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Dirichlet forms for singular one-dimensional
operators and on graphs

ULRIKE KANT, TOBIAS KLAUSS, JURGEN VOIGT AND MATTHIAS WEBER

Abstract. We treat the time evolution of states on a finite directed graph, with singular diffusion on the
edges of the graph and glueing conditions at the vertices. The operator driving the evolution is obtained by
the method of quadratic forms on a suitable Hilbert space. Using the Beurling—Deny criteria we describe
glueing conditions leading to positive and to submarkovian semigroups, respectively.

0. Introduction

The intentions of this paper are twofold. The first aim is to present a treatment of
one-dimensional “singular” diffusion in the framework of Dirichlet forms. The sec-
ond is to present suitable boundary or glueing conditions on graphs (quantum graphs)
leading to positive or submarkovian Co-semigroups.

Concerning the first topic we assume that u is a finite Borel measure on a bounded
interval [a, b]. We assume that particles move in [a, b] according to “Brownian
motion” but are only allowed to be located in the support of 1, and in fact are slowed
down or accelerated by the “speed measure” p. (Incidentally, the support of p is
allowed to have gaps, what sometimes is referred to by “gap diffusion”.) More gen-
erally, instead of starting with Brownian motion, one also can include a drift in the
diffusion. This leads to including a scale function. The treatment of the corresponding
process has a longer history (cf. [1,3-5,12-14,19,20,22]), but there appears to be no
treatment of the arising evolution in the context of Dirichlet forms.

Concerning the second topic, we assume that finitely many intervals, with diffusion
as described above, are arranged in a graph, and we treat the question how boundary
conditions (glueing conditions) at the vertices can be posed in a way to describe dif-
fusing particles. These topics have also been treated in a recent paper by Kostrykin
et al. [16]. Since we pose the glueing conditions in a different form (following [17]) it
does not seem evident to us to establish the connection between the conditions given
in [16] and our conditions.

There are many motivations from applications for this work. Since we were not
primarily motivated by specific applications we refer to [17,18,23] for some of these
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motivations. An evident motivation is the description of (electric) currents in networks.
In[10]itis explained how diffusion processes on graphs can arise from various limiting
or averaging procedures of diffusion processes on higher dimensional sets. This theory
has been worked out in more specific situations in [6-9,11]. To close the introduction
we describe the contents of the paper in more detail.

In Sect. 1 we present the treatment of one-dimensional singular diffusion mentioned
initially on an interval [a, b]. We assume that u is a finite Borel measure on [a, b],
with a, b € spt u but u({a, b}) = 0. We define the classical Dirichlet form 7,

(f.g) = / F0300 dx,

in the Hilbert space H = L»((a, b), i), on a suitable domain D(t). The interesting
(and touchy) point in this combination of data is the circumstance that in the form
the values of f, g may occur on intervals where & does not have mass. We show that
the Cp-semigroup associated with the form is submarkovian (Theorem 1.7), and we
describe the self-adjoint operator associated with the form (Theorem 1.9).

In Sect. 2 we treat a slightly more complicated operator on an interval. We assume
that, besides the data prescribed in Sect. 1, there also is a scale s: [a, b] — R, con-
tinuous and strictly monotonically increasing. We treat the second order differential
expression d,,d;, interpreted in the sense of distributions. We show that—by using
s: [a, b] — [s(a), s(b)] as a homeomorphism—the problem can be transformed to
the situation treated in Sect. 1. In view of this reduction we did not include a scale in
our further investigations in this paper.

In Sect. 3 we start the treatment of diffusion processes on graphs. We consider a
finite directed metric graph. The graph I' is given by finite sets of vertices (nodes)
and edges. Each edge has a starting vertex and an end vertex and otherwise is con-
sidered as a bounded interval in R. The vertices carry no mass, and on each of the
edges a formal differential expression like in Sect. 1 is given. From [17] we recall
a method how to prescribe glueing conditions at the vertices in terms of forms, and
we give the description of the operators associated with the forms (Theorem 3.3). We
then single out those glueing conditions giving rise to positive and to submarkovian
Co-semigroups (Theorem 3.5).

In Sect. 4 we treat the case of a graph as in Sect. 3 but where additionally the vertices
may carry a mass. In this case we only treat the case where the functions in the domain
of the form are continuous on the whole graph, which in particular means that the
traces of functions at the end points of the edges coincide with the values of the func-
tions at the corresponding vertices. In this case the corresponding Co-semigroup is
always submarkovian (Theorem 4.2). In the description of the corresponding operator
(Theorem 4.3) the boundary condition also occurs in the value of the operator applied
to functions at the corresponding vertices.

In an Appendix we indicate the structure of (Stonean) sublattices of K" and of
positive or submarkovian operators on these sublattices. These results are needed in
Sect. 3.
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1. The singular Dirichlet form on an interval

Leta,b € R,a < b.Let u # 0 be a finite Borel measure on [a, b], a, b € spt u, but
w({a, b}) = 0. In order to define the classical Dirichlet form t in H := Ly ((a, b), i)
we need some notation. Our function spaces will consist of K-valued functions, where
K e {R, C}. We note that [a, b] \ spt u is an open subset of R, and we define

Cula, bl :={f € Cla, b]; f affine linear on the components of [a, b] \ spt 11}.

In order to pose boundary conditions we choose &, § € [0, 5]. We define

{f € Cula.bl; fla)= f(b) =0} ifa =0, B=0,

Cuusla.b] = | U € Cula DL f(@) =0} ifa=00<p<2,
WP T f € Cula, b £(b) =0} f0<a<T B=0,
Cyula, b] otherwise,

W, (a.b) := Wy (a,b) N Cyla, bl.

The spaces Cy[a, b] and C;, o gla, b] are closed subspaces of (Cla, b], || - [loo)-
We define the form t by

D(t) := Wy, , p(a.b) := Cpapla. b N W, (a.b),
b —
(o= [ fOTD 000+ Qi)

where Qp, Q1: D(t) x D(r) — K are defined by

0 ifa=0
Q0(f. 8) :=[ re=n

ose fg)ga)  if0<a<Z,

o it =0,
QL8 = 1 b 2y if0 < p <3

REMARK 1.1. The value @ = 0 corresponds to the zero Dirichlet boundary con-
dition at @, « = 7 to the Neumann boundary condition, and « € (0, ) to Robin
boundary conditions. Similarly for 8 and b.

We note that the form 7 is well-defined, i.e., f € D(t), f = 0 as an element of
‘H (or equivalently, f(x) = 0 p-a.e.) implies t(f, g) = 0 for all g € D(7). Indeed,
if f = 0 pu-a.e. and f is continuous, then f(x) = O for all x € spt . Since f is
affine linear on the components of [a, b] \ spt © we conclude that f(x) = O for all
x € [a, b], and thus t(f, g) = 0 for all g € D(7).

The definition of T immediately shows that t is positive and symmetric.

The following lemma is needed in order to obtain the denseness of D(t) in H, and
later for the Beurling—Deny criteria. In its proof we will need the fact that the open
set [a, b] \ spt u can be decomposed as

la, b1\ sptpw = | (@}, b)),

jeN
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where N € N and ((a i b f))j <y 1s a countable family of mutually disjoint open
intervals. This decomposition will be used repeatedly.

By the Sobolev embedding theorem the space Wzl (a, b) can be considered as a sub-
space of Cla, b]; for elements f € W21 (a, b) we will always choose the continuous
representative.

LEMMA 1.2. Let f € W, (a, b). Define
bj)— i . .
fla)) + %(x —aj) ifx€(a;.bj), jeN,

fuw={ .
Sx) if x € spt .

Then f € Wzl’u(a, b), and f = f as elements of H. Moreover,

b= fla;) . .
fx) = % if x € (aj,bj), jEN,
[ if x € sptp.

Proof. Forn € N we define

flap + 1oL 2 (x —ay) ifx € (@j.b)), jEN, j=n,

Julx) = [ fx) otherwise,
bj—aj

LONZICD) gy e (aj, b)), jeN, j<n,
gn(x) =

f'(x) otherwise.

It is easy to see that then f, € W21 (a,b), and f, = gy, for all n € N. Obviously
f = f, = f aselements of H, foralln € N.
Moreover f € Cula, b], and f,, — f (n — o0) uniformly on [a, b]. We define

gx) == nli)rgogn(X) (x € (a, b)).

From
bi fbp) = fa@pl
/|NW®=@—@—%——L
aj Jj—aj
bj 2 bj
1 T / / 2
=5 fydyl < [/ (17 dy,
j 41 Ja; aj

for all j € N, we obtain g € L>(a, b), and therefore the dominated convergence
theorem implies g, — g in Ly (a, b). This shows f € W21 (a,b), f’ =g. 0

THEOREM 1.3. The set CC1 (a, b), as a subset of 'H, is contained in D(t). As a
consequence, D(7) is dense in H.

Proof. According to Lemma 1.2, each element f € CC1 (a, b) possesses a representa-
tive f € D(t). (Note that f(a) = f(b) = 0, and therefore f € C, o gla, b].)

The set C.(a, b) is dense in H . Using mollifiers one obtains that CC1 (a, b) is dense
in H. O
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In order to show the closedness of T we need the continuity of the embedding
(D(7), || - ll) = Cla, b], where the form norm || - ||, is defined by

1

171 = (zH+1£13,)" (f € D@,

LEMMA 1.4. There exists a constant C > 0 such that

1/ loo = € (1 W siay + 1/ 1¢)°

forall f € W)(a,b).

Proof. Letx,y € (a, b). The Cauchy—Schwarz inequality yields

/x f(2)dz

GO < 1FO A+ 1f N aany (b — a)?.

£ — f()] = <1 @y (b — )2,

Integrating this inequality with respect to © one obtains

f ). b)) < /

(a,b

: FOIALG) + 1 f a0y (b — a)2 u((a, b))

1 1
< Il @, b)) + 1 f lLs@ny (b — @) u((a, b)).
This inequality shows the assertion. O
THEOREM 1.5. The form t is closed.

Proof. Let (fy)nen € D(7), f = f(n — oco)in H,t(f,— fn) = 0(m,n — o0).
We have to show that f € D(t), 7(f, — f) — 0 (n — 00).

The sequence (f,) is a || - ||--Cauchy sequence, and therefore Lemma 1.4 implies
that (f;,) is a || - ||co-Cauchy sequence. This implies that there exists f € Cu.a,pla, b]
such that || f;, — f||oo — 0 (n — o00). We further conclude that f, — f in H, and
therefore we may assume that f = f belongs to Cuapla, b].

Since (f;,) is uniformly convergent to f and (f,) is a Cauchy sequence in L2 (a, b),
thus convergent, we obtain that f € W2l (a,b), f, — f'in La(a,b) (n — 00). We
conclude that f € Cy o pla, bl N W) (a, b) = D(x),

b
(o= /) =/ 1) = £ OPdx + Qo fa = )+ 01(fa = f)
-0 (n—> 00). O

REMARKS 1.6. (a) Summarising, we have shown that  is a densely defined closed
positive form in . The “first representation theorem” implies that there is a unique
positive definite self-adjoint operator H in H associated with t; cf. [15, VI, Theorem

2.1]. Accordingly, the operator — H is the generator of a Co-semigroup (e ~"#);~¢ on
H.
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In order to show that the operators e/ are positive (in the sense of the order on

‘H = Ly((a, b), 1)) and moreover submarkovian we will show that the conditions of
the Beurling—Deny criteria are satisfied.

(b) We recall that the first Beurling—Deny criterion states (amongst others) that
positivity of the Co-semigroup (e =), is equivalent to:

Forall f € D(tr) one has | f| € D(t), T(| f]) < t(f) (cf. [25, Corollary 2.18]).

(c) The second Beurling—Deny criterion states (amongst others) that, assuming pos-
itivity of (e~"#),>0, the property that (¢~"#),~¢ is submarkovian (i.e., positive and
L «-contractive) is equivalent to:

ForallO0 < f € D(r)onehas f Al e D(t), 7(f A1) < t(f) (cf. [25, Corollary
2.18]).

(d) A mapping F: K — Kis called a normal contraction if F(0) = 0 and |F(x) —
F(y)| < |x —y| (x,y € K). The Cp-semigroup (e”H),Zo is submarkovian if and
only if the following condition is satisfied:

For all normal contractions F: K — Kand all f € D(t) one has F o f € D(7),
(F o f) < t(f) (cf. [25, Theorem 2.25]).

THEOREM 1.7. Let F: K — K be a normal contraction. Let f € D(t)
(=Cu,apla, bl N W21(a,b)). Then F o f € D(t), t(F o f) < 1(f). As a conse-
quence, the Cy-semigroup (¢! H )i=0 is (positive and) submarkovian.

Proof. Itis well-known that Fo f € W2l (a,b)and |(Fo )| < |f'|. (See Remark 1.8
below.) Using Lemma 1.2 we obtain that the function £, defined by

Foo = | FU @D+ TP (x —a)) ifx € (aj. b)), j €N,
. F(f () if x € sptpu,

belongs to Cy «.gla, b]. Evidently f = Fo faselements of H.For j € N, x €
(aj, bj) one obtains the estimate

F(f®j) = F(f@p)| _| /b))~ fla))

bj—aj

=1f ()l

If/ ()] = ‘

bj — aj
and therefore F o f € D(71),

T(Fo f)=1(f)
bj .
=/ I(Fof)/(x)lzdx+2/ |/ () dx
spt j

jeN’4
+Qo(Fo f)+ Q1(Fof)
< t(f).

Now the second last assertion of the theorem follows from Remark 1.6(d). O
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REMARK 1.8. A function f € Cla, b] belongs to le(a, b) if and only if f is
absolutely continuous, and then f is differentiable almost everywhere, and f’ is the
distributional derivative. Then, if f is absolutely continuous and F: K — Kis a
normal contraction, it is immediate that F' o f is absolutely continuous, and therefore
Fof e Wl1 (a, b). For those points x where f and F o f are differentiable (a set of full
measure) it is immediate that |(F o ) (x)| < | f(x)[, and therefore |(F o f)| < | f'|.
(For similar properties in more dimensions we refer to [21, Appendix, Corollary 1].)

To conclude this section we describe the operator H associated with the form 7. In
order to do so we introduce some additional notation.

If f € Lijoc(a,b), g € Li((a,b), n) are such that ' = gu (where f' = af
denotes the distributional derivative of f), then we call g distributional derivative of
f with respect to |1, and we write

ouf =g

Note that then necessarily f' = 0 on [a, b] \ spt i, i.e., f is constant on each of the
components of [a, b] \ spt . It is easy to see that this is equivalent to

f(X)=c+/( )g(y)du(y) a.e., (1.1)

with some ¢ € K. Thus, the function f has representatives of bounded variation and
these have one-sided limits (not depending on the representative) at all points of [a, b].

We define the “maximal operator” H in 'H, associated with the differential expres-
sion —d,,0, by

D(H) :={f € Cula,bl; f € Li(a,b), 3, f exists, 8, f € M},
Hf :=—d,f (f e D(H)).
(Note that H is well-defined as an operator in H:If f € Cyla, b] vanishes on spt p,

then f = 0, and therefore 9, f' = 0.)
Using (1.1) one easily obtains that D(I:I) - W21 (a,b).

THEOREM 1.9. The operator H is given by

DH)={f € D(H); cosaf(a) —sinaf' (a+) = cos Bf (b) + sin Bf' (b-) = 0},
Hf = =d,f" (f € D(H)).

Proof. As a preliminary step we supply an identity. Let f € D(H), g € D(t). From
(1.1) we obtain

f’(X)=f’(a+)+/ A f (M du(y) ae.

(a,x)
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Using Fubini’s theorem, we now obtain
b —_—
/ f(x)g' (x) dx
a

b —_—
=/ (f'(a+)+/( )3uf/(y)du(y))g’(x)dx

= f/(a+)(g(b)—g(a))+/ / A f () du(y)g' (x) dx
(a,b) J(a,x) (1.2)

= f(a+)(g(b) —g(a))+/( O f (y)/ g/ dxdu(y)

= f/(a+)(g(b)—g(a))+/( ) A f () (gb) — g(y) du(y)
= f'(b-)g®) — f'(av)g@) + (Hf ).

Let f € D(H) (S D(t)), g € D(t). Then

Hf(x)g(x)du(x) = t(f, g)

(a,b)

b
=/ f'@)g (x) dx + Qo(f, 8) + Q1(f. 8).

Choosing g € Ccl, (a,b), g € Cyla, b] such that glg ,, = glspr . (recall Lemma 1.2),
we obtain

— h —_—
HF (0300 du(x) = / FOF dx

(a,b)

=/ f(x)g(x)def(aﬁ)/ sB) -8 |
spt

b: —a;
JEN J J

=/ f(x)g(x)dx+2f(a,+)/ g/ dx
spt i

JeEN
=/ f(x)g'(x) dx.

This implies f € D(H), Hf = Hf = —d,.f .
For general g € D(t) we conclude, using (1.2),

b —
t(f. 8) — (Qo(f. &) + Q1(f. 8) =/ fl0g'(x) dx
= ['(b-)8(b) = f'(a+)g(@) + (Hf [8)3.
This means that the equation

Q0(f,g) — f'av)gla) + Qi1(f. g) + f(b-)g(b) =0
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must be satisfied. If « = 0, then cosaf (a) — sinaf’(a+) = f(a) = 0 because of
feDH) € D) € Cpuopla,bl. If0 < a < E then we define g € D(t) by
g(x) := x — b (x € [a, b]) and conclude that z;’;g‘f(a) f’(a+) = 0. This shows
that f satisfies the boundary condition at a. The argument for the boundary condition
at b is analogous.

Conversely, let f € D(I:I ), and let the boundary conditions

cosaf(a) —sinaf (a+) =0,

. , (1.3)
cos Bf(b) +sinBf (b—) =0,

be satisfied. We note that this implies f € C, « gla, b], and therefore f € D(t). Let
g € D(1). Inserting the boundary conditions (1.3) into (1.2) (or using g(a) = 0 if
a =0, g(b) =0if B = 0, respectively) we obtain

b
(Hf|8)n =/ f'0)g x)dx + Qo(f, 8) + Q1(f. 8) = ([, 8.

Now the definition of H implies f € D(H), Hf = H f. 0

The following observation is a preparation for the subsequent examples. Let ¢ €
(a,b), we :=p({c}) > 0,and let f € Ly joc(a, b) be such that 9, f € Li((a, b), n)
exists. Then the equation 3, f i = f” implies 3, f (¢) = M

EXAMPLES 1.10. (a) Leta < a’ < b’ < b. Assume that (a’, b’) is a component
of [a, b] \ spt i, and that u({a’, b'}) =0

Let f € D(H). Then f’ is continuous at @’ and ', and

foH—f (a/)
a’

@) = 1) = ==

In Example 3.7 we will transform this example into an example on a graph.

Md)Leta <c < b, e := u({c}) > 0,and u((c —e,¢)) > 0, u((c,c+¢)) >0
forall e > 0.

Let f € D(H). Then

/! /
HF@© = . f () = - =T, (1.4)
Me

according to Theorem 1.9 and the preceding remark. In Example 4.6 we will give an
isomorphic description in the context of graphs.

(¢c)Leta < d’ < ¢ < b < b, and assume that (¢, ¢), (c, b") are components of
la, b] \ spt .

Let f € D(H). Then

Hﬂd:_%f@:_f%ﬂ—f@)Z_%(ﬂw—ﬂd_f@—ﬂﬂ)

/ /
c b —c c—a
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2. The Dirichlet form including a scaling function

In this section we transfer the results of Sect. 1 to more general one-dimensional
diffusion operators. We suppose thata’, b’ € R,a’ < b/, and thats: [a’,b'] - Risa
scale (or scaling function),i.e., s is acontinuous strictly monotonically increasing func-
tion. Asin Sect. 1 we assume that i’ is a finite Borel measure on [a’, b'],a’, b’ € spt i/,
but 1’ ({a’, b’'}) = 0. The aim is to associate an operator in H' := L, ([a’, b'], /) with
the differential expression —d,,dy, and to present the corresponding Dirichlet form.
This aim will be achieved by transforming the problem to the case treated in Sect. 1.

We define a := s(a’), b := s(b’). Then s: [d’, '] — [a, b] is a homeomorphism.
Let u := p), denote the image measure of & under s (i.e., u(A) := ,u’(s_l(A)), for
all Borel sets A C [a, b]). Then u has the properties required in Sect. 1; we further
note that spt . = s(spt ).

We recall the following fact concerning image measures. A function f : [a, b] - K
is p-integrable if and only if f o s is u/-integrable, and then the substitution rule

fx)du(x) =/ fos()du (x) (2.1

[a,b] [a’,b']

holds.
For each p € [1, oo] the mapping W,

Vf:=fos

(mapping functions on [a, b] to functions on [a’, b']) is an isometric Banach lattice
isomorphism W: L,([a, b], u) — L,([a’, '], u). In particular, ¥: H — H'is a
unitary operator and a Hilbert lattice isomorphism. The inverse mapping is given by
U lg=gos™l.

Let 7 be the form treated in Sect. 1. We define the form t’ in H' by

D(t'):=¥(D(x), T (fig) =t [, g). 2.2)

Then it is standard to show that T’ is a densely defined, closed positive form, and that
the self-adjoint operator H' associated with t’ is given by

D(H') =V(D(H)), H' =WHY . (2.3)
The generated Co-semigroups are related by
e—fH/ — ‘Ile—IHqJ—l (t Z 0).

The form 7’ satisfies the conditions of the Beurling-Deny criteria, and the Cp-semi-
group (e~ /) ¢>0 1s (positive and) submarkovian.

It remains to determine the form t’ and the operator H' more explicitly. In order to
describe D(z") = W(D(t)) we first describe the spaces W(Cula, b)), ¥(Cy q pla, bl),
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\I'(W21 (a,b)). Afunction f: [a', '] — K will be called affine linear in s on (ay, by),
an open subinterval of [a’, b'], if there exist constants ¢, d € K such that

fGN) =c+ds(x') (' € (ag, bp)).
We define

Csla’,b'] == {f € Cld’, b']; f affine linear in s on
the components of [a’, b']\ spt 11/}

It is not difficult to see that then C,s s[a’, b'] = W(Cy[a, b])). Also, fora, B € [0, 3],
the space

Cu’,s,a,ﬂ[a/v b/] = qj(cu,a,ﬂ[a9 b))

is the space analogous to C;, o gla, b].

We denote by ds the Borel-Stieltjes measure on [a’, b] generated by the function
s. Then the image measure of ds under s is the Borel-Lebesgue measure on [a, b].
Let f: (a’,b’) — K be a bounded Borel measurable function, g € Li((a’, b’), ds).
If f/ = gds in the sense of distributions, then we write g = 9, f. We note that,
equivalently,

f(x/)=c+/( /]g(y/) ds(y') ae.,

for a suitable constant ¢ € K.
Let f € W (a,b). Then

F@) =+ / Fody ae.

Applying the substitution rule (2.1) to ds and the Borel-Lebesgue measure one obtains,
forx’ € (a’, b,

Fost)=ct [ o5 ds00)

i, 0s(fos)= f'os € Ly(d,D); and the argument can also be reversed.
These remarks explain already the first part of the following result.

THEOREM 2.1. The form t’ is given by

Dty ={f € Cusapld b1, 8 f existson (a',b'), and 3 f € La((d’, 1), ds)},
b -
T'(f.8) = /, s f(x)0sg(x") ds(x") + Qu(f, &) + Q1 (f. ) (f.g € D(1'),

where Qy,, Q| are defined analogously to Qq, Q1 in Sect. 1.
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Proof. In view of (2.2) and the previous considerations we only have to explain the
integral part in the formula for 7.

Let f, g € D(t). As explained before, we then have f'os = 8,(f os), g’ os =
d5(g o s). Therefore the substitution rule yields

b — ' ——
[ r@gme = [ 5 eseges@iase)
4 -
= [ A eoea G, .

In order to describe H' = WHW™! we first determine the “maximal operator”
H = WHW™!. Let f € D(H). As above, the condition f’ € Li(a, b) translates to
05(fos)= f'os € Li((d,b'),ds). Fromd, f" € Lo((a, b), u) we conclude that f’
is bounded, and therefore d;(f o s) = f’ o s is bounded. Further, the condition that
3. f" € La((a, b), ) translates to

flx) = f/(a+)+/ A f' (Mdu(y) ae.,

(a,x)

Fost) = flos@ it [ auf es)any) e

(a’,x']

ie., 0, 0s(f os) =0, (f os)existsand 9,/95(f os) =, f' o5 € Lo((a’, '), ).
As the computations are also valid in the reverse direction we have shown that

D(H) = {f € Csld’, b']; 0 f exists and is bounded,
9,095 f exists and 0,00, f € La((a’, b), u)},
H'f = =38, f (f € DH).
Now the following description of H' is an immediate consequence of Theorem 1.9.

THEOREM 2.2. The operator H' is given by

DH) ={f € D(H'); cosaf(a') — sina d; f(a'+)
= cos Bf (b') + sin B 0, f (b'-) = 0},
H/fz_au’asf (fGD(H/))

3. Dirichlet forms for singular operators on graphs

Let I' = (V, E, n) be a finite directed graph. Here, V and E are finite sets (and
V N E = ). The elements of V are the vertices of I', those of E the edges, and they
are related by the mapping n = (19, n1): E — V x V, where no(e) should denote
the “starting vertex” of e, and 1 (e) the “end vertex”. (Loops, i.e., ni(e) = no(e), are
allowed.)
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For v € V, the sets
E,j:={e€ E;njle)=v}, forj=0,1,

describe the sets of all edges starting or ending at v, respectively. We also will need
the set

Ey = (Eyo x {0} U (Ey1 x {1})

of all edges connected with v (but where loops starting and ending at v yield two
contributions).

Each edge e € E corresponds to an interval [a,, b.] € R (where a,, b, € R, a, <
b.), and we assume that p, is a Borel measure on [a., b.] satisfying a., b, € spt (e,
te({ae, be}) = 0. The form and operator will be defined in the Hilbert space

Hr = @ La((@e, be), pe),

ecE

with scalar product

(1O = D (fe 8) Ly(ae b

ecE

In the present section the vertices will not have mass; a special case where masses are
attributed to the vertices will be treated in the following section.

In order to define the classical Dirichlet form in Hr we introduce the following
notation. We define

C(E) :={(fo)ecE; fe € Clae, be] (e € E)},
Cu(E) :={f € C(E); fo € Cy,lac, be] (e € E)},
W) (E) = {(fo)ecks fo € W)(ae, be) (e € E)},

Wy, (E) := W3 (E) N Cu(E).

For v € V we define a trace operator tr,: C(E) — KEv, by

felae) ifj=0, ec Ey.o,

folbe) ifj=1, e€cE,, (f € C(E)).

try fe, j) == {
Also, it will be convenient to use the notation

be
e (f8) =D, [ flx)gix)dx,

ecE 4

for f, g € W, W (E).
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REMARK 3.1. In this remark we recall from [17] how forms are described, giving
rise to self-adjoint operators subject to boundary conditions at the vertices. For each
v € V we prescribe a subspace X, of K and a self-adjoint operator L, on X,.

We define 7 by

D(r):={f € W) ,(E); try f € Xy (v e V)},

bL’
T(f.8) = | f)ghx)dx + > (Ly(try )] try Qgcer
ecE Ve veV

= 16(f.8) + D (Ly(try )] try ), -

veV

Then t is a densely defined closed semi-bounded (below) symmetric form. (See
Remarks 3.2.) The conditions tr, f € X, and the second part of the form are respon-
sible for the glueing conditions at the vertices.

Denoting by Q, the orthogonal projection onto X, and by P, the complementary
orthogonal projection, the condition tr, f € X, can also be expressed as the equation
Py(try f) = 0.

We refer to [17, Theorem 9] for this description, in the case that all the measures
W are the Lebesgue-measure. (Note that we changed the sign of the matrices L, with
respect to [17, Theorem 9]; this is more convenient in our later development.)

REMARKS 3.2. (a) We consider the special case where P, = 0, L, = 0 for all
v € V. We denote the corresponding form by ty (the index N indicating Neumann
boundary conditions). The form t decomposes as the sum of the Neumann forms on
each of the edges, and therefore the closedness of 7y follows from Sect. 1. Obviously,
Ty 18 positive.

(b) The domain D(t) contains the dense set {f € Hr; fe € CC1 (ae, b,) (e € E)}
(compare Theorem 1.3), and therefore is dense. In order to obtain the closedness and
semi-boundedness of T in Remark 3.1 it is now sufficient to show that the trace map-
pings tr, are infinitesimally form small with respect to 7. This, however, follows
from the last estimate in the proof of Lemma 1.4, which can be rewritten as

LF@1 = 721 I aate) + 1 F Meataatri 1@ a +7)72,
for arbitrary r € (0, b — a), and correspondingly for b.
In order to describe the self-adjoint operator H associated with the form t of
Remark 3.1 we define the “maximal operator” H in Hr, by
D(H) == {f € Cu(E); fi € Li(a,b), d,, f. exists,
Oy, fo € La((ae, be), pre) (¢ € E)},
Hf = (=0u,fecr (f € D(H),

with the notation introduced in Sect. 1. From Sect. 1 we recall that D(I:I ) C D(ty).
For f € D(H) we know that the limits f;(a,+), fo(b.—) exist. For the formulation
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of the boundary conditions it is convenient to define the notion of signed traces, as
follows. For v € V we define str, g € KFv by

ge(ae+) if j=0, e Eyp,

stry, g(e, j) = ir
v&te J) [ —ge(be—) if j =1, e€ Ey 1,

if g is a function for which the one-sided limits exist. Then, forv € V, f € D(FAI ),
the vector of the outgoing derivatives from v is obtained by str, f' € KEv.

THEOREM 3.3. Let X,, L, (v € V) and t be as in Remark 3.1, and let H be the
self-adjoint operator associated with t. Then

D(H) = {f € D(A); tr, f € Xy, Qu(stry f/) = Ly(tr, ) (v € V)},
Hf =Hf (f e D(H)).

Proof. (analogous to the proof of Theorem 1.9) Let f € D(I:I ), & € D(7). Summing
Eq. (1.2) (from the proof of Theorem 1.9) over the edges we obtain

be N
D Feglyde == (stry fl try Qg + (Hf Qg B

ecE 4 veV

Let f € D(H). From D(H) € D(t) we conclude thattr, f € X, (v € V). Asin
the proof of Theorem 1.9 one obtains f € D(H), Hf = H f.Let g € D(r). Using
(3.1) we obtain

e (f,8) + D (stry [/l try e = (H 183,

veV

=7(f,8) = (£, ) + D (Ly(try f)| try @xcee,

veV
ie.,
Z (stry f/ — Ly(try f)| try @ge, =0.
veV

Letv € V, & € X,. There exists g € D(t) such that tr, g = &, tr,, g = 0 for all
w € V\{v}; indeed, one only has to connect the prescribed traces affine linearly on
all edges. This shows that str,, f' — L,(tr, f) is orthogonal to X, = R(Q,), i.e.,

0 = Qy(stry f, — Ly(try f)) = Qy(stry f/) — Ly(try f).

Conversely, let f € D(I-AI), and let the boundary conditions tr, f € X,,
Qy(stry 1) = Ly(try f) (v € V) be satisfied. Then f € D(t), by the first part
of the boundary conditions. Let g € D(t). We note that then

(stry f/| try g)]KEv = (stry f/| Oy (try g))]KEv
= (Qy(stry f/)l try e = (Ly(try Dty 8)KE
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for all v € V. Using (3.1) we obtain

(Hf1®)p =Ta(fr8)+ D (stry f] try @)t

veV
=16(f.8) + D (Ly(try )] try @)ges = T(f. 8).
veV
Now the definition of H implies that f € D(H), Hf = I-}f. U

EXAMPLE 3.4. We refer to [17] for a variety of examples. We only want to mention
a very simple example, where the graph consists of one vertex 0 and one loop [0, 1]. We
let X :=lin{(1, 1)}, Lo := 0. Then the boundary conditions contained in the descrip-
tion of the domain of H are those of periodicity, f(0) = f(1), f/(0) — f'(1) = 0.

We now come to the main object of this section, i.e., the investigation under what
conditions the generated Cp-semigroup is positive or submarkovian. In this analysis
we make use of the description of (Stonean) sublattices of K" and operators on such
sublattices. These topics are treated in the Appendix.

THEOREM 3.5. Let X,, L, (v € V) and t be as in Remark 3.1, and let H be the
self-adjoint operator associated with t.

(a) Assume additionally that X, is a sublattice of KEv and that (e_tl‘“),zo is a
positive Co-semigroup on Xy, for all v € V. Then (e_’H),zo is a positive Co-semi-
group on Hr.

(b) Assume additionally that X, is a Stonean sublattice of KEv and that (e~'Lv) >0
is a submarkovian Cy-semigroup on X, forallv € V. Then (e_’H),zo is a submarko-
vian Co-semigroup on Hr.

Proof. (a) The proof is given by verifying the condition of the first Beurling—Deny
criterion stated in Remark 1.6(b). Thus, let f € D(t). Then |f| € D(ty) (as an ele-
ment of Hr) and (| f|) < te(f), by Theorem 1.7. Moreover try | f| = |tr, f| €
X, by the hypothesis that X, is a sublattice of KZv, for all v € V, and this shows
that | f| € D(t). Finally, the hypothesis on L, implies that (L, (tr, | )| try | f]) <
(Ly(try )] try f) forall v € V, by Lemma A.3(a), and this shows 7 (| f]) < t(f).
(b) From part (a) we already know that the Cp-semigroup (e H )i>0 18 positive.
In order to show that it is submarkovian we check the condition of the second Beur-
ling—Deny criterion mentioned in Remark 1.6(c). Thus, let 0 < f € D(r). Then
f A1l e D(ty) (as an element of Hr) and tg(f A 1) < tg(f), by Theorem 1.7.
Moreover try,(f A 1) = (try, f) A1 € X,, by the hypothesis that X, is a Stonean
sublattice of K£v, for all v € V, and this shows that f A1 € D(t). Finally, the
hypothesis on L, implies that (L, (tr,(f A 1)) | try (f A 1)) < (Ly(try )| try f) for
all v € V, by Lemma A.3(b), and this shows t(f A 1) < t(f). [l

REMARK 3.6. The conditions at the vertices stated in Theorem 3.3 are also nec-
essary for the positivity or submarkovian property, respectively. In order to see this it
is sufficient to observe that, for any vertex vy € V and any x € ]KEUO, there exists a
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function f € D(7) such thattr,, f = x and tr, f = Oforallv € V \ {vg}. Such an
element is easily constructed by taking f affine linear on all edges. (Observe that for
this element one obtaines Tz (| f|) = te(f).)

EXAMPLE 3.7. We turn Example 1.10(a) into a graph with edges e; := [a, a'],
ey := [b', b] and vertices a, b and v, where n;(e;) = no(e2) = v. In the vertex v we
define X, := K? and L, := ﬁ (} _11 ) These definitions give rise to the glueing

condition
(—f/(a/)) ., (f(a/)) _ 1 ( F@)— f' )
) "\rw) b —a \—f@)+ f®))"

Using the restriction of u to ey and e; as 1 and po, respectively (and formulating the
boundary conditions at a and b in the graph version) we see that the two descriptions
give rise to the same evolution.

4. Graphs with masses on the vertices

In this section we treat the case of graphs as in the preceding section, but additionally
we assume that (some of) the vertices carry a mass, i.e., in the language of stochastic
processes, particles visiting these vertices have the tendency to stick to these vertices.
Otherwise, the assumption concerning the graph I' = (V, E, n) and the measures .
(e € E) are as in Sect. 3.

So, additionally to the assumption of the previous section, we assume that, for
v € V, we are given w, > 0, and we define

Vo:={veV;u, =0}
Then the form 7 will be given the Hilbert space

Hr = D La(lac, bel, ite) @ £2(V, (1)vev).-

eckE

By £2(V, (1y)vev) we understand KY\Vo, equipped with the scalar product (x| y) :=
ZV\VO XyYuiy.) In the present paper, we will only treat the case where the functions
in the domain are continuous on the graph, which, in view of the treatment presented
in Sect. 3, is a special case. Accordingly, we define

C):={f eK"ENCE); fv) = (try ) (e, j) € Ey, veE V)],
Cpu(I) == C() NCyu(E).
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For the definition of T we further assume that, for all v € V, we are given a coefficient
[, > 0. We define

D(t) := C, () N W, (E),

be - N
t(fo8) = | Al dx+ > 1 f(v)g)

ecE Ve veV

(= e (f.9) + ). lJ(v)M).

veV
LEMMA 4.1. The form t is a closed positive symmetric form and is densely defined.

Proof. Positivity and symmetry are obvious. The closedness is obtained as in
Remark 3.2(b).

For v € V we define the element g¥ € D(t) by g"(v) := 1, g¥(w) := 0 for all
w € V \ {v}, and by affine linear connection of the corresponding traces. Now, let
f € 'Hr. Then the element f — Z{ve\/; 11020} f(v)g? can be approximated in Hr by
functions in {f € D(1); f. € Ccl(ae, b)) (e€ E), f(v)=0(w e V)} C D(r), and
therefore D (1) is dense in Hr. O

Let H be the self-adjoint operator associated with t.
THEOREM 4.2. The Cy-semigroup (e_’H),zo is submarkovian.

Proof. The proof that 7 satisfies the Beurling—Deny criteria mentioned in
Remarks 1.6(b), (c) is analogous to (but easier than) the proof of Theorem 3.5, and is
therefore omitted. O

It remains to describe the operator H associated with t.

THEOREM 4.3. The operator H is given by

D(H) =1 f € Cu(D)f. € Li(a,b), 3y, f. exists,
. fo € La((ae, be), te) (e € E),

D fllaer) = D fllbem) =1L f) e Vo) ¢

ecEy eckEy |
(Hf)e = =0, f (e € E),
1
Hfw)=— = D fllat)+ D filber) +Lf@) ] (e V\ Wy,

My ecEy eckEy |

for f € D(H).
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Proof. (analogous to the proofs of Theorem 1.9 and Theorem 3.3) Let f € C,(I") be
such that f¢ € Li(a, b), 9, fe exists and belongs to Ly ((ae, b.), ), forall e € E,
and let g € D(t). Then, summing Eq. (1.2) (from the proof of Theorem 1.9) over the
edges we obtain

be -
e (f,8) =— D (stry f'] try e — D / Opu o) (X) dpte(x).  (4.1)

veV eckE

Let f € D(H) (€ D(t)). As in the proof of Theorem 1.9 one concludes that
fe € Li(a,b), d,, f¢ exists, d,, fo € La((ae, be), tte), and that (Hf), = —d,, f., for
alle € E. Let g € D(7). Using (4.1) we obtain

Te(f.8)+ D (stry £/l try g + D HF0)gWy = (Hf [8)3y

veV veV

=t(f,0) = (.0 + D> Lf(WgW),

veV

ie.,

S DD faen = D flbe) + Hf )y — 1y f(v) | @) =0.

veV \e€E, o eckEy |

Letv € V,and let g¥ € D(t) be as in the proof of Lemma 4.1. Then we obtain that

= D flar) + D] fibem) + 1 f () = Hf )y

eck, ecky |

If iy = 0, then this equality yields the boundary condition included in the domain of
H.If u, > 0, then we obtain H f (v) as stated in the assertion.

Conversely, let H be the operator defined by the right hand sides of the assertion,
and let f € D(H). This implies f € D(t). Let g € D(t). Then

(stry f] try @)ge, = (ly f(v) — H f (v)1ty)g(v)

for all v € V. Using (4.1) we obtain

(H 12y =Te(fr8)+ D (stry £ try es + D H f(0)g)pto

veV veV
=1e(f,8)+ D Lfegw) =7(f,g)
veV
Now the definition of H implies that f € D(H), Hf = Hf. g

REMARK 4.4. Under different hypotheses, and in a different formulation,
Theorem 4.2 and Theorem 4.3 have already been obtained in [23, Lemma 3.3,
Lemma 4.1, Proposition 5.3].
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REMARKS4.5. (a) Forv € Vj, the boundary condition in the description of D(H)
in Theorem 4.3 is of the kind treated in Sect. 3. Indeed, defining X, := lin {1 EU},

11..1
we obtain Q, = % ( R ), where n, := #E, is the number of elements of E,.
ii..1
Further we obtain [, f (v)g(v) = lvi(trv Sty g)x,, €., Ly is multiplication by ,ll—Lv
on X,.
(b) For v € V \ V, the value of the application of H to f is part of the boundary
condition. This is typical for Wentzell boundary conditions; cf. [2,26].

EXAMPLE 4.6. We turn Example 1.10(b) into a graph with edges e := [a, c],
e := [c, b] and vertices a, b and v, where n1(e1) = no(ez) = v. For the vertex v we
define w, := u({c}), I, := 0. Then Eq. (1.4) of Example 1.10(b) corresponds to the
value of H f (v) given in Theorem 4.3. Example 1.10(c) does not enter the context of
graphs within the framework treated so far.

Appendix: Sublattices of K"

The following observations are preparations for the analysis of the glueing condi-
tions in Sect. 3.

We will use the lattice structure of K”, i.e., K" should be considered as the func-
tion space C({1, ..., n}; K). Accordingly |x| = (|x1], ..., |xu|), for x € K", and
XAY = (X AYl,...,Xp A Yyp), for x,y € R". The p-norm on K" will be denoted
by |- |p,forl < p < oco.

LEMMA A.l. Let X C K" be a subspace, m := dim X.

(a) The following properties are equivalent.
(1) X is a sublattice (i.e., x € X implies |x| € X),
(i) there exist x', ..., x" € X4, X Aaxk=0 (j # k), such that X = 1in{xj; j =
1,..., m}

(b) The following properties are equivalent.
(iii) X is a Stonean sublattice of K", i.e., a sublattice satisfying x A1 € X for all real
x e X;
(iv) X is invariant under all normal contractions F: K — K (i.e., F ox € X for all
x € X);
(V) there exists a partition Cy, ..., Cy, of a subset of {1,...,n} such that X =
lin{lcj = 1,...,m}.

Proof. (a) It was shown by Yudin (cf. [27, Theorem III.14.1]) that an m-dimensional
Archimedean vector lattice is linearly and lattice isomorphic to K. This shows that
(1) implies (ii). It is obvious that (ii) implies (i).

(b) It is obvious that (v) implies (iv) and that (iv) implies (iii). In order to show that
(iii1) implies (v) we note that (iii) implies (ii), by part (a) above. For j =1, ..., m we
define C;j := {k € {1,...,n}; x,f # 0}. Assume that for some j € {1,...,m} the
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element x/ is not a multiple of 1¢ ;e Then there exists ¥ > 0 such that (yxj YA lis
not a multiple of x/, and consequently (yx/) A 1 ¢ X, a contradiction. O

REMARKS A.2. (a) In the following we will assume that X is a sublattice of K",
m = dim X, and that x!, ..., x € X are as in property (ii) of Lemma A.1 and an
orthonormal basis of X. Then the mapping

m
J:K" - X, a=(aj)j=t1,..m z ,O‘jxjf
j=1

is a Hilbert lattice isomorphism. If L is an operator in X, then it possesses a matrix
representation (/ji) jx=1,...,
operator L is self-adjoint if and only if the matrix (jx) j k=1

m With respect to the orthonormal basis x!, ..., x™ The
m 1s self-adjoint.

,,,,,

(b) If X is a Stonean sublattice of K", and Cy, ..., Cy,, are as in property (v)
of Lemma A.1, then we define n; := #C; as the number of elements of C;, for
j =1,..., m.In this case we use the mapping

m
Jg: K" > X, ar Zaj 1c;,
j=1

which again is a lattice isomorphism, and also an isometric isomorphism of
({1, ...,m}, (nj)j=1,..m) (e, K™ provided with the weighted norm

1/p
x|l = (Z'}Ll |xj|pnj) ,forl < p <oo0)and (X,|-[p),forl < p < oo.
The mapping Js also has the property that it commutes with the composition of vec-
tors with functions F: K — K.

LEMMA A.3. Let X be a sublattice of K", L as above, with associated matrix
(jx) jk=1,...m» and L self-adjoint.

(a) The following properties are equivalent.
(i) Forall x € X one has (L|x| ’ |x|) < (Lx|x);
(ii) the Co-semigroup (e_’L),Zo on X is positive;
(iii) ljx < Oforall j, k € {1,...,m}with j # k.

(b) Assume additionally that X is Stonean. Then the following properties are equiv-
alent.
(iv) Property (1) holds, and for all x € X4 one has (L(x A1)|x A1) < (Lx|x);
(v) for all normal contractions F: K — K one has (L(F ox)|F ox) < (Lx|x)
(x € X),
(vi) the Co-semigroup (e_’L),Zo on X is submarkovian;
(vii) property (iii) holds, and 27:1 Jjljxk = 0 forallk =1, ..., n, wheren; and
ljx are defined in Remarks A.2.

Proof. (a)In view of the mapping J of Remark A.2(a), the equivalence of (i) and (ii) is
part of the first Beurling—Deny criterion. In order to see that (ii) implies (iii) let j # k.
Then the function 7 — (e "Lxk|x7) is non-negative, and zero for + = 0. Therefore
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0 < (e "Exk|x7)|,_g = (—Lx*|x/) = —1j. In order so show that (iii) implies (ii)
we note that there exists ¥ € R such that all entries of the matrix L — y E,,, are < 0
(where E,, is the m-dimensional unit matrix). Therefore e 'L = ¢~ Ve~ t(L—VE
positive for all r > 0.

(b) In view of the mapping Js of Remark A.2(b), the equivalence of (iv), (v) and (vi)
is part of the second Beurling—Deny criterion. We refer to [24, C-II, Theorem 1.11]
for the equivalence of (ii) and (iii) in a more general context.

In order to show the equivalence of (vi) and (vii) we assume that the
Co-semigroup (e 'F),;~¢ is positive. Let 0 < x € X, ie., x = > ojx/, with
of, ...,y > 0. Then

m) is

m m m
L | _ —tL j‘ _ —tLy -
‘e X‘l ‘ Z () jrox’ | > Z(e )jkN/1j | Qs
j.k=1 k=1 \j=1
Lleit| | =3 (Sapvin |
dr 1 1=0 . J / ’
k=1 \j=1
This shows that the Cy-semigroup (e 't )¢>0 is substochastic in (X, |- |) (or equiv-
alently, (e_’L)tZo is submarkovian) if and only if 27:1 /mjlj > 0 forall k =
1,...,m. O
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