl(g)dHhrlalo=cRerE) (38
The kernel of E (t) satisfies ford +k > —n
|ICE(X, y’ t)| é (Sin (po)—U—(d-i-k-H‘l)/de—C/Rel|t|—(d+k+n)/d’ (39)

with ¢’ > 0.
Ifo =2,

IDEDEe(x, 1, )] < (sin o) 0117 1l]p|(g) 2 Hh—lel o=/ Rer @ (3 1)
In this case, the kernel satisfies ford + k < —n

.o y t| (|[logRet|+1) ifd+k=—n,
IKE(x,y,1)] < (singg) e ¢ Re! 1#1(|log | ) 3.11)
lt| ifd+k < —n.
Proof. Asin[16, Lemma 4.2.3], we can pass the operator definition through the inte-
gral. To estimate e, we first consider || < 1. We use the residue theorem and that p°
is selfadjoint to obtain

le(t, x, §)] = %/Ce"*f(x,é,k) dA| £ (14 17 e Rer,

Here, ¢ = y (p°(x, £)).

For |&| > 1, wereplace C by aclosed, homogeneous curve C, ¢ around the spectrum
of p¥(x, £). C..c coincides with C on a annulus of inner radius c|& |4 and outer radius
C|£|¢ and is closed by the segments of the boundary of this annulus which lie to the
right of C. Then, by homogeneity,

; . _c

le(t, x, )| = I#/ ¢ (e E 1) dA] £ (singo) 7 (§)7 (£) ke T RN,
CC,C

Combining the two estimates, we conclude (3.8) for « = B = 0. The derivatives

Df Dg‘e(x, t, &) are sums of terms of a similar form, with k replaced by k — || and

o replaced by numbers < o + |«| + |B].



Vol. 14 (2014) Heat kernel estimates for pseudodifferential operators 65

To show (3.9) ford+k > —n, weestimate K g by comparing e with its homogeneous

extension ¢

Ke(x, y, 1) = / TN (x 1, E) dE +/ e TE (e — o) dE.
R" lg1=<1
Using (3.8) and a homogeneous variant,

IKg(x,y, )| < (singp) e 1Re! / e~ RetlEl" g d 4k g
Rn

+ (singoo)_ae_cl Ret/ e 2 Ret\s‘d((é>d+k + |E|d+k) d-s
1§1=1

The first integral is = (Re )~ @Hktm/d = (sin o)~ dHhtm/d|p|=(dtk+m)/d - ypile
the second remains bounded as |t| — O.

Now, consider the case where o > 2. As | f| < (A)~2 away from R, the integral
converges uniformly in# > 0. We may deform C to a closed curve in the left half plane,
where f is holomorphic, to conclude e(x, 0, §) = 0. Also, using (—X)(ps — M=

1— pa(pa — 17",
Oe(x,t,&) = %/e"k(—k)f(x,é,)n)d)»
C

can be expressed in terms of e and a second term of the same form, with one of the s;
replaced by s; +d. By (3.8)

|ate(x7 z, S)l é (Sin (po)_g (E>2d+ke_CRet(s>d

and hence, since the value at r = 0 is 0,

le(x, 1, )| < (sin gg) 7 || (£)24+ke—cRe1(®)

This shows (3.10) for « = 8 = 0. The proof for Df D‘ge(x, t, &) is analogous. The
estimate (3.11) is obtained similarly to (3.9), using (3.10) instead of (3.8). ]

This leads to the estimates of homogeneous terms:

THEOREM 3.6. Lett = ¢'?|t| € C. Inlocal coordinates, the homogeneous terms
in the kernel of V (t) satisfy for some ¢’ > 0:

Ky, (x, y.1)] < (cos§) "/ de=¢'Ret |y =n/d (3.12)
(cos @)U=m/d|g|d=m/d g _ | > —p,
)2l Ret Ly (llogRet| + 1) ifd — 1 = —n,
[t| ifd —1 < —n.

Ky, ,(x,y,1)] < (cosf

(3.13)
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Proof. We choose ¢ and the curve C as in (3.3), recalling that cos# = sin ¢g. For
[ > 1, the assertion follows from Lemma 3.5, (3.9) resp. (3.11), using that in the terms
ofg_g—1,d+k+n)/d=m—-1)/dando <2[+ 1.

For I = 0, we explicitly compute

Ky, (x, y, 0] = @m)™" / o/ nE) crs’
RV!
< e Ret (/ e*CZRetlp;q)(x,E)l de +/ (efczRet\pO(x,é)\ _ efczRetlﬂg(x,é)\) d'?,-‘)
" lE1=1

ket (/ e Rl g 4 1) < e R Ren) Y,

The assertion follows, since Ret = |t| cos 6. O

Moreover, estimates in terms of |f| and powers of |x — y| are obtained. For a € R,
we denote by [a] the largest integer < a.

THEOREM 3.7. 1° In local coordinates, Ky _, satisfies for some ¢’ > 0:
Ky (6, 3, 0] £ (cos )11 meRefy e — y=d=n 0 (3.14)
Forl > 1, the kernels Kv_,_, satisfy
Ky (x, 3, D] £ (cos0) e Re!
(cos @) ~d=lHnl=V g |y — y=d= ifd — > —n,
x 1 (cos) el (|loglx =yl +1) ifd —1=—n,
lt| ifd—1< —n.
(3.15)

2° Moreover,

(cos )~ Ni[t] (|x — y| + |V DI=d="ifd —1 > —n,
vy (e, v, 0] £ e R T (cos 0)M|t| (Jlog(1x — y| + 11|V + 1) ifd —1 = —n,
(cos)™MNt| ifd —1 < —n,

max{n/d,[d —1+n]+3} ifl =0,

max{2/ + 14+ n—-10/d,2l+2+[d —1+n]} ifl>0,d—-1> —n,
2142 ifd—1=—n,

20+1 ifd—1< —n.

where N; =

(3.16)
Proof. 1°. Forl > 1, we obtain from Lemma 3.5, (3.10), that
D v_q_i(x,1,8)| < (cos§) "2 1lel (gyd ==l p=c'Rer,

Here, we apply Proposition 2.2 with r = d —I; then, we need |«| < N where N € Np,
N>d—-Il+nlfd—-I1+n<0wetake N =0,andifd — [ +n > 0, we take
N =[d — [ + n] + 1. This shows (3.15).



Vol. 14 (2014) Heat kernel estimates for pseudodifferential operators 67

Forl = 0, v_g(x,1,&) = e~ &5 and we pass via J¢;v to show the estimate,
as in Theorem 2.4. Here, ;v enters by application of Lemma 3.5 to f(x,§, ) =
0t;9—a = —q—a(0; po)q_d; ithaso =2,k = —d — 1. Then (3.10) gives that

|DE g, v_q(x, 1, £)| < (cos @) 271l (g)d~1-lel g =c'Rer
so an application of Proposition 2.2 with N = [d — 1 + n] + 1 gives that
|Zjﬁ—d| é (COS 9)—2—[d—1+n]—1 |t|€_C/Ret|Z|_d+l_n.

Using this forall j =1, ..., n, we find (3.14).
2°. We here combine the preceding estimates with those in Theorem 3.6 in the same
way as in the proof of Theorem 2.5. O

Estimates of remainders V, are more difficult to work out, since they depend on
the interplay between the exact resolvent 0, and the homogeneous symbol terms, and
they will be more costly in powers of (cos#)~!, the larger M is taken. We shall here
go directly to remainder kernel estimates.

Let us define the Mth resolvent remainder operator

Qy=01—> 0 ai,
<M

where each Q_,4_; is an operator on the manifold M constructed from the symbols
q—q—1 in local coordinates. For each A, Q},[ is a yrdo of order —d — M, but we do
not know on beforehand how it is estimated in terms of A, although we have such
information on the terms Q _4_;. Let us write

Q) = Q)(P —21)0sx = Ry Oy, where
Ry=QyP-1)=1=> 0 41(P-1 (3.17)

<M

is a Yrdo of order —M constructed from known symbols. The idea is now that func-

tional analysis gives us a certain control over operator norms of Q;, whereas {rdo

calculus will allow us to estimate operator norms of Ry, and then Agmon’s result

Proposition 3.1 will lead to a kernel estimate of the composed operator. For A with
. x

argument ¢ satisfying 0 < [¢| < 7,

(P — Mullllull = [((P — Mu, u)| > [ImA[[lul® = |sing| |2 [|u]|*; hence
105 ll0,0 < sing| ™" x| 7". (3.18)

We are aiming for an estimate of /C Vi, by c|t|, and we know from Theorem 2.1 based
on [16, Thm. 4.2.5] that to avoid logarithmic factors, it is better to use the resolvent
formula

0,=-2""+1710,P, (3.19)

inserted in the integral (2.1) derived with respect to 7.
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First some details on how to handle the possible zero eigenspace of P. Similarly to
Corollary 2.6, it will be convenient to write P = P® —¢gIl, where I is the orthogonal
projection onto the zero eigenspace of P, and ¢ > 0 is chosen < the lowest positive
eigenvalue, whereby P¢ = P +4¢Tlgis > ¢. Here, Iy is the ¥do of order O with kernel
Z;:ﬂ’j (x)@;(y)*, for an orthonormal basis ¢1, ..., ¢, of the zero eigenspace. Then

Vt) = VE@) + (1 — e )Ty, where VE(t) = e 'F";

and it is the latter operator that needs investigation. V¢ (¢) is defined from the resolvent
05 = 05— (e—2)"'Mo = (P°~ 1)~ by

VE@t) = 5 /C e "¢ da. (3.20)

For this integral, the contour can be chosen as in (3.3) with ¢’ < ¢.

For simplicity of notation, we drop the e-index in the next calculations and return
to include the contribution from ITj in the final formulations.

An application of (3.19) gives

V() = #/ M=+t Pyd =S5 [ e a0 P da,
C C
3,V (1) =—§/e—’*QAPdA. (3.21)
c

Thus, 8,ICV};/[ is the kernel of the integral of the Mth remainder —(Q; P)’, of —Q, P.
‘We know that ICV,(,, vanishes at t = 0 and want to show boundedness of the last integral
applied to the kernel of the Mth remainder. Here, (cf. also (3.17))

<M <M <M

Since Ry P Q; is already of order —M, the Mth remainder of Q; P is

(Q1.P)yy = Ry + Ry PQy, where Ry = ( Z lep) ) (3.22)

<M M

In preparation for the study of the symbols of Rj; and Ry, we prove a lemma on com-
position formulas from the ydo theory. In the general first two rules, it is important
that the component to the right is A-independent, to keep the introduction of factors
| sin |~ ! as low as possible.

LEMMA 3.8. Let b(x, &) € S| (R" x R"), and let a(x, &, %) € S{\(R" x R")
with respect to (x, ), with A as in Proposition 3.3, such that for somed’ > 0, N € R,
one has forall a, B € N7,

IDEDga(x, &, 3)| = |sing| VTl gyl g = (303)
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1° There exists c(x, £, 1) € S{'T (R" x R") such that Op(a) Op(b) = Op(c), and
for every M € Ny,

cx, £, 1) = D> & Dfa(x, & 0Tb(x, €) + cm(a, b), (3.24)
la|<M
where
DY DEeu(a, b)| < | sing|~NTMlT Pl gy rdbb Mol g )~ (3.25)
2° If (3.23) for « = B = 0 is replaced by
la(x, £, 1) < [sing| N ()&, )~ (3.26)

for some 0 < d < d’, then (3.24) holds with (3.25) valid for M > 1 and the estimates
of cq replaced by

ID{ DEcola. b)] < |sing| NP lg)dratdiely = 3.27)
3° Fory € N}, DY Op(a) = Op(a?), where

IDEDEaY (x £ 0 2 D [sing| NPl gy vk el g =
k<ly|
(3.28)

Proof. 1°.Let x (x, &) denote a C*-function that s 1 for |x|® +|&|> < 1 and vanishes
for |x|> + |&|> > 2, then we can replace the given symbols by their products with
x (ex, €&€), which makes all integrals calculated below convergent. It is known in the
theory (by the technique of oscillatory integrals, cf. [17, Sect. 7.8]) that the result-
ing symbols converge to the given symbols for ¢ — 0 in all the seminorms that are
involved. The modified symbols will again be denoted a, b. We can also assume that
b has compact support in x (in a set containing the x for which we need the formula).
Then l;(n, &) = Fxoyb(x, §) satisfies

IDEb(n. &)] = ()~ (&)1, (3.29)

for all o, N’. It follows from the vrdo defining formula that Op(a) Op(b) = Op(c),
where

c(x, &, M) = / a(x,n, \)b(y, S)e’-(’“y)"’e“yﬂ)'5 dzdédydn
R4n

=/ ax,§ + 1. )b, £)e™ " dn. (3.30)
Rn
If M > 0, we insert the Taylor expansion of a in & up to order M,

a(e,&+n.0) = D In“dfax.£ 1)
|la|<M

1
+ > Mn/ (1 =" o¢ax. & + hn, 1) dh,
0
loe|=M
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obtaining that ¢ = cy + ¢y, where

cont = Q)" /]R > Logate & on b, )¢ dy
la|<M

= > Lofatx. £, MDIb(x. ) = D LDEalx, £ 0)Tb(x. §).

o] <M la|<M

1
ey = Q)" / S i / (1 = WYM=108a(e, & + hn, 2) dh n*b(n, )€™ diy.
Rn 0
la|=M

The sum over |a| < M equals the sum in (3.24). For the last integral, we use that

|a?a(-xv$ + hn, )\')l S | sin<p|7N’M(€: + hn)d,‘l’d]*M(g + hnv /’L)id/
< sing| MM g)HATM (g )= MR

by the Peetre inequality. Taking this together with the estimates (3.29) of b (with a
large N’), we can conclude that

lem| < |sin | TN M (g)d Fditda=M g 1y =d

For M = 0, we apply such considerations directly to ¢y = c(x, &, A) in (3.30):

lcol < |sing| ™Y / €+ ) E + 9, 0 )N (&) dn

< [sing| N E) e )=
Derivatives of cjs in x and & are treated in a similar way.

In the case 2°, the proof goes through in a similar way, except that d’ is replaced by
d in expressions containing undifferentiated factors a.

In 3°, the A-independent factor is to the left, and (3.30) holds with integrand
& + ¥ F,opaz,§, A)e'* . The Taylor expansion of (§ + 1)? is a finite bino-
mial expansion >, _, (¥)€”~*n* and leads to a finite composition formula where the

estimates (3.28) of the terms can be read off directly. O

The composed symbol ¢ = cg(a, b) is also denoted a o b (used in [16]) or a#b.
For the analysis of Ry, we denote P — A = P, with the parameter-dependent
symbol p(x, &, A) = p(x, &) — A in local coordinates; here, for any M € Ny,

p= Z Pa—k + Py, D= Z Pa—k + Py with
k<M k<M
/

Pd=pP—X\, Pa—k = pa—k fork >0, ﬁ;‘,lsz for M > 0. (3.31)

pa is also denoted p°. The py_y are homogeneous in |&| of degree d — & for || > 1,
and pj, € STM R x RY).
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PROPOSITION 3.9. Let M > 1. The symbol ry(x, &, 1) of Ry (cf. (3.17)) satisfies
in local coordinates:

|DEDEry(x, €, 1)| £ |sing| Ml Blg)d=M=lelie =4 (3.32)

We also have that Ry = Rg,ll) + R;é) with symbols

1 2 2
ra=rly +r0 D =g aphy, (3.33)

estimated by:

1 . . — —al— M- _
IDEDEry) (x, &, 3)| = | singp| M1 IBl ) 2d=Mlel g ) =24,

IDEDEryy (x. &, 1)| £ |sin | =!I TIBl gy d =M lel g =, (3.34)
Moreover, ﬁM = —Ry.

Proof. We have that

ru=1=> > g a10pik— D, q-ai°py.

k<M I<M <M

The terms in the parametrix symbol » ;. ,g—qs—; are constructed as solutions to the
successive equations for m € Np:

1 ra o~ 1 form =0,
Z a1 DEq—a—19y pa—k = (3.35)
lot|+k-+=m 0 form=12,...,

cf. e.g., Seeley [23, (1)]. We use the truncated composition formula in Lemma 3.8 to
compute the symbol rp; of Ry with expansions in up to M homogeneous terms:

rm=1-> > > L DG a1 Pak + e k1(qd—it Pai)
k<M I<M | k+l+|a|<M

- Co( > g, ﬁﬁu)
<M

By (3.35),

S>> A DG pai = 1.

k<M Il<M k+1+|a|<M

Thus, rps consists of the following terms:

r=— D > cmk—1(q-d—i Pak) — Co( > q-a-i; ﬁﬁu) (3.36)

k<M Il<M <M
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Using the estimates (3.1) and (3.2) together with | D? Dg pa—k(x, §)| < (g)yd—k=lal
we obtain from Lemma 3.8 withd’ = 2d, di = —d — [ and d, = d — k thatfor > 1
in the sum over k, [:

\DEDE ey —k—1(q-da—1 Pa—)|

< | Sin(p|—M+k+l—1—21—|(x\—|ﬂ|<§>2d—d—l+d—k—(M—k—Z)—‘C{|(S’ /J/)_Zd
< |sin | 2M 1Bl ) 2A=M el )2 (3.37)
sincek — 1> —-M + 1.
For ! = 0, we find in view of Lemma 3.8 2°, since k < M,
\DEDE e —i(q-a. pa—)l
é | Sin(p|—l—(M—k)—|Ol\—|ﬂ|<$>2d—d+d—k—(M—k)—|C(\ (S’ M)_Zd
< | sing| M1l IRl g 24 =Ml gy =2, (3.38)
In the last term,
DIDEeo | D q-da-t: Py
1<i<M
é Z | Sin(p|_2l_l_‘a|_“3‘(E>2d_d_l+(d_M)_‘al<g, M>_2d
1<l<M
< | sin | 7M Il IPl gy 2= Mlelig ) =2 (3.39)
whereas
co(q—d» Pyy) = q-aPy + c1(@—a. Pyp)-
with ¢1(g—a, p),) estimated as in (3.39) and
IDE D (q-ap)y)| £ | sing| = Pl g)d=Mledig 1y =d, (3.40)

An addition of the contributions (using that (£)/(&, u) < 1) gives (3.32). We also
have the representation (3.33), where all the contributions to rj(‘,}) have O ((&, )24,
so that it satisfies (3.34), and rl(é) is estimated in (3.40).

For the analysis of Ry, we have by Lemma 3.8:

Z q—d-1°p = Z Z q—d—1© Pd—k + Z q—d—1° P;u

<M k<M Il<M <M

= Z Z Z %D?Q—d—laffpd—k + cm—k—1(q—d—1> Pd—k)

k<M <M k+l+|a|<M

+ Co( Z q—d-1s Pﬁu)

<M

such that the Mth remainder has symbol
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= cM—k—1(q—a—i, pa—k) +co q—d—is Py
>y (Zomsmri)

k<M Il<M <M

= D> D eM—k-1q-a-1, pa—t) + 0 ( > q-a-is P}u) +q-apy +c1(q—a. Py

k<M Il<M I<i<M

Here, we can observe that all the p-factors can be replaced by the corresponding
p-factors, for they are the same when the index is # d, and p4 enters only in differen-
tiated form since [ < M (and py; = ps — A and p4 have the same derivatives). Then, in
view of the formula (3.36) for ry;, we have indeed 7y; = —rp and ﬁM =—Ry. O

Summing up, we now have (cf. (3.22) ff.), since Ry = —Ru.
2 2
(Q1P)yy = =Ry + RuPQ, =—R\) —RY + R PO, + R PO,.
These terms will enter in different ways in the integral defining V,,(¢). Some further
symbol estimates will be needed in the following:
PROPOSITION 3.10. For y € N}, k € Ny, the symbols of R\ (D)*, D" R},
RS P(D)* and DY R} P satisfy:
1 . . — —lal— M- _
IDEDE (rjy o (€))] £ [sin | 2M I =1l (g2 =M lelk e =2,
1 . . _ ol —1B8]— M- _
|DfD§‘(§V or1<w>)| < | sin | 2M—lal=IBI=ly | (gy2d=M—laltly] g 4y =2d
2 . . el — _M— _
IDEDE(riy o p o (€))] < |sing| = 7Il= Bl (g) 2= Mlalthg ) =d,

IDEDE(E orfy o p)| < |sing| T IPIZ I g) 2= Molalitlyl g ) =d
(3.41)

)

Proof. The composition with (D)* = Op((£)¥) to the right just corresponds to mul-
tiplying the symbol by (&)*, so the first line in (3.42) results directly from (3.34). For
the second line, we use the composition rule in Lemma 3.8 3°. For the third line, we
can for k = 0 use the composition rule in Lemma 3.8 1°, which gives the result in
view of (3.34). The third line with k # 0 follows simply by multiplication by (£)*,
and the fourth line follows by another application of Lemma 3.8 3°. 0

To apply Agmon’s estimate Proposition 3.1 to obtain kernel estimates, we need an
estimate of Ly-bounds in terms of symbol seminorms. Many variants are known, and
we use the following, found in Marschall [19, Theorem 2.1].

PROPOSITION 3.11. Leta € S?’O(R” x R™) be such that for some Cy > 0, some
N e Nowith N > 5, and alla, p € Ngwith0 < |a| < N,0 < [B| < 1,
sup, ¢ (&) | DF Dfa(x, §)| < Co < oo (3.42)
Then the associated operator A = Op(a) is bounded on Ly(R"), and || Allg.0 < Co.

The dependence of the operator norm on Cy follows from an inspection of the proof.
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THEOREM 3.12. The kernels of the operators —R/(‘;), R/(‘,ll) PQ; and R/(VZI) PQ, are
estimated by

. —dd—Tn— _
e (x, 3, M| < [sin g 7472704172,
. —Ad—In— _
Rt pg, (2 3, W] < Isin | ~472177 )72, (3.43)
. _3,— _
1K@ p g, (2 3: M < [ sing|72"~4() 72,

Proof. For the use of Proposition 3.1, we note that when 7 is a yvdo of order < —n —1,
then

A

ITlons1 = D IDYTlloo.
lylsn+1

1T * No.nt1 = 1T ll—n1.0 = IT(DY"[l0.0.

Consider R;VII). The N occurring in Proposition 3.11 can be written N = 5+, § = %
or 1. For |¢| < N and || < 1, the symbols Df Dg‘ (&Y o ’"1(\/;)) are estimated by

1 . . — _N—-1— _ _
IDEDE(EY oryy))| = | sing| M-V =1l g)2d= Myl ) =2,

To apply Proposition 3.1 with |y | up to n 4 1, we must take the integer M such that
2d—M+n+1<0,soweletM =2d +n+1+8 withé’ € [0, 1[. Then

1D R\ llo.0 < Ising|2M=1=N=Irl(3)=2,

and it follows that

A+

1 . _ 11— _
IR ll0.0 < | sing|72M=1=N (5)~2

1 . 1 - . — ~N—n— _
IRy ot = D IDYRY oo < |sing|2M=N=172(3)=2
lylsn+1

Moreover,
(D* e+l S —2M—1—N ;4\—2
(R Non1 = 1Ry (D) lo,0 = Ising] (A
Insertion in (3.1) with m = n + 1 gives that

n

1K g (x, 3, )| £ [ sin | M =N =2 #C2MEN=D 550 () =2
M

7 /
|—2M—N—n—1 <)\‘>—2 |—4d—7n—3—25 -8 <)\’)—2

< |sing = |sing

< Ising| 73072,

This shows the first estimate in (3.43).
For the second estimate, we reuse the operator norms established for R/(v})- They are
now combined with some elementary norm estimates of P Q;, namely

IPQsllo.o =11 +2Q;llo0 < 1+ |sing|™!
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holds in view of (3.18), and moreover, for any s € R,
1P Qills.s = 1P P QP00 = IPQilloo £ Ising|™",  (3.44)

since the operators commute. The composition with P Q; thus results in an extra factor
| sin | ™! in the norm estimates, and hence likewise in the kernel estimate. This shows
the second estimate in (3.43).

For the third estimate, we combine the elementary estimates

I10ills,s < Ising| ™ A7, (3.45)

shown earlier for s = 0, and extendible to all s by conjugation with P*/¢_ with norm
estimates of RJ(VZI)P, derived similarly to above from the last two lines in (3.42). The
latter give estimates in terms of | sin ¢|~!=V~1=7=1(})~1 1In the resulting combined
estimate, we can replace ||~ by (A)~!, since we are working under the hypothesis
that a possible nullspace of P has been removed. This shows the last line in (3.43). [

Then, we can show the estimate of the remainder kernel:

THEOREM 3.13. Let P be selfadjoint strongly elliptic of order d > 0 on M, with
y(P) > 0. The remainder kernel ]CV}(4 satisfies for argt = 0, M =2d +n+ 1+ 4§
(with 8’ € [0, 1 ):

Iy (x, ¥, D £ (cos g)~2d=3n=T,~c'Ret )y (3.46)
where ¢’ > 0ify(P) >0,c =0ify(P)=0.
Proof. If y(P) > 0, we use the preceding estimates directly to analyse
' —1h
BIICV& = —# c e ]C(Q)»P)/M d)\,
1 2 1 2
(@1 P)y = =Ry = Ri + Ry POy + R PO;.

The curve C is chosen as in (3.3). The first, third, and fourth terms contribute with
integrals of the form

ﬁ/ eiﬁ‘f(x, vy, A)dxr
C
where
7 fx, y, M) £ e RE (cos ) 43T ()72

on the curve by Theorem 3.12 (recall that cos & = sin ¢g). Since a2 integrates to
o0, the resulting function is estimated by e~ Re? (cos 9)_4d_%”_7.
To find the contribution from Rz(vzl) , we first perform the integration on the symbol

level:

; - _ 0
#/Ce Pp = 0Tpl A =7 pl,.
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Here, we can use an estimate from Lemma 3.5. By (3.8),

—tpY . . —M—=lul— M _ d
|D)'§D?(e P p;w)| < (sin @) M—|a| \ﬂ\(é) M—|a| ,~cRet(§)
< (Sin<p0)_M—\<1|—\/3\(E>—M—\a|e—c’Ret’ hence

K ope=r )| < (singp) Me R when M > n + 1.
M

Since the latter estimate is dominated by that from the other terms, we conclude
that

. / Z _
IB,/CV&()C, y, )] £ e ¢ Rel(cosg)~H—anT,

Then, an integration with respect to ¢ using that IC% (x,y,0) = 0 shows (3.46).

In the case where y (P) = 0, the above considerations will be valid for V¢(¢) as
in (3.20). We then have to add (1 — e~#')I1y, which has a smooth kernel bounded by
min{|z|, 1}, and we reach the conclusion in the theorem. O

We can then finally show the following:

THEOREM 3.14. Let P be selfadjoint strongly elliptic of order d > 0 on M, with
Y (P) = 0. The heat kernel Ky satisfies for allt € C (with argt =60 €] — 7%, 5[)

the Poisson estimate, where N = max{:’—l, % +4d + 7}:

Il

Ky(x,y,1)] < (cos§) Ne vPIRet
oy (e 3. DI = (cos®) d(x, ) + 11179

—(d(x, y) + 1))+ 1.
(3.47)

Proof. In local coordinates, the estimate follows from Theorems 3.7 and 3.13, by
choosing M = n + 1 4 2d + &' in Theorem 3.13 and adding Ky_, , for 0 <[ < M;
the most singular terms dominate. This leads to the global estimate (3.47) (the effect
of the lower bound is handled as in Sect. 2). O

REMARK 3.15. Note that the order d and dimension n enter linearly in N’ =
77" 4+ 4d + 7, and it is easy to see where the sizes come from: 2n + 4d comes from
the power —2M where M ~ 2d 4+ n, one n comes from the requirement for Agmon’s
estimate Proposition 3.1, and 5 comes from the requirement for Marschall’s estimate
Proposition 3.11. The number 7 includes rounding up errors, and may be lowered.
More substantial improvements would depend on choosing other general principles;
e.g., the Lo, kernel estimate in Beals [5, Lemma 2], which is slightly more efficient
than Agmon’s estimate, might save 5 powers. Note that all orders d € R are allowed.

Our result applies in particular to the Dirichlet-to-Neumann operator Ppy of order
d = 1 associated with the Laplacian (and lower-order perturbations of it). For this
operator, ter Elst and Ouhabaz [11] have estimates in terms of —N"'th powers of cos 0,
where the dimension n enters nonlinearly in N:

N” =2n(n + 1), compared to our N = 77” +11;
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here N7 > N’ for n > 6. They are proved by appealing to multiple commutator
estimates for semigroups defined from iterates of Ppy, refined (L, — L,)-estimates
of Coifman-Meyer and others for pseudodifferential operators, Riesz potentials, inter-
polation, and other tools.

REMARK 3.16. Derivatives in x and y can also be estimated by these methods if
needed. For example, DXjICV(x, v, t) is described by the above formulas composed
to the left with ij; then, in the remainder terms, ij is composed with the R](lfl),
giving symbols described in Proposition 3.10. The remainder for Dy, Ky (x, y, 1) is
described by formulas, partly of the type where Rj(‘fl) is composed to the right with D,
which just gives a factor &; on the symbol, partly of a type containing O Dy;. In the
latter cases, one can use, e.g., that

PQ;Dx, = PDy, Q5 + P[Dg;, 03]1= Dy, P Qs + [P, Dx,105 + PQ;[Dx,. P10;.

Here, the first term contributes a D x; that is absorbed in the yrdo’s before it, and in
the other terms, we note that [ D X P] is of order d so that, by (3.44),

P, Dy;1Qxll0.0 £ 1P Qallo.o < Ising| ™",
1P Q:[Dx;. P1Q:ll0.0 < 1P Qullo.0ll[Dx;. P1Q:llo.0 < |sing| 2.

4. Kernels of heat semigroups for perturbations of fractional Laplacians
and the Dirichlet-to-Neumann operator

This section complements the general upper bounds from Sect. 2 with lower esti-
mates in the case of fractional powers of the Laplacian and the Dirichlet-to-Neumann
operator and their perturbations.

Let A be the (nonnegative) Laplace—Beltrami operator on the closed, compact Rie-
mannian n-dimensional manifold M. The semigroups e 2 and V9 (1) = ¢~ AT are
related by subordination formulas, which lead to an alternative proof of the upper ker-
nel estimate in this special case, as well as to lower bounds. For d = 1, they assume

a simple form:

LEMMA 4.1. Let » > 0. One has forall t > 0:

e 2\/_/ e~ 4ss 2ds “.1)

Proof. Let o = t+/A /2 and let x = %s_%; then dx = —%s_%ds, and Eq. (4.1) is
turned into

2 o
ﬁe—“z/ e 7224y, (4.2)
0
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To show this, note that the left-hand side I(«) satisfies I(a) € C 1(R+),
limg 04 I () = /7, and for & > O (with y = ax~!, dy = —ax~2dx):

0 5 g2 [e9) _ﬁ_yz
3o I (@) =/ e T (—da)x "2 dx = —2/ e 7 2dy = =21 ().
0 0

Thus, I («) = ce™>® withc = /7 . O

By Zolotarev [27] (see also Grigor’yan [13]), there exists forany 0 < d < 2 a
nonnegative function n¢(s) such that

—124/2 * —sA o d
e = e n, (s)ds. “4.3)
0

Here, n has the following properties

nd(s) = t=2/dpd 2/d) (s, > 0), (4.4)
d . _1-d

N, (s) <ts 2 (s,t > 0), 4.5)

ni(s) = 157172 (s =124 > 0). (4.6)

By an application of the spectral theorem, we obtain for all # > 0,

Vi f=e A F = /Ooo e A yd(rydr, forall f e H(M). (4.7)

In view of (4.7), it holds that
o0 (0.¢]
(6x, V4(1)8,) = <5x,/ eTAs, n?(r)dr> :/ (85, T28,) nd(v) dr,

0 0

resulting in an identity for the kernels: For all # > 0,
o

Kya (x,y,1) =/ Kp—ea(x, y) né(r)dr, for(x,y) e M x M.  (4.8)
0

Using this formula, we can deduce upper and lower estimates for Ky« from those
known for KC,--a. The following upper and lower estimates are well known (see e.g.,
Saloff-Coste [22]):

, 2
C1 _Cl d(x,)) _Czd(x;v)

Vo v Shent y)—V(x NG )

Here, V(x, r) denotes the volume of a ball of radius » around x. For a closed compact
n-dimensional manifold M, V(x, r) = r" for small r, and V(x, r) equals the volume
of the connected component containing x when r > diam M. Hence

(4.9)

Vix, /) ' =@ 4+ 1. (4.10)
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. _Ad)2

THEOREM 4.2. Let 0 < d < 2. The kernel of the semigroup V(1) = e~'2 /
satisfies for all t > 0:

t

m((d(x,}’)+ll/d)_n+l). (4.11)

K, inap(x,y) =
Proof. The upper estimate follows already from Corollary 2.6. The following proof
moreover extends to give the lower estimate. Inserting the heat kernel bounds (4.9),
(4.10) into (4.8) and using (4.5), we find

_day)?
C5dr

o0
Kya(x, v, 1) < / @2 £ D)oy e
0

o 2 oo 2
. _ i_d  _day) y_d  _dey
St/r"/2r126Crdr+I/rlchrdr.
0 0

By a change of variables T — Cd(x, y)?t, the first term equals

t

T N l R L R VL 4.12
t(Cd(x, y)?) o T e T—w- (4.12)
Similarly, the second term is
a [ _4 t
Caty [Tt e e s
0 d(x, y)!

and altogether,

Kya(x,y, 1) < (dax, ™" +1).

t
d(x, y)4

On the other hand, using the uniform bound K ,—za (x, y) <772 4 1 and 4.4), we
obtain

. o0 © T
Kya(x,y, 1) < / 2+ 1) ni(r) dr =/ @2+ 1) n? (W) 1~2d 4r
0 0 t
o0
=/ A2 Ly pd(r)yde =74 4 1.
0

Thus

Kya(x,y, ) < min [t_"/d +1 (dx, ™"+ 1)} )

Td(x,y)?

If 14 > d(x, y),

. d , —n—d o
n/d Et—n/d( (,)f/dy) +1) — Hd(x, y) + 1114y

and

1< (d(x,y)

—d
1) =iy
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On the other hand, for #1/¢ < d(x, y) we have d(x, y) = d(x, y) + /¢ and hence

; —n . ; Vdy—n
d(x, y)¢ (@™ +1) = (d(x, y) +t1/d)d ((d(x’ T+ l) .

This shows “ < ”in (4.11).
To show the opposite inequality in (4.11), note that the integrand in (4.8) is non-
negative, and (4.9), (4.10) imply

deey)?

o0 o0
/Cvd(x,y,t)z/ K,—a(x,y) nf(r)dré/ @24 D) pd(r)e €7 dr
0 a

dx.y)?
T

for ¢ = max{tz/d, d(x, y)z}. Now, for T > d(x, y)2, e € > ¢ €. Then by

(4.6),

_n+d d)

o0
/cvd(x,y,z)é/ (™2 4 1) 17'2 dr =t 2 +a 2
o

= min{r "% td(x, y)"" "} + min{1, td (x, y) ™}
> 1(d(x, y) + 1Y) prd(x, y) 147
O

For d = 1, this complies well with the explicit kernel formula (2.3) for the Poisson
operator solving the Dirichlet problem for the Laplacian on RTI.

We also consider the case where M is the boundary of a compact (n + 1)-dimen-
sional Riemannian manifold M with boundary. With A denoting the nonnegative
Laplace—Beltrami operator on M, we shall compare ICe_, v& Wwith the kernel of the
semigroup generated by the (nonnegative) Dirichlet-to-Neumann operator Ppy on
M. Ppy is the operator mapping u to the normal derivative d,u, where u is the har-
monic function on M with boundary value u. It is known (cf. [15]) that Ppy is an
elliptic pseudodifferential operator of order 1 on M with the same principal symbol
as VA

Since A?/? is a classical strongly elliptic ydo of order d, Theorem 2.5 applies to all
operators of the form P = A%/? 4 P’ with P’ classical of order d — 1, giving upper
estimates of the absolute value of the kernels; note that no selfadjointness is required.
For such operators, we can also show lower estimates.

THEOREM 4.3. Let d €10, 2[ and let P be a classical yrdo of order d with the
same principal symbol as A%/%. Then the kernel of V (t) = e~'F satisfies forallt > 0:

. t 1
v ey 01 = Gy 3y ((d(x,y)+t1/d)—" +1)

t
—af , 4.13
te d(x,y) + tl/d)d+n—l ( )
forany ci < y(P) (c1 = y(P) if Corollary 2.6 applies). Moreover, there is anr > 0
such that

Ky (x,y, 0] >t (d(x, y) + /D7 ford(x,y) +1Y9 <r. (4.14)
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Proof. As P and A%/2 have the same principal symbol,
V)= Vi) + Vv,

where V' is of lower order; more precisely V' is the difference between the first
remainders for V(r) = e~'¥ and V4(r) = e‘md/z, as in the second line of (2.25).
Hence,

Ky (x, y, )] < eVt (d(x, y) + /==, (4.15)

Now, (4.11) and (4.15) together imply (4.13).
To obtain the lower estimate (4.14), we note that

es " st = eg (1 — e ls) > 27 es T4, when's < ¢/(2¢)),

(4.16)

so for all # in a bounded set where e ! < ¢, the lower estimate in (4.11) implies that
(4.14) holds for all small d(x, y) + ¢!/4. O

We can also obtain upper and lower estimates for the Dirichlet-to-Neumann oper-
ator.

THEOREM 4.4. The kernel of e~' PN satisfies for all t > 0:

. t
Ky-irpy (X, 3, 1) < ERSET (A, )+ +1), (4.17)

)+t

and there is an r > 0 such that it satisfies
K-tppy (x,y, 1) = 1 (d(x,y) + H~ ford(x,y)+t<r. (4.18)

Proof. Here, Ppy is known to be selfadjoint nonnegative, and the semigroup has real,
nonnegative kernel [3,4], so that we may omit absolute values. The upper estimate
(4.17) follows from Corollary 2.6. The lower estimate (4.18) follows from Theorem
4.3 since Ppy differs from A!/2 by a classical rdo of order 0. O

REMARK 4.5. This work was inspired from a conversation of the second author
with W. Arendt and A. ter Elst in August 2012 on the need for kernel estimates for the
Dirichlet-to-Neumann semigroup, where we suggested the applicability of pseudo-
differential methods as in [16]. When our first version of this paper was posted in
arXiv:1302.6529, we learned of the efforts of ter Elst and Ouhabaz [11], giving an
analysis of the Dirichlet-to-Neumann semigroup kernel by somewhat different meth-
ods, and obtaining some of the same results as those presented here.
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