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On the time continuity of entropy solutions

CLEMENT CANCES AND THIERRY GALLOUET

Abstract. 'We show that any entropy solution u of a convection diffusion equation d;u+divF (u) — A¢ (u) =
bin Q2 x (0, T) belongs to C([0, T), Llloc(Q))' The proof does not use the uniqueness of the solution.

1. The problem, and main result

Convection diffusion equations appear in a large class of problems and have been
widely studied. We consider in the sequel only equations under conservative form:

du + divF ) — Ap(u) = b, (1

so that we can give some sense to (1) in the distributional sense. In this paper, we con-
sider entropy solutions of (1) that do not take into account any boundary condition, or
condition for |x| — +o0.

The proof does not use a L'-contraction principle (see e.g. Alt and Luckaus [1] or
Otto [11]), so that it can be applied in case where uniqueness is not ensured, like for
example complex spatial coupling of different conservation laws as in [3], or for cases
where uniqueness fails because of boundary conditions or conditions at |x| = +o0,
as it will be stressed in the sequel.

Let us now state the required assumptions on the data.

Let €2 be an open subset of R4 (d = 1), and let T be a positive real value or 4-00.

F is a continuous function, (H1)
¢ is a non-decreasing Lipschitz function, (H2)
up € L (). (H3)

One has to make the following assumption on the source term:

be Ll ([0, T); H () NLL.(2x[0,T)). (H4)

loc
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In the sequel, sign is the function defined by

0 if s =0,
sign(s) = { 1 if s >0,
-1 ifs <O.

We consider entropy weak solutions of (1), as in the famous work of Kruzkov [9]
for hyperbolic equations. This notion can be extended to degenerated parabolic equa-
tions, as noticed by Carrillo [4]. This leads to the following definition of entropy weak
solution:

DEFINITION 1. A function u is said to be an entropy weak solution if:
uell (Qx[0,T)), )

F(u) € (L. (2 x [0,7)))°,

$(u) € Lip ([0, T); Hyge (),

loc

Vi € DT(Q x [0, T)), Vk € R,

T
/ /|u—K|8,1//dxdt+/|uo—lc|1/f(0)dx
0 Q
Q

T
—i—/ / sign(u — k) (F(u) — F(k) — V¢ (u)) - Virdxdt
0 Q

s d -

T
+/ / sign(u — k)byrdxdt > 0. 2)
0 Ja

PROPOSITION 1.1. Any entropy weak solution is a weak solution, that is it fulfills
the three first points in Definition 1, and: YV € D(2 x [0, T)),

T
/ /uatl,//dxdt—i-/u()l//(())dx
0 Q 5

T T
+ / / (F(u) — Vo (u)) - Vipdxdt + / / byrdxdt = 0. 3)
0 Q 0 Q

Reciprocally, if ¢ is increasing, then any weak solution is an entropy solution.

Proof. Suppose first that ¢ is increasing, then the fact that any weak solution u is
an entropy weak solution is just based on a convexity inequality, and on the fact that
sign(¢ (a) — ¢ (b)) = sign(a — b) for all (a, b) € R2. More details are available in [4]
(see also [8]).

The fact that an entropy weak solution u is a weak solution is obvious if u belongs
to L5 (2 x [0, T')) (consider k = =|Ju|l 1 (supp(y)))-

Suppose now that u only belongs to LIIOC(Q x [0,T)). Let k € R, then for all
Y € D(R2 x [0, T)), one has

T T
/ / kO Ydxdt +/ Kk (0)dx +/ / F(k) - Viypdxdt =0, 4)
0 JQ Q 0 JQ
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which added to (2) yields: Vi € DT (Q x [0, T)),
T
/ / (u — | + &) dypdxds +/ (o — k] + 1) ¥ (O)dx
0 Q Q

+// QF (k) — F(w)) - Vypdxdt + // F(u) - Vydxdt
{u<x} {u>ic}
T
+/ / sign(u — k) (=Vo ) - Vi + byy) dxdt > 0. (&)
0 Ja
One will now let « tend to —oo in (5). Suppose that k < 0, then

|[lu — x|+ k| <|u|and [|u — k| + k| = u a.e. in supp(y/),

then, from the dominated convergence theorem, one has

T T
lim / / (lu — k| +«) 0y Ydxdt = / / udrdxdt,
k== Jo JQ 0 JQ

lim (|u0—K|+K)1p(O)dx=/ oy (0)dx.
Q Q

K—>—00

It follows also from the dominated convergence theorem that

T
lim // F(u) - Viyrdxdt =/ / F(u) - Viyrdxdst,
fe=>—00 {u>«} 0 Q

and that

T
lim / / sign(u — k) (=Vo ) - Vi + byy) dxdt
0 Q

K—>—00
T
= / / (=Vo(u) - VY + byy) dxdt.
0 Ja
It appears clearly that
2F (k) — F(u)) X{u<x) — 0 a.e.in supp(y/) as k — —o0,

where xg(x,t) = 1if (x,r) € £ and 0 otherwise. In order to obtain the domination,
we will follow the method proposed in Remark 2.1 of [5]. Assume that there exists a
sequence (k,), with k, — —oo such that (| F(x,)|), is bounded by C, then

|2F (kn) = F()) X{u<ic,)| <2C + F(u) € L' (supp(y)).

Otherwise, limg_, _~ |F(s)] = 00. Let ng € N such that ng > infycr | F(s)|, we set
forn > ngp:

Ko =min{s € R|[F(s)] < n},
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then one has lim,,_, c k,, = —00, and
S Skn = [F ()| = [F(kn)l.
Hence, in this case, one has
[QF (k) = F (@) xpu<xn)| < 3IF )] € L' (supp(y)),

and thus

n— oo

lim // (F (ky) — F(u)) - Vipdxdt = 0.
{u>Ky,}

Therefore, letting («,,),, tend to —oo in (5) provides that, for all v € DT (Q x [0, T)),

T
/ /u&tl/fdxdt—}-/ uoy (0)dx
0 Ja Q

T T
+/ / (F(u) — Vo (u)) - Vl//dxdt+/ /blﬂdxdt > 0.
0 Q 0 Q

The same way, subtracting (4) to (2) and considering a convenient sequence (kp),
tending to 400, one obtains

T
/ / udydxdt + / uoyr (0)dx
0 Q Q

T T
+/ / (F(u) — Vo)) - ledxdt—i-/ /bl//dxdt <o0.
0 Q 0 Q

This ensures that: Vi € DT (Q x [0, T)),

T
/ /ué),lpdxdt—i—/uolﬂ(O)dx
0 JQ Q

T T
+ / / (F(u) — V() - Vipdxdt + / / byrdxdt = 0. (©6)
0 Q 0 Q

It is now easy to check that (6) still holds for ¢ € D(2 x [0, T')), and so this achieves
the proof of Proposition 1.1 0

REMARK 1.1. In the case where ¢ = 0, the point 2 of definition 1 can be replaced
by

Flu) e (LEOC(Q x [0, T)))d,

and one can remove the assumption b € L2 ([0, T); H~'()) in (H4). Actually, in

loc
such a case, Kruzkov entropies | - —«| are sufficient to obtain the time continuity. The
ioc (2 x [0, T)))d and b € Lfoc([O, T); H-1(Q)) will only be
useful to ensure d;u belongs to leoc([O, T); H-1()) in order to recover the regular
convex entropies, which are necessary to treat the parabolic case, as it was shown in

the work of Carrillo [4].

assumptions F'(u) € (L2
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The Definition 1 does not take into account any boundary condition, or condition
at x| — +oo. This lack of regularity can lead to non-uniqueness cases, as the one
shown in the book of Friedman [7] (also available in the one of Smoller [14]): the very
simple problem

[Btu—afxu:O inR x Ry, o

u(-,00=0 in R
admits multiple classical solutions if one does not ask some condition for large x like
e.g.u € S'(R x Ry). Indeed, it is easy to check that

- | 2k d* —1/¢2
ulx,t) = Z %x ﬁe
k=0

is a classical solution of (7). So u is a weak solution of (7) and thus an entropy weak
solution thanks to Proposition 1.1. It also belongs to C ([0, T], LlloC (R)), thanks to its
regularity.

Let us give another example, proposed by Michel Pierre [13]. We now consider the
problem

oru — 8§Xu =0 in [0, 1] x Ry,
u,0)=0 in [0, 1], @
u@,)=u(l,)=0 inRy

which admits the constant function equal to 0 as unique smooth solution. A non-smooth
solution to the problem (8) can be built as follows. Denote by u s the fundamental solu-
tion of the heat equation in the one-dimensional case:

1) = — ( xz)
ur(x,t) = —exp|——1,
f VAt P 4¢

then v := d,u s also satisfies the heat equation in the distributional sense. The function
v, given by

x. 1) 2x ( x2)
v(x,t) = — expl——),
t/4rt P\Ta

satisfies v(0, t) = 0 for all # > 0, belongs to C* ([0, 1] x [0, T] \ {(0, 0)}) but is not
continuous in (x, 1) = (0, 0). Indeed, one has

lim v(y/s,s) = —o0.
s—0t

The function ¢ +— v(1,1) belongs to C>°(IRy), then there exists a unique w €
C*°([0, 1] x R4) solution to the problem

opw — afxw =0 in[0, 1] x Ry,
w(-,0)=0 in [0, 1],
w(,) =0 inRy,

w(l, ) =v(l,t) inR,.
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Defining u := v — w, then u is a solution to the problem (8) which is not the trivial
solution since it is not regular. Nevertheless, u is a weak solution to the problem and
thus a entropy weak solution thanks to Proposition 1.1. Thanks to its regularity, it
clearly appears that u# belongs to C (R ; Llloc((O, 1)).

In the following theorem, we claim that any entropy solution is time continuous
with respect to the time variable, at least locally with respect to the space variable.

THEOREM 1.2. Let u be a entropy solution in the sense of Definition 1, then there
exists u such that u = u a.e. on Q x [0, T) and fulfilling

i € C([0, T): Lig ().
Furthermore, if there exists p > 1 and a neighborhood U of 92 in 2 such that

uo € LY U), ue L2 (0,7); LY U)),

loc loc

then we have:

ieC(0,T); LL ().

2. Essential continuity for 1 = 0

In this section, we give a simple way to prove the classical result stated in
Proposition 2.1.

DEFINITION 2. One says that ¢ € [0, T) is a right-Lebesgue point if there exists
u(t) in LI]OC(Q) such that for all compact subset K of €2,

t+e

1
lim ~ 5) -t ds =0.
8%8 t ”u(?) u( )”L](K) '

We denote by L the set of right-Lebesgue points.
It is well known that meas ((0, T) \ £) = 0 and that u = u (in the Ll (Q)-sense)

loc
a.e. in (0, T). In the sequel, we will prove that £ = [0, T'), and that u belongs to
C([0, T); LL (). We begin by considering the essential continuity for the initial

loc
time t = 0.

PROPOSITION 2.1. Forall ¢ € DT (), one has:

lim [u(x,t) —up(x)|¢(x)dx = 0.
t—0 Q
tel

Particularly, this ensures that 0 € L.

The limit as ¢ tends to 0, ¢+ € L can be seen as an essential limit, as it is done
in Lemma 7.41 in the book of Malek et al. [10] in the case of a purely hyperbolic
problem, or by Otto [11] in the case of a non-strongly degenerated parabolic equation.
See also the paper of Blanchard and Porretta [2] for the case of renormalized solutions
for degenerate parabolic equations.
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Proof. First, notice that for all + € £, and for all « € R, ¢ is also a right-hand side
Lebesgue point of [u — «|. Indeed, if K denotes a compact subset of &, one has for
ae(x,5) e QNK x (0,T)

u(x,s) — x| —|u(x, 1) — k|| < |u(x,s) —u(x, 1),

and so, forall t € L,

1
lim —
a—0 o

t+a
/ / [u(x,s) — k| — |u(x,t) — «kl||ldxds = 0. ©)]
' QNK

Let o > 0, and t* € L, one denotes

1 ift <t*
Xj0.,() =10 ift>t"+a
'*fT“*’ ift* <t <t*+a.

Letz € DT(Q), and let & > 0 be such that d(supp(¢), Q) > €. Let p € DT(RY),
with supp(p) C B(0, 1) and fRd p(z)dz = 1. One denotes p.(z) = sldp(g). The
function y > ¢(x)pe(x — y) belongs to DT ().

Taking k = up(y) and ¥ (x, y,t) = {(x)pe(x — y)x["(‘)’t.[(t) in (2), an integrating
with respect to y € Q yields:

T
[ e = w0l = 90y o 0dndyar
0 QJIQ

+/ / luo(x) — uo(M(x)pe (x — y)dxdy
QJQ

T [ sign(u(x, 1) — uo(y))
4 / ) / / (Fu(x, 1)) — Fluo(y))) | dxdyd
0 LIV (E(x)pe(x — ¥))

T [ sign(u(x, 1) — ug(y)) Ve (u(x, 1))
_/0 X[O’f*[(”/g/g Vet — ) }d”y‘”

Lo [ sign(u(x, 1) — uo(y))b(x, 1)
+/0 X[o,t*[(l‘)/g/s2 L) pex — ¥) i|dxdydt >0, (10)

where all the gradients are considered with respect to x, and not y.
One has

lu(x, 1) —uo(y)| = lulx, 1) —uox)| + ulx, 1) —uo(y)| — lu(x, 1) —uo(x)l,
then, since [pq pe(x — y)dy = 1 for all x in supp(¢), using

luo(x) —uo(y)| = [lux, 1) —uo(y)| — |ulx, 1) —uo(x)|l,
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we obtain

T

/ DX 1 (1) / / JuCx, 1) — uo(IZ ()6 (x — y)dxdydt
0 QJa
T
< /O B X oy (1) /Q Ju(x, 1) — g (0)[¢ (x)dxdt
10X ol 01 /Q /Q o) — uo(IE()pe(x — Y)dxdy. (1)

Forallw €10, T — t*],

19 X0, (L1 0,7y = 1.

and then, one can let « tend to 0 in (11), so that (10) implies:

—// lu(x, 1*) —uo(x)|¢ (x)dxdy
QJIQ

"
—FZ/Q/Q luo(x) — uo(y)|¢(x)pe(x — y)dxdy +/O Re()dt >0, (12)

where R, belongs to L0, T) forall ¢ > 0. Since £ is dense in [0, T'], one can let in
a first step ¢* tend to 0, so that fé R (t)dt vanishes:

limsup//lﬁ(x,t*)—uo(x)lg(x)dxdy
=0 JaJa
t*el

<2 /S2 /Q luo(x) — uo(N]Z (¥) e (x — y)dxdy. (13)

One can now let ¢ tend to 0, and using the fact that u( belongs to LIIOC(Q), and that ¢
is compactly supported in €2, one gets:

lim // [w(x, t*) —up(x)|¢(x)dxdy = 0.
*—=0 JoJo

t*el

This achieves the proof of Proposition 2.1. d

3. Time continuity for any ¢ > 0

In this section, we want to prove the following proposition:

PROPOSITION 3.1. Let u be a entropy solution in the sense of Definition 1, then
there exists u such that u = u a.e. on Q2 x (0, T) and fulfilling

e C([0,T); Li,.(R)).
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In the sequel, we still denote by u the representative defined using the right-Lebesgue
points introduced in Definition 2. Proving the essential continuity for every t* € L is
easy. Indeed, if one replaces ¥ (x, ) by (1 — Xﬁ‘))t*[)(t)lp(x, t) in (2), and then if one
lets o tend to 0, one gets:

T
/ /|u—/<|8,1pdxdt+/ [w(t*) — k| (t*)dx
t* Q Q

T
+/ / sign(u — k) (F(u) — F (k) — Vo (u)) - Virdxdt
t* Q

T
+/ / sign(u — k)byrdxdt > 0. (14)
 Jo

One can thus apply the Proposition 2.1 with #* instead of 0, and u(¢*) instead of
up: v¢ € DT(Q),

lim //|ﬁ(x,s*)—ﬁ(x,t*)l{(x)dxdy=0.
s’*—n* QJo

s*el

We will prove the uniform continuity of ¢ + u(z) from LN [0, T — y] to LIIOC(Q)
for all y € (0, T). This will give as a direct consequence that £ = [0, T) and
u e C(0,7); LIIOC(Q)). This uniform continuity will come from Theorem 13 in the
paper of Carrillo [4], which, adapted to our case, can be stated as follow:

THEOREM 3.2. Suppose that (HI), (H2) hold. Let ug, vy belong to LIIOC(Q), let
bu, by belong to L*((0, T); H=1(Q)) N L1((0, T); L} (Q)), and let u, v be two en-

tropy solutions associated to the choice of b = b,, and initial data ug for u and b = b,
and initial data vy for v in Definition 1. Then ¥V € DY (Q x [0, T]),

T
/ / |u—v|3t¢dxdt+/ lug — volyr (0)dx
0o Jo Q

T
/0 /Q (sign(u — v)(F(u) — F(v)) — VIgu) — p()]) - Virdxdi

T
—l—/ / sign(u — v)(by, — by)Ydxdt > 0. (15)
0 Q

We now have all the tools for the proof of Proposition 3.1.

Proof of Proposition 3.1. Lety > 0,lett* € L, = LN[0, T —y],and h € L, such
thatt*+h € L, (this is the case of almostevery h € (0, T —1*—y)).Let¢ € DT (),
leta€]0, T —t*—y — h[.
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Taking ¥ (x, 1) = () X[ (), vo(x) = u(x, h), v(x, 1) = u(x, 1 + h) in (15),
and letting o tend to O yields:

- / (x, 1%) — BCx, £ + 1) [E(dx + / o (x) — (e, W)|¢ (¥)dlx
Q Q

* sign(u(x,t) —u(x,t + h))
// (Fu(x,t)) — F(u(x,t +h))) | -Ve(x)dxdt
0] —Vigu(x, 1)) — pulx, 1+ h))|

" sign(u(x, t) —u(x,t + h))
—i—/o /Q|: (b(x. 1) — b(x. 1+ h)) i|§(x)dxdt > 0. (16)

We deduce from (16) that
/ [u(x, 1*) —u(x, t* + h)|g(x)dx < / luo(x) —u(x, h)|¢(x)dx
Q Q
T—y—h
+/ / |F(u(x,t)) — Fu(x,t + h))||V¢(x)|dxdt
0 Q
T—y—h
+/ /|V¢(u>(x,r+h> — Vx| [VE () ldxdr
0 Q
T—y—h
+/ / |b(x,t +h) —b(x,t)| ¢(x)dxdt,
0 Q

and since F(u), V¢ (u) and b belong to LIIOC(Q x (0, T)), one can claim that:
Ve >0,Vt* e L,,In>0st.YVhe LN[0, T —y —t*,h<n=
/Q [w(x, t*) —u(x, t* + h)|g(x)dx < /Q lug(x) —u(x, h)|¢(x)dx +e.  (17)
One can now use Proposition 2.1 in (17), so that we get that
t + u(x, t) is uniformly continuous from L to LI(Q, 2),

which is the L!-space for measure of density ¢ w.r.t. Lebesgue measure. We deduce
that, for all y € (0, T), t — u is uniformly continuous from £, to LIIOC(Q), and this
ensures that £, = [0, T — y]. This holds for any y € (0, T), and so we can claim
thatu € C([0, T); L] (). O

loc

It remains to prove the last part of Theorem 1.2 by considering some test functions
. eDt (Q) instead of ¢ € DT (). We will need some additional regularity on the
solution:

[There exists an open neighborhood ¢/ of 32 in Q s.t. (H5)

upe LY U), ueLX(0,T);, LY WU).

loc loc loc

(HS) gives the uniform (w.r.t. ¢) local equiintegrability of « (and so of &) on a neigh-
borhood of 1. We deduce, using iz € C([0, T); L} (Q)) thatw € C([0, T); LL ().

loc loc
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End of the proof of Theorem 1.2. Suppose that (H1), (H2), (H3), (H4) hold, then

thanks to Proposition 3.1, there exists a weak solutionu € C([0, T), LIIOC(Q)).

Fore >0,y € (0,T), ¢ € DT (), there exists n > 0 such that: V¢ € [0, T — ],
Vh € [0, min(n, T —t —y)],

/ [u(x,t4+h) —ulx,t)|[¢(x)dx <e.
Q

Let K be acompact subset of Q. Then, there exists ¢ € D (Q) suchthat0 < ¢(x) < 1
forallx € R, and ¢ (x) = 1ifx € K. Leta > 0 and let B, € C®(R?; R) such that:

0<pBex)<1 forallx € RY,
Bu(x) =1 ifd(x,0Q) < /2,
Bu(x) =0 ifd(x, Q) > a.

Suppose that (H5) holds. For « small enough, one has supp({B8y) C U and then, for
allt € [0, T —y]l,forallh € [0, T — ¢t — y],

/ | (x, 4+ h) —u(x, DS Badx < 2lullLeoo.7—pyLr i) 1Ball L g4,y
Q

where U; denotes U N supp(¢), and p’ = # < +00. Since 1Bl " 4, tends to 0
as « tends to 0, there exists § > 0 such that:

a<$ :>/ [@(Cx, 1 4+ h) — a(x, )] (x) Badx < & (18)
Q

Suppose now that « has been chosen such that (18) holds. The function (1 — By)
belongs to DT () and then there exists n such that :¥t € [0,T — y], Vi €
[0, min(n, T —y —1)],

/ [u(x, 1+ h) —u(x, 0)|¢(x)(1 — B (x))dx <e. (19)
Q
Adding (18) and (19) shows that for all # in [0, T — y — n], for all & € [0, n],
/ [u(x,t+h) —u(x,t)|ldx <2e. (20)
K

So u is uniformly continuous from [0, T — y] to LI(K ), and then
e C(0,T); Li,.(Q)).
O

To conclude this paper, let us give a counter-example to the time continuity in the
case where the entropy criterion is not fulfilled for # = 0. Consider the inviscid Burgers
equation, in the one-dimensional case, leading to the following initial value problem.

[ du—d (u?) =0, (x,1) e RxRy), @1

u(-,0) =ug =0.
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Problem (21) admits u = 0 as unique entropy solution in the sense of Definition 1.
We define

0 if r=0,
ax,t)=1 0 if |x] > /2,
5 if x| < JI.

Then it is easy to check that:
ieLl RxRy),

loc

e Ll RxRy),

loc

o Yy e D xRy,

+00
/ / u(x, )o,yr (x, t)dxdt
0 R

+00
+/ /ﬂz(x,t)axw(x,t)dxdt =0, (22)
0 R

o VY e DH(Q xR}, Vk €R,
+00
/ / lu — k|(x, )0,y (x, t)dxdt
0 R

400
+/ / sign(ii — K) (ﬂz(x, £ — K2> O (x, dxdt =0.  (23)
0 R

Thanks to (22), u is a weak solution of (21), and an entropy criterion (23) is fulfilled
only fort > 0. The fact that the entropy criterion fails for # = 0 and that the solution u
and the flux 72 are not bounded (see [6, 12]) allows the function i to be discontinuous
att = 0. Indeed, for all r > 0,

- 1
laC, Ollpiwry = 3 # lluollL1ry = 0.
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