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Abstract. Let V and V* be a real reflexive Banach space and its dual space, respectively. This paper is
devoted to the abstract Cauchy problem for doubly nonlinear evolution equations governed by subdifferen-
tial operators with non-monotone perturbations of the form: dy ¥’ (u’(¢)) + dy @ (u(t)) + B(t, u(t)) > f(t)
in V¥,0 <t < T,u(0) = ug, where dyy', dyp : V — 2V™ denote the subdifferential operators of
proper, lower semicontinuous and convex functions w’, ¢ V. — (—o0, 4+00], respectively, for each
t€[0,T],and f : (0, T) - V* and uy € V are given data. Moreover, let B be a (possibly) multi-valued
operator from (0, T') x V into V*. We present sufficient conditions for the local (in time) existence of strong
solutions to the Cauchy problem as well as for the global existence. Our framework can cover evolution
equations whose solutions might blow up in finite time and whose unperturbed equations (i.e., B = 0)
might not be uniquely solved in a doubly nonlinear setting. Our proof relies on a couple of approximations
for the equation and a fixed point argument with a multi-valued mapping. Moreover, the preceding abstract
theory is applied to doubly nonlinear parabolic equations.

1. Introduction

Let V and V* be a reflexive Banach space and its dual space, respectively, and let
H be a Hilbert space whose dual space H* is identified with itself such that

Ves H=H"~— V*

with continuous and densely defined canonical injections. Let dy v’ (for each t €
[0,T])and dyep : V — 2V" stand for the subdifferential operators of proper, lower
semicontinuous and convex functions ¥ and ¢, respectively, from V into (—o0, +00].
Moreover, let B be a (possibly) multi-valued mapping from (0, 7) x V into V* such
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that B(z, -) might be non-monotone in V x V* for each fixed 7. We discuss the exis-
tence of local and global (in time) strong solutions to the following Cauchy problem
for a doubly nonlinear evolution equation:

(CP) vy W' @) +dve() + Bt u(t)) > f(t) inV*, 0<t<T,
u(0) = uo,
where u/(t) = du(t)/dt, and f : (0, T) — V* and ug € V are given.
Studies of evolution equations governed by subdifferential operators were initiated
with the following simple case:

W' (t) +ogeu®) >0, 0<t<T (1.1)

in a Hilbert space H (see, e.g., Brézis [20]), and various generalized forms of (1.1) have
been studied by many authors to reinforce the applicability of theories of evolution
equations to nonlinear PDEs. We particularly choose three directions of generalization
among successful ones in applications to nonlinear PDEs.

Non-monotone perturbations: The development of perturbation theory for (1.1) is
further extending the applicability of subdifferential approaches to nonlinear PDEs.
Indeed, Navier—Stokes equation (see Otani-Yamada [43], Otani [41,42]), Allen-Cahn
equation and Cahn—Hilliard equation (see Kenmochi et al. [34]) are reduced to the
perturbation problem for (1.1) of the form:

u'(t) + () + B(t, u(t)) > (1) (1.2)

with a possibly non-monotone operator B : (0, 7) x H — H in a Hilbert space H.
In [41], Mitsuharu Otani first established an abstract theory on the existence of local
and global (in time) strong solutions to Cauchy problems for (1.2), and his frame-
work can cover nonlinear PDEs whose solutions possibly blow up in finite time, e.g.,
degenerate parabolic equations with blow-up terms (see also [39,40]). Moreover, his
abstract theory has been applied to various nonlinear parabolic equations and systems
such as Navier—Stokes equation, heat-convection equation, magneto-micropolar fluid
equation and various nonlinear parabolic equations and systems.

Doubly nonlinear evolution equation: Barbu [14], Arai [10], Senba [48] and Colli-
Visintin [24] investigated sufficient conditions for the existence of strong solutions to
Cauchy problems for doubly nonlinear evolution equations in the form

Ay (U (1)) + g (t)) > f(t) nH, 0<t<T (1.3)

with two subdifferential operators oy and 0y ¢, and their results were applied to
doubly nonlinear parabolic equations such as

o (ui(x,t)) —diva(Vu(x,t)) > f(x,t), (x,1) e Qx(0,T), (1.4)
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where € is a bounded domain of RV, & : R — R and a : R¥ — R" are maximal
monotone graphs, and f : 2x (0, T) — Risagiven function (see also [4,8,17,23,37],
[45, Sect. 11], [11,38,47] and [46]).

Moreover, Grange-Mignot [30], Barbu [16] and Kenmochi-Pawlow [35] also stud-
ied other types of doubly nonlinear evolution equations such as

V() + dpe®) 3 £1), v(t) € gy @) inH, 0<t<T (1.5

(see also [9,12,25,36,49,53], [45, Sect. 11], [1-3,5]).

Banach space framework: It helps our analysis of nonlinear PDEs to choose a
proper function space as a base space of each setting. Indeed, one can find advantages
of frameworks which admit a flexible choice of function spaces particularly in studies
on doubly nonlinear parabolic equations, e.g., (1.4) and the following

%|u|p_2u(x, t) — Apu(x,t) = f(x,t), (x,t) e Qx(0,7),

where p, m € (1, c0) and A, denotes the so-called m-Laplacian given by A, u(x) =
div(|Vu(x)|™2Vu(x)) (see Raviart [44], Tsutsumi [51]). However, evolution equa-
tions governed by subdifferential operators were originally studied only in Hilbert
space settings. Hence, several authors (e.g., Brézis [19], Kenmochi [32], Barbu [16]
and Colli [23]) made attempts to establish V-V* frameworks that enable us to treat
evolution equations in Banach spaces V and their dual spaces V* (see also Akagi-Otani
[6-8], Akagi [5], Aso et al’s[12]).

In order to cover a broader range of nonlinear PDEs, particularly, doubly nonlinear
versions of various PDEs, e.g., Allen-Cahn equations and Navier—Stokes equations,
it would be necessary to study (CP) with as general assumptions as possible. How-
ever, there seems to be no contribution to (CP) with three options, double nonlinearity,
non-monotone perturbations and Banach space framework. The purpose of the cur-
rent paper is to present sufficient conditions for the local (in time) existence of strong
solutions to (CP) as well as for the global existence. To do so, we overcome a couple of
difficulties, e.g., the strong nonlinearity of the equation and the defect of useful proper-
ties of maximal monotone operators defined in Banach spaces (cf. maximal monotone
operators in Hilbert spaces have fine properties such as the Lipschitz continuity of
their resolvents and Yosida approximations).

It is particularly noteworthy that the following unperturbed problems corresponding
to (CP) might not be uniquely solved.

WY W () +dvew@) > f(t) inV*, 0<t<T, u(0)=up. (1.6)
Indeed, a simple example of non-unique solutions was given in [23] even for the case

where V is a Hilbert space and ¥’ is independent of . Following a classical approach
to perturbation problems, one employs mappings St : g > u, which maps a function
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g : (0, T) — V* to the strong solution(s) u of (1.6) with f replaced by f — g on
[0, T], and Fr : g — B(:, u(-)) to obtain a strong solution u, := St g, of (CP) with
a fixed point g, of Fr. However, since we cannot ensure the uniqueness of strong
solutions of (1.6), Fr could be a multi-valued mapping. Fixed point theorems for
multi-valued mappings have already been established; in particular, several authors
extended Schauder-Tychonoff’s fixed point theorem to multi-valued mappings (see,
e.g., [22,27,29]). Here, we note that such fixed point theorems require the convexity
of the set Fr g for every g; however, the convexity is not obvious in our case. In order
to overcome such a difficulty, we introduce approximate problems for (CP) whose
solutions can be constructed by the fixed point argument mentioned previously. More
precisely, the unperturbed problem corresponding to our approximation has a unique
solution, so the fixed point argument can work well for the approximate problems.
Furthermore, our unperturbed problem with approximation could be a new example
of doubly nonlinear problems with the uniqueness of solutions (cf. [23]). Thus, we
can construct approximate solutions for (CP), and then, we derive the convergence of
the approximate solutions to obtain a solution of (CP) (see Sect. 4 for more details).

We apply the preceding abstract theory to the initial-boundary value problems for
doubly nonlinear parabolic equations of degenerate type such as

e | P 2ug (x, 1) — A, 1) — |ul?2u(x, 1) = f(x,1) (1.7)

for (x,1) € Q x (0, T), where  is a bounded domain in RV, 1 < m, p,q < ooand
f Q2 x(0,T) — Ris given. Such doubly nonlinear degenerate parabolic equations
can be regarded as a special case of generalized Allen-Cahn equations due to Gurtin
[31]. Indeed, the solution u(x, t) of (1.7) corresponds to the order parameter at (x, t)
generated by a generalized gradient system A(u'(¢))u’(t) = —F'(u(t)) of the free
energy

Fu) := l/ |Vu(x)|mdx—l/ |u(x)|qu—/ f(x, Hu(x)dx
m.Jjq qJg Q

and the constitutive modulus A(u) = |u|? ~2. Moreover, we also treat a semilinear
equation with a nonlinear term involving the gradient of u, e.g.,

e | P20 (x, 1) — Au(x, 1) — Jul? " 2u(x, 1) + [Vu(e, )27 = fe, ) (1.8)

with 1 < ¢1,¢q2> < oo. It is noteworthy that (1.8) can be no longer written as a
generalized gradient system, because of the gradient nonlinearity.

This paper consists of seven sections. In Sect. 2, we summarize without proofs
the relevant material on maximal monotone operators and subdifferential operators.
Section 3 is devoted to our main results on the existence of local and global (in time)
strong solutions of (CP). Proofs of the main results will be given in Sects. 4, 5 (for the
local existence) and in Sect. 6 (for the global existence). Finally, in Sect. 7 we discuss
applications of the preceding abstract theory to nonlinear PDEs.
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2. Preliminaries

In this section, several standard facts on maximal monotone operators and subdif-
ferential operators are given for later use.

Let E and E* be a reflexive Banach space and its dual space with the norms | - |g
and | - |+, respectively, and the duality pairing (-, -). According to [13], every reflexive
Banach space can be equivalently renormed (along with its dual) to be strictly convex.
Throughout this paper, we denote by D(A) the domain of each operator A : E — 2F "
and moreover, we denote by A the graph of A, that is, [u, £] € A means u € D(A)
and & € A(u).

An operator A : E — 2E" s said to be monotone if (&1 — &, u1 —up) > 0 for
all [ug, &1], [uz, &] € A, and the maximality of A is known to be equivalent to the
condition that the range of Fr + A coincides with E*, where Fg denotes the dual-
ity mapping between E and E*, provided that £ and E* are strictly convex (see,
e.g., [15,21]). The following proposition is concerned with the closedness of maximal
monotone operators in an appropriate topology (see [21]).

PROPOSITION 2.1. Let E be a reflexive Banach space. Let A : E — 2E" be a
maximal monotone operator and let [uy, &,] € A and [u, €] € E x E* be such that
u, — u weakly in E and &, — & weakly in E*. Moreover, suppose that

lim sup(&,,, u,) < (§, u).

n—oo

Then, it follows that [u,&] € A and (&,, un) — (&, u).

We denote by ® (E) the set of all proper, lower semicontinuous and convex functions
¢ from E into (—o0, +00], where the “proper” means ¢ # oco. For each ¢ € ®(E),
the effective domain D(¢) of ¢ is given as follows:

D(¢) :={u € E; ¢(u) < oo},
and the subdifferential operator Op¢ : E — 2B dp@ (u) of ¢ is defined by
App) :=1{& € E;¢(v) —p(u) > (§,v —u) forallv € D(¢)}

with the domain D(0g¢) := {u € D(¢p); dgp(u) # 0}. It is well known that every
subdifferential operator is maximal monotone (see, e.g., [15,21]).

Now, let H be a Hilbert space whose dual space H* is identified with itself and
define the subdifferential operator 3¢ : H — 21 of ¢ € ®(H) as follows:

oppu) :={& e H;¢p(v) —¢pu) > (§,v—u)y forallv e D(¢)}

with the domain D0y @) := {u € D(¢); oy (u) # ¥}. Here, (-, -) g denotes the inner
product of H. Then, since dy ¢ becomes maximal monotone, for A > 0, one can define
the resolvent J, : H — D(0y¢) and the Yosida approximation (0g¢); : H — H of
dn ¢ by

Jo= I +2pd) ", Gue)s = I — J)/A,
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where [ stands for the identity mapping of H. Furthermore, for A > 0 the Moreau-
Yosida regularization ¢, : H — R of ¢ € ®(H) is given by

¢.(u) = inf. [%m —vl% +¢(v)] forallu € H. 2.1

The following proposition provides fine properties of resolvents, Yosida approxima-
tions and Moreau-Yosida regularizations in H (see [18] for its proof).

PROPOSITION 2.2. Let H be a Hilbert space and let ¢ € ®(H). Then, ¢, is a
Fréchet differentiable convex function from H into R. Moreover, the infimum in (2.1)
is attained by Jyu, where J, denotes the resolvent of 0y ¢, i.e.,

1 A
1) = -l Bl + () = 5|(8H¢)x(u>|%, + ¢ (Jru).

Furthermore, the following (i)—(iii) hold.
(1) 0m (o) = (Oud),., where g (¢,) is the subdifferential (Fréchet derivative) of
&
1) ¢(hu) < () <) forallu € H and A > 0.
(1) ¢p(w) = ¢m)asr — 04 forallu € H.

Finally, we recall the chain rule for subdifferential operators in a Banach space set-
ting, and it also plays important roles to deal with evolution problems (see [5,23,32]).
Throughout this paper, for each p € (1, 00), we denote by p’ the Holder conjugate of
p,ie,p =p/(p—1).

PROPOSITION 2.3. Let E be a reflexive Banach space and let p € (1, 00). Let
¢ € O(E)andletu € WLP(0, T; E) be such that u(t) € D) fora.e.t € (0,T).
Suppose that there exists g € Ll’/(O, T; E*) such that g(t) € 0p¢(u(t)) for a.e.
t € (0, T). Then, the function t +— ¢ (u(t)) is absolutely continuous on [0, T']. More-
over, let T := {t € [0, T]; u(t) € DOp¢), u and ¢ (u(-)) are differentiable at t}.
Then, [0, T1\Z is negligible, i.e., its Lebesgue measure is zero, and

%q&(u(t)) = (h,u'(t)) forevery h € dpp(u(t)) and t€T.

3. Main results

Let V and V* be a real reflexive Banach space and its dual space, let H be a real
Hilbert space whose dual space H* is identified with itself such that

Ve H=H"— V* 3.1)
with continuous and densely defined canonical injections. Here, we set

Cy = sup m>0.

uev\ioy luly
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Let ¢!, ¢ € ®(V) and let dy ' and dy ¢ be the subdifferential operators of 1’ and
@, respectively, for every ¢ € [0, T] with T > 0. Moreover, let B be a mapping from
(0, T) x V into 2V". We consider the following Cauchy problem.

vy’ W' @) + dve®) + B(t,u(t)) > f(t) inV*, 0<t<T,

P u0) = o,

where f : (0,T) — V* and ugp € V are given data. Here and henceforth, we are
concerned with strong solutions of (CP) defined as follows.

DEFINITION 3.1. Foreach S € (0, T'], a function u € C([0, S]; V) is said to be
a strong solution of (CP) on [0, S1], if the following conditions are satisfied:

(1) u is a V-valued absolutely continuous function on [0, S];
(i) u(0) = uo;
(i) u(t) € DQ@yg),u'(t) € D@yy") forae.t € (0, S), and there exist sections
n(t) € dy ' (W' (1)), E(t) € dyo(u(t)) and g(t) € B(t, u(t)) such that

nt)+&@)+g() = f() inV* forae.t € (0, S); 3.2)

(iv) the function  — @(u(t)) is absolutely continuous on [0, S].

Before describing our main results, let us introduce assumptions on ¥’, ¢ and B
for p € (1,00) and T > 0. We first give assumptions on the coercivity and the
boundedness of dy ¢! : V — V* as follows.

(A1) There exist constants C; > 0 and C, > 0 such that
Ciluly <¥'(u)+C, forallt € [0, T]and u € D(Y").
(A2) There exist a constant C3 > 0 and m; € L'(0, T) such that
|n|(’,; < C3¥'(u) +m(t) forae.t e (0,T)andall [u,n]edyy’.

Here we give a proposition, which will be used later.
PROPOSITION 3.2. Let p € (1, 00) and suppose that (A2) is satisfied. In addition,

we assume that there exists a function w : [0, T] — V such that

o= sup {lw®ly + [¥' (W)} < +oo. (33)
tel0,T]

Then, the following (A2)' holds true:

(A2) Forallt € (0, 1), there exists Ny € LY, T) depending onlyon ¢, p, C3, mq,
1o such that

1=y W) < (n,u) + N (t) forallt €[0,T] and [u,n]e .

In particular, if my = 0 and po = 0, then Ny = 0 for any ¢; hence ¥ (u) <
(n, u).
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Proof. Lett € [0, T]and [u, n] € dy ¥ be fixed. By the definition of subdifferentials,
it then follows that

Y ) — Y (W) < (n,u—w®) < (n,u) + nlv-w®)ly

foreach ¢ € [0, T]. By (A2) and Young’s inequality, for any ¢ € (0, 1), there exists a
constant C; > 0 such that

t t my (1) p t
Vi) < (nu)+¢y' () +¢ +C; sup |w(@®)|y + SUPT Y (w(?)).

C3 1€[0,T] 1€[0,T]

Hence, setting N (t) := ¢m(t)/C3 + C¢ ,ug + 10, we obtain (A2)’, and moreover,
we also notice that Ny = 0 if m; = 0 and o = 0. O

REMARK 3.3. Mielke and Theil [37] studied the rate-independent processes gen-
erated by some energy formulation of doubly nonlinear evolution equations with dis-
sipation functionals 1 homogeneous of degree 1, i.e., ¥ (o¢u) = oy (u) forv > 0 and
u € V. Unfortunately, our framework cannot handle their setting, which corresponds
to the case p = 1 in our assumptions, since this case is excluded.

We write {W},e[o,n e ®(V,[0,T]; a, B, £p) for functions «, B : (0, T) — R and
a non-decreasing function £( on [0, co) if the following (i) and (ii) are satisfied:

(1) ' e ®(V)forallr €[0,T];
(ii) there exists a constant § > 0 such that for all #y € [0, T] and vy € D (™), we
can take a function v : I5(tp) := [to — 8, to + 8] N [0, T] — V satisfying

[v(t) = volv =< lee(t) — ae(to) [€o (|9 (vo)| + lvolv)
Y (@) < PO o) + IB(1) — Bt Lo(I¥" (vo)l + lvolv)

for all t € I5(tp).

Particularly, (ii) ensures a smooth movement of the graph for v in ¢, and this type
of assumption was well studied by several authors (see, e.g., [32,33]) to treat time-
dependent subdifferential operators. Then, our third assumption reads,

(A3) There exist functions o, 8 € W1(0, T) and a non-decreasing function £( on
[0, 00) such that {{/"};e10,71 € ©(V, [0, TT; a, B, £o).

REMARK 3.4. The assumption (A3) ensures that the function ¢t — v’ (u(t)) is
measurable in (0, T') whenever u € L'(0, T; V), and moreover, by (A3) one can
always take a function w : [0, T] — V satisfying (3.3) (see [8] and [32]).

Suppose that (A3) is satisfied and define W : LP(0, T; V) — (—o0, +o¢] by

T
W) = /0 Yl @)de if [r e Y @))€ L0, T),

+00 otherwise.
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Then, ¥ € ®(L?(0, T; V)). Moreover, by Proposition 1.1 of [32], we can assure that

nedporvyVw) ifuelLP©O,T;V), nell T;V,
and [u(?), n(t)] € dyy’ forae.t € (0,T). (3.4)

As to ¢, we employ the following compactness condition.

(®1) There exist a reflexive Banach space X and a non-decreasing function ¢; in R
such that X is compactly embedded in V and

lulx = €1(p) + ulg) forallu € D@y¢).

We next introduce assumptions on the non-monotone operator B. Condition (B1),
provides some growth condition for B(z,:) : V — V* with a constant ¢ > 0.
Condition (B2) can be regarded as a condition on the compactness and the closedness
for the operator B : u — B(-, u(-)) in the sense of multi-valued operators. Moreover,
to treat multi-valued operators B : (0,7) x V — V*, we also impose (B3) so that
the operator 3 will be well defined and convex-valued in a proper Bochner-Lebesgue
space (see also Remark 3.5).

(B1), D(dve) C D(B(t,-)) forae.t € (0, T). There exist m§ € L'(0,T) and a
non-decreasing function £5 on [0, oo) satisfying the following:

g1y < el§[5+ + Im5OI5 (g +uly), o :=min{2, p'}

fora.e.t € (0,T)and allu € DAy ), g € B(t,u) and & € dyp(u).
(B2) LetS € (0,T] and let {u,} and {§,} be sequences in C([0, S]; V) and
L°(0, S; V*) with o := min{2, p’}, respectively, such that

u, — u strongly in C([0, ST; V), [un(?),&,(¢)] € dyp forae.t € (0, 9),

S S
sup [0 ()] + /0 @1t + /0 60 ()]G dt

1€[0,S]
is bounded for all n € N.

Moreover, let {g,} be a sequence in L (0, S; V*) such that
gn(t) € B(t,uy(t)) forae.r € (0,S), g, — g weaklyin L” (0, S; V*).

Then, {g,} is precompact in LP/(O, S; V*) and g(¢t) € B(t,u(t)) for a.e.
t €(0,9).

(B3) LetS € (0,7T] and let u € C([0, S]; V) N WL-P(0, S; H) be such that
@u(-)) € L*(0, S). Suppose that there exists & € LP'(0, S; V*) such that
&) € dyp(u(t)) for a.e. t € (0, S). Then, there exists a V*-valued strongly
measurable function g such that g(¢) € B(t, u(t)) for a.e. t € (0, S). More-
over, the set B(¢, u) is convex for allt € (0, T) and u € D(B(t, -)).

Here, we give a couple of remarks on (B1),—(B3).
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REMARK 3.5. (i) Let us show a couple of simpler (but more restrictive) alter-
natives to (B2).
(B2); B(t,u) = B(u) is single-valued and locally uniformly continuous from V
into V*.
If (B2); is assumed, then for any sequence u,, — u strongly in C([0, S]; V),
it follows that g, () := B(u,(t)) — B(u(t)) strongly in V* uniformly
on [0, T']. Hence (B2) follows. However, this condition could be somewhat
restrictive in applications to PDEs.
(B2), Foreach S € (0, T), the operator B : u — B(-, u(-)) is single-valued, con-
tinuous and compact from L*>°(0, S; X)N Wl’p(O, S; H) into LY 0, S; V).
Let (u,) be a sequence in the assumption of (B2). Then, by (®1), we find that
() is bounded in L>®(0, S; X) N W-P(0, S; H). Hence by (B2),,uptoa
subsequence, we have g, := B(-, u,(-)) = B(:, u) stronglyin LP/(O, S; V).
(i) Condition (B3) is not necessary to be assumed under (1) and (B1), if X
is separable and B is single-valued and 90t(0, 7') x ‘B(X)-measurable, where
M0, T) is the o-algebra of Lebesgue measurable sets on (0, 7') and B(X) is
the Borel tribe generated by X. Indeed, the functiont — B(¢, u(t)) is M(0, T)-
measurable for any 91(0, T')-measurable function u : (0, T) — X. Hence by
(B1),, we deduce that 5(u) belongs to LY (0, T'; V*), provided that u satisfies
all assumptions in (B3). Moreover, B(t, u) is always convex.
(iii)) Suppose that both (B1), and (®1) are satisfied. Then we get, by (1),

luly = Clulx = Cli(lp@)| + [ulm)-

Hence, we can derive the following (B1); from (B1), by putting £5(x) :=
£5(x + Cly(x)).
(Bl)’s D@y¢) C D(B(t,-)) fora.e.t € (0, T). There exist m§ e L'(0,T)and a
non-decreasing function £5 on [0, 0o) satisfying the following:

gl < el§ [T + Im5O15 (e + lulp), o =min{2, p')

forae.t € (0,T)and allu € D(Ay¢p), g € B(t,u) and & € dyp(u).
Hence, we use (B 1); instead of (B1), to prove main results stated below.

Now, our result on the local (in time) existence is stated as follows:

THEOREM 3.6. (Local existence) Let p € (1,00) and T > 0 be given. Suppose
that (A1)—(A3), (®1), (B1),—~(B3) are all satisfied with a sufficiently small ¢ > 0
(the smallness of € is determined only from p, C1, C3 and Cy). Then, for all f €
L”,(O, T; V¥anduy € D(@), there exists Ty, = T*((p(uo)+|u0|H+||f||Lp/(0)Tgv*)) €
(0, T] such that (CP) admits at least one strong solutionu € Wl”’(O, Ty; V)on |0, Ty]
satisfying

n.& 8Ll 0, T V"), ou) €W ©,T),

where n(t),&(t) and g(t) denote the sections of dyy'(u' (1)), dyeu(t)) and
B(t, u(t)), respectively, as in (3.2) for a.e. t € (0, Ty).
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A proof of Theorem 3.6 will be given in Sects. 4 and 5; its outline will be also shown
at the beginning of Sect. 4.
As for the global (in time) existence, we have:

THEOREM 3.7. (Global existence) Let p € (1,00) and T > 0 be fixed. Sup-
pose that (Al1)—(A3), (®1), (B2), (B3) and the following (B4), are satisfied with
a sufficiently small ¢ > 0 (the smallness of ¢ is determined only from p,Cy, C3
and Cpg).

(B4). D(dvyp) C D(B(t,")) fora.e. t € (0, T). There exists m§ € LY(0, T) satisfy-
ing the following:

gl < €l€l5+ + Im5O| {le)| + [ul}, +1}, o :=min{2, p'}
forae. t € (0,T)andallu € D(Oyg), g € B(t,u) and & € dyp(u).
Then, for all f € L”l(O, T; V*) and uy € D(¢p), there exists a strong solution u €
WLP(, T; V) of (CP) on [0, T such that
n.E.g €LV (0.T: V"), o()) e w0, 1), (3.5)

where n(t),&(t) and g(t) denote the sections of dyy'(u' (1)), dye(u(t)) and
B(t, u(t)), respectively, as in (3.2) fora.e. t € (0, T).

Furthermore, the global existence is assured for small data ug and f in a proper
sense by employing the following (B5) and (B6), instead of (B4),.

(B5) There exist a positive constant C4 and non-decreasing functions ¢; (i = 4, 5)
on [0, oo) such that limg_, 1o £; (s) = 0 and

Cap(u) = (€ + g, u) + La(pu))g(u), (3.6)
luly, < €s5(pu))gu), (3.7

fora.e.t € (0,T)and all u € D(dy¢), & € dyp(u), g € B(t, u).
(B6), There exists anon-decreasing function Eg on [0, oo) such thatlim;_, ¢ Eg(s) =
0 and

1818 < elél]. + € pu)ew) (3.8)
forae.t € (0, T)andallu € D(dyp) ND(B(t,-)), & € dyp(u), g € B(t, u).

THEOREM 3.8. (Global existence for small data) Let p € (1,00) and T > 0 be
fixed. Suppose that ¢! (0) = 0, (A1)~(A3), (®1), (B1),—~(B3) and (B5), (B6), are all
satisfied with Cy = 0, m1 = 0 and a sufficiently small ¢ > 0 (the smallness of € is
determined only from p, C1, C3 and Cy). Then, there exists 6 > 0 independent of T
such that for all f € LY (0, T; V*) and uy € D(¢p) satisfying || fll« + ¢(uo) < 8,
where || f ||, is given by

4 ’
sup/ |f(Oydt if 1 <T,
te[1,T]Jt—1

1l = (3.9)

T /
| f(D)|}.dT fOo<T <1,
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the Cauchy problem (CP) admits a strong solution u € wbhr, T; V) on [0, T] and
(3.5) holds true.

REMARK 3.9. We can assume that /' > 0 and ¢ > 0 without any loss of gener-
ality in our proofs of the main results. Indeed, putting 1/}1 := ¢’ + C; and using (A1),
we find that ' > 0, D(Y') = DY), D@y y') = D@y y') and dy ¥' = dyy’. As
for ¢, from the fact that ¢ € ®(V) and (P1), the extension by infinity ¢ of ¢ onto H
(see also (4.1) below) belongs to ®(H). Hence, there exist u* € H and u € R such
that ¢(u) > (u™,u)y + p for all u € H (see, e.g., Proposition 2.1 of [15, p. 51]).
Thus, we have ¢(u) := @) — (w*,u)y — pn > 0 for all u € V, and moreover, it
holds that D(¢) = D(¢), D(dy @) = D(dy¢) and dy @ = dy e — u*. Therefore, the
evolution equation of (CP) is equivalent to the following:

v (' (1) + By p(u(®)) + B(t, u(t)) > f(1) := f(t) —u*.

Moreover, (A1)—(A3), (B1),—(B4), and (®1) are all satisfied with ¢! and ¢ replaced
by Y and ¢, respectively. In particular, if (BS) is satisfied, it then follows from (3.7)
that ¢ > 0 without any replacement of ¢.

In the rest of this paper, we denote by C a non-negative constant, which does not
depend on the elements of the corresponding space or set and may vary from line to
line.

4. Approximate problems for (CP)

Our proof of Theorem 3.6 is divided into two steps. In the first step, we propose
approximate problems for (CP) and construct their solutions by employing Kakutan-
i-Fan’s fixed point theorem for multi-valued mappings. To do so, we first define the
extension of ¢ onto H as follows:

F) = Iga(u) ifueV, @1

4+oo ifu e H\V.

Then, the assumption (P1) yields ¢ € ®(H). We now introduce approximate prob-
lems for (CP) as follows:

' () + oy gt (' (1) + du @ (u(t)) + B(t, Juu(t)) > f(1) in V¥,
(CP);, 0<t<T,
u(0) = uo,

where J, and 9y @, denote the resolvent and the Yosida approximation of 9 ¢, respec-
tively. Before discussing the existence of strong solutions for (CP),, we first prove in
Sect. 4.1 the existence and uniqueness of strong solutions for the following unperturbed
problems with an arbitrary function g € LY 0, T; V*):

() + dy ' ' (1) + 0 @r(u(t) +g) > f(1) inV*, 0<t<T,

CPhre [u(O) = up.
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We next define the solution operator St : LY 0, T; V*y - WLP(, T; V), which
maps g into the unique strong solution u of (CP); , on [0, T']. In order to prove the
existence of local (in time) strong solutions for (CP),, we find a fixed point of the

mapping Fr : LP(0, Ty; V¥) — ZLP/(O'T(’;V*); g — Fr,g given by
Fr,8 = {h e LP(0, To; V*); h(t) € B(t, J.(S1,8) (1)) forae. t € (0, To)}

for some Tp € (0, T] independent of A. Indeed, for every fixed point g, of Frp,
the strong solution u, := Sr g« of (CP); ,_satisfies B(z, Jyu«(t)) > g«(t) for ae.
t € (0, Tp). Hence, u, also becomes a strong solution of (CP), on [0, Tp]. The detail
of our proof for the existence of fixed points of Fr, will be given in Sect. 4.2.

The second step is devoted to the limiting procedure of strong solutions u; for (CP);
as A — +0. To do so, we establish a priori estimates for u; (see Sect. 5).

REMARK 4.1. For the case where V = V* = H is a Hilbert space (see [11]), one
can more easily prove the uniqueness of strong solutions for (CP);_,. Indeed, (CP);_,
can be rewritten into

W'(t) = Od +0uy") " () — gt) = dp@r(u(@))) inH, 0<it<T,

and we observe that the mapping u +— (A + dg¥")~' (f(t) — g(t) — du ). (u))
becomes Lipschitz continuous in H for every ¢t € [0, T']. Hence, the uniqueness of
strong solutions follows immediately. However, for the case where V' is not a Hilbert
space, the mapping (A1 + dyy')~! : V* — V is no longer Lipschitz continuous.

4.1. Unperturbed problem

In this subsection, the existence and uniqueness of strong solutions are proved for
the unperturbed problems (CP); ,.

THEOREM 4.2. Let T > 0and p € (1, 00) be fixed. Suppose that (A1)—(A3) and
(1) are satisfied. Then, for each A € (0,0), f, g € L”/(O, T; V*)and ug € D(p),
the Cauchy problem (CP); , admits a unique strong solution u € WP, T; V)N
W12(0, T; H) on [0, T] such that

Ju() € CI0, T]; V)NWYP(0, T; H),
@ (u(-) € WH(0,T), nelLP©,T;Vv",

where 1)(t) denotes the section of Oy ' (u'(t)) such that Au'(t) +n(t) + 0y @y (u(t)) +
¢(t) = f(t) forae.t € 0, T).

Proof. We first prove the uniqueness part. Let u | and u3 be strong solutions for (CP),_,
on [0, T'] and put w := u; — uy. We then see that

aw' () +n1(t) — n2(t) + 0@ (1 (1)) — 0 @s. (ua(1)) 0,
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where 1; (1) = f(t) — g(t) — 0 @r(u; (1)) — 2u'i(t) € Y’ Wi () (i = 1,2).
Multiplying this by w’(¢), we can deduce that

W @3 + (@ — @), w'®)

= — (@1 (1) = du @ (u2(1)), w' (1)) ;y < — W@ g W ()] a-

>0 -

Using the monotonicity of dy ', we have

1
M [ < S TwOlalw' Ola,

which implies

d 1 - 1
o lw)lg < |w'®)|, < zlw®la.

Therefore, integrating this over (0, ¢), we get

1 t
()]s < |w(0)|H+ﬁ/ (o) pde forall f € [0, T].
0

which together with Gronwall’s inequality implies

t
lw(t)|g < |lw(0)|y exp (ﬁ) forallt € [0, T].

Thus, the uniqueness of strong solutions follows, provided that A > 0. g

REMARK 4.3. Several criteria have been provided for the uniqueness of solutions
in [24] and [23] (see also [37]). However, (CP);_ g could not be classified into their
categories. We emphasize that (CP), , is truly doubly nonlinear, i.e., both operators
acting on u(r) and u’ (¢), respectively, are nonlinear and not self-adjoint, but its solution
is unique.

As for the existence of strong solutions for (CP), ., we further introduce the
following approximate problems in H:

Ay (1) + AV (uly (D) + du . (un (1)) + gu(t) > fu(t) in H,
Py, 0<t<T,
un (0) = uo,

where 1}’ denotes the extension of ¥! onto H defined as in (4.1), and { f;,} and {g,}
are approximate sequences in C ([0, T']; H) such that

fan— f and g, — g strongly in L”/(O, T;V*asn— oo.

Here, we remark that (A1) implies ¢/ € ®(H) for all t € [0, T], so that 9y’
becomes maximal monotone in H. Then, (CP) ){{ g, Can be rewritten into

u:‘t(t) = Fl’l(t9 un(t))s Mn(o) = Ug
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with the mapping F, : [0, T] x H — H defined by

~\—1
Fut (o) e (A4 009") () = 80(t) = 9da ).

Then, since dy @, and (A1 + 81“}’)_1 are Lipschitz continuous in H, so is F,(t, -)
for all + € [0, T]. By Lemma 2.9 of [8], we can deduce from (A3) that the function
t +— F,(t,u) is continuous in [0, 7'] for all u € H. Hence, the existence and unique-
ness of strong solutions u, € Cl([O, T1; H) for (CP),{{,g,, on [0, T'] are ensured by
Cauchy-Lipschitz-Picard’s existence theorem with obvious modifications (see, e.g.,
Corollary 1.1 of [20]). Furthermore, as in [8, p. 694], we can prove that u’ is a V-valued
weakly continuous function on [0, T'].
We next establish a priori estimates for u,, in the following lemmas.

LEMMA 4.4. There exists a constant M > 0 such that for all n € N, all strong
solutions u,, of (CP)){{ g, 0N [0, T] satisfy

A /0 () ydt + / W ()d + sup @ (un (D)

t€(0,T]

P
= M {owo) + CoT + Ny luso.ry + 1w = &allDy e

TS
with a constant M = M (p, C1) depending only on p and C}.
Proof. Multiplying (CP)){{ 2 by u),(t) and using Proposition 2.3, we get

d
Muly (D13 + (a(0), uy (1)) + E@A(”n(t)) = (fu (@) — gn (1), u, (1)),

where 0, (1) 1= f (1) — gn(t) — 95 @2 (un (1)) — At} (1) € D' (u}, (1)) C OV Y (), (1)),
for a.e. t € (0, T). Then, by virtue of (A2)" with ¢ = 1/2, it follows that

d
Mup, (D13 + 5 I/f (u, (1)) +to ¢A(Mn(t))
P 1 te,/
= Ny )+ <o (1u0) = 8O + C2) + 79" 1))
with a constant co = co(p, C1) depending only on p and C;. Thus,
/ 2 1 toor d _ 24
Ml ()3 + 39 W 0) + T3 (1) = Ny () + o (1u) = gu I +C2)
Integrating this over (0, ), we have
t ) 1 t B
k/o |, (D) 7ydT + Z/o VT (uy, (0)dT + §.(un (1))

< (o) + Nyl ) + <o (11 = all, +CoT)

LV (0,T;V*)

for all t € [0, T], since Proposition 2.2 gives ¢ (ug) < ¢(ug) = ¢(uo). O
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LEMMA 4.5. There exist constants C and C;, such that

T
sup |un<t)|v+/ ,(0IDdi < C.
0

1€[0,T]
T p
sup |Jrun ()1 +/ — ()| dt <C,
1€[0,T] o |dt H

T ’
/ 1 (D)|5.dt < C,
0

sup [0p@a(un(t))|g < Cy,
1€[0,T]

where C is independent of A, but C) may not.

J. Evol. Equ.

(4.3)

(4.4)

(4.5)
(4.6)

Proof. By (Al) and (4.2), we get fOT |u), (t)lédt < C. Moreover, we note that

t d t
lun (O)|v = luolv +/ — |un(t)lvdr < |ugly +/ |u,, (7)|vdr,
0 dt 0

which implies (4.3).

Since the resolvent Jj is non-expansive in H, it follows that |Jyu,(t + h) —

Sy )|y < |un(@+h) —u,(t)|g forall t,t + h € [0, T], which implies

p

T
— i (1) dts/ |u,, (1)|5dt < C.
0

i
o |d

H

Moreover, as in the proof of (4.3), we also derive that sup, (o 71 |Jaun () |n < C.

By virtue of the assumption (A2),

(D10 < C3vr (ul (1)) + my (2)

fora.e.t € (0, T). Thus, (4.2) also implies (4.5).

Moreover, since dg @; is Lipschitz continuous in H, we can deduce that

100 @3 (un () n < Cr (lun(@®)|a + 1),
which together with (4.3) yields (4.6).

From these a priori estimates, we can derive the following convergences.

LEMMA 4.6. There exist a subsequence {n'} of {n},u € WP, T;V) N

W20, T; H) and n € LP (0, T; V*) such that

uy — u  weaklyin WP, T; V)N W20, T; H), (4.7)

mw — 1 weakly in LY (0, T; V¥),

@ () = du@(u())  weaklyin L*(0, T: H),
Doty () = Jou(-)  weakly in WHP(0, T H),
strongly in C([0, T]; V).

(4.8)

4.9)
(4.10)
.11

Hence, we have @ (u(-)) € W10, T) and au’ + n + g @r(u(-)) + g = f.
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Proof. By Lemmas 4.4 and 4.5, there exist u € WLP(0,T; V) N Wh2(0, T; H)
and n € LY (0, T; V*) such that (4.7)-(4.8) hold, and moreover, there exist & €
LZ(O, T; H)and v € WhP(0, T; H) such that

@y () — & weakly in L2(0, T; H), (4.12)
Jittw () = v weakly in WhP(0, T; H). (4.13)

By Proposition 2.2 and Lemma 4.4, we see that

P (rtn(0) = §(ttn(0) = Gaun®) = € {0 + 1+ 1o = 8all7y 1o}

for each ¢t € [0, T], which together with (4.4) and (®1) implies that {J,u,(-)} is
bounded in L*(0, T; X) N Wl’f’(O, T; H). Therefore, since X is compactly embed-
ded in V, and V is continuously embedded in H, Theorem 5 of [50] ensures that

Juuy () = v strongly in C([0, T]; V). (4.14)

Hence, since a0y @) (1, (t)) € 0g@(Jou,(t)), by Proposition 1.1 of [32] and Proposi-
tion 2.1 of Sect. 2, we can derive from (4.12) and (4.14) that £(t) € dyp(v(t)) for a.e.
te(0,T).

Now, it remains to prove that v(¢r) = Jou(t) and £(t) = g @, (u(t)) for a.e. t €
(0, T'). To this end, from the definition of resolvents and Yosida approximations (see
Sect. 2), we have Jyu, (t) + L0g @) (U (t)) = u,y (¢) for a.e. t € (0, T). Passing to
the limit as n’ — oo, we can deduce that v(¢) + A&(t) = u(z) forae.t € (0, 7T),
and therefore, since £(r) € dg@(v(t)), we can deduce that v(r) = Jyu(¢) and £(r) =
o @ (u(t)) fora.e. t € (0, T'). Moreover, by Proposition 2.3, it follows that

d .
PO = EQ), u'(O)m € L1O, T),
which implies @, (u(-)) € W1(0, T). O
We next verify that the limit « satisfies the initial condition #(0) = u(, and moreover,

the point wise convergence of u, at each ¢ € [0, T'] is also derived in the following
lemma.

LEMMA 4.7. The limit u of u,y obtained in Lemma 4.6 by choosing the subsequence
{n'} of {n} satisfies

u(t) — ug stronglyinV ast — +0.
Furthermore, for each t € [0, T], it follows that

Uy (t) = u(t) weaklyin'V. (4.15)
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Proof. By (4.3), for any g € (1, 00), we can take a subsequence {n?} of {n} such that
upe — u weakly in L9(0, t; V) for all t € (0, T). Hence we have, by (4.3),

q 1/q
dr)
1%

lu —uollLao,r;vy < liminf |ups — uollLe(0,1;v)
n4— o0

t) ot
= lim inf (/ / uqg(s)ds
ni—o0 \Jo [Jo

/ 1/q
- c( p ) Ala+1/p’
q+p

for all ¢ € (1, 0o). Therefore, passing to the limit as ¢ — oo, sinceu € C([0, T]; V),
we can deduce that, for each ¢t € [0, T,

. ] /
lu(t) —uoly < sup |u(tr) —uoly = lim |u — uollze0..vy < Ct'/7,
7€[0,1] q—>00

which implies that u(t) — ug strongly in V as t — +0.

Moreover, since u(0) = u,/(0) = ug, we get, by (4.7),

t
(w, uy () — u(t)) =/ (w, u),(t) —u'(r))dt — 0
0

forall w € V*and r € [0, T]. Thus, (4.15) holds. O

Finally, we prove that n(¢) € dyy!(u/(¢)) for a.e. t € (0, T) to close our proof
of Theorem 4.2. Multiply 7, (¢) by u,,(¢) and integrate this over (0, 7). By Proposi-
tion 2.3, it then follows from (CP) ){{ 2 that

T
/0 (e (1), ! (O)dt
T T
_ /0 ) = gn(®). (D)t — @ (un(T)) + @ (u0) — A /O (1) By dt.

Hence, by Lemmas 4.6 and 4.7, we get

T
limsup/ (M (1), )y, (0))dt
n'—oo JO
T T
< /0 (f(r) — g@), u' ())dt — @ (u(T)) + @1 (uo) — A/o ' (1) |3, d1

T

T
=/0 (f@) = g() = du@.(u(®)) — ru'(t), u (1))dt =/0 (), u'())dt,

which together with (4.7) and (4.8) implies ) € d.r(0,1;v) W (1’) (see Proposition 2.1).
Consequently, we can deduce from (3.4) that [u'(r), n(¢)] € dy ' fora.e.r € (0, T).
This completes our proof for Theorem 4.2. g
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4.2. Perturbed problem

This subsection is devoted to proving the existence of local (in time) strong solu-
tions for (CP),. As was mentioned in the beginning of Sect. 4, we shall obtain a fixed
point g, of the mapping F7, : L 0, Ty; V*) — 2Lp/ ©O.70:V") for some Ty € (0, T
independent of A by using the following Kakutani-Fan’s fixed point theorem for multi-
valued mappings (see Corollary 2 to Theorem 6.3 of [22, p. 75] for more detail):

PROPOSITION 4.8. Let K be a non-empty compact convex subset of a locally
convex topological vector space E. Let T be an upper semicontinuous mapping from
K into 2F such that Tx is a closed convex subset of E and Tx N K # @ for each
x € K. Then, T has a fixed point x, € K, that is, T x, 3 Xy.

We also emphasize that Ty is independent of A, and this fact plays a crucial role in
the limiting process, which will be described in Sect. 5.
Now our goal of this subsection is the following:

THEOREM 4.9. Let T > 0 and p € (1, 00) be fixed. Suppose that (A1)—(A3),
(®1) and (B1),—(B3) are all satisfied with a sufficiently small ¢ > O (the smallness
of € is determined only from p, Cy, C3 and Cg). Then, for any f € LP/(O, T;V*)
and ug € D(p), there exists Ty = TO(”f”LP’(o,T;V*) + @(ug) + luglg) > 0 such that
for each A € (0, 1], the Cauchy problem (CP), admits at least one strong solution
ue Whr(, To; V) N WH2(0, To; H) on [0, To] satisfying

Jou() e C([0, Tpl; V)N Wl*”(O, To; H), (4.16)
@ (u()) € Wh(0, 7o), n, g€ L”0,Tp; V¥, (4.17)

where 1(t) and g(t) stand for the sections of dy ' (u'(t)) and B(t, Jou(t)), respec-
tively, such that Au'(t) +n(t) + 0y @, u(@)) + gt) = f(t) fora.e. t € (0, Tp).

Proof. Repeating the same argument as in the proof of Lemma 4.4, we can immedi-
ately derive the following lemma. O

LEMMA 4.10. There exists a constant M > 0 such that for all S € (0, T] and
g€ L?(0, S; V*), every strong solution u of (CP);_, on [0, S] satisfies

S S
A / WORdi+ [ v @ @)t + sup Gw®)
0 0 t€[0,S5]

— "
= M {po) + C2S + INy L5 + 1 =810y o] @19)

with a constant M = M (p, C1) depending only on p and C}.

By Theorem 4.2, (B1). and (B3), we can assert that Fsg is non-empty for every
Se (@0, T]and g € LY (0, S; V*). We next prove the closedness of the graph of Fg
in LP'(0, S; V*).
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LEMMA 4.11. Let S € (0, T] be arbitrarily given. Let [g,, h,] € Fs be such that
gn — g and h, — h strongly in LP(0,S; V*) as n — oo. Then, it follows that
(g, hl € Fs.

Proof. Let u, = Ssgy and let 0, (t) = f(t) — gu(t) — O @a(un(t)) — Aul (t) €
Ay ' (u),(1)). Then, by Lemma 4.10, we have

S
A/ |u;1(t)|%_,dt + 1/f (u,(1)dt + sup @ (un(1)) < C, (4.19)
0 t€[0,5]

which also implies

sup Iun(t)lv-i-/ lu, (OIydrt < C,  sup |9 @ (ua()y < Cr,  (4.20)
1€10,5] 1€10,5]

S /
/ [nn (D)|5.dt < C, 4.21)
0

dt <C. (4.22)

S
sup [ Jotn (D)2 +/

d p
— Joun (1)
t€[0,S] H

dt

Hence by (®1), the sequence {Jyu,(-)} is bounded in L°°(0, S; X). Thus, just as in
the proof of Lemma 4.6, by virtue of Theorem 5 of [50], there exists a subsequence
{n'} of {n} such that Jyu, (-) — Ju(-) strongly in C([0, S]; V) as n’ — o0, and
moreover, we can also obtain

uy — u  weakly in WhP(0, S; V) n w20, S; H),
u,(t) > u(t) weaklyinV foreacht € [0, S],
A @y ()) = du@(u(-))  weakly in L*(0, S; H),
Doty (-) = Ju(-)  weakly in WP (0, S; H),
mw — 1 weakly in L (0, S; V*)

for some u € Wl'p(O, S;V)yn W1’2(0, S;H)and n € LP/(O, S; V*). Furthermore,
since g, — g strongly in LP/(O, S; V¥, wegetn(t) = f(t) — g(t) — gy (u(t)) —
au'(r) € dyy'(u' (1)) for ae. t € (0, S). Therefore, u becomes a strong solution of
(CP);, 4 on [0, S]. Hence, we have u = Ssg.

Now we recall the assumptions that i,, — h strongly in LY 0, S; V*)and h,(t) €
B(t, Jhu,(t)) fora.e. t € (0, S). Therefore, noting that (4.19) gives

sup @(Jru, (1)) < sup @p(u,(t)) <C
t€[0,S] t€l0,S]

and that 9y @, (i, (1)) € dgp(Jru,(t)) C Iy (Jru,(t)), we can derive that h(t) €
B(t, Jhu(t)) forae. t € (0, S) from (4.20), (4.22) and (B2). Consequently, we can
deduce that [g, h] € Fs. O
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Thus, we have:
LEMMA 4.12. The following (i)—(iii) hold true.

(l) Let R > ||f||£p/(0 T.V*)+(,0(M0)+|m1|LI(O’T)+|N% |L1(O’T)+T(C2+1)beﬁxed.
Then, there exists a constant Ty = T0(||f||Lp’(0 T:ve T R+ ¢(ug) + luoln) €

(0, T independent of % € (0, 1] such that Fr, Bl€0 C B};O, where
/ To /
BR :==1g e LV (0, Tv; V*);/ lg()|].dt < R];
0

(ii) Let QR := conv(Fr, BR) bethe closed convex hull of Fr, B in L (0, To; V*).
Then, .7:TOQ£° - Q,TQO, and Q? is compact in L? (0, To; V*);
(iii) The restriction of Fr, to Q,Te0 is an upper semicontinuous mapping from ng

/
into 217 O.To; V™),

Proof. Proof of (i). Let Ty € (0, T] be a number which will be determined later.
Letg € BI€° and letu = S, g, 1.e., u is a strong solution of (CP);, g on [0, Tp]. Putting
o = min{2, p'}, we get, by (CP);, ¢ and (A2),

To To / To ’ To
/0 100G u(1))|=dt <c| [ /O If(t)l’é*dﬂr/o lg ()5 dt+1* /0 |u/ (1) |3, dt

To
+ Y@ (@)dt + [mil i, + To] ;
0

where ¢ = c1(p, C3, Cy) is a constant depending only on p, C3 and Cpg.

Let h € Fpyg be arbitrarily given, that is, i € L”/(O, To; V*) and h(t) €
B(t, Jou(t)) for a.e. r € (0, Tp). Since dp @y (u(r)) € dye(Jou(r)), by (Bl). and
Lemma 4.10, it follows that

To ,
/ |h(t)|}dt
0

<ée {||f||£,,/(0’T;V*)+R+¢(u0)+|m1|L1(0,T) + |N%|Ll(o,r) +T(Cr+ 1)}

To ,
e & p
+ (/0 |m2(r)|dr) (I ey + R+ 00w0) + ol +1})

where ¢ = c2(p, C1, C3, Cp) is a constant depending only on p, C1, C3z and Cg.
Here, we also remark that the constant C above is independent of A € (0, 1] and Tj.
We set ¢ > 0 such that

ecy <

(4.23)

FN-

then eca{ll 1} .oy + RAL@O+mi 10,1y Ny 10,1y + T(C2+ D) < R/2.

Since m} € LY(0, T), we can take Ty € (0, T'] independent of A such that

To ,
(/O |m5(r>|dr) 6 (CUNL g ooy + R+ 000) + ol + 1}) < R/2.

LP (0,T;V*
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It then follows that

To ,
/ |h(t)|}.dt < R,
0

which proves (i).
Proof of (ii). Since B;O is convex and closed in L?’ (0, To; V*), (i) gives

OR := conv (-7:T0 B,€°) C conv (Bg’) = BR.

Hence, it follows that F7, Q) C Fr,Bf C OR.

It now remains to prove that Q? is compactin LY (0, Tp; V*). To this end, we claim
that Fr, B1€° is precompactin L? (0, Tp; V*). Indeed, let {h, } be a sequence in Fr, Bg’.
Then (i) implies that {%,} is bounded in LY (0, To; V*). We can take a sequence
{gn} in B1€° such that h,, € Fp gn, i.€., hy(t) € B(t, Jyu,(t)) for ae. t € (0, Tp),
where u,, := St,g,. Since {g,} is bounded in LY (0, To; V*), by Lemma 4.10, we can
derive that {J5.u, (-)} and {@(J;.u, (-))} are bounded in W7 (0, To; H) and L (0, Tp),
respectively, for all n € N, and that {J,u, (-)} is precompact in C ([0, Tp]; V). More-
over, by (CP), ,, we find that {dp@; (4, (-))} is bounded in L7 (0, Tp; V*). Thus,
(B2) implies that {h,} is precompact in LY (0, To; V*), and so is Fr, BIZO. Therefore
by Mazur’s theorem (see, e.g, (C.4) Theorem of [29, p. 603]), QITQO becomes compact
in LP'(0, Ty; V*).

Proof of (iii). Applying Lemma 4.11 with g, = g and S = Ty, we can deduce
that the set 7, g is closed in LY (0, To; V*). Hence, by virtue of Lemma 4.11 and the
following proposition (see Proposition 6.2 of [22, p. 77] for its proof), it follows from

.. . . . . To
(i1) that F7, is upper semicontinuous from Q? into 29x .

PROPOSITION 4.13. Let K and K| be two compact topological spaces, and let
T be a mapping from K into 251 such that T x is closed for each x € K. Then, T is
upper semicontinuous from K into 251 if and only if the graph of T is a closed subset
in K x Kj.

Furthermore, since the topology of QITQO is induced by L (0, To; V*), it also holds
true that F, is upper semicontinuous from Q% into 22" ©.70:V"), O

Now, let g € QITQ0 be fixed. Then, for arbitrary hy, hy € Fr,g and 6 € [0, 1],
we have (1 — 0)h; + Orhy € LP,(O, To; V*), and moreover, by (B3), we see
(I —0)h1(t) + Oha(t) € B(t, J(S1,8)(1)) for ae. t € (0, Tp). Hence, it follows
that (1 — 0)hy + 6hy € Frpg, which implies that the set F7, g is convex. Therefore
by Lemma 4.12, we can apply Proposition 4.8 to the mapping Fp, restricted to Q[TQU,
so that there exists a fixed point g, € QIT;’ of Fr,, i.e., g« € Fr,8«. This completes
our proof of Theorem 4.9. g
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5. Convergence of approximate solutions

In this section, we derive the convergence of strong solutions u, € wlr 0, T; V)N
W1’2(0, Ty; H) for (CP), on [0, Tp] by establishing a priori estimates. Here, we recall
the fact that T is independent of A (see Lemma 4.12). By Theorem 4.9, for each
A € (0, 1], there exist g, n,. € LP (0, To; V*) such that

A (1) + (1) + 0 @a (un (1)) + g1 (1) = f(r) in V7, (5.1)
m(t) € dy ' (u (1)), g.(t) € B(t, Juy(t)) forae.t € (0,Tp). (5.2)

Throughout this section, every constant denoted by C will be independent of A.
Since g @y (ux (1)) € dyvp(Jruy(t)) for ae. r € (0, Tp), by (A2), (B1), and (5.1),
it follows that

601 < ees [LFO 12O + 3210 0B + 9 @, 0) + i (0] + 1]
+ m5 () 165 (@3 (. (1)) + [ Jrur ()| 1)

with some constant c3 = c3(p, C3, Cy) depending only on p, C3z and Cy. We can
then deduce that

(1 = ecn)lgrI. < ecs {|F O + 3200 + ' @, 0) + Im 0] +1
M5OI @100 (0) + Lt Ol ) (53)

Multiplying (5.1) by u/, (t) and using (A2)" with { = 1/2 and (A1), we observe

1 d .
Al (1) |3 + SV W0) + —6) w0, (1))

C

’ ’ 1
= Ny )+ ea (1 O1. + FOI ) + 9 50 + 7

with a constant ¢4 = c4(p, C1) depending only on p and C;. Moreover, fixing ¢ so
small that

ec3ce 1
1 —38j‘3 = 8’ 54)
we have
&W:\(f)l% + lW(MK(Z)) + i@x(ux(l))
2 8 dt
= C(IF I + INy ] + I 0] +1)
+ Clm5(01€5 (@ (un () + | S () 1) (5.5)

for a.e. t € (0, Tp). Here by (A1), we note that

d
—J t
o iy (1)

d
— L)) <

/ 1 /
p < ||y < Cyluj(Oly < ¥ W) @)+ C.
1 " 8



24 G. AKAGI J. Evol. Equ.
Hence, it follows that

d
o {@3.(ur (D) + [Jrus ()|}
<C (lf(l)lf;/*—i-IN%(l)|+|m1(t)| + 1) + Clm5 ()45 (@ (un () + | Jrun ()| 5)

fora.e.t € (0, Tp). Then, we employ the following standard fact:

PROPOSITION 5.1. Let T > 0, let p,m € LI(O, T) and let ¢ be an absolutely
continuous function from [0, T] into R such that

d
d_(f(t) = p@) +m@O@()) foraere(0,T) (5.6)

with some non-decreasing function £ on [0, 00). Then, it follows that

sup ¢ (1) = ¢0) + lplpio,r) +1 (5.7
1e[0,T;.]

with a constant T, € (0, T] satisfying

Ty
/|mmms ! . 5.8)
0 T+ @O+ lon + D

Therefore, by Propositions 2.2 and 5.1, we can take 7, = Ty (p(uo) + |uolg +
||f||Lp/(0 T,V*)) € (0, Tp] independent of A such that

sup (@ (u () + [Jaun ()|} < C. (5.9)
tel0,Ty]

Furthermore, integrating (5.5) over (0, T,), we can obtain
T, T,
A/|Am&m+/ ¥ () (1))dt < C, (5.10)
0 0
which together with (A1) and (A2) also implies
T, T ,
/ |u ()|}, dt < C, / Im.())|}-dt < C.
0 0
Moreover, it follows from (5.3) and (5.1) that
T, , T,
/ lgn(Dydt < C, / |0 @1 (s (1)|5+dt < C
0 0

with 0 = min{2, p'}.
Therefore, we can obtain the following convergences by taking a sequence {A,} in
(0, 1) such that A,, — +0. There exist u € WLP(O, Te; V), n, 8 € LP/(O, T.; V*)
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and & € L°(0, Ty; V*) such that

uy, — u weakly in WhP(0, Ty; V),
m, — 1 weakly in L”' (0, Ty; V*),
., — g weakly in L7 (0, Ty; V),
On s, (up, () — & weakly in L° (0, Ty; V¥),
Antts, — O strongly in L%(0, Ty; H).
Here, we also find that & = f —n — g € L (0, Ty; V*). Furthermore, since {”3»,,}

is bounded in L” (0, T; V), it follows that «/)Lnu;n — 0 strongly in L”(0, T; V).
Hence by (5.10), we can assert that

Vit — 0 weakly in L*(0, T; H). (5.11)

Moreover, note that

T
A

Therefore, by (5.9) and (®1), Theorem 5 of [50] implies

p

d L
— Ly ()| dt < / |u ()| F,dt < C. (5.12)
H 0

dt

Ji, Uy, — v strongly in C([0, T]; V) (5.13)

for some v € C([0, Ty]; V). Furthermore, we can also prove v = u by using the
definition of 9y ¢;, and the fact that {0y @, (1, (-))} is bounded in L? (0, Ty; V*). Since
O @x, (uy, (1)) € dve(Jy,uy, (1)) for a.e. t € (0, Ti), by Proposition 1.1 of [32] and
Proposition 2.1, we assert that

E(t) € dyp(u(t)) forae.t € (0, Ty),

which also yields that ¢ (u(-)) € w1, T,) and dou(t))/dt = (£(t), u'(¢)) for a.e.
t € (0, Ty). Moreover, we can also deduce from (B2) that

g)"n - g Strongly in Lp/ (07 T*; V*)v
g(t) € B(t,u(t)) forae.t € (0, Ty).

Furthermore, we claim that () € dy ' (u’(t)) for a.e. t € (0, Ty). Indeed, we see
T
/0 (i (0,1, (D)t
T, Ty
< / (f(),u;, (0)dr — / I Antts, (D15 dt — @(Jr, 2, (T2)) + @(uo)
0 0

T
- /O (@1, (1), uy, (D))t
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Therefore, we have

T
lim sup / (2, (1), ul, (1))dt
0

n—00
Ty Ty
< lim (f(), U, (1))dt —liminf/ Wil (1)|%dt
n—oo J n n—00  Jq "

T
—liminf (s, 0, (7)) + (o) — lim. /0 (83 (0), 1, (D)t
T
< /0 ) = £4) — (1), ' (1)),

which implies n(t) = f(t) — () — g(t) € Iy ' (u'(¢)) forae. t € (0, Ty).
Finally, we check the initial condition, ©#(0) = up. We observe that
lu(t) —uolg < |u(t) — o, (O + |, un, @) — Jr,uolm + [Jy,u0 — uola

<Cyg sup |u(t)— Jo,u, v
1€[0, T ]

()

Hence, passing to the limit as n — oo, we can deduce from (5.12) and (5.13) that

p

1/p
— Ty, 3, (T) dr) 7" 4 | a0 — uola-
H

dt

lu(t) —uoly < Ct'?" >0 ast — +0.

Thus, from the fact that u € C([0, Ty]; V), we also conclude that u (1) — ug strongly
in V as t — +0. Consequently, # becomes a strong solution of (CP) on [0, 7], and
our proof of Theorem 3.6 is complete. 0

6. Global existence

In this section, we give proofs of Theorems 3.7 and 3.8.
6.1. Proof of Theorem 3.7
Let S € (0, T] and let u be a strong solution of (CP) on [0, S]. In this proof, every

constant denoted by C is independent of S. Multiplying (CP) by u’(¢) and using (A1)
and (A2)" with ¢ = 1/2, we get

1, d / N c
U 0) = Ny + 2o < e (IFO1. +1801F.) + 70" @ @) + 22

where g(¢) denotes the section of B(t, u(¢)) as in (3.2), for a.e. t € (0, S). Now, by
(B4),, we see that

Ig(t)l'&/* < elEF + Im50] {ou®) + u@®ly + 1},
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where £(¢) denotes the section of dy ¢ (u(t)) as in (3.2), and moreover, as in (5.3),

(1 = ecs)lg®If. < ecs [ 7O + '@ @) +1m )] + 1]
+ms O {e@®) + lu@®ly + 1}

with some constant ¢5 = c5(p, C3) depending only on p and C3. Hence, choosing
& > 0 so small that

ec 1
> < —,
1 —écs 8cy

we can derive

801 = € (17O +Im )]+ 50| +1)

& p 1 t /
+ Clm§0)| {o ) + lu@®)}} + @w W' (1))

fora.e. t € (0, S). Furthermore, by (A1), we observe that

C

d _ 1
Elu(t)lf/ < plul 1 Ol < Clu@)]f + giﬁ’(u/(t)) t3

Thus,

d /
o) + 1y} = ¢ (17O +Im©] + m5©)] + Ny )] +1)
+C (Im5@1+ 1) {p@@) + u@®1y}

fora.e.t € (0, S). Hence, integrating this over (0, 7) and applying Gronwall’s inequal-
ity, we can deduce that

sup {pu(®) +u®}} < C 6.1)
t€l0,S]

with some constant C independent of S.

We find that (B4),. implies (B1), with m§ replaced by m4. By virtue of Theorem 3.6,
there exists a strong solution u of (CP) on [0, Tp] for some Ty € (0, T'], and more-
over, (6.1) holds with S = Ty. In case Ty = T, we obtain our desired conclusion. In
case Ty < T, recall the proof of Theorem 3.6 (particularly, the choice of Ty and T)
and note that the function I C [0, T] +— f I |m§(t)|dt is absolutely continuous by
m§ € L'(0, T).

Then, due to (6.1), we can extend u onto [0, T'] as a strong solution of (CP), by
using Theorem 3.6.
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6.2. Proof of Theorem 3.8

We first prepare the following Lemma 6.1 (see Lemma 4.4 of [6] for its proof).

LEMMA 6.1. Let T > 0, let p € L'(0, T) and let ¢ be a non-negative absolutely
continuous function from [0, T] into R such that

d¢

dt
where « > 0,K > 0 and q > 1. Let r > 0 and suppose that ¢(0) < r and
ol < ra=1 where lloll is given by

) +ag? (1) < K|p(t)| foraete0,T), 6.2)

t
SUP/ lo()ldTt if 1<T,
1Ji=1

lpll = { rettT

J p(o)lde ifO<T<1.

Then, there exists a non-decreasing function My g 4(-) on [0, 00) depending only on
a, K, g such that

O(t) < My g q(r)r forallt €[0,T].

Now, we proceed to prove Theorem 3.8. We first fix ¢ > 0 satisfying (6.10), which
will be given later, and assume (A6),. Since lim;_, 19 £; (s) = O foreachi = 4, 5 and
limg_, 49 Zg(s) = 0, we next choose §y > 0 satisfying (6.5) and (6.13), which will be
stated below.

Let S € (0,T] and let u be a strong solution of (CP) on [0, ST with ug and f
satisfying

1 fll« +@uo) <6 (6.3)

for an enough small constant § € (0, &p), which will be determined by (6.14) and will
not depend on S and 7. Then, we shall prove that

sup ¢ (u(t)) < do (6.4)
tel0,S]
by contradiction. Assume sup, (o g1 ¢ (2)) > o, so that there exists 71 € (0, S) such
that ¢ (u(T1)) = §p and @ (u(t)) < 8o for all r € [0, Ty).
Set 8o > 0 such that

04(80) < % 05(80) < % (6.5)
By (B5), it then follows that

C

74§0(M(f)) <&@ +g@),u@), (6.6)

A

C
@l < %pgo(u(r)), 6.7)
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where &(¢) and g(¢) stand for the sections of dy ¢(u(¢)) and B(¢, u(t)), respectively,
asin (3.2), for a.e. t € (0, T7). Hence, we have

A

C
74<p(u(t)) < (f(t) — n(), u(t))

IA

1 / / Cy
— P I4 s
S (1@ + 1) + e,
where n(¢) € oy’ (u'(¢)) as in (3.2). Thus, (A2) with m| = 0 gives
Cs ! P te
T(p(u(t)) < ? | fOy + C3¢" (u' (1)) forae.t € (0, T7). (6.8)
On the other hand, since ¢/(0) = 0 and m; = 0, we can take N; = 0 in (A2)".
Hence, multiplying (CP) by u/(¢) and using (A2)’ with ¢ = 0 and (A1) with C, = 0,

we get

d , , 1
V' (1) + Ep(u(t)) <c6 (If(t)l”* + Ig(t)l”*) + wa(u’(z)), (6.9)

where cg = c6(p, C1) is a constant depending only on p and C;. Moreover, we get,
by (3.8) and (A2) withm| = 0,

(1= ecnlg®If. < ecy (IF O + Co9' W/ (1)) + L0 W),

where ¢7 = 31’/’1, for a.e. t € (0, T7). Now, fixing & so small that

ec 1
7 <

0< (6.10)

1 —ec7 = 4c6Cs

(hence, the smallness of ¢ depends only on p, C; and C3), we have

1
it —lﬂ W' (1)) t T e 6(0)p(®) (6.11)

|g(l)|v* = 4G

for a.e. t € (0, T1). Hence, (6.9) yields
1, d
zw W @)+ —w(u(t))

g€(50)¢(u(;)) (6.12)

< <06 + —) If(l)lv* + 7 W (W' (1)) T

forae.t € (0, T7).
Therefore, adding (6.8) multiplied by p’/(4C3) to (6.12), we can obtain

%W(u’(t)) + %w(u(t)) + 2000 (u (1))

/ 1
< KIF O} + —2 LB + ¥ W (0).
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where

'C 1
o= P4 , Ki=1ce+—
32C3 2C3

for a.e. t € (0, T1). Hence, we can deduce that

%go(u(t)) + apu(t)) < Klf(t)l";,* fora.e.r € (0, T1),

since &g > 0 satisfies

1—86‘7

6(80) <« (6.13)

C6
Thus, by Lemma 6.1, since ug and f satisfies (6.3) with an enough small constant
é € (0, §p) determined by

P
Mok (8)8 < 5" (6.14)
it follows that
5
ou(t) < 50 forall 7 € [0, T1],

which contradicts the fact that ¢(u(77)) = 8o. Hence (6.4) follows.
Thus, since §p and § are independent of S, as in the proof of Theorem 3.7, we can
prove the existence of strong solutions of (CP) on [0, T1]. [l

7. Applications to nonlinear PDEs

In this section, we apply the preceding abstract theory to doubly nonlinear parabolic
equations.

7.1. Doubly nonlinear parabolic equations of degenerate type

In this subsection, we treat doubly nonlinear parabolic equations of degenerate type,
for which (1.7) is a typical example, and we finally provide sufficient conditions for
the existence of local and global (in time) solutions of the initial-boundary value prob-
lems. Let 7 > 0 and let 2 be a bounded domain in RY with boundary 3. We first
deal with the following initial-boundary value problem,

a(x, t,u(x,t)) —diva(x, Vu(x,t)) + g(x, t,u(x, 1)) > f(x,1),

(x,1) e 2 x(0,7), (7.1)
ulx,t) =0, (x,1)edx(0,T), (7.2)
u(x,0) =upx), xe (7.3)

with functions @ : 2 x (0,7) xR - 2R a: Q xRY - RN g : Q x (0,T) x
R— R,up: 22— Rand f: Q x (0, T) — R. To discuss the existence of solutions
for (7.1)-(7.3), we introduce the following assumptions for p € [2, 00).
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(H1) (i) There exists a function j : Q x [0, T'] x R — [0, co) such that

e j(x,t,-) € P(R) forae.x € Qandallt € [0, T],
e Orj(x,t,-) =alx,t,-)forae. (x,1) e Q x (0,7),
e j(-,t,r)iscontinuous in Q fora.e.r € (0,7) and all r € R.

(i) For each v € L?(Q), the function j (-, t, v(-)) is measurable in 2 for all
t € [0, T'], and there exists a functionn : 2x (0, T) — Rsuchthatn(-, 1) €
o(-, t,v(-)) and n(-, r) is measurable in 2 for a.e. r € (0, T'). Furthermore,
forall t € [0, T'], there exists vg € L () such that j(-, 7, vo(-)) € L' ().

(iii) There exist p, 0 € W1(0, T), by € L'() and a constant § > 0 with the
following property: for all o € [0, T'] and r¢ € R, there exists a function
7w Is(ty) x 2 x R — R, where I5(tg) := [ty — 5, 1o + 8] N [0, T], such
that

|7 (t; x, r0) — rol < 1p(t) — p(t0)| {j (x, to, o) + b1 (x)}/7,
j(xv ta n(t;xrro)) S j(-x’ tO’ ”0) + |U(t) _G(IO)l{J(x9t07r0) +b1(x)}

fora.e.x € Qandall r € I5(tp), and 7 (¢; -, v(-)) is measurable in €2 for all
te€[0,T]and v € LP ().

(H2) There exista constant C5 > 0,a; € L! () and ay € LY x (0, T)) such that
the following (i), (ii) hold.
@) |rlP <Csj(x,t,r)+aj(x) forae.x € Qandall (¢,r) € [0, T] x R.
(i1) |n|1’/ < Cs5j(x,t,r) +ax(x,t) forae. (x,2) € Q x (0,T) and all r €
R,n € ax,t,r).
(H3) (i) There exists a function ¢ = ¢(x,p) : Q2 X RY — R such that oG, p)is
measurablein 2 forall p € RV, ¢ (x, -) is convex and Fréchet differentiable
in RN and its derivative orn @ (x, -) coincides with a(x, -) for a.e. x € Q.
(ii) Forall v e LP(Q:; RY), the function a(-, v(-)) is measurable in 2. More-
over, there exists vo € L?(2; RV) such that ¢ (-, vo(-)) € L' (Q).
There exist constants m > 1, C¢ > 0 and a3, b» € L' () such that
(iii) |p|™ < Cep(x,p) +az(x) forae.x € Qandallp € RV;
(v) |a(x, p)|m, < Cep(x,p) + ba(x) forae x € Qandallp e RV,
(H4) (i) There existconstantsg > 1+1/p’,C7 > 0anday € L'(€2 x (0, T)) such
that
lgCx, 2, )P < Colr|P’@D 4+ ay(x, 1) forae. (x,1) € 2 x (0,T) and
allr e R.
(i) The function g = g(x, ¢, r) is a Carathéodory function in 2 x (0, 7') x R
(i.e., measurable in (x, t) and continuous in r).

REMARK 7.1. (i) By (i) of (H3), we can deduce that ¢ (x, -) is continuous in RY
fora.e. x € Q. Hence, ¢ (-, v(-)) becomes measurable in 2 for each measurable
functionv : @ — RV,
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(i) Let us give simple examples of functions o which satisfy (H1) and (H2) with
p > 2. The following is concerned with the case where « is single-valued:

ax,t,r) =k(x, 0)|r|P%r,

where k is an absolutely continuous function from [0, T] into C(£2) such that
k(x,t) > kg > O for all (x,t) € Q x [0, T] with a positive number k.
As for the case where « is multi-valued, we give

{Ir =P — @)} if 1 <|r —c@)l,
a1, = 1 =] it0<lr—cnl <1,
[—1,1] it r=c()

with c € Wh1(0, T).

(iii) Typical examples of a(x,p) and g(x,t,r) satisfying (H3) and (H4) are
a(x,p) = [p/"%p and g(x,1,r) = A(x,t)|r|?%r with A € L®(Q x
(0, 7)), respectively. Then, div a(x, Vu(x)) coincides with Aju(x) :=
div (|Vu(x)|"~2Vu(x)), where A,, is the so-called m-Laplacian.

We are concerned with solutions of the initial-boundary value problem (7.1)—(7.3)
defined as follows:

DEFINITION 7.2. Foreach T > 0, a function u : 2 x (0, T) — R is said to be
a solution of the initial-boundary value problem (7.1)—(7.3) on [0, T] if the following
conditions are all satisfied:
e uecWhrPO,T;LP(Q)NC(O0,TI; W(}’"’(Q));
e there exists a function n € LY o, T, L”/(Q)) such that n(x, t) ea(x, t, us(x, t))
forae. (x,t) € 2 x (0,7T);
e itholds that diva(-, Vu(-, 1)), g(-,t,u(-, 1)) € LP () and

n(x,t) —diva(x, Vu(x, 1)) + g(x, t,u(x,t)) = f(x,1)

fora.e. (x,1) € 2 x (0, T);
e u(-,t) — ug strongly in L?(Q2) as t — 0.

To apply the preceding abstract theory to (7.1)—(7.3), we suppose that

Nm . *
fm<N
2<p<mti= | Ko ;fZiN’ and q<%+l. (7.4)

Moreover, set X := Wol’m(Q) with the norm | - |x := |V - [pm(q) and set V := L’ ()

and H := L?(R2). Then, V is continuously and densely embedded in H, and by the

Rellich-Kondrachov compact embedding theorem, X is compactly embedded in V.
Define the operator B : (0, 7) x V — V* by

B(t,u) := g(-,t,u(-)) forallt € (0,T) and u e D(B(t,"))
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with the domain D(B(t,-)) := {u € V; g(-, t,u(-)) € V*}. By (H4) and (7.4), we
then infer that X ¢ L”'“~D(Q) NV ¢ D(B(t, -)) foreach ¢ € (0, T). Furthermore,
we also define the functions ¥, ¢ : V — (—00, +00] by

l/ft(l/l) = /Qj(x’ [ u(x))dx if .](1 t, M()) € LI(Q)3 (75)

+00 otherwise

forevery ¢t € [0, T'], and

/¢(x,Vu(x))dx ifueX and ¢(,Vu()) e LY(Q),
Q

pu) = (7.6)

400 otherwise.

Then, by (H1), it follows that ¥’ € ®(V) for all ¢t € [0, T]; by (H1) and (H2),
D(y") = V forae.t € (0, T). Since j(-, t, r) is upper semicontinuous in §2 for each
(t,r) € (0,T) x , we can prove dy ' (1) = a(-, t,u(-)) for ae. t € (0, T) and
all u € D(dyy") by modifying the proof of Proposition 1.1 of [32], and moreover,
D@yy') = V forae. t € (0, T). By (H3), we have ¢ € ®(V) and D(p) = X,
and moreover, the restriction ¢|x of ¢ to X becomes Gateaux differentiable in X
and its derivative dx (¢|x)(u) at u coincides with —div a(-, Vu(-)) in the sense of
distributions. Hence, since dy ¢(u#) = dx(¢|x)(u) for each u € D(dy¢), the subdif-
ferential dy ¢ (u) of ¢ at u € D(dy ¢) also coincides with —div a(-, Vu(-)). Therefore,
(7.1)—(7.3) is transcribed into the Cauchy problem (CP).
Furthermore, we prepare the following lemma.

LEMMA 7.3. Let T>0 and let 2 be a bounded domain in RN with C' boundary 3S2.

(1) If (H1) and (H2) are satisfied for some p € [2, 00), then (A1)-(A3) hold.
(i1) If(H3), (H4) and (7.4) are satisfied for some p € [2, 00), then (1) and (B1).—
(B3) hold for any ¢ > 0.

Proof. Proof of (i). Both (Al) and (A2) are immediately derived from (H2). Let
to € [0,T] and vy € D(¥") be fixed. Define a function v : Q x Is(tg) — R by
v(x,t) :=m(t; x,v9(x)). Then v(-, t) is measurable in 2 for each r € I5(ty), and

[u(x, 1) — vo(x)| < |p(t) — p(to)| {j (x, f0, vo(x)) + b1 (X)}'/P
JG, t,v(x, 1) < jx, to, vo(x)) 4+ |o(t) —o(to)| {j(x, to, vo(x)) + b1(x)}

foralla.e.x € Qandt € I5(ty). Hence v(-,¢t) € V forallt € Is(ty),and j(-, ¢, v(-, 1))
is measurable in 2 by (H1), and moreover,

v, 1) = volv < |p@) — )| {¥°wo) + b1l )}
W (-, 1) < YO w0) + 1o (1) — o (10)| {1 (vo) + IbilL1ey )

which implies (A3).
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Proof of (ii). By (iii) of (H3), we can derive
|Vu|2”,,,(9) < Cep(u) + lazlp1q) forallu e X. (7.7)

Hence, (®1) follows since X is compactly embedded in V by (7.4). As for (B1),,
we obtain, by (H4)

Bl = 8¢t u@)le < Colul? 07 O HlaaC, Dlpiey
fora.e.t € (0,T)and all u € D(B(t, -)). (7.8)
By (7.4) and (7.7),

Iy ! —1
|B(t,w)l?. <c{ @)P @D ey 4 )/m}+|a4(wt)|L1(sz)

fora.e.t € (0, T) and all u € D(¢p), (7.9)

which implies (B1), for any ¢ > 0.
By virtue of Theorem 1.27 of [45], the mapping

we gl u(); LPUD@) - v
becomes continuous for a.e. t € (0, 7). Moreover, the mapping

is strongly measurable in (0, 7') for any fixed u € Lpl(q_l)(Q). Indeed, by (ii) of
(H4), the function (x, ) — g(x,f, u(x)) is measurable in 2 x (0, T'), so Fubini’s
theorem ensures that the mapping ¢ +— fQ g(x, t,u(x))v(x)dx is also measurable in
(0, T') whenever v is measurable in 2. Hence, the mapping ¢ — g(-, , u(-)) becomes
weakly measurable in (0, 7') with values in V*. Thus, since V* is separable, by Pettis’s
theorem, we can deduce that it also becomes strongly measurable in (0, T').

Let S € (0, T be fixed and define the operator B : L@~V (0, §; LP'@~D(Q)) —
L?(0, S; V*) by

(Bu)(t) == g, t,u(®)()
forallu € LY @D, §; LP@~D(Q)) and ae. 1 € (0, ).

Then recalling (7.8) and employing Theorem 1.43 of [45], we can deduce that
B is continuous from L? @~V (0, §; L”' @~V (Q)) into L”' (0, S; V*). (7.10)

Since X C LP' W=D (), this particularly yields (B3).
We finally prove (B2). Let {u,} be a sequence in C([0, S]; V) such that u,, — u
strongly in C([0, S]; V) and

sup @(un(1)) +/ |u;(t)|€1dt is bounded for all n € N. (7.11)
1€[0,S]
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Hence, since (7.4) implies that X is compactly embedded in LP'@=D(Q), by Theorem
5 of [50], we can take a subsequence {n’} of {n} such that

u, — u strongly in C([0, S]; Lp/(q_l)(Q)).
Therefore, we can deduce from (7.10) that
Bu, — Bu strongly in LP (0, S; V*).

Thus, (B2) is proved. [l

The existence of local (in time) solutions for the initial-boundary value problem
(7.1)—(7.3) follows immediately from Lemma 7.3 and Theorem 3.6.

THEOREM 7.4. Let T > 0 and let Q be a bounded domain in RN with C! bound-
ary 9<2. Suppose that (H1)—(H4) and (7.4) are satisfied for some p € [2, 00). Then,
forall f € LP'(0,T; LP () and ug € Wy (), there exists

T, = T, (fQ @ (x, Vuo(x))dx + uol2q) + ||f||Lp/(0’T;L,,/(Q))) € (0, T] such that
the initial-boundary value problem (7.1)—(7.3) admits at least one solution u on [0, T ].

As for the global existence, our result is stated as follows.

THEOREM 7.5. Let T > 0and let  be a bounded domain in RN with C' boundary
2. Suppose that (H1)-(H4) and (7.4) are satisfied for some p € [2, 00). In addition,
assume that

quaX[p,ﬁ/Jrl]. (7.12)
P

Then, for all f € LY O, T; Lp/(Q)) and ug € Wol’m (R2), the initial-boundary value
problem (7.1)—(7.3) admits at least one solution u on [0, T].

Proof. In order to prove this theorem, it suffices to check (B4), (see also Theorem 3.7
and Lemma 7.3). Noting that (7.12) yields

|“|f§ff;ﬂ)>(sz> = Clp@) +luly +1)  forallu € X,

we can derive (B4), for any ¢ > 0 from (7.8). O

Furthermore, the following theorem is concerned with the existence of global (in
time) solutions for small data uo and f.

THEOREM 7.6. Let T > 0 and let 2 be a bounded domain in RN with C' bound-
ary d2. Suppose that (H1)-(H4) and (7.4) are satisfied with p € [2,00), a1 =0, a> =
0,a3=0,a4=0, j(-,-,0)=0and ¢(-,0) = 0. In addition, assume that

m < p and ﬂ/+l<q. (7.13)
p
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Then, there exists § > 0 independent of T such that for all f € LP(0,T; L? ()
and ugp € W(}’m(Q) satisfying || f |l + fQ ¢ (x,uo(x))dx < §, where || f ||« is given as
in (3.9), the initial-boundary value problem (7.1)—(7.3) admits at least one solution u
on [0, T].

Proof. Tt follows that ¥ (0) = fQ Jj(x,t,0)dx = 0foralls € [0, T]. Since a; =0
and ay = 0, we obtain C, = 0 and m| = 0in (A1) and (A2), respectively. Hence, due
to Theorem 3.8 and Lemma 7.3, it suffices to prove (3.6)—(3.8).

By (H3) with a3 = 0, it follows that

o) =/Q¢(x,w<x)>dx > cgl/QWu(xnmdx =Cg ' |uly
for all u € D(¢). Hence, we have

|u|1", < Co)?/™ forallu € D(¢). (7.14)

Therefore, (3.7) follows with a non-decreasing function £5(s) = 0(55—1) from the

fact that m < p. Moreover, combining (7.9) with a3 = a4 = 0 and noting that

p'(g — 1) > m, we can obtain (3.8) with £¢(s) = O(sp (Z;D_l) for any & > 0.

Finally, we shall derive (3.7). Lett € (0, T) and let u € D(dy ¢) be arbitrary given.
We can then derive

(ve) + B(t, ), u) = ¢u) — p(0) — | Bt w)lveluly = ¢u) — Cou)n

from the fact that ¢ (0) = fQ ¢ (x,0)dx = 0. Hence, since (7.13) implies

q 1 (m 1 /m
o=—>——+1 >—(—+1):1,
m m\p m \m’

we conclude that (3.6) holds with a non-decreasing function £4(s) = O(s°~1). This
completes our proof. 0

7.2. Semilinear parabolic equations with gradient nonlinearities

We next deal with the following inclusion instead of (7.1),

N

0 0
(. 1y (x. 1)) — ijz_l pie (ai,, (x)%j(x))
+h(x, t,u(x,t), Vu(x, 1)) > f(x,t) (7.15)

with functions a;; : @ — R, j=1,2,...,N)and h : 2 x (0, T) xRxRN - R.
Then, (1.8) is reduced to (7.15) as a special case. To state our existence result, we
introduce the following (H3)" and (H4)'.

(H3)/(i) aj € WI’OO(Q) and ajj = ajj for each i,j =12,...,N.
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(i1) There exists a constant Ag > 0 such that

N
)Lo|é§|2 < Z ajj(x)§§; forae x e Qandall§ = (§1,&,...,8n) € RV,
ij=1

(H4)' (i) There exist constants g1, g>» > 1 +1/p/, Cg > 0and as € L' (Q x (0, T))
such that

he,trp)I? = Cy (1”@ 4 1”@ D) +as(r )

forae. (x,7) € Q x (0, T) and all (r, p) € R x RV,
(i) The function h = h(x, ¢, r, p) is a Carathéodory function in 2 x (0, T') x
R x RY (i.e., measurable in (x, ¢) and continuous in (r, P))-

Then, we have:
THEOREM 7.7. Let T > 0 and let Q2 be a bounded domain in RN with C? bound-

ary 0K2. Suppose that (H1), (H2), (H3)', (H4)' and the following (7.16) are satisfied
for some p € [2, 00).

IN

=== 2 <N 2
2<pezi=fv2 ¥ ’ 2* 24 = 7.16
=P= [+oo f2>=N, N7 2F TN (7.16)

Then, forall f € LY 0, T; Lpl(Q)) and ug € HOl (), there exists

T, = T, (|MO|H(;(Q) + ”f”LP’(O,T;LP'(Q))) € (0, T] such that the initial-boundary
value problem {(7.15), (7.2), (7.3)} admits at least one solution u on [0, Ty].

Proof. Weset V = LP(Q), H = L*(Q) and set X = HJ () with the norm | - |x :=

|V - |72. Then X is compactly embedded in V by (7.16). Moreover, we define the
functional ¢ : V — [0, oo] by

Z / alj(x) (x)—(x)dx ifueX,
l] 1
400 otherwise.

ou) = (7.17)

Then by (H3)', it follows that
1
§A0|u|§( < @(u) < Cmax |a;j|p=@lul} forallu e X,
L]

which implies D(¢) = X and (®1). Moreover, ¢|x becomes Gateaux differentiable
in X and its derivative dx (¢|x)(u) at u € X coincides with

- Z (a,, (x)— (x)) (7.18)

111
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in the sense of distribution. Hence, dy ¢ (u) also coincides with (7.18) in V* for each
u € D(dy¢). Furthermore, thanks to Theorem 9.15 and Lemma 9.17 of [28], we can
derive that D(dyp) = WP (Q) N HJ () and

|u|W2,,,/(Q) < Cloyveou)|y+« forallu € D(dyg). (7.19)

Let us check the assumptions of Theorem 3.6. By (i) of Lemma 7.3, (A1)—(A3) hold
with v given by (7.5). Define the operator B : (0, T) x V — V* by

B(t,u) := h(-,t,u(-), Vu(-)) forallz € (0,T)andu € D(B(t, "))

with the domain D(B(¢, -)) :={u € V; h(, t,u(-), Vu(-)) € V*}. By (H4)’, we then
obtain

14 plq1—=1) p(q2—1)
Bl = C (2607 o+ Va2 )+ a0l

fora.e.t € (0, T)and all u € D(B(t, -)).

Here for the case where p’(¢q; — 1) > 2*, Gagliardo—Nirenberg’s inequality and (7.16)
yield
0 1-6
|M|LP/(‘11*1)(Q) < C|u|wl/2_p/(m|Vu|H ' forallu € D(dyg) (7.20)
with some 61 € (0, 1) satisfying 6(q; — 1) < 1; for the case where p'(g; — 1) < 2%,
it follows that |u|L1,r(ql,1)(Q) < C|Vu|g for all u € X. Moreover, for the case where
p' (g2 — 1) > 2, we also have

6 1-6
|VM|LP,(‘12’1>(Q) < C|u|u2/2'p,(g)|Vu|H 2 forallu € D(dy o) (7.21)
with some 6, € (0, 1) satisfying 8>(g> — 1) < 1; for the case where p’(g2 — 1) < 2,
we get |Vu|L,,/(q2,1)(Q) < C|Vu|py for all u € X. Therefore by (7.19), for all ¢ > 0,
there exists C, > 0 such that

1B(t, w)l?, < eldye@)|h., + Cety (o)) forallu € D(dyg) and ace. t € (0, T)
with some non-decreasing function £7 on [0, co), which implies (B1), for any ¢ > 0.
By Theorem 1.27 of [45], the Nemytskii mapping

[, V] = h(, 1, u(),v(-)); LV @=D(Q) x LV @D, RV) - v*

is continuous for a.e. r € (0, T), and moreover, the function ¢ — h(-,t, u(-), v(-))
becomes strongly measurable in (0, 7) with values in V* for any fixed u €
LP'@=-D(Q) and v € LP@~D(Q;RV). Let § € (0, T] be fixed. Then by Theo-
rem 1.43 of [45], the mapping A : LP'@=D(0, §; LY @~D(Q)) x LP'@=D(0, 5;
LY @=D(Q; RN)) — L' (0, S; V*) given by
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N, V) (@) := h(, 1, u@0)(), V(D)) forae. 1 € (0, S)
for all [u, v] € LP' @~ (0, §; LP' @~ (Q)) x P’ @D (0, . LV @D (q. RN))

also becomes continuous; particularly, (B3) follows from (7.19), (7.20) and (7.21).
We next check (B2). Let {u,,} be a sequence such that

S S
sup @ (u, (1)) + / lu, (1) |7, dt + / |avga(u,,(t))|’;;dt isbounded  (7.22)
tel0,S] 0 0

for all n € N. Then {u,} is bounded in L (0, S; WP (2)) N L®(0, S; H} (2)) N
wbr(0, S; H) (see (7.19)). Moreover, it follows from (7.16) that W2’p/(§2) is com-
pactly embedded in Lp/(ql_l)(Q) and also in WI*P/(qZ_l)(Q). Hence, Theorem 5
of [50] implies that {u,} is precompact in Lp/(O, S; LP/(‘“_I)(Q)) and also in
Lp/(O, S; Wl'p/(qz_l)(Q)). Therefore, extracting a subsequence {n’} of {n} if nec-
essary, and recalling (7.20) and (7.21), we can deduce that

u, — u strongly in LP'@=D (0, S; Lp/(q'*l)(Q)) ,
Vu,» — Vu strongly in LY @=h (0, S; Lp/(qz_l)(Q; RN)) .
Hence, the continuity of AV yields that
B(-, uy () = B(-,u(-)) strongly in L” (0, §; V),

which implies (B2). Thus, by Theorem 3.6, we obtain our desired conclusion. U

We can also prove the existence of global (in time) solutions of the initial-boundary
value problem for (7.15) as in Theorem 7.5.

THEOREM 7.8. Let T > 0 and let S be a bounded domain in RN with C2
boundary 3. Suppose that (H1), (H2), (H3), (H4)" and (7.16) are satisfied for some
p € [2, 00). In addition, assume that

2
g1 <p and q < > + L. (7.23)

Then, for all f € Lp/(O, T; L”/(Q)) and ug € HO1 (2), the initial-boundary value
problem {(7.15), (7.2), (7.3)} admits at least one solution u on [0, T].
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