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Second order evolution equations with time-dependent subdifferentials

MASAHIRO KUBO

Abstract. We study an abstract second order nonlinear evolution equation in a real Hilbert space. We consider
time-dependent convex functions and their subdifferentials operating on the first derivative of the unknown function.
Introducing appropriate assumptions on the convex functions and other data, we prove the existence and uniqueness
of a strong solution, and give some applications of the abstract theorem to hyperbolic variational inequalities with
time-dependent constraints.

1. Introduction

In this paper, we prove the existence and uniqueness of a strong solution of the following
evolution equation and initial condition in a real Hilbert space H:

(1) + Au(t) +vAU' () + 30" W' (1)) > f(t), O<t<T, (1.1

u(0) = uo, u'(0) = uy, (1.2)

where A is a non-negative self-adjoint operator in H; v > 0 is a constant; d¢’ is the subdif-

ferential of a proper, L.s.c. (lower semi-continuous), and convex function ¢’ depending on

t € [0, T]; f is a given H-valued function; ug and u; are given initial values. By a strong

solution, we mean that all the terms u”, Au and Au’ exist, belong to the Hilbert space H

and satisfy the equation (1.1) and the initial condition (1.2). A precise definition will be
given in Section 2.

J.L. Lions [11] initiated the study of this type of problem which refers to unilateral
problems or variational inequalities for hyperbolic equations. Then, Brézis [4], Barbu [2],
Sasaki [13] and Bernardi-Luterotti [3] studied various aspects of the problem.

In these studies, except for that of Sasaki [13], the case of a time-independent convex
function (or a convex constraint), i.e., ¢’ = ¢ in (1.1), was treated.

However, as was proposed by Lions [12, Open Problem 9.7] and Duvaut-Lions [8, Intro-
duction], problems with time-dependent convex functions (or constraints) are important
and interesting from both a theoretical view point and in respect to application.
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In this respect, Sasaki [13] proved the existence and uniqueness of a strong solution in the
case where the convex functions are the indicator functions of time-dependent convex sets
K (1), that is, ¢ = Ik (), by employing the time-dependence condition on K (¢) introduced
by Brézis [5] for parabolic variational inequalities (cf. (1.3) below).

The present paper aims to establish the existence of a unique strong solution of the
problem {(1.1),(1.2)} with time-dependent subdifferentials d¢’ in general and thus to unify
the relevant precedent results.

For the time-dependence condition on ¢, we employ the standard in the theory of the
first order time-dependent subdifferential evolution equation:

W @) +00' (@) s f(t), O0<t<T, (1.3)

as developed by Kenmochi [9], Yamada [14] and Yotsutani [16], in a form as given in Kubo
[10, Section 5, (E)]. See the condition (B) given below. This condition, in a slightly weaker
form [10, Section 4,(D)], is necessary and sufficient for the equation (1.3) (with an initial
condition u(0) = ug) to admit a unique solution obeying a class of energy inequality. See
[10, Section 4] for details. In this paper, we employ the framework and the results of [10]
to control the time-dependence of ¢.

We need another condition on ¢’ for relating it to the operator A. For this purpose, we
generalize the conditions used by Brézis [4, Théoreme II1.2], [5, (1)] and Sasaki [13, (A.1)
and (A.2)]. See the condition (C) below and Lemma 5.1 in Section 5.

The main theorem is given in Section 2, and is proved in Sections 3 and 4 except for the
proofs of some technical lemmas. In Section 5, we give some applications of our abstract
theorem to variational inequalities for hyperbolic equations. The technical lemmas are
proved in Section 6. In Appendix, for the convenience of readers, we give standard notions
and notations related to convex functions and their subdifferentials. The basic notations and
assumptions in this paper are given below.

Notation and assumptions

Throughoutofthispaper, H denotesareal Hilbertspace withitsnormandinner productdenoted
by |- |g and (-, -), respectively. For a proper, L.s.c., and convex function ¢ : H — R U {oco},
its subdifferential and their Yosida-approximations are denoted by d¢, ¢, and d¢; (A > 0),
respectively. For their definitions and fundamental properties, refer to the Appendix.

The following conditions (A)—(D) for the data A, ¢’, f, ug and u; are always assumed.

(A) A is a non-negative self-adjoint operator in H. The domains D(A) and D(A'/?) of
A and of its fractional power A'/? are supposed to be Hilbert spaces with the graph
norms. The Yosida-approximation of A is denoted by A, (A > 0). We write A i/ % for
the fractional power (A D2 0of A,

(B) (cf. [10, Section 5, (E)]) {¢';0 <t < T} is a family of proper, l.s.c., and convex
functions on H. There exists a constant ¢ € [0, 1], and for each r > 0 there are a
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constant K, > 0 and two functions p, € W0, T) (B = 2if « € [0, 1/2] and
=1/(1 —a)ifa € [1/2,1])and g, € W"1(0, T) such that foreachO < s <t < T
and z € D(¢*) with |z|g < r there exists an element Z € D(¢") satisfying

12—zl =< |pr@) — pr(HI(@* () + K)*

and
9'(2) —¢* (@) < lgr @) — g () (@* () + K;).

(C) (a) There exists a non-negative function g € L2(O, T) such that for all ¢ € [0, T'],
z € H and A > 0 and there holds

(3¢5 (2), Ax2) = —g (3¢5 (D u-

(b) There exists 1 € WH1(0, T; D(A'/?)) such that the function t — ¢’ (h(r))
belongs to L0, T).
(D) f € L*0,T; D(AY%)), ug € D(A), uy € D(AY?) N D(¢").

2. Main Theorem

We denote by (E) the problem {(1.1),(1.2)}. The notion of a strong solution of (E) is
defined below.

DEFINITION. A function u : [0, T] — H is called a strong solution of (E) if the
following items are satisfied.

(@ u € W22(0, T; HY N WH*°(0, T; D(A'/?)) N L>®(0, T; D(A)). In particular, when
v>0,u e W20, T; D(A)).

(b) There holds for a.e. t € (0, T)
u”(t) + Au(t) + vAu' (1) + 39" (W' (1)) 3 f(2).

(©) u(0) =ugpand u’(0) = u;.

The uniqueness of a strong solution can be proved easily by a standard argument using
the positivity of A and the monotonicity of d¢’. Therefore, we omit the proof of uniqueness.
The main result of this paper is stated below.

THEOREM. Under the conditions (A)—(D), there exists a strong solution of (E) satis-
Jying supo<, <7 lo" (u'(1))] < oo.

We will prove this theorem in the next two sections.



704 M. KuBo J.evol.equ.

3. Proof of Theorem

Note that our condition (B) is the same as [10, Section 5, (E)]. Therefore, we have the
following lemma (cf. [10, Lemma 2.1, Lemmas 3.1-3.3]).

LEMMA 3.1. (a) There exists a constant y > O such that forallt € [0,T], z € H
and )\ € (0, 1] there holds

@)+ vizlw +y = 0.

(b) For eachz € H and } € (0,1), t +— ¢} (2) and t > 3¢} (2) are measurable real-
valued and H -valued functions, respectively.

(c) There exists a constant § > 0 such that for allt € [0, T], z € H and A € (0, 1] and
there holds

2|z|lg 46

\izla < lzlu +8  and |34} (2)|m < -

where J = (I + AL

By Lemma 3.1 and a standard argument, we can prove the following.

PROPOSITION 3.2. Foreachi € (0, 1], there exists aunique solutionu € w220, T; H)
of the following problem:

uy (1) + Apu () + vAS (1) + 39 (U (1) = f(1)  aet€(0,T),
u (0) =ug,  us(0) =uj.
The crucial step in the proof of the Theorem is to derive the following uniform estimate.

PROPOSITION 3.3. There exists a constant My > 0 independent of . € (0, 1] and
v € [0, vo] with a fixed vo > 0 such that the solution u;_in Proposition 3.2 has the bound:

172
lunlw220,7:. 1) + 1A, “urlwico 7. 1y + |ArtrlLoo0,7; )

VLA, 20 oy + SUP |9 () ()] < Mo.
0<t<T

The proof of this proposition will be given in Section 4.

We now prove the main Theorem. First, we have by Proposition 3.3, taking a subsequence
of A | 0 if necessary, that

u) — uweakly in W2’2(O, T; H),

Ai/zu,\ — vy oweakly-* in whe, T; H),
Ajuy — viweakly-* in L*°(0, T; H),

99\ (u}) — u*weakly in L2(0, T; H),
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and, if v > 0,
A, - w weaklyin L*(0,T; H)

for some u, vi,2, vy, u* and w.
It is straightforward that

u’ () +Fvi@t) Fvw@) +u*@t) = f@) ae.te(0,T)

and
u (0) =ug,  us(0) =uy.

All we have to show is that vy, = A2y v = Au, w = Au/, u*(t) € 3¢’ (u(t)) for a.e.
t € (0,T) and supy, 7 l¢' (u'(1))| < oo.
Note first that

¢4 ~|—)\A)_lu;\ —u=>U ~|—)\A)_lu;\ —u) +u)y —u=—AAyu) +u) —u,
hence we have
(I +2A)"'u, — u weakly in L%(0, T; H).
On the other hand,
Al +)»A)_1uk = Au); — vy weakly in L2(O, T; H).

Therefore, by the closedness (in the weak topology) of A extended as an operator in
L?(0,T; H), we have Au € L*(0, T; H) and vi = Au. From this and noting D(A) C
D(Al/z), we can also derive A/2u € L2(0, T;H)and vipp = A2y, Whenv > 0, we
can show in the same way
w = Au'.
In order to prove u*(t) € 3¢’ (u(t)) fora.e. t € (0, T), take an arbitrary v € L%0,T: H)
with

T
/ ' (v(1))dt < oo.
0

Then, we have by the approximate equation
T T T T
ﬁ;wwmm—ﬁ¢ﬂ%mwz;¢mmm—A¢WMmm
T
Z/ (f—uK—A;Lu;L—vA;\u;,v—u;)dt
0
T
:/ {(f —uy — Apup — vAUG, v) — (f, uf)}dt
0
T
+/ Uy + Asuy + vAu, ub)dt
0
r 1 1
_ {(f—”—A — AU _ "\d /T2_ 2
=, u; — Ayuy — vAu,, v) — (f, u;)} t+§|ux( NE §|ul|H

L L e Tin
+ymhmn@—5m/m@+u/|mhm%n 3.1)
0
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Since for all ¢ € [0, T']
Wy (t) — u'(t) and A u (1) > AV?u(r)  weakly in H, (3.2)
we have

W' (T)3 gliinigfm;(T)ﬁ, and |A'2u (T §1i£ni(1)1f|Ai/2ux(T)|%{.

Similarly, since
AW, — AV weakly in L0, T; H),

we have , ,
/ |AY2y 2dr < liminf/ |AY 2 Pdt
0 r—0 0
Furthermore by (3.2), (A.1) in Appendix and Fatou’s lemma we have
T T T
f o' @ (t)dt < / liminf ¢} (u (1))dt < lim inf/ @) (u} (1))dt.
0 0 r—0 A—=0 Jo

Now, taking these into account, we let A — 0 in (3.1) and we obtain

T T
/ ¢ ((@®)dr — / o' (' (1))dr
0 0

v

T
/ ((f =" — Au —vAu',v) — (f, u)}dt
0

| S ST SRS ) 2
+§|M(T)|H—§|M1|H+§|A u (M) g

1 T
—5|A1/2u0|§+v/0 A0 dt

T
/ (f —u" — Au —vAu',v —u))dt
0

T
/ w*,v—u')dt.
0

Therefore, we obtain u*(r) € d¢’ (u(t)) for a.e. r € (0, T) with the aid of the following
lemma.

LEMMA 3.4. Let ® : L>(0, T; H) — R U {00} be defined by

T
®(v) :=/ o' (v(t))dt.
0

Then, ® is proper, L.s.c., and convex. Moreover, for v, v* € L>(0, T; H), v* € d®(v) if
and only if
v¥(t) € 99’ (v(t)) fora.e.t € (0,T).

The proof of this lemma is given in Section 6.1.
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Finally, by (3.2) and (A.1) again, we have

sup o' (' (1)) < My,
0<t<T

where M|, > 0depends only on Mo and y in Proposition 3.3 and Lemma 3.1-(a), respectively.
Thus the proof of Theorem is completed except for the proofs of Proposition 3.3 and
Lemma 3.4, which are given in Sections 4 and 6, respectively.

4. Proof of Proposition 3.3
4.1. Estimate |

The following lemma will be used in deriving the first estimate.

LEMMA 4.1. There exists a function k € W>2(0,T; H) N W->°(0, T; D(A'?)) N
W2(0, T; D(A)) such that supy-, <7 19" (K'(1))| < oc.

The proof of this lemma is given in Section 6.2.
In what follows, we often write simply u for the approximate solution u,. Note first by
the approximate equation

' — k" + A —k)+vAL W —K)+ 00 ) = fi (= f—K — Ak —vAK).
Multiplying this by ' — k" and adding y |u’| g + ¥ to both sides, we obtain

1d 1d 1n 12
5 = K+ EEIA/ w— )y +vIA 2w =Ky + o)+ ylu g + v

< (fi,t =K)+ @ (K) +yld' |y +y.

Hence, by Lemma 4.1, Lemma 3.1-(a) and Gronwall’s inequality, we obtain the following
estimate.

PROPOSITION 4.2. There exists a constant My > 0 such that for all . € (0, 1] there
holds

1/2 1/2 .
luslwio,7; 1) + |Ax/ uplLeeo,1; 1y + \/;|Ax/ ”/A|L2(0,T;H> + |¢§)(”&)|L1(0,7) =M.

4.2. Estimate 11

The second and main estimate is based on the following lemma. For the proof we refer to
[10, Lemma 3.4].
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LEMMA 4.3. (a) Foranyv € WH1(0, T; H)and x € (0, 1], the functiont — ¢! (v(t))
is of bounded variation and its positive variation is absolutely continuous on [0, T'].

(b) There exists a family {(ay, by, ¢, d,);r > 0} C [0, 1) x LI(O, T)x Ll(O, T) x [0, 00)
such that for any v € wllo, T; H),» € (0,11 and r > [v| oo (0,7 H) there holds
forae. t €(0,7T)

d
T @) = @0, VD) = arldgl W)y + b (1) + e g} (0(0)
d, (¢} (1))’

First, multiply the approximate equation by A, u’. Then, using the condition (C)—(a) and
the Schwarz inequality, we have

d

I 1n 1/2 1/2
dt{ A2 2 + |AAM|%1}+V|AAM/|%1_ —1AFI+ |A/u/|H+g<r)|amu>|H

.1

Second, by Lemma 4.3 and Proposition 4.2 we have for r > M,

4 L'y — (3gh ), u") < ar gl ()]} + by (1) + (cr (1) + dr il (1)) @} ()
dt(p)“ o), u) =ar|log, (U )y r Cr r@, U )) @, ).

Hence, by the approximate equation, we have

d

)+ Wy Ao u) o (A u) < (fu) +aru” + A+ v A — [T
+b, (1) + (Cr(t) + dr(pi(u/)) ¢i(u/)~

Notice here that

(Ayu,u’) = (Al/zu Al/2 " — |A1/2“/|H
Then, we obtain
d 172 1 2 1/2
et + AP AP + 514+
< 1A' By + (fod") + a u” +Aw+"AW ~fl

+b, (1) + (¢ (1) + dr g}, (1)) @5, ().
Therefore, we have

1/2 / 172 4

d 12,
A AR
1/2 /

W)+ 147+ = a =o'

< Ay |H+Ce(|f|H+|AAu|H+V A [37)
+br (1) + (e (1) + drp; (1)) @3 (), (4.2)

where ¢ > 0 is chosen so that | —a, — ¢ > 0 and C, > 0 depends on ¢.
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Now, let C; := max{l, Ccv} + 1 and calculate C{ x (4.1) + (4.2). Then, we have

d 72 112
EU +(C1 = Cov|Apu'ly + A —ar — &) |u’ |y

1/2 1/2
<C <—|A PR+ |A / u/|H+g(r>|agoA(u>|H)

HA W 1+ Collf 13+ 1 Asuly) + b, (1) + VOl ()],
where
U(r) = Ci <—|A”2 "B+ |Aw|§,) + L) + (A %u, %) + 5 |A”2 2,
V() = e () + drol (W' (1)) .
Here we again use the Schwarz inequality to the term
C1g(01d¢L )i = Crgu” + Ayu + A — fly.

Then, we obtain

iU +(C1 — Cov — V| A )3 + (L —a, —e — |3

a1 1 P AUy r H

< Cewr (I By +1A By + 807 + W) + 5,0 + VOl @3)

where ¢’ > Oischosensothat Ci—C,v—¢'v > Oand 1 —a, —e—¢’ > 0; C; » > Odepends
on ¢ and &’ and is independent of other data, especially of A € (0, 1] and of v € [0, vy with
a fixed vo > 0; and we have put

|A1/2 /

'\ + | Auly.
Here note by Proposition 4.2 and Lemma 3.1-(a)
A 2ully < luly + 1Al < M7 + Al
|95, )] < @) + 2y | |1 + 2y < ¢} (W) + 2y (M) + 1).
Therefore we have

1/2 /2

t / C 1 2 1 2

1/2
= o)l + € (143701 + |Aw|H) -,

Ci—1 1
! M = —M? +2y (M, +1).

C! = ,
! 2 2
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Hence we have
W< (€)' WU+ M), g < U+ M.

Using these inequalities and noting by Proposition 4.2
|V|L1(0,T) = |Cr|Ll((),T) +d- My,

we obtain the estimates desired in Proposition 3.3, by applying Gronwall’s inequality in
(4.3).

5. Application

In this section, we apply the abstract Theorem to some variational inequalities for a wave
equation with (v > 0) or without (v = 0) the dissipation term:

Uy — Au —vAu; = f.
The following lemma is useful in verifying the condition (C)—(a).

LEMMA 5.1. Let ¢ be a proper, Ls.c., and convex function on H, and A be a non-
negative self-adjoint operator. Assume that there exists g € H such that for all z € H and
A>0

o((I +2A)7 1z + 1g)) < 9(2). (5.1

Then, we have
391.(2), A22) > (3s(2), (I +2A) " 'g).

Note that |(/+AA)"'g|y < |g|#. Therefore, by this lemma, the condition (5.1) is sufficient
for the condition (C)—(a). This lemma will be proved in Section 6.3.

In what follows, 2 denotes a bounded domain in RN (N > 1) with a smooth boundary
99, and we put H := L*(Q) and Az := —Az forz € D(A) := H*(Q) N H} (). We give
some example of convex functions satisfying the conditions (B) and (C).

5.1. Unilateral constraints

Let j : R — R U {oo} be proper, ls.c., and convex and put § := dj. Let ¢ €
W20, T; HYNL*0, T; H(RQ)) satisfy Ay € L>(0, T; H) and B(— (t, x)) > O for all
(t,x) €[0,T] x 3Q,andg € WH1(0, T) be ¢ > 0 on [0, T].

Define fortr € [0, T]and z € H

@' (2) == /Qq(t)j(z(x) — Y (t,x))dx.
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To verify the condition (B), put
Z:=z—y(s)+ Q).

Then,
t
E— 2l = W) -yl < / W (0| e

and
P2 —¢'(@) = (g(t) — q(s)¢’ ().

Therefore, we can choose

pr(t) := /Ol [¥'(0)lpdt and g, (1) := q(1).
To verify the condition (C)—(a), first note that for u > 0
9, (2) = /QCI(I)J'M(Z(X) — ¥ (1, x))dx,
where (pL and j, are the Yosida-approximations of ¢’ and j, respectively. Next, put

2, 1= (I+1A)~ (z—AAvy) and note that 0ju = Bu, where B, is the Yosida-approximation
of B. Then, we have

9, () — 9, (z1) = /Qq(t)ﬂu(m(x)—Ilf(t,x))(z(X)—ZA(x))dx

A/Qq(t)ﬁu(zx(x) — Y (1, X)) (—Azr(x) — ¥ (1, x)))dx

A /;2 q(OB;,(23.(¥) = ¥ (&, )V (21 — ¥ ())*dx
0,

v

where we have used the relation
2= MY —z = — (I +2A4)7 )z = AAY) = LA + 1A) " (z — AAY) = —AAz,
and

Bi(za(x) =¥ (t,x)) = Br(=¥ (£, x)) =0 on 9%Q.

By letting © — 0, we have ¢’ (z;) < ¢'(z). Thus by Lemma 5.1, we have (C)—(a) with
g :=—Ay.
The condition (C)—(b) is easily verified by taking 7 = 0.
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5.2. Bilateral constraints

Here we define ¢’ to be the indicator function of a convex set K (¢):
@' = Ik,
where
K@) :={ze H; ¥1(1) <z=y2(r) in}
with y; € W20, T; H) N L*(0, T3 H'(Q), Ay € L0, T; H),i = 1,2, 1 < o in
[0, T] x Q, ¥ <0=<yp0n[0,T] x Q.
The condition (B) is verified by choosing

Z:=[z = ¥2(s) + ¥2(t) — Y1 (O] + ¥ (1),
since we then have (cf. Yamazaki [15, Lemma 2.1])

t
12— zlu S/ (Y1 @lu + Y3 (Olm)dt

and we can take

pr(t) = /Ot(llﬂi(f)lﬂ +1¥3(0)Iw)dr and g, = 0.
To verify (C)—(a), note first that
¢ = 9] + 0,
where ¢! = Ik, (1), i = 1,2, with
Ki(t) :={ze€ H; z>v(t) in Q}, Ky(t) :={z € H; 7 <yYn(t)in Q).
By the maximal principle, we can show fori =1, 2
QI +2A) " @ = 2A¥ (1) < ¢ (2)
and therefore by Lemma 5.1
09L,(2). Ar2) = 9L, (), (I +2A) " (=AY (1) = —|AY:(D)]1199L, (@) h-

Here note that

[z — V1] n [z — yolt

- = 991, + 993, ()

3¢} (2) = —
and
1095 ()| = 199] , ()1 + 1005, ()1
Therefore we have
(095.(2), Ar2) = — (AY1 (D] H + [ AY1(D)|B) 109)(2) |1

and the condition (C)—(a) is satisfied.
The condition (C)—(b) is verified easily by taking & = (Y1 A 0) V Y.



Vol. 7, 2007 Second order evolution equations with time-dependent subdifferentials 713
5.3. Constraints on the gradients
Here we assume that the domain €2 is convex and put ¢’ := I, ;) with

K3(1) :=={z € Hy(Q): |Vz(x)| <a(r) inQ},

where a € W1’2(0, T) and a(t) > cq for some constant ¢y > 0. Then, the condition (B) is
verified by choosing

.. a@®

t
fi=——=z, p0) :=i/ d'(1)|dt and g, = 0.
a(s) co Jo

Since the domain 2 is convex, we have by [7, Lemma IIL.4] that the condition (5.1) is
satisfied and hence (C)—(a) as well by Lemma 5.1.
Finally, the condition (C)—(b) is verified by choosing # = 0.

6. Proof of Lemmas
6.1. Proof of Lemma 3.4

Since our condition (B) is the same as [10, Section 5, (E)], it implies the condition [10,
(a.2)], and hence @ is proper; that is, not identically equal to infinity. Also, its convexity
and lower semi-continuity are consequences of those of ¢’, [10, (a.1)] and Fatou’s lemma.
Now, to characterize the subdifferential of ® as in Lemma 3.4, we define an operator
A: L*0,T; H) — L*O0,T: H) as follows: for v, v* € L?(0, T; H), v* € Av if and
only if
v¥(t) € 3" (v(t)) ae.t e (0,T).

Then, it is easy to see that .4 is monotone and .A C 9. We can also verify that the inverse
of I + Ais defined by: v* = (I +.A)~ v if and only if

Vi) = I +0¢") L) ae.te0,T).

By Lemma 3.1, this is well-defined and defined everywhere on L2(0, T; H). Therefore (cf.
[6, Proposition 2.2]), A is maximal monotone and hence equal to 9.

6.2. Proof of Lemma 4.1

As the function k we can take

t
k(1) := / k(s)ds,
0
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where k € WL2(0, T; H) N L>®(0, T; D(A'/2)) N L2(0, T; D(A)) is the solution of the
following problem:

K'(t) + Ak(t) + 0¢" (k(1)) 20 ae.r € (0, T), 4.1)

k©) =u; (e D(AY*) N DEY)).

We also have supy, <7 |(pt(l;(t))| < 00. To show the existence of such a solution, we first
solve the approximate problem for A > 0

&, () + Aska(t) + ¢! (ks (1)) =0 ae.t € (0,T),

k. (0) = u;.

We can derive the uniform estimate of {12,\}0< 1<1 in a way similar to that in Section 4 as
follows.
First, take the function 4 in (C)—(b) and multiply (4.1) by k) —h to obtain as Proposition 4.2

= 125 )i
il o,7:00) + 143Kl 120,71y + 10 Tl 10,7y < N1

where N1 > 0 is independent of A € (0, 1].
Next, multiply (4.1) by Akj to obtain

1d - - - -
mmyw + 1A 2 + (09, (kr), Aky) = 0

and by k] to obtain

~ l d 1 2 ~ ~ ~
1P+ 5 =14, T P + (964 (), &) = 0.
2dt
Then, using the condition (C)—(a) and Lemma 4.3 to these equalities, respectively, we can
derive a uniform estimate
- 12~ -
lkalwi20,7: 1) + |A,\/ klLoo©.7: 1y + |1 Askal200.7.my + SUp 193 (k(1)] < No,
0<t<T
where N, > 0 is independent of A € (0, 1], in the same way as in Section 4.2. We note
here that, in applying Lemma 4.3-(b), we have to choose the number r > 0 so that r > Nj.
Now, as in Section 3, we can take a limit to obtain the desired solution k. Therefore the
function k defined above has the desired properties.

6.3. Proof of Lemma 5.1

By (5.1), we have for z* € d¢(z)

z— (I +2A) "z +rg)

*
Z,
( A

1
1= 3 {e@ —e +207 c+2g0] = 0
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Hence
(z*, Asz) = (25, (I + 2 A)"1g).

Here, noting 3¢y (z) € d¢((I + Ad¢)~'z), we choose d¢;. (z) and (I + 1d¢)~ 'z for z* and
z respectively to obtain

(39(2), Ar(I +2139)"'2) = (3s(2), (I +2A)"Lg).

Therefore, by the non-negativity of A;, we have

1
092(2), 412) = (2= + A9) 'z, Asz)

v

1
S+ 20¢) "z, An(I + 29¢9)'2)

= (3 (2), Ar(I +139) " '2)
> (39.(2), (I +ArA) ).

Thus the lemma is proved.

Appendix: Convex functions and subdifferentials

Here we recall some basic notions and properties concerning convex functions and their
subdifferentials. We refer to Brézis [6] for the details and proofs.

Let ¢ : H — {00} be a proper, i.e., not identically equal to oo, l.s.c. (lower semi-
continuous), and convex function. Its effective domain D(¢) is defined by D(¢) = {z €
H; ¢(z) < oo}

For a closed convex set K in H, the indicator function /g of K is defined by:

0 forzekK

k(@)= { oo forze H\K.

Ik is a proper, L.s.c., and convex function.
The subdifferential d¢ of a proper l.s.c., and convex function ¢ is a (possibly multi-
valued) operator in H defined by: z* € d¢(z) if and only if 7 € D(¢) and

@y -2 <) — 9@
for all y € D(¢p). The domain D(d¢) of d¢ is defined by D(d¢) := {z € H; d¢p(z) # 0}.
It is easy to see that d¢ is monotone, that is, there holds
(2] —25.21—22) =0

for any z € 3¢ (zi), zi € D(3¢), i = 1, 2. Moreover d¢ is maximal monotone, that is, its
graph is maximal with respect to the inclusion relation in the family of graphs of monotone
operators.
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By the maximal monotonicity of ¢, the operator J; := (I + 1d¢)~! is defined every-
where on H and is a contraction for all » > 0 (cf. [6, Proposition 2.2]). For A > 0, the
Yosida-approximation d¢, of d¢ is defined by

I —Jy

Q) 1= .
D 5

It is known (cf. [6, Proposition 2.6]) that d¢; is maximal monotone with D(d¢) = H and
is Lipschitz continuous with a Lipschitz constant 1/A.
For A > 0 the Yosida-approximation ¢, of ¢ is defined by

. 1 )
:= inf —|z — .
©1.(2) )}GH {(p(y)Jr 2A|Z vl }
Then, we have (cf. [6, Proposition 2.11]) that ¢, is continuous and convex on H,

1
0.(2) = 9(h2) + 5l = Bzl

and ¢, (z) 1 ¢(2) as A | O for all z € H. From this, we can show (cf. [1, Definition 1.2])
that if z,, — z weakly in H and A,, — 0, then

¢(z) <lim i(I)lf o3, (2n). (A.1)
n—

The subdifferential, in fact, the Fréchet derivative, of ¢, is equal to the Yosida-approximation
¢, of de.
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