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Complexity of asymptotic behavior of the porous medium
equation in RV

JINGXUE YIN, LIANGWEI WANG AND Rul HUANG

Abstract. In this paper, we consider the complexity of large time behavior of solutions to the porous
medium equation u; — Au” = 0 in RV with m > 1. We first show that for any given 0 < u < ﬁ

ulm— I
and 8 > W, the w-limit set of ¢ 2 u(tﬁ-, t) includes all of the nonnegative functions f in the
Schwartz space . (RN ) with f(0) = 0. Furthermore, we prove that, for a given countable subset E of

the interval (O, Ne=D +22)A(/2 v (m_]))), there exists an initial value uq(x) such that for all x and B

—ulm— "
satisfying 0 < p < N(mz—Nl)-o-z’ B > 2 “(i" D) and % € E, the w-limit set of 1 2 u(t’s-, t) is equal to

Cq ®N) = {f € Co®RN): f(x) =0, £(0) =0}

1. Introduction

In this paper, we consider the complexity of asymptotic behavior of solutions of the
Cauchy problem for the porous medium equation

— —Au" =0, in RN x(0,00), (1.1)
u(x,t) = ug(x), in RV, (1.2)

where m > 1 is a physical constant.

The asymptotic behavior of solutions of (1.1) has attracted a lot of attentions of
mathematicians for a long time, and many interesting results have been obtained (see
[2,6-14] and the references therein). In 2003, Vazquez [11] investigated the conver-
gence of solutions to source-type solutions and proved that

tll)rgo lu(x, 1) = Um(x, Ol wyy =0
and

N
lim ¢ Nm-D+2 ||u(.x, t) — UM()C, t)”Loo(RN) = O,
—00
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where Uy (x, t) is the source-type solution with the same mass as that of uo(x), pro-
vided that the initial value satisfies

uo(x) € L"®Y) and wup(x) >0

Such results reflect one of the important features to the asymptotic behavior of
solutions, see also [2,7,8] and [10]. However, it has been shown that there are much
more fruitful characteristics of asymptotic behavior of solutions. In other words, the
complexity of asymptotic behavior happens for solutions of this kind of equations. For
example, Vizquez and Zuazua [14] revealed that if u(x, ¢) is a solution of (1.1)—(1.2),
then the set of accumulation points of the spatially rescaled version of the solution

u(Nt-, 1)

can contain a family of functions {S(1)¢;(x)};>1 in the weak-star topology of
L% (RN). This complexity reflects the intricate structure of the equation and that
there might not exist a simple model for the asymptotic attractor. A more general
rescaled version of the solution

tTueb- 1) (1.3)

can present more complexity of asymptotic behavior in the linear case of the Eq. (1.1),
i.e.,m = 1, and this has recently been discovered by Cazenave, Dickstein and Weissler
in their recent works, see [3-5].

In this paper, we are concerned with the complexity of asymptotic behavior of solu-
tions for the general case, i.e., m > 1, of the Eq. (1.1). Precisely speaking, we are
interested in the set of accumulation points of (1.3) in L>°(RY). We are also interested
in the set of accumulation points of the space-time dilations of solutions

MuPx, A2 (1.4)

in L®([e, T); L (RY)) arguments. It is worthy of noticing that special form of (1.4)
has been used to the discussion of asymptotic behavior of solutions. For example,
Vézquez [11] took

2N 1

K= Nm—bh+2 P Nm-pn+2

in (1.4) to explore the asymptotic convergence and Zuazua and Vazquez [14] chose

I[,L:O’ ﬂ:—

in (1.4) to investigate the complexity of asymptotic behavior. In our arguments, we
will take all

2N

SNm—1)+2 (1.5)

0<pu
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and

2—um—=1) 1
>

p 4 T Nm—-1)+2

(1.6)

such that % is in a countable subset of (0, (N(m—1)+22)12,2+u(m—1))) in (1.4) to study
the complexity of asymptotic behavior. The main difficulties of this paper come from
the following three aspects: Obviously, the first one is the nonlinearity of the porous
medium equation comparing to the works of Cazenave et al. (see [3-5]), where the
heat equation was considered; The second one is the more general version of rescaling
for the solutions. Vazquez [11] and Zuazua et al. [14] only considered the rescaling for
fixed w and fixed 8. But, in our arguments, ¢ and 8 can have infinite numbers of values
in some intervals; Lastly, our working space is more strong than that in the previous
literatures. For example, Vazquez and Zuazua [14] consider the complexity of asymp-
totic behavior of the porous medium equation in the weak-star topology of L (R"),
while in this paper, we study the complexity of asymptotic behavior of porous medium
equation in L™ (R"). To overcome these difficulties, we first make use of the commu-
tative relations between the semigroup operators and the dilation operators, together
with the property of finite propagation of the porous medium equation.

This paper is organized as follows. In Sect. 2, we first give some definitions and
demonstrate the commutative relations between the semigroup operators and the dila-
tion operators. Then, we state the main results of this paper. In Sect. 3, we give the
proof of Theorem 2.8. This proof mainly depends on the finite propagation of the
porous medium equation which is very similar to the behavior of the characteristic
lines of the wave equation. Finally, in Sect. 4, we give the proofs of Theorem 2.10 and
Theorem 2.12 and show that the asymptotic behavior of the porous medium equation
is really complex.

2. The preliminaries and main results

In this section, before the proofs of our main theorems, we first give some pre-
liminaries. We will introduce the definition of solutions and show some important
properties of these solutions which will be used in the proofs of the main results of
this paper and study the relations between the semigroup operators and the dilation
operators which plays key role in the proofs of our theorems. In the end of this section,
we present our main results of this paper.

The Cauchy problem (1.1)—(1.2) does not admit classical solutions for general data
up in L 110 . (RV) or even in a smaller class, for example the set of smooth nonnegative
and rapidly decaying initial data. This is due to the fact that the equation is parabolic
only for u > 0, but degenerate when # = 0. Therefore, we need to introduce a concept
of generalized solutions and make sure that the problem is well posed in that class. In

order to prepare for this definition, we need some concepts. For f € L lloc (RM) and



432 J. YIN ET AL. J. Evol. Equ.

r>0,let

N(m—1)+2

|flr =sup R~ m=1 / f(x)dx,
[x|<R

R>r

then define the space X = X (R") as
X ={f € Lj,c R"); | ], < o0},

and equip this space with the norm || - ||1. Hence, it is a Banach space. The space
Xo = Xo(RY) is defined by

Xo={f € X; lim |f], =0}.
r—00

Note that L'(RY) ¢ Xo ¢ X C L} .(R") with continuous inclusions. Similarly,
Co(RN) ¢ Xo with continuous inclusions. At present, we introduce the weighted

spaces

Ll ®Y) = (f € LL RY); / fpudx < 00},
RN

where py (x) = (1+]x]?)%. These weighted spaces have first appeared in [1] to observe
the existence and uniqueness of solutions of (1.1)—(1.2) for the general class of initial
data ug € X. We will follow their methods to obtain the solutions which we want to
study. For any ug € Xo, we perform a standard regularization of the data into

min (n, max (—n, ug(x))) if |x| <n,

on () = 0 if |x| > n.

Hence, there exists a unique strong solution u,, to the Cauchy problem of the porous
medium equation with initial data ug,. We say the limit

u(e,n) = lim uy(x,0) in Ly RY),

for some o > %, is a solution of (1.1)—(1.2). The existence and uniqueness
of these solutions of (1.1)—(1.2) for the initial value ug € Xy is shown by Bénilan [1]
and Vazquez [15]. Then, we list some important properties of these solutions for the

use in our proofs of the main results in this paper.

PROPOSITION 2.1. [15] The porous medium equation generates a bounded con-
tinuous semigroup in the space X given by S(t):

ug — u(x,t), 2.1

that is, S(t)ug € C([0, 00); Xo).
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PROPOSITION 2.2. [16] When 0 < ug € L' (RN) the solution u(x, t) is the strong
solution and satisfies the L'=L*° smoothing effect: for every t > 0,

L N
(m—1)+2 t* Noi-D12
1 i

N
u(x, 1) < Clluo|?

where C is a constant dependent on m and N. Moreover, if ug € C*(RN) for some
0 < a < 1, we can get that u(x, t) € C*([0, o) x RM).

PROPOSITION 2.3. [1] The maximum principle holds. That is, if ug € L (RN),
then for every t > 0,
lu(, Ol poomyy = luoll foowny-

PROPOSITION 2.4. (Finite propagation property) [12] If the initial value uy > 0
is compactly supported, so are the functions u(-, t) for every t > 0. Under these con-
ditions, there exists a free boundary or interface which separates the regions {(x,t) €
O;u(x,t) >0} and {(x,1) € Q; u(x,t) = 0}. This interface is usually an N -dimen-
sional hypersurface in RN+,

PROPOSITION 2.5. [15] The comparison principle holds: if up,vo € Xo and
ug < vo, then u(t) < v(t) for everyt € (0, 00).

Next we will give the definitions of scalings and prove the commutative relations
between the semigroup operators and the dilation operators. Applying a rescaling is an
efficient way in the analysis of the finer asymptotic behavior of global solutions which
often decay to 0 as 1 — oo. Assuming A, i, 8 > 0, ug € L'(RV), we introduce the

. . w,B
space-time dilation I";

TP lugl = DIV PIS( 20l (2.2)
where the dilation D}’ *# is given by
Dﬁf’ﬁw(x) = AMw(x)

and S(¢) is the semigroup defined in (2.1). Letting A, i, B > 0, ug € L'(RN), we call
the scaling

Df%ﬁ[S(t)uo](x) =t7u(tPx, 1) 2.3)

a spatially dilation. Now we adopt the following notation to denote a subset of the
space Co(RM):

CiRY) ={f e Co@®"); f=0 and f(0)=0}

The I'-limit set and the 2-limit set will be our main objects of study in this paper. The
function set

yHBug) = {h € C((0, 00); CF (RN)): 3, — 00 5.0 TP Lug] 225 1

in L®([e, 00); L2 RV)) forall0 < ¢ < T < oo}
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is called I'-limit set and the corresponding €2-limit set is given by
P uy) = {f e CfRY); 31, — oo s.t. D%[S(zn)uo] 2% fin LOO(RN)} .

REMARK 2.6. This two limit sets first appeared in [4] to study the asymptotic
behavior of solutions of the heat equation. Therefore, our study extends the well-
known theory of the classical heat equation to a nonlinear situation, which needs a
whole set of new tools.

REMARK 2.7. Letting u =0 and B = 1/21in (2.2) and (2.3), we have
TP lug] = u(x, A1)
and
D" PIS(0uol = u(ix, 1)

which have been used in [14] to investigate the complexity of asymptotic behavior of
the porous medium equation. So our study can be seen as some extending to the work
of [14].

Then, we study the relations between the semigroup operators S(¢) and the dilation
operators Df’ﬂ . Suppose u(x, t) is a solution of the problem (1.1)—(1.2) with initial
value ug € X(}L, i.e., ug € Xo and ug > 0, and let

v(x, 1) = TP Lupl) (x) = PSP 0u0) 02 x) = M ux, 221, (2.4)

where A > 1, u satisfies (1.5) and g satisfies (1.6). Combining (1.1) and (2.4), we
have

8_U — A2—4ﬁ—u(m—l)Avm.
at
Letting
w(x, 1) = v(x, A" 2HBERO=D (2.5)

we obtain that w(x, t) is the solution of the following Cauchy problem

W = Aw™, in RN x (0, 00),
w(x, 0) = Mug(A\¥x) = D!Pug, in RV,
Notice that forany r > Oand A > 1,
N(m—1)42 48
w0 = sup R [ i < 8 ol
[x|<R

R>r

We thus get that w(x, 0) € X(J{ . Therefore,

w(x, 1) = S@ID"Pugl(x),
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and this implies, via (2.4) and (2.5), that

TP lugl () = v(x, 1) = wx, A24#—1O=Dy)
= SQ2H=1e=D DI o) (x).

Consequently, we get the following commutative relations between the semigroup
operators S(¢) and the dilation operators Dﬁf b

T Plugl) (x) = DIPISWPtug)] = SO2~ = 1+m=D DI Pugl. (2.6)

In particular,

p(m—1)

D" 0uo) = S0 g,

In the last, we will present our main results of this paper. We first show that the
element of I"-limit set and the Q2-limit set is very free.

THEOREM 2.8. Assume f € ZT@RY) = {f ¢ SRY); f(x) > 0and
£(0) = 0}, where .7 (RN) is the Schwartz space. Then, for any given

0 2—N 2.7)
SRS Nm—1 12 '
and
,3 > W’ (2.8)

there exists an initial value ugy € Cg' (RN satisfying the following properties.

(i) There exists a sequence t, — 00 such that

D%[S(tn)uo] 220 fin LO@Y).

In other words, f € a)“’ﬂ(uo);
(ii) There exists a sequence A, — o0 such that forall 0 <€ < T < 09,

FPlugl 2225 hoin L(e, T); L¥®RY))

where h(t) = f. That is, h € y** (ug).
REMARK 2.9. The fact that if ug € L'(RY) and Uy (x, 1) is the corresponding

N
source-type solution, then tlim tNe=DR2 (S (Hupl(x) — Uy (x, t)||pe = 0 is well
—00

known. Generally, we get in this theorem that the asymptotic limit of spatially dila-
tion of the solutions can be very free, so the asymptotic behavior of these solutions is
indeed complex.

In the following theorem, we show how complex the asymptotic behavior of solu-
tions for the porous medium equation take place.
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2N
THEOREM 2.10. Let E be a countable subset of (O, (N(m—l)+2)(2+u(m—l)))’

Assume F is a countable subset of .+ (RN). Then, for all ¢ € F and all ., B
satisfy (2.7), (2.8) and

o=X cE, (2.9)

2p

there exists an initial value ugy € Cg‘ (RN satisfying the following properties.

(1) There exists a sequence t, — 00 such that
D%[S(t,,)uo] 12 ¢ in L°@RY).
In other words, for all ¢ € F and all uB satisfying (2.7), (2.8) and (2.9),

¢ € 0P (ug).

(ii) There exists a sequence A, — o0 such that forall 0 <€ < T < 09,
M Plugl Z2% @ in L%(le. T): LX(RY))

where @ (t) = ¢. In other words, for all ¢ € F and all up satisfying (2.7), (2.8)
and (2.9),

® e y"P(up).

REMARK 2.11. This theorem clearly shows that the asymptotic behavior of the
solutions for the heat equation can occur in the porous medium equation. That is, we
generalize the work of [4]. Obviously, the proof of this theorem is more difficult for
the nonlinearity of the porous medium equation.

It is a relatively simple step from Theorem 2.10 to the next theorem. This theorem
clearly give the structures of the I"-limit set and the 2-limit set.

THEOREM 2.12. There exists an initial value ug € C(;r (RN such that:
(1) for all i and B satisfying (2.7), (2.8) and (2.9), we have

" (ug) = Cy RY);
(i) for all i and B satisfying (2.7), (2.8) and (2.9), we have
v (uo) = Q.
where

Q= {h € C((0, 00); Cf RN)): h(1) = h(l)} .
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3. Proof of Theorem 2.8

In this section, we give the proof of Theorem 2.8. For convenience, let

1

T=Nm-1+2

and
B =4+ uim—1)-2.

Obviously, (2.7) and (2.8) imply that 8’ > 0. The proof of Theorem 2.8 is based on the
following lemmas. The first lemma is the Hole-filling lemma which has been proved
in [12].

LEMMA 3.1. (Hole-filling lemma) Let u > 0 be a bounded local solution of the
porous medium equation posed in RN x (0, 00) and let us assume that it takes (con-
tinuously or in the sense of L'(RN) convergence) initial data given by a bounded
function, ug € L®(RN), and let us also assume that uo vanishes a.e. in a ball Bg(xo).
Then, there is a time T = T (||u||r<) such that for every 0 <t < T, the solution u(t)
vanishes at least in a smaller ball B (xo) with 0 < R(t) < R. The function R(t) is
monotone nonincreasing. Moreover, we have the bounds

m—1

T > CR*ull %
and
m=1
R(t) = R—Cllul, % 2,

where C depend onm, N.

LEMMA 3.2. Let u(t) > 0 be a solution of (1.1)—(1.2).

(1) Assume the nonnegative initial value ugy € L®@RN) is continuous with
suppug C {x € RV: |x] < R}.
Then, for any 0 <t < 00,
suppu(t) C {x € RV; x| < Ri(1)).
Here, Ry (t) is an increase function and satisfies the following estimates
R < Ri(1) <4R + CIIMOIIZT:I",

where the constant C depends on m and N.
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(i) Assume the nonnegative initial value ugy € L'(RN) is continuous with
suppug C {x € RV, |x] < R}.
Then, for any 0 <t < 00,
suppu(r) C {x € RY: |x| < Ro(1)},
where Ry(t) > R, the function Ry(t) is increasing. Moreover, we have
Ry(t) = R+ Clluoll ¥ ""e",

where the constant C depends on m and N.

Proof. We first prove Property (i) of this Lemma. We use a comparison argument
by considering the supersolution V (x, t) formed by a source-type solution Uy (x, t),
namely,

N

1
VD) = Uy (x, t +1) = (t+ 1) 502 (M —k[x 2+ )27, G

_1 I
where k = 12D A1 = 4y |mS! and T = (3kR?|luolly=") " 7. From this, it is
easy to verify that

supp(V(0)) C {x € RY; |x| < 2R}
and
V(x,0) > ug(x), forallx e RV.
Therefore, by comparison principle, we have
V(x,t) >u(x,t), forall (x,7) e RN x Rt.
Note also, from (3.1), that
supp(V(1) € {x € RV: [x| < (MK™)3(t +1)7)
C{x eRN; x| <2™IR+ 2"+1k—1||u0||ZT:zﬂ},

hence

m—1

supp(u(t)) C {x e RV |x| < 4R + Clluoll, % 1"},

where C = 2"1k~1. So we complete the proof of Property (i) of this Lemma.
To prove Property (ii) of Lemma 3.2, we begin by showing that for ug € L>®(R")
andt > 0,

m—1
supp(u(t)) C {x € RY; x| < R+2Calluoll % tW] ) (3.2)
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In fact, if ¢+ = O, then the proof is trivial. If ¢+ > 0, then for all |xo| > R +

m—1

mloy
2Cs|luoll 5 12,

B, (xo) () supp(uo) = 4,

m—1

where Bg, (xo) is a ball centered at x( with radius Ry = 2C2||u0||£t%. Using this,
we can deduce from Lemma 3.1 that forany 0 < s <z and x € B%R. (x0),

u(x,s)=0.
In particular,
u(xp,s) =0, forall0 <s <1t.

Therefore, we complete the proof of (3.2). Now we use the symbol R(¢) to denote the
radius of the smallest ball which contains the support of u(x, ¢). Forany 0 <t < oo,
we select a sequence of times fy = 27K — 0 and estimate the increase of the
support in those times, i.e., we consider the evolution in the different time intervals
Ix = [t, tr—1]. From the L'—L> smoothing effect (Proposition 2), at each initial time
t = 1y of the evolution, we have

2 N
Ky = llu(@oll ooy < Cm, d)luollyigny 1 77
Therefore, using (3.2), we get

m—1

R(tr—1) < R(t) + CK,* (- l—tk)%

< R(1) + 277777 Clug| L”f’"R;>;2tN<m D+

Iterating, we thus have

R(1) < R(0) + Clluo] ,7:7@;;2w<»~ D72 = R + Clluol| L”f’(”R]N’;th

where the constant C depends on m and N. In other words,

supp(u(t)) C {x eRY; x| <R+ CIIMoII(L’ﬁ'_l)"t”},

From this, we find that Property (ii) of this lemma is true. So we complete the proof
of Lemma 3.2. U

The following lemma is very important in the proof of our main results.

LEMMA 3.3. Forall j > 1, let

pj € STRY),
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and
X0 = xj /33,

Here,- X} (x) is the fut-oﬁfunctian onAj = (277 < |x| < 27} relative to A’j =
270D < |x| < 2/71), that is,

i) € CF (A,
0<x;(x) <1 if xeA,

and
xj) =1 1if xeA).
Suppose
v () = M1 AP ) A1 T Pu1 (On/2n—1)*P ), (3.3)
Un () = xn 2P x)n (x), (3.4)
Va1 (0) = 1 AP X1 () (3.5)
and
V20 = A O 0k T b (Gonr [2n) P ), (3.6)

where | and B satisfy (2.7) and (2.8). Then, for 0 < t < n and any fixed A,—1 > 1,
there exists a A, > h,_1 such that for Ay, > A,

supp(S (4, # 1) (wa)) () supp(S(, P 1) (v))) = @ 3.7)

and

supp(S(h,, 1) (wa—1)) () supp(S(h, 1) (D)) = 4. (3.8)
Proof. Clearly, the hypotheses (3.3)—(3.6) imply
supp(vy) C {x € RY; 271G,y /) < x| < 2" et /an) P,
supp(v,) C {x e RN; 27" < |x| < 2"},
supp(vy—1) C {x € RN; o+l < x| < 2”_1},
supp(v?) C {x € RY; 27" (o /an—1)? < Ix] < 2" A /o) P},

uw—2Np

i < (2 <

U < Ibuotllr < IduorlL
An—l

and

A I3

2 n—1

lvgllzee < ( - ) PnllLoe < lI@nllLee.
n
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Here, we used the facts that A,, > A,_; and ©u — 2NB < 0. So, Lemma 3.1 and
Lemma 3.2 imply that for 0 <t < n,

supp(S(, P )vl) € fx € RY; x| < 2" Gy /40) %P
+Clign-1 170 By, 3.9)
m—1 ’ 1
supp(SO, P 1)va) € (x € RY; 27" — Cligall % (P m)2

m—1

< x| <2"2 4 Clignll, = P m)M, (3.10)

Y _ m=l 5
supp(SG 2 v, 1) € fx € RY; 27 — Cllghi 1,2 (AP n)2
< x| = 2"+ Clut 19776 F i) G.11)

and

m-l
supp(SO P ) € (x € RV 27" M/l )P = Cligull 2 (1 F i)

< x| < 2" (/A 1>2‘3+C||¢n||m o Emmy, (3.12)

where C only depends on m and N. We now assume that

2n+42 n+3 1

A =2"% A,y + CCp2W n¥ (3.13)

m—] m—1
where C,, = max (||¢, ||L4£; y N dn—1 ||Lf ) and the constant C takes the same value as

above. Hence, if A, > A/, then

_p -1 _ m—1 _p 1

2" Gt /A + COw P ) gt 117" < 277 = Cligull & (b P )2
and

2n+l C (m—1)n )L—ﬂ/ N < 27n() /A 28 - C m771 k—ﬂ/ %

+Cllpu— 1|| ( n,1n) = (An/An=1) ||¢n”Loo ( nfln) .

We thus obtain from (3.9)—(3.13) that (3.7) and (3.8) are true. The proof of this Lemma
is complete. O

Now, we are in the position to give the proof of Theorem 2.8.
Proof of Theorem 2.8. For any given f € .+ (RV), let

¢ = max (”f”Ll(RN)’ “f”LOO(RN))

and

( o )
o=—¢€|(0, .
28 (Nm =1 +2)2+ pim—1)
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The initial value u is defined as follows:

wo(0) = > ;0 f (x/4)). (3.14)

j=1

where x;(x) = x]’. (x/)»iﬂ), Xj/- (x) is the cut-off function onset A; = {27/ < |x| <
27} relative to A/j = {27U~D < |x| < 2/71}. The sequence {A;}j>1 will be deter-
mined by the following method. Firstly, suppose Ao > 1 is large enough to satisfy

expx > (2x)", forallx > xp > 1, (3.15)

where 7 = m Then, let

{M = Ao, (3.16)
L / Aj—1 . .
Aj = max ((Aj),exp —’M ), j> 1

where )Jj take the same values as description in Lemma 3.3. We obtain from (3.15)
and (3.16) that

Aj Aj
Ajr1 > exp—= > exp — > 2A;.
" T
Iterating, we find that
Aj=>2/71 forall j > 1.
Note also that
28
1 () C/ATD e < N fllzee.
Therefore, the sequence of (3.14) is convergent in L>(R"). So,
ug € C()(RN).
In light of f € .+ (R") and (3.14), we have
ug >0
and
up(0) = 0.
Hence,
up € Cg ®Y) c X§.

So S(t)ug is well defined.
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As aresult of (2.6), we see that for0 <t < T < oo,

(T4 Puol. 1) = S ) + vn + wn),

where
n—1
un =M P a2 a3, (3.17)
j=1
Un = xn (0AP) £ () (3.18)
and
o0
wa =MD x A a T f /xiﬂ). (3.19)
j=n+1

In light of (3.17)—(3.19), we have
supp(u,) = [ € RV [x| <2~ (ot /20
supp(v,) = {x e RY: 27 < |x| <27}
and
supp(w,) = {x € RV [x] = 27D Gy /3) % |
Here, we have used the fact that for all j > 2,
27D Q1 2)? < 27D G /)P

Note also that

n—1 A w—2B8N
n
lunllpr < z (A_) I Fllp < I fllp < €,
j=1 N

and
o0 )\'n —K
lnllzoe <11 D (r) Xiflee < U fll < 2.
j=n+1 N7/

We thus get from the results of Lemma 3.1 and Lemma 3.2 that for 0 < T < oo,
if0 <t <T <n,then
suppS (1) () = (x € RY; x| < 2" (o1 /20) %,

+Cnlg0n=Dmy —B'my (3.20)

su =F' — Nonn o Lomet = .
PPS()»n t)(Un) == {X eR ,2 Cn2t 2 )\‘n < |X| < 2

+Cnne" T by (3.21)
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and

/

suppS (i, #' 1) (wy) = [x € RY: x| = 270D Gy /3 — CnZe"T a, ] .
(3.22)
From (3.13), (3.16) and Lemma 3.3, we have

2n+1()hn_1/)\n)2ﬂ + Cn”ﬂ(m_l)nkgﬂ/"
_ 1omot =8
<2"—Cn20 7 ), 2
< 2" 4 Cne" T A F
ﬂ/

<27 G ) — Cn2e" T T

if we take ¢; = f for all j > 1 in (3.13). Combining this with (3.20)—(3.22), we
obtain that for0 < T < 00,if0 <t < T < n, then

suppS(a,# 1) (up) () suppS G, P 1) (vn) = 0,

suppS (¥ 1) () () suppS (4,7 1) (w,) = ¥
and

suppS (4,7 1) (vn) () suppS (4, # 1) (wy) = 0.
Therefore, for0 < T <ooand x € R",if 0 <t < T < n, then

Sy Pt + vn + wa) = S P W) + S W) + S, (),
(3.23)
i.e., superposition holds as long as the supports are disjoint. Using (3.17), we have

n—1 n—1
_ 2N, — 2N,
linllpr < 28D NF A2 fap) = BN 52N < pgasi=2NE 200
j=1 j=1

Consequently, the L'-L° smoothing estimates (Proposition 2.2) indicates
IS G Dt () | o
;L N 2
< COGP T u, (0| )70

N
< cxflfN"(nﬁ)z"xf“”“(m*‘)*m)". (3.24)

Clearly, (3.19) implies

[ 00
lwnllLee < E)h# Z )»j_u = EA%ZA]'_H_M.

j=n+1 j=n
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Applying Proposition 2.3 (i.e., the maximum principle) to S(¢A,, p )w,, we thus have

oo
IS Ywylloe < CAED iy ™" (3.25)

j=n
We will first prove Property (ii) of Theorem 2.8. It is clear from (2.7) that
2N/ —2—N(@m—1) > 0.

As an immediate consequence of (3.16) and (3.24), we have

, Nn
IS (A, P Yl oo < CntN. " | exp(=Au—1 2N /jt — 2 — N(m — D)n).
From (3.16), we get that for any fixed € > 0,
n—0oo

1SR P Yunll e =250 (3.26)

uniformly for r > €. Moveover, (3.16), (3.25) and p > 0 imply

o0 o
1S, P ywallee < CA D 27" <C > 2t 7% 0. 327)
j:n+1 j:n+l
At present, we want to verify the claim that for0 <t < T < oo,
ISR P Doy — Fllpe@yy ——> 0. (3.28)

In fact, if 0 < t < o0, then
1S F Dn = Fllzso@my < 1SGF Dva — Flleca,)
+IS0, 7 DVnll Lo @M\, ) T 1 Lo @M\ a,)- (3.29)

The results of Lemma 3.1 and Lemma 3.2 imply that for0 < T < 00,if0 <t < T <
no < n, then

Supp(S (4 Dy, gvn]) € fx € RY;

S

m
—no+4
27N — Clloall, 7 An

—1
L!

t1/2 < |X| < 2n0_2+C||Un”(L”|l_l)n)\;ﬂ,ntn .

In view of the selection of A, and (3.15), we obtain that for 0 < 7 < 00, if 0 <t <
T < ng < n, then

m—1 _ﬁ/
2—n0+4 _ C”Un”L]z )“n 2 t1/2 2 2—n0+4 _ 2—11() > z—n()-‘rl
and

207 Clluallyy 2P < 20t 2T < o,
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Hence, we obtain that forall 0 < 7T < 00,if 0 <t < T < ng < n, then

RN\ Ayy () supp(S G ? 07 _gval) = 0. (3.30)

In other words, forall0 < T < 00,if 0 <t < T < ng < n, then the value of
S, B tH)[v,]in RN \ A, is independent of the initial value v, in A, _4. Therefore, for
any € > 0, thereexistsanj suchthatforall0 < T < 00,if0 <t < T <ng <nj <n,
then

ISC P Dvnll o @ma,g)

= 1SG; 7D = Xy Vnlloe@ma,g)

< (1= xhy—dvallzse < 1= xp_) fllz
= ”f”L°°(|x\z2”0*4) + ||f||L00(|x\52*"0+4)

= Wl peoui2m=4) + 1 oo (xj<a-m+4y
€
< -. 3.31
3 (3.31)
Here, we have used the fact that f € .+ (R"). On the other hand, by a similar argu-
ments to the proof of (3.30), we can get that forall 0 < 7 < 00,if0 <t < T <
no < ng+ 6 < n, then the value of S()»,f’3 1)v, in A, is only dependent on the initial
value of v, in A,,,4+4. Indeed, from Lemma 3.1 and Lemma 3.2, we obtain that for all
0<T <o00,if0<t <T <ng <n,then

m—1
2

Supp(SO? DX vaD) C Jxs [x] < 27074 4 Cllugll, 2 /\;”ﬂ/t”} (332)

and

8
-7

_g — 1
supp(S(hy, B DL — Xg,)val) C {63 x| = 270+ — CJlu, | V17 V75, rz], (333)

where X;el is the characteristic function of Bg, = {x; |x| < 2770~4} and X;ez is the
characteristic function of Bg, = {x; |x| < 2704} From (3.13), (3.32) and (3.33), we
thus obtain that forall 0 < T < 00,i1f0 <t < T < ng < n, then

supp(S(a, Ok, val) () Ang = # (3.34)
and
supp(S(, P L1 = 2y vu]) () Ang = 9. (3.35)
The expression of (3.18) clearly means that
vp = f forallx € A, = 27/ < |x| < 2/71}. (3.36)
So, if n > ng + 6, then

v, = f forallx € A,y44.
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This implies, via (3.34) and (3.35), that forall 0 < 7 < 00,if 0 <t < T < ng <
no + 6 < n, then

1S G P tyvn = SO0 fllLo(ang) = 0. (3.37)
Since f € .#*(R"), a consequence of Proposition 2.2 is
S@t) f € C([0, 00) x RY).

Therefore, for any € > 0 and A,,,, there exists any > ng such that forall0 < T < oo,
if0<t<T <ng<ny <n,then

_pa €
ISGP 0 = Flle=cany < 3- (3.38)

The facts that A,,, is a relative compact set in R and g’ > 0 have been used in (3.38).
The estimate (3.37) thus tells us that for all # > max (ng + 6, n7),i1f0 <t < T < nyg,
then

ISP 1vn = fllLe(an)

< ISP Dw = SO0 fllian) + 1O 0 F = Flle,)
€
—. 3.39
<3 (339)
If ng > ny, we obtain from (3.31) that

€
1 W@\, < 3

Combining this with (3.29), (3.31), (3.38) and (3.39), we get that for any € > 0 and
all0 < T < 00,if0 <t < T <ngandn > max (ng + 6, n1, ny), then
1S P Hyow = fll ooy
SISO D0 = Fllzsian) + 1SCF Dvall oo @y a,g) + 1 oo @aa

< €.

”0)

Hence, the claim of (3.28) is proved. For all 0 < T < 00, (3.28) clearly indicates that
Sr Py, =5 F in LORY) (3.40)

uniformly for ¢ € [0, T). So, from (2.6), (3.23), (3.26), (3.27) and (3.40), we obtain
thatforall0 < e < T < o0,

P lugl = SO P 1)y + va + wa) 2225 h(e) i L® (RN)
uniformly for ¢ € [€, T'). In other words,
Plugl =25, in L%(le, T); L (RY))

forall0 < € < T < oco. So we complete the proof of Property (ii) of Theorem 2.8.
Property (i) of Theorem 2.8 follows from Property (ii) by setting r = 1 and t,, = Aﬁ.
The proof of this theorem is complete. g
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4. Proofs of Theorem 2.10 and Theorem 2.12

In this section, we will give the proofs of Theorem 2.10 and Theorem 2.12. We first
prove the following lemma which will be used in the proof of Theorem 2.10.

LEMMA 4.1. Let E be a countable subset of (O, (N(m—l)+22)/¥2+u(m—l))) and F

be a countable subset of T (RN). Then, there exist a constant M > 0, a sequence
{0j}j>1 and a sequence {¢} j>1 such that :
(i) every element of E X F occurs infinitely often in the sequence {(o;, ¢;)}j>1;
(ii) the sequence {¢;};>1 satisfies

max(||@;llz1, 1¢)llLe) < max(j, M) forall j = 1. (4.1)
Proof. For any given ¢ € F, let

M =max (|pllp1, [[¢llLe).

Since the set E x F'is countable, it is easy to see that there exists a sequence {0} ;>1 C
E and a sequence {¢;};>1 C F such that every element (3, ¢) € E x F occurs infi-
nitely often in the sequence {(c}, ¢;)}. Then, let

b = [03}, if max (19111, 18112 < j.
T ¢, if max (1§l 1B llLe) > j.

By ¢ € E, we have ¢; € E forall j > 1. Next from (4.2), we get that {¢;} satis-
fies (4.1) for all j > 1. Thus, Property (ii) of Lemma 4.1 is satisfied. Then, for any
(8,9) € E x F, we let ji — oo to satisfy (¢j,,¢;) = (8, ¢) forall jz > 1. We
deduce from j; — oo that for all sufficiently large k, ¢, = qfﬁvjk So, Property (i) of
Lemma 4.1 is satisfied. The proof of this lemma is complete. U

“4.2)

Now, we give the proof of Theorem 2.10.
Proof of Theorem 2.10. For E and F, let {(oj, ¢;)}j>1 C E x F be as that in
Lemma 4.1. Then, the initial value u is defined as follows:

o0 o
wo(x) = » xj()a; " "¢;(x/a;) =D xjx)a; " dj(x/aj), (4.3)
j=1 j=1
where x;(x) = xj(x/a;), x(x)is the cut-off function onset A ; = (277 < |x| <2/}
relative to A/j ={2-U-b < x| < 2/=1}. The sequence {a;}j>1 will be determined
by the following method. Firstly, suppose ag > 1 is large enough to satisfy

expx > (2x)7, forallx > ag > 1,

_ 2N
where T = Non=DT2) OTam=1) " If let

ai = ao, a4
aj =max ((M)* exp <), j>1, (44)
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where )Jj take the same values as that in Lemma 3.3, we thus have

aj— aj—1 5
a; = exp > exp > 20j—1.
oj
Iterating, we see that
- )
aj>2'"", forall j > 1,

which implies, via (4.1) and (4.3), that

o0 o0
luollzoe < D lxj(¥)a; =" pj(x/aplre < D max (M, jla;~% < oo.

j=1 j=1

Therefore, the sequence of (4.3) is convergent in Co(RM). So

ug € Co(RY).
Note also, from (4.3), that
ug >0
and
up(0) = 0.
We thus have

up € Cy RY) c X¢.

449

So S(t)ug is well defined for all 0 < ¢ < oco. The Property (ii) of Theorem 2.10 will

be considered first. For 0 < ¢t < oo, (2.6) clearly indicates

P luol = S0y P DIDL P uo).

For any (0, ¢) € E x F, Lemma 4.1 implies that there exists a sequence of integers

{ni}x>1 going to infinity such that
One =0, Gpy = ¢
for all k > 1. Hence,
Uy o) = G 1)U, + v, + wn),

where

nip—1

=My Z X5 Oaix)a; =% Gl faj0),

= ”k e X ()”"k X)an, o bj ()‘nk /an,x)

4.5)

(4.6)

“4.7)

(4.8)
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and
o0
Wp, = Aﬁk Z Xj()»ﬁ’fx)ajf"hbj(Aﬁf/ajx).
J=ng+1

Let

1/2

Apy = an,{ p
and

ng>M,

where M is given in Lemma 4.1. First note, from (2.7), that
u—2Np <O.

We thus get from (4.4) that there is a ng, > 1 such that for all ny > ny,,

nk

2N, N 2NB N

e pr < D AT2NEaN =g 11,0 < min (nF, nfaki2VPal ),
j=1

lvnglloe < ng

and

lwn | oo < Z Mya7 ¢l o < min (1, Z Mia7 (g + ).

Jj=ni+1 Jj=ni+1

In light of (4.7), (4.8) and (4.9), we have
supp(itn,) = {x € RY; x| < 27 Gyt /An) ¥
supp(vp,) = {x eRN; 27 < x| < 2’”‘}
and
supp(w) = {x € RY: x| 2 270D Gy 1 /) ¥ |
Here, we have used the fact that

27D Gt A )P < 27D (e [0 )P

4.9)

(4.10)

4.11)

(4.12)

4.13)

(4.14)

(4.15)

for all j > 2. Combining (4.11)—(4.15) with Lemma 3.1 and Lemma 3.2, we find that

for0 < T <o00,if0 <t < T < ng, then

suppS(, P 1) (upy) = {x € RY; x| < 27 (21 /A )2 + Oy 12 =D -6y
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suppS()»,:k’3 1) (vy,) = {x e RV

’
m—1 —%

27" — Cng 2 Ay,

m—1__pg'
< x| < 2%*2 4 Cm T 0,0 n]

and

g _ 1 £
suppS (A, 1) (wy,) = [x eRY; x| > 27D QL 1 /)PP = Cng 2y, ] .

Letting C,,, = n% in (3.13), we obtain from Lemma 3.3 that

2% Gyt /A )PP+ GO D

—n m—1 —%
<27 —Cng 7 Ay

ng+2 n+25L s —p'n
<2 + Cny 2 A,

< 27D O /AP — an%x;,{%/.
Hence,
suppS (1)) (1) suppS iy f 1) (v,) = 0,
suppS (., 1) () () suppS iy f 1) (wy) = 9
and

suppS (AP 1) () () suppS (it 1) (wy,) = 0.
So,forx e RN and 0 < T < 00,if0 <t < T < ny, then

S(thy Pt + vy + W)
= S(thy ) wn) + SR ) ) + S P (way).

The maximum principle implies, via (4.12), that

oo
IS@A YwnllLs < Nwnllze < A D" G+ Dajpa .

J=nk

Hence,

oo
1@ wn e < ag, D7+ Dajer ™
Jj=ng
oo
< Z(} + 1)aZkaj+1_" m) 0.
J=nk

451

(4.16)

4.17)
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Here, we have used (2.9), (4.4) and (4.10). It follows from (4.10) and (4.11) that

1S Y |l oo

_2N—-2p—puN(@m—1)

2N
No—D%3 —— N = 2
= Canl\;(’_nfl)-'—z t Ne=D+2a,, R nj Nom=D+2

2N
2 Nm—-1)+2

_ M (2N _H_ _
< Cny ap" 35 (5 —2=N(m 1)).

___N_
t~ Nm—-D+2 dn,

(4.18)

Obviously, (2.7) indicates

2N
— —2—-—Nm—-1) <.
n

Therefore, by (4.4) and (4.18), we get that for any fixed € > 0,

ng— 00

1Sy it e == 0 (4.19)

uniformly for + > €. From (2.9), (4.5), (4.8) and (4.11), we can see that for all
x € Ay, = 27mF < x| < 271y,

ﬁ —Ony o—oy

Up, = dpy, ¢nk = dp, k¢nk = ¢. (4.20)
Next, we want to show that for0 < T < 00,if 0 < < T, then
_n ng—>00
1S, v, — @l po@ny — 0. (4.21)
In fact,
ISG Dvn, = Bl ooy < ISCLE Doy = BllLa,, )

+ ||S()\,;kﬁ t)vnk ”LOO(RN\A”kO) + ||¢||L°°(RN\A,1k0)' (422)

Clearly, Lemma 3.1 and Lemma 3.2 imply that for 0 < T < 00,if 0 <¢ < T and
ng = Ny then

supp(S (h,” Dy, —avm D C {x € RY;
m=1 _B m—1 ,
270 — Cllug Il % A2 112 < x| < 2072 4 Cllug, [, % Ay 17

Combining this with (3.13) and (4.4) yields that for 0 < T < oo, if ng > ngy > T >
t > 0, then

RY\ Ay () supp(S Oy Ot —avm ) = 0. (4.23)

In other words, for 0 < T < oo, if ngy > ng, > T > t > 0, then the value of

S (A;kﬂ /t)[v,lk] in RV \ A”ko is independent of the initial value v,, in A"k() _4. So, for
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any € > 0, thereexistsany, suchthatforO < T < oo,ifng > ng, > ngy > 7 >t >0,
then

||S()\,;kﬁ [)Unk ||LOO(RN\Ank0)
<10 = Xy )OI < 10 = 7 )l
= HOU e gz 2mt0 =) F 1PN oo o <m0

= L N ) (R
€
< -. 4.24
3 (4.24)
Here, we have used the fact that ¢ € .7 (RVN).

By a similar analysis works to (4.23), we can getthat for 0 < T < oo, if ng >
ng, = T >t > 0, then the value of S(Ank t)vnk in A”ko is only dependent on the
initial value of v,, in Ank0+4.

Indeed, we obtain from Lemma 3.1 and Lemma 3.2 that for 0 < T < oo, if
ng>ng, > T >1t>0,then

/ _ _ m—1 _
supp(S O P 1), v ) € (x5 x| < 27072 4 Cllug, 1% 4,17} (4.25)

and

m—1

Supp(SO DI(1 = X um]) C 53 Ixl = 250 — Cllun 152 An 1}, (4.26)

where X;el is the characteristic function of Bg, = {x; x| < 270 ’4} and X;ez is the
characteristic function of Bg, = {x; |x| < 2"k0+4}. These imply, via (3.13), (4.25)
and (4.26), that for0 < T < oo, ifng > nyy > T >t > 0, then

supp(S(y? Dty v D ) Amg, = 9 4.27)
and
supp(S (i DI = Xy n, D) () Ay, = 2. (4.28)
A simple result of (4.20) is that if ny > ny, + 6, then
Up, = O, for all x € Anko+4~
This implies, via (4.27) and (4.28), that for 0 < T < oo,
1SGual D0, = SO D4,y ) = 0 (4.29)

provided 0 <t < T < ng, < ng, + 6 < ny. Since ¢ € T (R), by Proposition 2.2,
we have

S(H)$ € C([0, 00) x RY). (4.30)
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Forany e > Oand A, ,we deduce from B’ > 0and (4.30) that there exists ang, > ng,
such that for0 < T < oo, if ng > ng, > ngy > T >t > 0, then
Y €
1SG D¢ = bl ) < 3 4.31)

Here, we used the fact that Anko is a relative compact set in RN, So, from (4.29),
(4.30) and (4.31), we find that for 0 < T < o0,if 0 <t < T < ny, and ny >
max (Mky+6, 1k, > Nk, ), then

ISP 1yvn, — Pll(An,)

< 1SCGL v, = SGLE Dl a,, ) +1SCLE DG = Pl )
€

< 3 (4.32)

Obviously, (4.24) clearly indicates that for ny, > ny,,

€
||¢’||L°°(RN\AkO) < 3 (4.33)

Forany € > 0and 0 < T < oo, we obtain from (4.22), (4.24), (4.32) and (4.33) that
if0 <t < T < nyg, and ny > max (ng, + 6, ng,, ni,), then

ISP t)vm, — DIl ooy
SIS Dvme = Blliia ) + 1SGL L Dvnllio@ma, ) + 1@ 1Lx@Ma, )

<e.
So, the claim of (4.21) is verified. The other meaning of (4.21) is thatfor0 < T < oo,
Jim 1S, Y vn = @Ol oy =0 (4.34)

uniformly for ¢ € [0, T'). So, by (4.6), (4.16), (4.17), (4.19), (4.21) and (4.34), we
obtain that forall0 <€ < T < o0,

F}l:”f[uo] = SO P Olitng + g + wn ] “—> ®() in LRY)

uniformly for any ¢ € [e¢, T'). Thatis, forall0 < e < T < oo,
rfn’f ol 2= @ in L¥([e, T); L¥RY)).
So, we complete the proof of Property (ii). Property (i) follows from Property (ii) by
setting t = 1 and t,, = Aﬁ .- The proof of this theorem is complete. 0
From Theorem 2.10, we can give the proof of Theorem 2.12 as follows.

Proof of Theorem 2.12. Let F .+ (R") be a countable dense subset of Car (RM),
and consider #( given by Theorem 2.10 applied with this set F'. Since F' is dense in
CS' (RMY and w"P (ug) is clearly closed in Cg' (RM), Property (i) follows from Prop-
erty (i) of Theorem 2.10. Note that y™P (up) is a closed subset of C((0, 00); Cg' (RM)
for the topology of uniform convergence on [e, T) x RN forall0 < ¢ < T < oc.
Since F is dense in C;’ (RM), Property (ii) follows from Property (ii) of Theorem 2.10.
So we complete the proof of this theorem. g
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