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Stable and unstable manifolds for quasilinear parabolic systems
with fully nonlinear boundary conditions
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Dedicated to Giuseppe Da Prato on the occasion of his 70th birthday

Abstract. We investigate quasilinear systems of parabolic partial differential equations with fully nonlinear bound-
ary conditions on bounded or exterior domains in the setting of Sobolev—Slobodetskii spaces. We establish local
wellposedness and study the time and space regularity of the solutions. Our main results concern the asymptotic
behavior of the solutions in the vicinity of a hyperbolic equilibrium. In particular, the local stable and unstable
manifolds are constructed.

1. Introduction

In this paper we investigate the qualitative properties of a general class of nonlinear
parabolic systems by a unified approach. We consider the equations

oru(t) + A(u(t))u(r) F(u(t)), on, t>0,
Biu(®) = 0, ond, 1>0, j=1,-.m, (1)
u(()) = ug, on Q,

on a (possibly unbounded) domain €2 with compact boundary 92, where the solution u (¢, x)
takes values in a finite dimensional space E = C" . The main part of the differential equation
is given by a linear differential operator A(u) of order 2m (with m € N) whose matrix—
valued coefficients depend on the derivatives of u up to order 2m — 1, and F is a general
nonlinear reaction term acting on the derivatives of u up to order 2m — 1. Therefore the
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differential equation is quasilinear. Our analysis focusses on the fully nonlinear boundary
conditions

[Bj()](x) :==b(x, u(x), Vu(x),--- ,V"ux)) =0, xe€dQ, j=1,---,m,

for the partial derivatives of # up to orderm ; < 2m— 1. We look for a solution  in the space
Ei = L,([0, T]; W2™(Q: CV)) N WL([0, T L, (2 CV)) for a fixed finite exponent p >
n~+2m. The terms of highest order are thus containedin L , spaces. Due to known embedding
theorems, a function u € [E; also belongs to the space C ([0, T']; BCI—1(q; (CN)). Hence,
the nonlinear terms in (1) are continuous in (¢, x) up to ¢ = 0, and the initial condition can
be understood in a classical sense.

We require only local smoothness of the coefficients (e.g., the diffusion coefficients are
C'); in particular, there are no growth restrictions. The parabolicity of (1)is expressed in our
main assumption saying that the linear boundary value problems (A (v), Bi (), -+, B, (v)
are normally elliptic and satisfy the Lopatinskii-Shapiro conditions for suitable functions
v and the derivatives B} (v). (See Section 2 for the precise statements.) These conditions
are necessary and sufficient for the regularity properties of the linearization of (1), see
Theorem 2 and (28), which are crucial for our approach. In this sense, our hypotheses are
optimal. We note that reaction diffusion systems satisfy our assumptions, see [5] and also
Section 6.

The initial value ug of (1) has to fulfill the boundary conditions B (1¢) = 0 by continuity.
Moreover, our solution space [E; is continuously embedded into C([0, T']; X ) for the
Slobodetskii space X, = W;m_zm/ P (2; cN ), and X, is the smallest space with this
property. As a result, uo must belong to X, the solution u of (1) is continuous in X, on
[0, T'], and the norm of X, is the natural norm for our work. So we are led to the nonlinear
phase space

M ={up € X : Bi(uo) =0, -, By(uo) =0},

which is a C! manifold in X p- This genuine nonlinear structure has to be respected when
solving (1) and when studying the properties of the solutions. In fact, many of the difficulties
in our analysis arise from the compatibility conditions B(ug) = 0.

We prove local existence and uniqueness of solutions in E; for initial values ug € M.
We further show that the local semiflow on M solving (1) is continuously differentiable with
respect to ug and that the equation has an additional smoothing effect in so far for r > 0 the
solution u(¢) is Holder continuous of order 1 — 1/p with values in WI%’" (Q; C), although
ug € X ,. These results are presented in Theorem 14. However, we are mainly interested in
the long term behavior of the solutions near an equilibrium u,, € Wg’” (Q; CNy of (1). To
this aim, we consider the derivative A, of the map u +— A(u)u — F (1) at u, and introduce
the restriction Ag of A, to the kernel of the boundary operator By = (B](u4), - - - , By, (ux)).
By [14], the operator —A( generates an analytic semigroup 7°(-) on L, (2; CN). It turns
out that the spectrum of A¢ determines much of the asymptotic behavior of the solutions
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to (1) near u,. So we show the principle of linearized stability for (1) in Proposition 16.
Assuming that iR C p(Ap) (i.e., that u, is hyperbolic), in Theorem 17 we then construct
the local stable, respectively unstable, manifolds at u, which are C! in X p and tangent to
the stable, respectively unstable, subspaces of the linear operator —Agy. We prove that the
stable, respectively unstable, manifolds consist precisely of the solutions to (1) which exist
and stay in a ball in X, centered at u, for all ¢ > 0, respectively for all # < 0. Moreover,
these solutions converge exponentially to u, in the norm of Wl%m (:CYyast — oo,
respectively as t — —oo.

There is a vast literature on the well-posedness of nonlinear parabolic equations which
we cannot discuss in detail here. We refer to the recent survey [7] presenting, in particular,
the available approaches to the subject. But we want to point out that most of the existing
results impose restrictions on the structure of the boundary conditions. Many works deal
with reaction diffusion systems of second order and consider conormal boundary conditions
plus lower order terms, see e.g., [23], [39]. Other authors consider quasilinear boundary
conditions which can be absorbed into the domains of generators Ag(u), see e.g., [1], [3],
[5], [8], [10], [11], [33], [37], [40], where additional lower order terms are admitted in
some papers. General boundary conditions were studied for a single equation of second
order in [9], [22], [28, Chap. XIII], [30, §8.5.3] in the C*—setting (even for a fully nonlinear
differential equation) and in [41] in our setting.

Fully nonlinear boundary conditions appear naturally in the treatment of free boundary
problems, see e.g., [9], [19] and the survey [20], and when considering diffusion through
interfaces, seee.g., [27]. The results of the present paper do not directly cover such problems,
but we think that our methods can be generalized in order to deal with moving boundaries
and transmission problems in future work.

Our approach relies on the results from [15] on the property of maximal regularity of
type L for linear in homogeneous initial boundary value problems, as stated in Theorem 2.
(We refer to [14], [15], [28], [30] for its prehistory.) This theorem implies that the lineariza-
tion of (1) possesses a solution in [E; if and only if the initial value and the inhomogeneities of
the linear problem belong to a certain space D defined (20). This space contains precisely
the class of data resulting from the linearization of (1), see (28). The celebrated paper
[11] by G. Da Prato and P. Grisvard initiated the approach to fully nonlinear and quasi-
linear parabolic problems via maximal regularity in a semigroup framework. Besides the
L ,—setting, there are several function spaces where one can obtain analogous properties of
maximal regularity, see e.g., [6] or [7] for a discussion. We also refer to the monograph [30]
devoted to the study and application of maximal regularity in the Holder setting. We employ
the L ,—setting since the L, norm in the state space is relatively simple and weak, and still
the nonlinearities and the initial conditions are understood in a classical sense. One also
obtains weaker conditions for the global solvability than in the C“—setting, cf. Theorem 14
and [5], [33]. We note that one cannot treat fully nonlinear differential equations within the
L ,—setting.
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Our proof of local existence and uniqueness follows the lines of [41]. But we are not
aware of any proofs for the smoothing properties shown in Theorem 14 for quasilinear
equations with fully nonlinear boundary conditions. (See e.g., [3], [8], [33] for earlier
results.) Holder regularity of fully nonlinear problems was studied in [30, §8.5.3]. The
principle of linearized stability was established for various classes of nonlinear equations
with special boundary conditions in e.g., [17], [21], [25], [29], [30], [32]. Local invariant
manifolds for parabolic problems are well understood in the semilinear case, see in particular
[26]. G. Da Prato and A. Lunardi constructed local stable, center and unstable manifolds
for fully nonlinear problems with linear boundary conditions in a Holder setting, see [12]
and further [25], [30], [31] for related contributions. In [37] local center manifolds were
investigated for quasilinear problems with conormal boundary conditions plus lower order
terms. We are only aware of one paper, [9], dealing with invariant manifolds for fully
nonlinear boundary conditions. There the unstable manifold was constructed for a single
second order equation. In the current paper, we construct both stable and unstable manifolds,
and the proof of our Theorem 17 indicates that the nonlinear restriction expressed by M
enters only in the stable case explicitely. Other locally invariant, in particular center,
manifolds will be treated in another paper (in preparation).

We establish both the local regularity and the asymptotic behavior within the same
approach. We linearize the equations (1) at a given solution u.. (which is a steady state in the
construction of the invariant manifolds), leading to the equations (28). The linear regularity
result Theorem 2 allows to understand (28) as a fix point problem in [E; for the solutions of
(1). This problem can be solved by means of the implicit function theorem. However, in
contrast to previous works one has to take care of the compatibility conditions. Therefore
we have to incorporate certain correction terms which guarantee that the compatibility
conditions are fulfilled, see (76) and (82). In this way we prove in Theorem 14 our regularity
results, using also the scaling technique from [8]. In Theorem 17 we solve the fix point
equation in spaces of exponentially decaying function on R ; thus obtaining solutions of
(1) with the asymptotic behavior one expects for the stable and unstable manifolds. An
additional effort is needed to show that, in fact, the initial values of the resulting decaying
solutions define the local manifolds with the desired properties.

As indicated above, the spectrum of the generator Ag = Ay |ker(By) determines much
of the asymptotic behavior of solutions near the steady state u,. Observe that Ag does
not directly appear in our problem (1) and also not in the construction of its solutions in
Section 4. The relationship between Ag and (1) becomes clear by means of an approach
frequently used in boundary control theory, see e.g., [16], [36], and also [5, §11], [24], [30,
p-200], [37, §8] for related techniques. Adapting this approach to the problem at hands,
we derive in Proposition 6 a formula for the solutions of the linear problem (19) in terms
of the semigroup 7 (-) generated by —Ag and its extrapolation, cf. [6], [18]. Although this
formula does not help much in questions of local regularity, it does allow to invoke the
exponential dichotomy of 7'(-) in the study of the asymptotic behavior of the solutions to
(1), cf. (38).
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Our setting and the main concepts are described in Section 2, where also some aux-
iliary results are proved. Based on Theorem 2 and Proposition 6, we show the maximal
regularity of the linear problem on R and R_ in Propositions 8 and 9, respectively. The
technically most demanding result is Proposition 10 which establishes the continuous differ-
entiability of the substitution (or Nemytskii) operators appearing in our fix point problems.
Here the main difficulties arise from the (rather unpleasant) fact that the boundary data of
the linear problem (19) live in the anisotropic Slobodetskii spaces defined in (14). The main
results on local existence and regularity and on the asymptotic behavior are established in
Sections 4 and 5, respectively. In Section 6 we study a reaction diffusion system in order
to illustrate the spectral condition iR C p(Ap).

Notation. We set D = —idy = —id/9dx; and use the multi index notation. The k—tensor
of the partial derivatives of order & is denoted by VK, and we let Zku = (u,Vu, -+, V¥u).
For an operator A on a Banach space we write dom(A), ker(A), ran(A), o (A), and p(A)
for its domain, kernel, range, spectrum, and resolvent set, respectively. B(X,Y) is the
space of bounded linear operators between two Banach spaces X and Y. For an open
set U with boundary oU, ck) (resp., BCKkU), BUCK), Cg(U)) are the spaces of
k—times continuously differentiable functions # on U (such that u and its derivatives up to
order k are bounded, bounded and uniformly continuous, vanish at U and at infinity (if
U is unbounded), respectively), where BC k(U ) is endowed with its canonical norm. For
Cck(U), BCX(U), BUCK(U), we require in addition that u and its derivatives up to order
k have a continuous extension to dU. For unbounded U, we write Cg (U) for the space of
u e Ck (U) such that u and its derivatives up to order k vanish at infinity. By W[]§(U ) we
designate the Sobolev spaces, see e.g., [2, Def.3.1]. A generic constant will be denoted by
c; by e : Ry — R, we denote a generic nondecreasing function with (r) — 0 asr — 0.
Finally, J C R is a closed interval.

2. Setting and preliminaries

Let @ C R” be an open connected set with a compact boundary 32 of class C>” and
outer unit normal v(x), where m € N. Note that Q is either bounded or an unbounded
exterior domain. Throughout this paper, we fix a finite exponent p with

p>n+2m. (2)

Let E = CV with B(E) = CY*¥ for some fixed N € N. For a C¥-valued function
u(t) =u(t,x),t > 0,x € Q, we investigate the quasilinear initial boundary value problem
with fully nonlinear boundary conditions given by
oqu(t) + Awu@)u() = F(u(t)), onQ,ae. t>0,
Biju()=0, ondR, t>0, jefl,---,m}, 3)
u(0) = ug, on 2.
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Here we use the maps

[A(w)v](x) = Z ag (x, u(x), Vu(x), -+, V" u(x)) D%v(x), x €,

|a|=2m
[F)(x) = f(x,u(x), Vu(x), -, V""" ux)), xeQ,
[Bju)](x) =bj(x,u(x), Vu(x), -, V™iu(x)), xe€d, @

for functions u € BC¥"~1(Q; CN), resp. u € C™i(Q; CV) in the last line of (4), and
v E ng(Q; (CN), integers m; € {0, 1, ... ,2m — 1}, and coefficients satisfying

R) ay e CHE x E" x -+ - X E(”szl); BC(Q; B(E))) foro € N§ with |a| = 2m,
Ay (x,0) —> ay(00) in B(E) as x — oo, if Q is unbounded,
feCHEXE"x - x E"); BC(Q: E)),
bj € CO"H=mi(3Q x E x E" x -+ x E""D: E) forj e {1,-+ ,m).

We set B = (B1, -+, Byy). We point out that, for a fixed ug € BC=1(Q: CM), A(uo)
is a linear differential operator of order 2m with bounded coefficients; whereas F contains
all terms involving only derivatives of order || < 2m. The boundary term B (u0)(x)
is defined in the following way: One computes V¥uq in €2, then one takes the trace y at
02 and inserts x € 9€2, and finally one applies b;. Usually we do not use y explicitly
in our notation, in particular if it is applied to a function being continuous up to 2. We
fix a numbering of the components of VX so that a partial derivative 8fuo(x) of order
|B| = k is inserted at a fixed position called (8, k) into the functions ay, f, and b;. Given
ug € C™i(; CN), we further define

B} (uo)v](x) = (3:5))(x. uo(x). Vuo(x). -+ . V" up(x)) - y V"1 v(x)
=3 (@b uo(x). Vug(x), -+ V" up(x)) y VFu(x)
k=0

=Y i* Qupabj)x, uo(x), Vug(x), -+, V"iug(x)) y DPv(x) ()
k=0 |B|=k

forx € 3Q, v € C™i (S (CN), and j € {1,---,m}. Here 9, = (0, -, Bij) denotes
the partial derivatives with respect to the variables z = (z0, 21, , Zm j) e Ex E"
x oo x E®") and 0,bj(x,2) € B(E(”k), E) has the n* components d;g,k)b;. Observe
that B} (uo) is a linear differential operator of order m; with bounded coefficients acting
from a space of functions on 2 to a space of functions on 9<2. In Corollary 12 we show
that B} (uo) is in fact the derivative of u > Bj(u) at u = ug in a suitable topology. We set
B'(uo) = (B} (uo), -~ , B, (u0))-
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The symbols of the principal parts of the linear differential operators are the matrix—
valued functions given by

Ap(r,2,8) = Y ag(x, €% Bjs(x,2,8) = Y i" @Qupmybj)(x, ) &P

lo|=2m |Bl=m

forx e Q,z€ Ex -+ X E(’lzm_l) and £ € R", resp. x € 9Q,z € E X --- X E®@")
and £ € R". We further set Au(c0, &) = Zlal:Zm ay(00) &% if Q is unbounded. One
defines the normal ellipticity and the Lopatinskii—-Shapiro condition for A(ug) and B’ (ug)
at a function ug € Cém_l (Q; CN) as follows:

(E) G(A#(x,zm_luo(x), &) c {A € C:Rex > 0} =: C4 and (if Q is unbounded)
o (Ag(c0, £)) C C,, forx € Qand £ € R" with |&] = 1.
(LS) Letx € 92, & € R*, and A € (C_+ with & L v(x) and (1, &) # (0, 0). The function
¢ = 0 is the only solution in Co(R; CN) of the ode system

Ap(y) + A, V" lug(x), & +iv(0)d,)p(y) =0, y >0, (6)
Bju(x, V" ug(x), § +iv(x)dy)e0) =0, jefl,--- m} (N

We refer to [5], [14], [15], and the references therein for more information concerning
these conditions. In Section 6 we discuss a second order reaction—diffusion system as an
example. We note a perturbation result for (E) and (LS) which was shown in Theorem 2.1
of [5] for the case m = 1. So we only sketch its proof.

REMARK 1. Assume that (R) holds and that (E) and (LS) hold for some ug € Cgmfl
(Q; cN ). Take another function u; € C(z)m -1 (; cN ). Then (E) is valid for u; provided
that [ug — u1|gc2m—1 is sufficiently small. We consider the equations in (LS) for a given
u € CF"1(Q2; CV) (instead of ug) and for fixed x € 92, & € R", » € Cy with& L v(x)
and (1, &) # (0,0). Using (E), we may rewrite the N—dimensional differential equation
(6) of order 2m as an autonomous first order ode of dimension 2m N with corresponding
N-dimensional boundary conditions B (u)v/)(0) = 0, j € {I,---,m}, cf. [14, p.73].
The resulting coefficient matrix A(u) is hyperbolic by [14, Prop.6.1]. Moreover, it can be
seen as in the proof of Theorem 2.1 in [5] that A(x) has mN eigenvalues with negative
real parts. Let P(u) be the Riesz projection from C?™N onto the stable subspace of A(u).
Hence, the equation (6) has am N—dimensional solution space in Co(R; cN ) isomorphic to
P(u)C>"N . Observe that the Lopatinskii—Shapiro condition is equivalent to the surjectivity
of the map B(u) P (u) : C2N . "N where B(u) = By (), - -+ , By (1)). As aresult, if
[o — u1]gcam—1 is sufficiently small, then (LS) also holds for u;.

In this paper we need (E) and (LS) to obtain the maximal regularity of linearizations of
(3), see Theorem 2 below. To state this result, we have to introduce spaces of functions on
Q,0Q2,J x Q,and J x 92, respectively. We first put

Xo=Ly(@:CY), Xx;=w2@cY), x,=w""""@c"),
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and denote the norms of these spaces by |- |o, |- |1, and | - | ,, respectively. Various equivalent
norms of the Slobodetskii spaces W[S, are discussed in [2, Chap.VII], [38, §4.4]. We use the
‘intrinsic’ norm given by

lws@ = VL@ + Y [0%vlws @)
|o|=k

) () = wE
g = //Q Ty —aper

fors = k+ o withk € Ngpand o0 € (0,1), see [2, Thm. 7.48], [38, Rem. 4.4.1.2].
Occasionally we use without further notice that W, coincides with the real interpolation
space (L, WII,) s/1,pifl € Nands € (0, /) is not an integer. (In our setting this fact can be
shown as the results in [38, §4.3.1] using [2, Thm. 4.26].) We note that X; — X, — Xy
and that

X, — Ccm (@ cY) ®)

by (2) and standard properties of Sobolev spaces, cf. [38, §4.6.1]. Let I C R be an interval
(maybe, not closed) containing more than a point. Then we introduce the function spaces

Eo(I) = Lp(I; Lp(Q CV)) = L, (I; Xo),
Ei(I) = Wh(I: Lp(Q: CN) N L, (I W2 (: CY)) = W) (I Xo) N Ly(I: X)),

equipped with the natural norms. Mostly, we deal with closed intervals which are denoted
by J instead of 1.

We will look for solutions of (3) in the space E;([0, T]). Since we want to insert
functions of the class C?*~! into the nonlinearities, the following embedding is crucial for
our approach:

Ei(I) = BUC(I; X,) = BUC(I; C3"~'(@; CV)), )

see [6, Thm. II1.4.10.2] for the first and (8) for the second embedding. We denote by
co = co(I) the maximum of the norms of the first embedding in (9) and of E;(I) —
BUC(I; Cy 2m— 1(Q; cN )). We point out that one can choose the same cq for intervals of
length greater than a fixed Ty > 0, see [6, Lem.I11.4.10.1]. Moreover, one can choose an
I-independent constant cp for functions vanishing at the left end point of 7. (If u is given
on [0, T'], say, then reflect it at T and extent it by O to [27, 0o). This extension operator is
bounded from {# € E{ ([0, T']) : u(0) = 0} to E{ (R4 ) independently of T.)

We next discuss several mapping properties of traces in time and space. The trace
operator at time ¢ = 0 is denoted by 9. Lemma 3.7 of [15] shows that

vo € B(E1([0, 1]), X,,) has a bounded right inverse. (10)
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Recall that the spatial trace operator y at 9€2 induces continuous maps
y W@ CY) — wy P a; V) (1)

for 1/p < s < 2m if s — 1/p is not an integer, and that these maps have bounded right
inverses, see [2, Thm.7.53], [38, §4.7.1]. Here the Sobolev—Slobodetskii spaces on 9<2 are
defined via local charts, see [2, §7.51], [38, Def.3.6.1]. We set

2mk

Yo=L,02:CY), ¥, =w90QC"), v;,=w""""@nac"

for j € {1, .-, m} and the number
j=1-=L - —. (12)

Since 2mkj = 2m —m; — 1/p, (11) and (2) imply that
yd e BXLY;DNBX, Yip), 1Bl <mj. (13)

WeletY); =Yy x---xYyrand Y, = Y1, X---xYy,. The boundary data of our linearized
equations will be contained in the spaces

F;(J) =W, (J; L3 C¥) N L,(J; Wﬁ”’“f 0Q; CVy)

» _ (14)
:Wp](JﬂYO)ﬁLp(J’Y]1)7 ]E{l,"',m},

endowed with their natural norms, where F(J) := F((J) x --- x F,,,(J). If the context is
clear, we also write Eg = Eq(R+), E; = E{(R+), and F = F(R.). Moreover,

F;(J) = BUC(J;Yj,) = BUC(J x 9Q)  and

15
vo € B(F;([0, 1]), Y;,) has a bounded right inverse. (15)

Here the second embedding follows from Sobolev’s embedding theorem using (2). For
Q = R, the first embedding is a consequence of Proposition 3 in [34] applied to
(I — A)™. Similarly, Proposition 4 in [34] gives the asserted right inverse of yq in this
case. The corresponding assertions for € with compact boundary of class C*" can then
be deduced via local change of coordinates, cf. the end of Section 3 of [15]. The norms of
the embeddings in (15) depend on J as described after (9). Due to Lemma 3.5 of [15], the
spatial trace extends to a continuous operator

1—m;/2m

y oW, I X N L W, (@i CY) > F (), (16)
with a bounded right inverse. Further, Lemma 3.8 of [15] yields the continuity of

0f L E1(J) = W, P (U5 Xo) N Lp(J: W2k (@; €N, (17)
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for |B] < k < 2m. We note that the cited results from [15] are stated for / = R, and
Q = {x € R" : x, > 0}. From these results, the assertions (10), (16), and (17) follow
by local change of coordinates in x € Q and by reflection and extension in ¢ as indicated
above.

We are now in a position to state the crucial existence and maximal regularity theorem
for the linear initial boundary value problem associated with (3). Fix T > 0, J =
[0, T], and a function u, € E;(J). Assume that (R), (E), and (LS) hold at all u.(¢) €
Cém_l(ﬁ; CM), t € J. The functions ay(t,x) = aq(x, V2= ly . (t, x)), la| = 2m, belong
to BC(J x Q; B(E)) and a}(t,x) — ag(c0) as x — oo uniformly in ¢ € J, since
u, € C(J,; Cgm_l(ﬁg CM)) due to (9). Set bjfﬂ(t, x) = ik(al(ﬂ,k)bj)(x, V™iu(t, x)) for
k= |Bl < mjand j € {1,---,m}. (Recall the definition (5).) As in the proof of
Proposition 10 one verifies that bjfﬂ € F;(J). Thus the differential operators

A(1) := Aus (1)) € B(X1, Xo), teld,
B (1) == B}(u*(t))) e BX1,Y;)NBXp,Yjp), (ae)red, jefl,--- ,m}, (18)
satisfy assumptions (E), (LS), (SD), (SB) from [15]. (The mapping properties of B (t)
follow from (13), b;fﬁ € F;(J), [35, Thm.4.6.4.1], and (2). We note that B}(u*(t))) €

B(X1, Y;1) holds if b;fﬂ (t) € Yj1.) So Theorem 2.1 of [15] yields the following result
(taking into account that k; > 1/p by (2)).

THEOREM 2. Letu, € E(J) for J = [0, T]. Assume that (R) holds and that (E) and
(LS) hold at all functions u.(t) € Cgm_l(ﬁg cMy, teJ. Define A(t) and B (t) by (18)
fort € J =[0,T]and j € {1,---,m}. Then there is a unique v =: S(vg, g, h) € E{(J)
satisfying

av(t) + At)v(t) = g(t) on, aet>0,
B (Hv(t) =hj) ond, t>0, jef{l,---,m}, (19)
v(0) = vy, on 2,

if and only if
(vo, &, 1) € D(J) := {(vo, &, h) € X x Eo(J) x F(J) : Bx(0)vo = h(0)}, (20)
where h == (hy, -+ , hy,). In this case, there is a constant ¢y = ¢ (J) such that
lvlle, ) < c1 (volp + gllegry + NllEc)- 21D

If the equivalence stated in Theorem 2 and estimate (21) hold, then we say that the initial
boundary value problem (19) has maximal regularity of type L , on J . Using extension argu-
ments as above, one can check that c; = ¢ (Ty, T1) if T € [Ty, T1]and 0 < Ty < T} < o0,
and that ¢; = ¢1(T1) if h;(0) = O for all j. (The continuity of the extension operator from
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F(J) to F([0, T1]) can be shown via interpolation.) We point out that Theorem 2 gives
necessary and sufficient conditions for the regularity of data which give rise to a solution
of (19) in the desired regularity class [E;. This fact forces us to use the spaces X, and F if
we want to treat (3) in an L ,—setting.

Next, we only assume that (R) holds. Let ug, v € BC1(Q:C")and w € X;. In
order to linearize (3), we introduce the operators

2m—1
[F'o)vl(x) = Y > i* Gipn ), uo(x), Vug(x), -+,
k=0 |Bl=k
V2"l (x)) Do),

[A"(uo)w]v(x) = A (uo)[v, w](x)
2m—1

= Z Z Z(al(ﬂ,k)aa)

la|=2m k=0 |B|=k
(x, uo(x), -+, V" lug(x)) [8Pv(x), DYw(x)]

for x € €2, with a similar notation as in (5). Note that ;g )« (x, 2) : E? — E is bilinear.
For fixed ug € BC?"~1(Q; CV) and w € X1, the maps F’'(ug) and A’ (ug)w are linear
differential operators of order 2m — 1. The matrix—valued coefficients of F’(uq) are bounded
due to (R) and ug € BC?"~1(Q; CV). Sobolev’s embedding theorem and (2) show that
X, & W[%’"_l(Q; CN). We can thus consider F’(ug) as a bounded operator from X,
to Xo. By means of (8) and (R), we also obtain that F’ : X, — B(X,, Xo) is continuous
and that

|F'(u0)|B(x,.x0) < () for |uolgcom-—1 <. (22)

Similarly, the coefficients of A’(ug) are bounded, so that [v, w] = A’(ug)[v, w]isabilinear
map from X, x X; to Xo with

|A (uo)[v, wllo < c(luol pean-1) 0] geam—1 [wl1 < c(luolpcan—1) [v]p [w]1, (23)

employing again (8). Moreover, the map ug +— A’(ug) is continuous from X, to
B(Xp, B(X1, Xo)). On the other hand, using (R) and (8) one can easily check that there is
a nondecreasing function ¢ : Ry — R, withe(r) - Oasr — 0and

|F (uo +v) — F(uo) — F'(uo)vlo < e(|vlp) [vlp, 24)
|A(uo +v)w — A(uo)w — [A"(uo)wlvlo < e([vlp) [v], [wly

forv € X, and fixed ug € X, and w € X. Here ¢ depends on ay, f, and |ug|pc2m—1, but
not on v or w. As aresult, A’ and F’ are in fact the Fréchet derivatives of the functions

AeC'(X,; B(X1,Xp) and F e C'(X,; Xo), (25)
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respectively. We also note that A" and F’ are uniformly continuous on balls of X,. We
further introduce the nondecreasing function

cuy(r) = sup{[|A"(uo + v)IBcx,.Bx1.x0) © IVlp <7}
Employing the identity [A(ug+v) — A(up)]w = fol A'(ug+0v)[v, w] d, we can estimate
[[A(uo + v) — Auo)lwlo < cuy(r) |v]p [wl1 (26)

forup,v e X, w € Xy, and |v[, <.
We linearize (3) at its solution u, € [E;(J) obtaining the linear operators

Ax() = A () + A" (i ())us (1) — F'(ui (1)) € B(X1, Xo),
Bji(1) = B} (ux(1)) € B(Xp, Yjp) N B(X1, Yj1), 27

fort € J, cf. (18). Set B«(t) = (B1«(t), - -, Bux(t)). Suppose that (R) is true and that
(E) and (LS) hold for all ug = u.(¢),t € J. Then we can apply Theorem 2.1 of [15] also
to A4 () and B4 (?), t € J, since the lower order terms A’ (4 (¢))us(t) — F'(u4(¢)) do not
enter into (E) and (LS) of [15] and their coefficients belong to Loo(J x Q; B(E)) + L,
(J x ; B(E)). Thus Theorem 2 holds for A, (¢) and B, (t),t € J.

For a given function u € E{([0, T']), we set v(z) = u(t) — u(t) and vo = ug — u.(0).
Since u, solves (3), the initial boundary value problem (3) for u is equivalent to the problem
for v given by

ov(t) + A (v(t) = G(t, v(2)) on 2, ae.t>0,
B (t)v(t) = Hj(t, v(t)) ond2, >0, je{l,---,m},
v(0) = vg, on . (28)

Here we have used the nonlinear maps G and H defined by

G(1,v) = (A1) — A@us(t) + v)v) — (At + V)1 (1) — A () (1)
—[A (s () (D]0) + (F (s (1) + v) = Fus (1)) — F'(us(0))v), (29
Hj(t,v) = B (ux(0))v — Bj(ux(t) +v), je{l,---,m}, (30)

for a given u, € E1(J) andallt € J,v € X; and v € C"i (Q; cMy, respectively. As
usual, we set H(t,v) = (Hi(t,v), -, Hy(t,v)). The mapping properties of G and H
will be discussed in the next section. If u, does not depend on #, then we write A, = A, (f),
B, = B.(t), G(v) = G(t,v),and H(v) = H(t,v).

DEFINITION 3. We say that a function u solves problem (3), (19) or (28) on a (possibly
noncompact) interval / containing O if # belongs to [E; (J) for each compact interval J C [
and satisfies the respective problem for (a.e.) t € 1.
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In the remainder of this section we discuss the setting for our investigations of the
asymptotic behavior of the nonlinear problem (3).

HYPOTHESES 4. (a) Condition (R) holds and (E), (LS) hold at some u, € X.
(b) In addition, uy is a steady solution of (3), i.e.,

Al uy, = F(uy) on Q, B(u,) =0 onoQ.
Assuming Hypothesis 4(a), we define Ay = A |ker(By), i.e.,
Aou = Asu, u € dom(Ag) ={ue€ X1:Bj,u=0, j=1,---,m}. (€2))

The operator —A( generates an analytic semigroup 7 (-) in X due to Theorem 8.2 of [14].
We fix a real number p such that u + Ag is invertible.

PROPOSITION 5. (a) Assume that Hypothesis 4(a) holds. Take (@1, -, om) € Y.
Then there is unique solution u € X1 of the elliptic boundary value problem

L+ AJu=0 on L,
Bju=¢; ond2, je{l,---,m} (32)

Setting N1(@1, - .. , m) = u, we further have N1 € B(Y1, X1).
(b) Assume that (R) holds and that (E) and (LS) hold at some ug € X ,. Then there exists
a bounded right inverse N, : Y, — X, of the operator B'(ug) : X, — Y.

Proof. We first want to show that B, : X1 — Y; and B'(ug) : X p — Y, are surjective.
First, take ¢ € Y| and a smooth scalar function x with x (0) = 0O and x(r) = 1 for¢ > 1.
Let h(t,x) = x(@®)e(x), vo = 0, and g = 0. Then there is a solution v € E([0, 2]) of
(19) for A(t) = A, and B« (t) = B,. Taking t > 1 with v(¢) € X, we obtain B,v(t) = ¢
due to (19). Second, let ¢ € Y,,. By (15), there exists h € F([1, 2]) such that (1) = ¢
and ||kllr < clelp. Seth(t) = th(2 —1t) fort € [0, 1]. Then i € F([0, 2]) and ~(0) = 0.
Similarly, one extends ug to a function u € ([0, 2]) such that u(1) = ug and u(t) € X,
satisfies (E) and (LS) for ¢ € [0, 2] (use (10), Remark 1, and (9)). We consider the problem
(19) with A(r) = Au(t)), B«(t) = B’(u(t)), the above h, vy = 0, and g = 0. Now one
obtains as in the first step a function v(1) € X, with B'(ug)v(1) = ¢. Moreover, the map
N, 1Y, — X, given by ¢ > v(1) is bounded by (9) and (21).

Finally, we recall that u + A, : dom(Ag) — X is invertible and B, € B(X1, Y1).
So we can apply Lemma 1.2 in [24] saying that X is the direct sum of dom(Ag) and
ker(u 4+ Ay) and that the restriction B, : ker(u + A,) — Yj is an isomorphism. Thus the
inverse N := [By|ker(u + A,)]~" € B(Y1, X1) solves (32). O

‘We note that for smooth coefficients and N = 1 it was shown in [35, Thm.3.5.3] that
one can extend V| to an operator in B(Y,, X ) still solving (32). However, we do not need
such a result in this paper.
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We can now establish a representation formula of the solution to (19) which is crucial
for the study of the asymptotic behavior. The next proposition goes back to work in control
theory, see e.g., [16] or [36]. For the formulation of the result we have to introduce some
more concepts. Let X_; denote the extrapolation space for Ay, that is, the completion of
Xo with respect to the norm |ug|—; = |(+ Ag) " uplo, see e.g. [6, §V.1.3], [18, §IL.5]. We
can extend Ag to an operator A_; : X9 — X_j generating an analytic semigroup 7_(-)
on X_ satisfying T_1(¢)|Xo = T (¢). The semigroups 7'(-) and 7_(-) are similar via the
isomorphism p + A_1 : Xo — X_1. We point out that A,u # A_juifu € X\ dom(Ap)
due to (35) below. We further employ the map

IM:=u+A_DN; € B(Y1, X_1). (33)

It can be seen that in our situation IT has better mapping properties than in (33), but we will
not use this fact.

PROPOSITION 6. Assume that Hypothesis 4(a) holds and let v € E{(J), g € Eo(J),
heL,(J; Y1), and vy € Xg for J = [0, T|. Consider the equations

U(®) + Av(®) = g() + (k + A—DNA(),

(Cl) B*U(t) = h(t)9 U(O) = V9.

v(t) + Asu(t) = g(1),
(b){
v(0) = vo,

Then v satisfies (a) for a.e. t € J if and only if it satisfies (b) for a.e. t € J. If the solution
exists, it is given by

t

t
v(t) = T(t)vo+/ T(t—s)g(s)ds—}-/ T_1(t — s)ITh(s)ds, te€J. (34)
0 0

Proof. Let ug € X,. Observe that B,(ug — N1 Bsug) = 0 by the definition of A,
and thus ug — N Bsxug € dom(Ag). Hence, (u + Aug = (0 + Ay) (ug — N1 Byug) =
(1 + Ao) (o — N1Byug) = (0 + A_1) (g — N1 Byup), proving that

A_1ug = Asug+ (U + A_l)./\le*uo forall ug e X;. (35)

Next, assume that v is a solution of (a). Since v € E and N B,v = Nh, we can use (35)
with ug = v(¢) to conclude that v solves (b). Conversely, assume that v is a solution of (b).
Then (u + A_1)(v(t) — N1h(t)) = pv(t) — 0(t) + g(t) belongs to Xg fora.e. t € J. So
we deduce v(t) — N1h(t) € dom(Ay), i.e., Bx(v — N1h) = 0. This fact implies the second
line in (a). To check the first line, we use (35) with ug = v(¢) again. O

HYPOTHESES 7. Assume that Hypothesis 4(a) holds and that iR C p(Ag), where Ay
is given by (31).
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Under Hypothesis 7, the semigroup 7 (-) has an exponential dichotomy, i.e, there exist the
(stable) projection P € B(X() and a dichotomy exponent §g > Osuchthat T (r)P = PT(¢),
T(t) : ker(P) — ker(P) has an inverse denoted by Tp(—t), and

IT@PI, ITo(=D Q| < ce™™ (36)

fort > 0, where we set Q = I — P. The projection Q maps X( to dom(Ag) € X because
Q is the Riesz projection corresponding to the bounded part of o (—Ag) located in the open
right half plane. (See [18] or [30].) Since P = I — Q, we have

P € B(X1, X1) N B(dom(Ayp), dom(Ap)) N B(X,, Xp). 37

Since also iR C p(A_1), the extrapolated semigroup 7_1 (-) has an exponential dichotomy
on X_. Its dichotomy projections P_; and Q_ are extensions of P and Q, respectively.
Observe that Q| = QQ_| € B(X_, dom(Ap)).

3. The main operators

First we want to show the maximal regularity of (19) on the interval J = R, if
Hypothesis 7 holds. Given (wy, g, h) € D(R.), we define
t

L(wo, g, h)(@) =T {@)wo + / T({t—s)Pg(s)ds — / To(t —s5)Qg(s)ds (38)
0 t

t 00
+/ T_1(t —s)P_1I1h(s)ds —/ To,—1(t —s)Q_1ITh(s)ds
0 t

fort > 0, cf. (20) and (33). Observe that To(t —s)Q = QTp(t —5)Q and that Q_I1 =
Q(u + Ag) QN is a bounded operator from Y; into dom(Ag). Taking into account (36),
we see that the O—integrals converge even in dom(Ag). We thus omit the index —1 in the
last integral. Setting

[e.e]

Vg = Wy — /0 To(—s)0g(s)ds — /() To(—s)QTIIh(s)ds, 39)
we obtain
t t
L(wo, g, h)(t) =T (t)vg +/ Tt —s)g(s)ds —i—/ T_1(t — s)ITh(s)ds (40)
0 0

fort > 0. Observe that vg € X, and Bxvg = B,wo = h(0) because of ran(Q) C ker(By)
and (20). Therefore, due to Proposition 6 and Theorem 2, the function L(wq, g, h) =
S(vo, g, h) solves (19) on R4 with A(#) = Ay, B«(t) = B, and the initial value vg. We
note that wq belongs to ran(P) if and only if

[o,0]
wo = Pvy or, equivalently, Qug = —f To(—s)Q(g(s) + ITh(s))ds, 41)
0

where vy is defined by (39).
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PROPOSITION 8. Assume that Hypothesis 7 holds. Take g € Eg(R4), h € F(R4), and
wo € X, with Bywo = h(0). Then L(wo, g, h) € L,(Ry; Xo) if and only if wg € ran(P),
i.e. (41) holds. In this case, L(wg, g, h) = L(Pvy, g, h) is the unique solution in E1(R})
of (19) with A(t) = Ay, B«(t) = By, and the initial value vy given by (39) and, moreover,

L (wo, &, M) lle, ) < €] (volp + I8llEgry) + 12 llEER))- (42)

Proof. We write L(wo, g, h) =T (t)wo + I + I + I3 + I4, where [; are the integrals
in (38). Using (36) for T_1(¢), the properties of Q and Proposition 5, one deduces that
I20lE, Ry < clgllEgry) and I sllg,®y) < ¢ lIhllL,®,:¥,)- Proposition 6, Theorem 2,
and (40) further show that

IL(wo, g, W) llg,qo,2n < c1 (volp + llgllEg(o,21) + I llFq0,21)-

Choose x € C®°([—1, 1]; R) with x(—1) = 1land x =0on [—1/2,1]. Forn =2,3, ...,
set x,(s) = x(s —n)fors e [n—1,n+ 1] and h, = (1 — x,)h|[n — 1,n + 1]. For
t € [n,n + 1], we can write

t
(1) = P/ T_1(t — $)[Thy(s) ds (43)
n—1

=

T =TGP [T b =906 ds

+T(@ —n)T-1(1) /n ] T_1(n —1—s)P_1T1h(s)ds
=: I31(t) + I3(t) + 1320)-
Due to h,,(n — 1) = 0, Theorem 2 combined with Proposition 6 and (37) yields
1 311IE, (nn+1D) < € hnlleqn—1,n+11) =< ¢ 1AllF@n=1,n+1])-

We can sum the p—th power of this inequality employing

ntl pntl |h; (,) —h (S)|
§ [h;1” / / — " dr ds
Wyl (In—1,n+11; LYo _ s|lHip

fn+1[ |h (l) h (s)lY()d ds <2[h ][7

— s|1txip Wyl (Re:Yo)

Since T_1(t) = T(z/2)T-1(z/2) : X_1 — dom(Ap) for T > 0, we further deduce from
(36) for T_1(¢) that

3201 Ey (1 < NRllLe @a—1,n1;77) >

n t
|&®h+@hﬁ%§6/ fW“FWanMSc/a%“WMmmw.
0 0
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These estimates imply that || I3]|g, (2,00)) < ¢ [|2llFr,). In a similar way one can treat Iy.
Finally, t — T (t)wg belongs to L ,([2, 00); Xo) if and only if wg € ran(P). In this case we
have [T (-)wollg, (12,00)) < ¢ |wolo. The proposition now follows by combining the above
facts. O

We further need a modification of Proposition 8 for backward solutions of (19) on R_.
Let vg € X0, g € Eg(R_), and & € F(R_). Assume that v € Eq(R_) satisfies v(0) = vg
and

t t
v(t) = T(t—t)v(r)—l—/ T(t—s)g(s)ds—}-/ T_1(t — s)[Th(s)ds 44)

T

forallt <t < 0. Onecan verifyasin (43)thatv € E;(J) foreachinterval J/ = [a, 0] C R_
and that v solves (the analogue of) (19) on such intervals with the initial value v(a) (using
Proposition 6 and Theorem 2). We rewrite (44) as

T

v(r) = T(I—T)[PU(T)—/ T_1(r —5) P_1(g(s) + ITh(s)) ds]

—00

t
+ f T 1t — 5) P_1(g(s) + TTh(s)) ds

—0o0

t
+T( —1)0v(1) + / T —s5)0(g(s)+Ih(s))ds, 45)

using (36). The last line is equal to Qv(t) due to (44), so that we derive

T

Pu(t) =T(r — 7)[Pv(r) —/ T_1(r —s)P_1 (g(s) + ITh(s)) ds]

—00

¢
—}—/ T_1(t —s)P_1 (g(s) + TTh(s)) ds.

There is a sequence 1, — —oo such that v(r,) — 0in Xy. Letting t = 7, - —o0 in the
above equation and taking t = 0, we thus obtain

t
Pu(r) =/ T_1(t — s)P_1(g(s) + [h(s)) ds, (46)
0
Py = Pv(0) = / T_1(—s)P_1(g(s) + [h(s)) ds, (47)

by means of (36). If we first set # = 0 in (45) and then replace 7 by ¢, we deduce

0
Qu(0) = To(=1)Qu(7) +/ T_1(—5)Q(g(s) + Ih(s)) ds. (48)
t
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Combining (46) and (48), we see that v(¢) is equal to

t

0
L™ (vo, g, h)(t) := To(t) Quo +/ T'(t—s)Pg(s)ds —/ To(r —s)Qg(s)ds
t

t 0
—|—/ T_1(t —s)P_1ITh(s)ds — / To(t —s)QITh(s)ds (49)
—00 t

for t < 0. Conversely, if (47) holds, then the function L™ (vg, g, h) satisfies (44) and
L~ (vg, g, h)(0) = vg. Therefore L™ (v, g, h) is a solution of (19) on R_ with the final
value vg. The following result can now be proved as Proposition 8.

PROPOSITION 9. Assume that Hypothesis 7 holds. Let g € Eo(R_), h € F(R_), and
vo € Xo. Consider problem (19) on R_ with A(t) = A, B«(t) = By, and the final value
v(0) = vo. Then there is a solution v of (19) on R_ belonging to L ,(R_; Xo) if and only
if (47) holds. In this case, v = L™ (vo, g, h) is the unique solution of (19) in E{(R_) with
the final value vy and

1L~ (vo, & MllE,®_) <} (1Quolo + lIgllme®) + 1llr®_))- (50)

We will apply the above propositions mostly in ‘rescaled’ versions since we have to work
in function spaces on J = Ry with exponential weight. We set es(t) = ¢’ for t € R and
8 € R, and introduce the spaces

Er(Ri,d8) ={v:esv e Ex(Ry)} (k=0,1), FR4,§) = {v:esv e F(Ry)}
endowed with the norms
lvlle®y.5) = llesvlg ry) kK =0,1), IilFr®e,s = llesvlir®y)-

We also use the analogous norms on compact intervals J. Mostly we deal with the interval
J = R and abbreviate Eq(R., §) = Eq(§) etc. Assume that Hypothesis 7 and (41) hold,
and take a solution v of (19) with A(r) = A, and B, (1) = B,. We define w(t) = % v(r)
for t+ > 0, where || < §p and §p is the exponential dichotomy constant, cf. (36). From
v = L(Pvg, g, h) we deduce

w = esL(Pvg, g, h) = Ls(Pvo, esg, esh), (51

where L; is defined as L but for the generator —Aq + §. Replacing F (1) by F(u) + du in
(R), we see that Ag — § satisfies Hypothesis 7. Thus we can apply Proposition 8§ to Ls, so
that (51) yields

IL(Pvo, &, Wl i) = llwllg, @) < c2 (volp + llglleys) + 1llEe@))- (52)

We point out that ¢» does not depend on § with |§] < §; < §p.
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We next study the Nemytskii operators G and H induced by the maps G and H from (29)
and (30), assuming that (R) holds. For the intervals Ry we take a r—independent function
u, € Xy with B(uy,) = 0. For a compact interval J we take a function u, € E{(J).
For v belonging to E{ (R4, 8) or E{(J), respectively, we define G(v)(¢r) = G (¢, v(t)) and
H;(w)(#) = Hj(t,v(t)) fora.e. t € J, setting H = (Hy, - - - , H,,) as usual. We stress the
restrictions on § in the following result; also, the choice of 4§ corresponds to R while the
choice of —§ corresponds to R_.

PROPOSITION 10. Assume that (R) holds, and let J be a compact interval.

(D Let§ > 0. Take u, € X1 with B(u,) = 0 for the intervals R4, or respectively take
uy € E1(J) for the compact interval J. Then the following assertions are valid.

(a) We have G € C'(Ei(R+, £8), Eo(R, £8)), respectively G € CY(E((J),
Eo(J)). Moreover, G(0) = 0, G'(0) = 0, and

G'w = [F'(usx+v) — F'(us)w + [A(us) — Ay + v)]w (53)
+[A/(u*)u* - A/(U* +v)(us +v)w

Sforv, w € E{(£68, Ry), respectively v, w € E{(J).
(b) WehaveH € C'(E|(Ry, 8), F(R4., £8)), respectivelyH € CY(E(J), F(J)).
Moreover, H'(0) = 0 and

H' (v)w = [B'(us) — B'(uy + v)Jw (54)

for v, w € E1(Ry, £08), respectively v, w € E(J). Finally, H(0) = 0 if and
only if B(uy(t)) =O0forallt € J.

(Il) Take an arbitrary § € R and assume that u, € X satisfies B(uy) = 0 and that
v e Ei(Ry, §) with [v(t)|p < r fort € Ry. Then there is a nondecreasing function
e: Ry — Ry such that e(r) - Oasr — 0and

A

IGW) IEgre.s) < &) llesvliL,®eix))
IH@) lr®re.s < ) VIE @5
lesHW 2,k vy < ) llesvliz,®i:x) > (55)
4 )z
where € can be chosen uniformly for & in compact intervals.
Proof. (1) In the proof we restrict ourselves to the case J = R,.. The other cases can

be treated in the same way. Also, the last assertion in (Ib) is an immediate consequence of
(30). We point out that for § > 0 we have

[w(@®)|pean-1 < clw®)]p < cle®w®)p < ¢ wlg, @) 1=0, (56)
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due to (8), (9), and 6t > 0. In the following we always take § > 0 unless we are dealing
with part (II).

We define G’ (v) by (53) for v € E{(8). From (56), (22), (23), (24), and (26) we deduce
that G(v) € Eo(8), G'(v) € B(E1(8), Eo(8)) and that the first line of (55) holds. Further,
G’ (v) is the Fréchet derivative of G at v due to (56), (24), (26), 8¢ > 0, and the formula

Gv+w) —Gw) —Gww
= (F(us + v +w) — Fuy +v) — F'(us + v)w)
—(A(us +v+w) — Ay +v))w
—(Aus + v+ w) Uy + v) — Ay + v) (g + ) — [A (s + ) (s + v)]w).

The continuity of v — G’(v) follows from (56), (23), (25), and (26).

(2) We give the proof of the assertions concerning H; for a fixed j € {1, --- , m} which
will mostly be suppressed from the notation. We fix v € E{(§) and take w € E;(§) with
lw ”El ) =70 for a fixed, but arbitrary ro > 0. In the following, the constants will depend
on v and rg, but not on w. Define H' by (54). One can verify that H(v) € F(§) and
H' (v) € B(E;(8), F(8)) by similar, but simpler arguments as used below. In view of (5)
and (30), we can write

—[H(z, v(1) + w(r)) — H(z, v(1)) — [H (v)w](1)](x)
= [B(ux + v(t) + w(t)) — B(u(t) + v(t)) — B' (us + v(0)w(1)](x)
= b(x, V[us(x) + v, x) + w(t, x)]) — b(x, V[us(x) + vz, x)])
—(9;0) (x, V[ux(x) + v(t, x)]) - Vw(z, x)
=: h(x, V[u.(x) + v, x)], Vw(t, x)) (57)

where we set V := V" = (VO, vl ... V™M) and d, is the partial derivative of b with
respect to the corresponding arguments in £ X E" X -+ X E ")), (Recall that we have
suppressed the trace operator in front of all V terms.) We set § = V[u,(x) + v(¢, x)] and
n = Vw(t, x) for fixed x € 92 and ¢ > 0. Then we obtain

h(x,&,n) = b(x,&+n) —b(x.§) — (9:b)(x,§) -, (58)
deh(t,&,m) = (0:b)(x,§ +n) — (9:b)(x, ) — (3::D)(x, §) - m, (59)
aph(z,8,m) = (3:D)(x, & +n) — (8:b)(x, §). (60)

Assertion (R) and estimate (56) yield

|h(x, & I, [0gh(x, &, m)| < e(Inl) nl, |Bph(z, &, | < cnl, (61)

where ¢ and e(r) do not depend on x and are uniform for £, n in bounded sets. Using again
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(56) and 6t > 0, we derive

¢ |H () +w(t) — Hw®) — [H @)wl®)ly,
< e(w(®)] gean-1) [ w(D)| geant
lles (H(v + w) — H(v) — H' (W)wlllz, @, 1)
<ce(lwlg, @) lleswllr,®y;x)) - (62)
The corresponding inequality for part (II) is shown similarly.

(3) We now consider the estimate involving Wl’f (Ry; Yo) for k = «j, cf. (12) and (14).
We fix x € 02 and omit it in the notation. Then we can compute

h(V(ux + v(0)), Vw(t)) = h(V (us 4 v(s)), Yw(s)) (63)

1
= / @Beh)(V(us +v(s)) + 0[V(uys +v(@)) — V(us +v(s))], Vw(t))do
0
Vuy +v(t) — (us +v(s))]

1
+/ (Bph) (V (s + v(s)), Vw(s) + 0V (w(r) — w(s)))do - V(w(r) — w(s))
0

fort,s > 0. Set (t) = h(V(us + v(t)), Vw(t)) and ¥ (t) = V[uy, + v(t)]. Then (56),
(63), and (61) yield

lp@) — o)y, < e(|lw@®)|germ-1) [wE)| geom—1 [¥ () — Y (s)|y,
telw@)| geam—1 [V (w(@) — w(s))ly, (64)
fort, s > 0. Inview of (16) and (17), the map y 3P . E, Ry) — W; (R; Yp) is continuous

for || < m;. Combining this mapping property with (56), (64), Lemma 11 below, (62)
and §t > 0, we derive

les (HI(v + w) — H(v) — H' @)w)lws @, vy (65)
= ce(lwle @) lwle @) + cellwlBe@s:x,)) lwllBe@,:x,) lesVullws @, vy
+ellwllper,:x,) llesVwllws @, vo)
= ce(lwllg @) lwle, @) »
possibly changing €. The corresponding estimate for (I) is shown in the same way.

(4) For the study of the space regularity we may restrict ourselves to the case Q2 = {x €
R" : x, > 0} and functions with support in the unit ball in R"”. The general case is then
deduced via local change of coordinates, see e.g., [2, §7.51]. We first consider the case
of highest order m; = 2m — 1, where F; = L,(Ry; W!=1/P(3Q)) N W (R LP(392)).
Since b € C? by (R), equation (58) yields

Och(x,&,m) = (0xD)(x, & + 1) — (0:xD)(x, ) — (8:0:D)(x, §) - m, (66)
|0xh(x, &, mI =< e(nl)Inl, (67)
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with ¢ and ¢ having the same properties as in (61). We fix + > 0 and suppress it from our
notation for a moment. Then we calculate

h(y, V(us(y) +v()), Vw(y)) = hlx, V(ux(x) + v(x)), Vw(x)) (68)

1
= /0 (0xh)(x +0(y — x), V(ux(y) + v(y), Yw(y))do - (y — x)

+ /01(35h)(x, V(us(x) + v(x)) + [V (ux(y) + v(y))
=V (x) + v(x)], Yw(y)do - V[ux(y) + v(y) — ux(x) — v(x)]
+/1(3nh)(x, V(ux(x) + v(x)), Vwx) + 0V (w(y) — w(x)))do
0 V(w(y) —wx))

forx,y € 0Q2. Seto(t, x) = h(x, V(u.(x)+v(t, x)), Vw(t, x)) and ¥ (¢, x) = V[u.(x)+
v(t, x)]. Employing only (61) and (67), we deduce from (68) that

lp@t, y) — e, )| < e(w®)|pcem—1) [wE)|pcam—1 (Iy = x[ + ¥ (2, y) = ¥ (1, X))
e lw@)|peam-1 [V(w(t, y) —w(z, x))| (69)

for x, y € 9R2. Let K be the unit ball in R"~!. Estimate (69) leads to

o0 00
pdt P _ por 9@, y) — @@, 0)|P
/e [‘P(t)]W;,l/p(m) dt //[e T dx dy dt
0 k2
o

0

ot
SC5(||w||3c(R;Bc2m—1))p/|€ w(f)|f

0
— x| +|Vu — Vu,(x)|?
[y — xI7 + |Vuy (y) — Vi (x)| dx dydt
ly —x|n=2+p
K2
o0
+C8(”u}”BC(R;Bsz—1))I] ”w”gC(R;CZ”’*l) /epst
0
Vou(t, y) — Vou(t, x)|P
Vo, y) — Vu(z, x)| dx dy dt
ly — x|r=2Fp
KZ
i IVw(t, y) — Yu(r, )|
Vw(t,y) —Vw(t, x
P poét 1= ’ - ’
+C ||w||BC(R;BC2"’_])///e |y_x|n_2+p dxdydt
0 K2

< celllwlis,@)” 1012 ) 1+ lesvll} ) + e Iwl, ) leswll? g x,,
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due to (56), Sobolev’s embedding theorem, (2), (11) and the fact that 6z > 0. Therefore,
changing ¢ if needed, we arrive at

lles [H(v + w) — H(v) — H' (Wwlllz, @y < cellwlg @) lwlg @) - (70)

The corresponding estimate for the last line in (55) is shown in the same way.

(5) Next, we consider the space regularity case for generalm ; € {0, - - - , 2m—1}. Define
e(x) = p(x, E(x), n(x)) = h(x, V" ue(x) + v, x)], VW w(t, x)) with & from (57) and
a fixed t > 0. Take a multiindex 8 with || = 2m — 1 — m ;. We want to verify that the
function 3#¢(x) is a function of the form h(x, § 1), where é‘E = V2" Ny, (x) + v(t, x)]
and 7 = V>~ lw(t, x), and that h satisfies the analogues of (61) and (67). If this is the
case, we can check as in step (4) that (70) and the last line in (55) also hold for lower order
boundary terms. To this aim we claim that 0¥ ¢ (x) with |y| =1 € {0, 1,--- ,2m —m; —1}
is a linear combination of functions of the following type

[¥(x,5(x) +n(x) — ¥ (x,5(x) — 0¥ (x,§(x)) - n(x)] PE(x)),
[ (x, E(x) +n(x) — ¥ (x, §())] P(E(x)) Q1(n(x)), (71)
¥(x, &(x) +n(x)) P(EWX)) Q2(n(x)),

for (differing) functions ¢ € CImFl=mi=l(Q x E x - - x E(”mj); E) and products P and
Oy of partial derivatives 0“£(x) and 35 (x) having order |a|, |b| < [ + m;. The products
01, resp. Q2, contain at least 1, resp. 2, factors ab n(x). This assertion is easily checked
via induction over / using (R). For/ = 2m — 1 — m; we thus obtain functions ¥ € C 2 and
products P, Qy with factors 0% (u..(x) + v(t, x)) and 0% w(¢, x) having order |o| < 2m — 1.
We compute the derivatives with respect to x, é n of the functions in (71) as we did in
(59), (60), and (66). Taking into account (56) and (R), we can then derive (61) and (67) for
h(x, &, 7).

(6) Using similar arguments, one can check the continuity of the map v — H'(v) from
E1(8) to B(E{(8), F(9)). O

LEMMA 11. If Z is a Banach space, o € (0, 1), and § € R, then

1
0=l dt} ’

|t_s|1+ap

les flwe®y:z) < clles fllL,®:z) +¢ |:/f

= cllesfllwg®y:z)-

[t—s]|<1

Proof. Let ¢(t) = v~ for |t| > 1 and ¢(z) = O for |7]| < 1. Using Minkowski’s
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and Young’s inequalities, we calculate

les flwe &, 2)

l
) 53 P
- // e’ f(t) — f(S)IZd i
—s|=1 |t —s|iter

1
8t _ 8s 13

N // e f(t) —e f(S)IZd dt

—si<1 |t —s|iTer

sc||go*e5|f|z||Lp<R+>+[//l . o O = TOI dt:|
1—s|<

|t—s|1+“1’

5 |e(3(t s) _ |Z %
e’ | f($)|P ———%dtds
//n s|<I f e —s|lrer

1
sip (D) = 9} ’
<clesfllL, .z +c¢ |://t—s|<l s dsdt| .

The second estimate is shown in a similar way. O

COROLLARY 12. Assume that (R) holds. Then ug — B(ug) belongs to Cl(Xp; Y,)
with the derivative B’ (ug) given by (5).

Proof. Let R denote a bounded right inverse of yp € B(E;([0, 1]), X,), see (10). Define
H with u, = 0. Then ® := yHR € Cl(Xp; Y,) and ®'(ug) = B’ (0)up — B'(up) by
Proposition 10 and (15). Since B’(0) € B(X, Y,,) by (18), the assertion follows. O

4. Local well-posedness and regularity

We start with the basic existence and uniqueness result for (3). For a single second order
equation the next proposition (and its proof) is a special case of Theorem 6.1.2 in [41].

PROPOSITION 13. Assume that condition (R) holds and that (E) and (LS) hold at a
Sunction ug € X, satisfying B(uo) = 0. Then there is a number T = T (ug) > 0 such that
the problem (3) has a unique solution u € E1([0, T]) — C([0, T']; X p).

Proof. By (10) there exists a function u,, € Ej(R;) with u,(0) = ug. (We do not require
that u, solves (3).) Remark 1 combined with (9) gives anumber T > 0 such that conditions
(E) and (LS) for A(u4(t)) and B’(u4(t))) hold at the function u,(¢) for each ¢ € [0, Tp].
Temporarily we define H (¢, v) by (30) replacing u. in this equation by zero. Then we can
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write B’ (u)v — B(v) = H(v) — H' (uy4)v for v € E{ ([0, Tp]) and the resulting Nemytskii
operator. Therefore Proposition 10 yields that

B'(ux)v — B(v) € F([0, To]) for v e E ([0, To)). (72)

Taking into account (9), (25), (72) and B(u¢) = 0, Theorem 2 provides us with a solution
w € K ([0, Ty]) of the linear problem
oyw() + A(us(1)w(t) = F(ux(t)) on 2, ae.t>0,
B (ux (1) w(t) = B' (4 (1)1 (1) — B(us(1)) ond2, >0, (73)
w(0) = uop, on 2.

We define the space

(T, p) ={v € E ([0, T]) : v(0) = uo, [lv— w”EI([O’T]) < p}

for p > 0and T € (0, Tp]. The set X (T, p) is closed in E; ([0, T']). For a given u €
¥ (p, T), we consider the linear problem

O v(t) + Al (D)v(0) = Fu () + [Aux()) — A(u@)]u()  on€, ae. >0,
B'(us(1)v(t) = B (u(1))u(t) — B(u(r)) ond2, >0, (74
v(0) = uog, on 2.
Again, there is a solution v € E ([0, T]) of (74) thanks to Theorem 2, (9), (25), (72), and
B(up) = 0. We define the map S : X(T, p) — E(([0, T]) by setting S(u) := v. Notice
that u € (T, p) solves (3) if and only if u = S(u).

We want to show that S is a strict contraction on X(7, p) if T > 0 and p > 0 are small
enough. By (73) and (74), the function z = S(u) — w € E(([0, T']) satisfies

0:z(1) + A(ux(1)z(t) = F(u(t)) — F(us(t)) + [A(ux(1)) — Au@))Ju(t) =: g(1),
B (us(1))2(t) = B' (us (1)) (u(t) — ux(1)) — (B(u(1)) — B(ux(1))) =: h(z),
z(0) = 0.
Observe that h(0) = 0 and & = H(u — u,) — H(0), where H is defined via (30) with u,

from the present proof. Using (21), (22), (26), Proposition 10, (9) and u € X(p, T), we
estimate

ISW) — wllg, 0,77 = 1 UIgllEoqo,71) + I1AlIF(C0,77))
< cllu —uxllL,qo.r1:x,) + ¢ llu —usllcqo,r1;x,) lullL,qo.71: X))
+ee(llu — usllg, qo,71) llu — wsllg, qo.77)
<c T%(P + llw —uslcqo,r1;x,)) + ¢ (0 + llw — usllcqo, 71 x,))
(o + llwllz,qo,71:x))) + c€lp + lw — uxllg,qo,71) (0 + llw — uxllg, (0,77))-
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Observe that the constants in the estimate above do not depend on 7' € (0, Tp] because of
h(0) = 0 and u(0) — w(0) = 0. Since w and u, are fixed with w(0) — u,(0) = 0, we may
choose sufficiently small p; € (0, po] and T1 € (0, To] such that ||S(u) — wlg, (o,77) < £
if T € (0, T1] and p € (0, p1]. Consequently, S leaves X (T, p) invariant for T € (0, T1]
and p € (0, p1]. Next, take u,u € X(7T, p) and set v = S(u) and v = S(u). In view of
(74), the function z = v — v € E{ ([0, T)) fulfills

0:2(1) + A(ux(1))2(2) = F(u(t)) — Fu(@)) + [A(ux (1)) — Au(@)1(u(t) —u(t))
—[A(r)) — Au(1)]u(r),
B (ux(1))z(1) = B (ux (1)) (u(t) — u(1)) — (B(u(t)) — B@(1))),
z(0) = 0.

Due to H'(0) = 0, the right hand side of the second identity is equal to
—[H@ — ) — H — us) — H (= ) @ — u)] + (H'(0) — H'(u — ) (@ — u),

where H is defined with u, via (30). Now we can proceed as above and deduce that S has
the Lipschitz constant 1/2 on X (7, p) if we decrease T and p once more. As a result, we
have obtained a local solution u of (3) on [0, T].

Assume there is a different solution # of (3) on [0, T]. Then there are numbers ty, t,, €
[0, T) such that 7, \ fp asn — oo, u(t) = u(t) fort € [0, 19], and u(,) # u(t,). We may
apply the above argument with some 7', o’ > 0, the initial time 7, and the initial value
u(tp) =: uy € X, satisfying B(u1) = 0. This leads to a contradiction establishing the
uniqueness assertion. O

We now introduce in a standard way the maximal existence interval for the solution with
initial value ug. Under the assumptions of Proposition 13, let 1™ (uo) be the supremum
of those T > 0 such that (3) has a solution u € E;([0, T]). Proposition 13 implies that
t%(ug) > 0. This solution is unique provided that (E) and (LS) hold at the function u(t)
for each t € [0, T (up)).

Next, we establish our main well-posedness result. It says that (3) generates a local
semiflow on the nonlinear phase space

M ={ug € X, : B(up) =0}, (75)

which is a C! manifold in X p due to Corollary 12. Moreover, the equation possesses
a smoothing effect because of the quasilinear structure. We write tu for the function
v(t) = tu(). For a given ug € X, we set

XY ={z0 € X, : B'(u0)z0 = 0}.
If ug € M, then Xg is the tangent space of M at ug. Finally, if ug € X, satisfies (E) and

(LS), then we define a projection P : X, — Xg by Pvg = (I — N, B’ (ug))vo, using the
right inverse \V;, € B(Y,,, X ) of B'(u) obtained in Proposition 5(b).
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THEOREM 14. Assume that condition (R) holds and that (E) and (LS) hold at a function
ug € X satisfying B(ug) = 0. Let u = u(-; uo) denote the unique solution of (3), and let
(E) and (LS) hold at the function u(t; uo) for each t € [0, tT(ug)). Let T € (0,1t (uo))
and J = [0, T). Then the following assertions are true.

(a) Thereisanopenball B, (ug) in X , such that there exists a solution w € E{(J) of (3)
for eachinitial value wy € B, (uo) satisfying B(wo) = 0. Moreover, there is an open
ball W0 in X(,), centered at 0 and a map ® € CH(W°; E(J)) with uniformly bounded
derivative and ®(0) = 0 such that w = u + ®(P(wo — uo)) for wo € B, (uo) with
B(wp) = 0.

(b) We have tu € W3(J; X1) N W2(J; Xo), and thus u € C'((0, T]; X,) N C271/P
(0, TI; Xo) N C'=Y/P((0, TT; X1).

(c) Assume in addition that (E) and (LS) hold for all uy € X, with B(uy) = 0. If the
number t+(uo) is finite, then lullg, 0.+ @)y = 0© and u(t) does not converge in
X, ast — t+(up).

Proof. (a) For the solution u = u(t; ug) of (3) with the given initial value uo we define
A.(t), By(t), G(t), and H(¢) for ¢t € J as in formulas (27), (29), and (30) but replacing
in these formulas u,(t) by u(¢; ug). Then w € E;{(J) solves (3) with the initial value
w(0) = wo € X, satisfying B(wg) = 0 if and only if v = w — u solves (28) with
the initial value vo = wo — ug € X, satisfying Bx(0)vp = H(0, v(0)). We recall that
S : D(J) — E;(J) is the solution operator of (19) with A, (#) and B.(¢) on J given by
Theorem 2. We introduce the map

LX) xEi(J) > Ei(J); L(z0,v) = v — S(z0 +NpyoH(v), Gv), H(v)). (76)

Observe that yp € B(F(J), Y,) by (15) and that H(0) = B(u) = 0. We further have
B.(0)(z0 + NpyoH(v)) = H(0, v(0)), i.e.,

I:X) xEo(J) x F(J) — D(J);  T'(z0,8,h) = (20 + Npyoh, g, h)

is abounded linear map, cf. (20). Theorem 2 and Proposition 10 thus imply that £(0, 0) = 0,
LeC! (Xg xE1(J); E1(J)),and 3, L£(0, 0) = I. Therefore the implicit function theorem,
see e.g., [13, Cor.15.1], gives a ball B,,(0) in X?, and amap ¢ € Cl(BrO(O); E;(J)) such
that ®(0) = 0 and L(zo, P(z0)) = 0 for zg € B,,(0). This equation, Theorem 2, and
Proposition 10 further yield

'(20) = SU + NpyoH' (@(20) @' (20), G' (P (20) @' (z0), H' (P (20)) ' (20)),
19" (zo) Il < ¢+ ¢ (IG"(@(zo) | + IH' (P (z0)) ) 19 (z0) I
(with the respective operator norms). Decreasing the radius rp > 0, we can make the factor

in front of || ®’(z9) || on the right hand side smaller than 1/2. So ®’(z() is uniformly bounded
for zg in this smaller ball.
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If we start with a given function wo € X, satisfying B(wp) = 0, then we set vp =
wo — ug € Xp and zo = vo — N, H(0, vo) = vo — N}, B’ (ug)vg = Pug. Hence, zg € X?,
and |zolp < c|vglp. So we can fix a number p > 0 such that [wg — ugl, < p implies

|zolp < ro. Then v = ®(z0) € E1(J) solves (28) with the initial value vg, i.e., w = v +u
solves (3) with the initial value wy.

(b) Take numbers T > 0 and € € (0, 1) such that u is a solution of (3) on [0, T'] with
T'"=(10+4+e)T. LetJ =[0,T], A € (1 —e,1+¢€),and u; (t) = u(rt). Then v = u; is
the unique solution of the problem

ov(t) + AA(w@)v(t) = AF (v(t)), on 2, ae.t >0,
B(v(t)) =0, on 02, t>0, (77)
v(0) = uy, on €2,

on [0, A~ 17T’]. We define A (¢) and B.(r) as in part (a), and we temporarily set G(X, t, v) =
—AA@W)v + Ax(t)v + AF(v) and H (¢, v) = B«(t)v — B(v). Then (77) is equivalent to

orv(t) + A (Hv(t) = G(A, t,v(t)), on 2, ae.t >0,
B.(t)v(t) = H(t, v(1)), ond2, >0, (78)
v(0) = uo, on Q.

Let G(4, -) and H be the Nemytskii operators for G(X, -) and H. As in Proposition 10, we
seethat G € C1((1—¢, 14€) xE1(J); Eo(J)) with 3G (1, u) = 0. Proposition 10 implies
that H € CH(E;(J); F(J)) with H' (u) = 0, cf. (72). The function zo = ug — NpH (0, up)
belongs to X g. Fixing this zp, we introduce the map

Lo:(1—€,14+¢€)xE(J) = E(J);
‘CO()"a U) =V - S(ZO +N[IVOH(U)7 G()"v U), H(U)),
where § is the solution operator of (19) for the operators A.(t) and B, (t). Since u solves
(3), we have Lo(1, u) = 0. As in part (a), we see that Lo is a C'-map and 8, Lo(1, u) = I.
The implicit function theorem thus yields an €’ € (0, €), aball B,, (1) in E{(J), and a map
W e Cl((1—¢€,1+€); Ei(J)) suchthat W(1) = u and W () solves (78) with uq replaced
by up(A) := [W(1)](0). We further have
uo(A) = z0 +NpH(0, uog(1)) = uo + N, (H(0, up(r)) — H(0, up)),
uo(r) — uo = —Np(B(uo(r)) — B(uo) — B'(uo) (uo(1) — uo)).

Therefore Proposition 5, Corollary 12 and (9) yield

lug(A) — uolp < ce(lup(r) — uolp) luo(r) — uolp
<ce(c W) — WD) luo(r) —uolp
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for constants ¢ and a function ¢ with e(r) — 0 as r — 0 which do not depend on .
Decreasing €’ > 0, we deduce that ug(A) = ug, and thus W (L) solves (77) provided |1 — 1|
is sufficiently small. So u; = W(A) by the uniqueness of (77).

As aresult, u; = V(L) € E{(J) is continuously differentiable in A with derivative
(%ux)(t) = tu(A\t). Taking A = 1, we deduce that 70,u € E|(J). Consequently, o, (fu) =
19 +u € Ej(J) = C(J; Xp), and hence tu € W2(J; Xo) N W)(J; X)) N C'(J: X).
Assertion (b) now follows from Sobolev’s embedding theorem.

(c) Suppose that t+(ug) < oo and u € E(([0, ¢ (up))). Embedding (9) shows that
u(t) converges in X, to some u; as t — t*(up), and so B(u;) = 0 follows from (R).
Proposition 13 yields a solution i of (3) on [t (ug), t+ (o) + To] with the initial value u;
and some Ty > 0. Thus we obtain a solution w € E;([0, tT(ug) + To]) of (3) by setting
w(t) = u(t) for0 <t < tT(ug) and w(t) = ia(¢) for t+(ug) <t < t+(ug) + Ty. This fact
contradicts the definition of ™+ (u). O

In the next section we need the following quantitative version of Theorem 14(b).

PROPOSITION 15. Let Hypotheses 4 hold. Take T > 0and p > 0 from Theorem 14(a)
for uy (instead of up). Let u = u(-; ug) solve (3) on J = [0, T] for the initial value
ug € B, (uy) with B(ug) = 0. Then there exists 0 € (0, p] such that

|2 (u — u*)”w]g(j;xl) + |t (u — M*)”w%(j;xo) <clup— M*|p
if also lug — ux|p, < p, with a uniform constant for such u.

Proof. Under the conditions of the current proposition, Theorem 14(a) yields |u —
”*”E.(J) < cp. We define Ay, By, G, H, and S by (27), (29), (30), and Theorem 2 for the

given steady state u,.. We further set v(t) = u(¢) — u4 and vo = uo — u,. Then the function
vy () = v(At), t € J, is the unique solution of

qw()+ Ayw() = AG(w@)+ 1 —MNAw@) =: G, w()), onL, >0,
B,w(t) H(w(t)), onadf2, t >0, (79)
w(0) = vy, ong,

where we take A € (1 —€,1 4+ €) and € € (0, 1) such that (1 + €)T < tT(up). Let Np
be the right inverse of B, = B'(u,) € B(X p» Yp). We now proceed as in the proof of
Theorem 14(b) using the operator

Lo(h, w) = w — S(z0 + NpyoH(w), G(r, w), H(w))

fora € (1 —€,1+€), w e E(J),and zo = vo — N,H(vg). As above, we see that
LoeCl((1—e€ 1+€) xE(J);Ei())),

Lo(1,v) =0, and »Ly(1,v) =1—SN,nH (v), G (v), H (v)).
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Possibly after decreasing p > 0, and thus ||v||g,, Theorem 2 and Proposition 10 imply that
02 Lo(1, v) is invertible in E{ (J). So the implicit function theorem provides us with a map
Ve Cl((1—-¢ 1+¢é);E((J)) suchthat W(1) = vand Lo(A, W(L)) =0for |l —A| <€
and some € € (0, 1). We set vo(A) = [V (1)](0). As in the proof of Theorem 14(b) we then
obtain

vo(A) —vg = —Np(B(vo(A) + ux) — B(vo + ux) — B’ (vo + us) (vo(A) — v9))
+Np (B’ (us) — B (vo + ux)) (vo(X) — vo),

and we conclude that vy(1) = vy, and hence W(A) = vy, if € > 0 and p > 0 are small
enough. Again it follows that t9;,v = ¥/(1) € E;(J). We further compute

(1) = —[Lo(1, )] Lo(1, v) = [3:2L0(1, V)] SO, G(v) — Ay, 0).
Taking into account d; (fv) = v + t3;v = v + W/'(1) and v = u — u,, we arrive at

10: (t (u — us)llE; (1) < ¢ llu — usllg,; gy < cluo — uslp.

where we also used Theorem 2, Proposition 10, and Theorem 14(a). O

5. The hyperbolic saddle

In this section we will construct the stable and unstable manifolds for (3), which are C!-
submanifolds of the phase space M defined in (75). Let u, € X be a steady state solution
of (3) satisfying Hypotheses 4. Throughout this section, the maps G and H from (29) and
(30) and the corresponding Nemytskii operators G and H are defined for the given u.. We
start with a simpler special case, proving the principle of linearized stability. Let s(—Aq)
denote the spectral bound of the generator — A of the semigroup 7'(-) on X¢ introduced in
31).

PROPOSITION 16. Assume that Hypotheses 4 holds and that s(—Ag) < —6 < 0. Then
there exists a constant p > 0 such that for allug € X, with lug —u«|p, < p and B(ug) =0
the solution u of (3) exists for all t > 0 and satisfies |u(t) — ux|1 < ce™% fort > 1 and a
constant not depending on t and uy.

Proof. Let p > 0, v € Xp, |volp < p, and Byvg = H (vp). We set

X(p) ={v € E1(8) : v(0) = vo, [vlg, ) < 2c2p0},

where ¢, the constant from (52) with P = I. We define L(v) = L(w(0), G(v), H(v))
for v € ¥(p), where L is given by (38) with O = 0 (and thus wy = vg in (39)). Note
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that Lv(0) = vo, H(v(0)) = H(vo) = Bxv(0), and [v(?)[, < collvllg, < 2coc2p =: 1.
Choosing p (and thus r) sufficiently small, we deduce from (52) and (55) that

Lvlig ) < c2 (Jvolp + 1GW) g5y + IH() Ir(s))
<cp+2ae@|vig @ = 2cp0.

Take v, w € X (p). Since H(v(0)) — H(w(0)) = 0 = v(0) — w(0), the estimate (52) and
Proposition 10 imply that

1Lv — Lwlg, ) < c2 (IGW) — G(w) gy + H(v) — H(w) g es))
< 2cn(p) lv — wllg, &),

where 1(p) is the supremum of ||G'(v)|| and ||H'(v)|| over v € Z(p). Since n(p) — 0
as p — 0 by Proposition 10, we can decrease p > 0 once more to establish that £ is a
strict contraction on X (p). So we obtain a fix point v = Lv € X(p), and thus a solution
u = v+ uy of (3) on Ry with

5
Mu(t) — uilp < llesvllpey:x,) < collvlle, @) < 2coc2p

for t > 0 using again (9). Proposition 15 further yields |u(t + 1) — uy|1 < c|u(t) — uslp
for ¢+ > 0 if we decrease p to obtain r < p. O

We now come to the main result of our paper, assuming that iR C p(Ap). We recall the
notation Xg = {z0 € X, : Byxzo = 0} and denote by B, (1) and B, () open balls in X,
and [E; (8), respectively. Recall that M = {ug € X, : B(up) = 0} is the solution manifold
of (3). Observe that the dimension of the unstable manifold constructed below is equal to
dimran(Q).

THEOREM 17. Assume that Hypotheses 4 and 7 hold with the dichotomy constant
8o > 0. Fix § € (0, 68p), and let P and Q denote the stable and unstable projections on
Xo for the semigroup T (-). Then there exist constants r > p > 0 and manifolds M and
M, located in M N B, (uy) which are C Lin X p and tangential to the affine subspaces
Uy + PX([)7 and uy + QXo, respectively, such that for all ug € M satisfying lug —uxl, < p
the following assertions hold.

(1) Ifug € M, then the solution u(t; ug) of (3) exists and |u(t; ug) — us|p < r for all

t = 0. Moreover, |u(t; ug) — usl1 < clup — uxlp e forallt > 1.

(i) Ifug ¢ Ms, then |u(t; ug) — usl|p > r for somet > 0.

(iii) Ifug € My, thenabackward solution u(t; ug) of (3) exists fort < 0, and it is the only
backward solution staying in B, (uy) for all t < 0. Moreover, |u(t; ug) — Uglp <7
and |u(t; ug) — ux|1 < ¢ |ug — uxlo e forallt < 0.

(iv) Ifug ¢ My, then any backward solution u(t; ug) either ceases to exist or leaves the
ball B, (uy) at some t < 0.
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(The constants ¢ do not depend on t or ug.) As a result, Mg (resp., My) is uniquely given as
the set of the initial values ug € M N B, (uy) of global forward (resp., backward) solutions
u(-; ug) with lu(t; up) — ux|p < r forallt > 0 (resp.,, t < 0). Thus Mg and M, are
invariant for (3) relative to B, (us) in the following sense: Let ug € Ms (resp., ug € My),
and let u(-; ug) be a solution of (3) on [0, t] ift > O oron [t, 0] ift < O staying in B, (us)
(where u(-; ug) has to be the solution from (iii) if ug € My andt < 0). Then u(t; ug)
belongs to M (resp., My).

Proof. Construction of the stable manifold M. Observe that (9) yields
@]y < @]y < colvllz, e, 120, (80)

since 8t > 0. Recall that PX, C X, by (37). Moreover, due to P = [ — Q and
ran(Q) C dom(Agp), we have PXg C Xg and thus PXg =ran(P) N X, Nker(B,). Let
N, p be the right inverse of B, = B'(uy) € B(X p» Yp) obtained in Proposition 5. Then the
operator I'(zgp, g, h) = (z0 + P./\/pyoh, g, h) maps PX?, X Eg(8) x F(8) into the space
Dp(8) = {(vo, g, h) € PX, x Eg(8) x F(8) : Byvo = h(0)} by (15) and

B.PN, = (B.—B.Q)N, =1 on Y,. 81

Note that Dp(5) is a closed subspace of X, x Eo(8) x () thanks to (18) and (15).
Proposition 8 and (52) say that the linear operator L defined in (38) is bounded from Dp (§)
to E1(8). We now introduce the Lyapunov-Perron map

Ly : PX(; x E{(8) - Ei1(8); Ls(zo,v) = v — L(z0 + PNyyoH(v), G(v), H(v)).
(82)

Since § > 0, we may apply Proposition 10 to deduce that L € CI(PX(,)7 x E1(8); E1(8))
and that £4(0, 0) = 0 and 3, L(0, 0) = I — LT (0, G'(0), H'(0)) = I hold. So the implicit
function theorem, see e.g., [13, Cor.15.1], yields numbers rg, pp > 0 and a Cl-map [ON
from PXg N B,,(0) C X, toB,,(0) C E1(8) such that ®4(0) = 0 and Ls(z0, Ps(z0)) =0
foreachzg € PX g N By, (0) and, moreover, v = ®(zp) is the only solution of the equation
Ls(zo, v) = 0 satisfying zg € Bj,(0) and v € B, (0). Due to Proposition 8 and (39), the
function v = ®4(zg) solves problem (28) with the initial value

vo :=v(0) =z + PNpH(v(O)) — /0 To(—s)0(G(v(s)) + ITH (v(s)))ds, (83)

where v(0) € X, and B,v(0) = H(v(0)) by (81). Therefore the function u(z; ug) :=
v(t) 4 uy solves (3) on Ry with the initial value ug = vy + us € M.

In view of decomposition (83), we define the map ¢ : PX 2 N By, (0) — ran(Q) by the
formula

¢s(20) = —/0 To(—s)Q(G(Ps(z0)(s)) + ITH (Ps(z0)(s)))dSs, (84)
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and the map ¥ : PXg N B,,(0) — PX, by the formula
¥s(z0) = PNpyoH(Ps(20)). (85)
So we can introduce the stable manifold
My = {us + 20 + 95(20) + $s(20) : 20 € PXY, |20l < p}.

where p € (0, po] is fixed later. We have already checked that Mg C M. The map @y is
C! from PX 2 to [E1 () so that Proposition 10 and the properties of the linear operators in
(84) and (85) show that the maps ¢5 and ¥, are C! from PX?, todom(Ag) and PX, C X,
respectively. The identities ¢5(0) = 95(0) = 0 and ¢,(0) = ¢,(0) = 0 follow from
®,(0) = 0, G(0) = 0, G'(0) = 0, H(0) = 0, and H'(0) = 0. As a result, M, is a C!
manifold in X, being tangent to PX(I)) at u,.

Proof of assertion (i). Let ug € Ms, vg = ug — us = zo + ¥5(z0) + ¢5(z0), and
v = ®y(z0). As noted above, u(t; ug) = v(t) + u, solves (3) on Ry with the initial value
ug. Estimate (80) further yields |u(z; ug) — uxlp < collvlg, (5 e~ % forr > 0. Observe that
20 = P(vo—N, H (v9)) = P(vo—N, Byvo) and thus |zg|, < ¢ |volp by (37), Proposition 5,
and (18). From @, (0) = 0 we infer that

lvlle ) < 1Ps(z0) — @5 (0)zollE, 5) + 1P (0)z0llE, 5) < clzolp <" lvolp.  (86)
If Jvg|p < p1, then the above inequalities yield
(3 1) — sl p < coc’ |ug — uxlpe™ < coc’pr =i 11

fort > 0. Asin Proposition 16 one deduces the exponential estimate in X, where one may
choose a small p; so that one can apply Proposition 15.

Proof of assertion (ii). Take an initial value ug € M with the corresponding solution
u = u(-; ug) of (3), and assume that

o —uxlp < p and  |u(t;ug) —uxlp <r fort>0 (87)

and some numbers p € (0, p1] and r € (0, r;]. We want to find sufficiently small p3 €
(0, p1] and r3 € (0, r1] such that (87) with p = p3 and r = r3 implies that ug € M. We
let v(t) = u(t; ug) — uy for t € Ry so that v solves (28) for the initial value vp = ug — ux
satisfying B,vg = H (vg). Let us assume for a moment that Claim 18 below is true. Then
Propositions 8 and 10 yield v = L(Pvg, G(v), H(v)) if p € (0, p2] and r € (0, r2].
We further set zo = P(vo — NpH(v9)) = P(vo — NpBsvg). Then zg € PX([), and
|zolp < cp by Proposition 5, (18), (37), and (81). Decreasing p if necessary, we thus
obtain |zgl, < po and hence there is a zero w = ®(z9) € E1(8) of Ly, ie,, w = L(zo +
PN, H(w(0)), G(w), H(w)) and w(0) + u, € M;. Possibly after choosing a smaller
p > 0,wealsohave |wl|g,®,) < r dueto(86). Moreover, B..(Pvo—zo— PN, H(w(0))) =
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H(v(0)) — H(w(0)) by (81). Propositions 8 and 10 and formulas (39) and (15) now imply
that

A

lv—wlg, = c¢(P@O0)—w(©0)+ QWO —w(O)I,+ [Gw) - Gw)llg,
+IIH(v) — H(w)llr)
c(|H@0) — Hw )y, + 1G@) — G(w)lg, + IH() — H(w)lr)

en(r) v — wllg,,

IA

IA

where 1(r) is the supremum of |G'(¢)| in B(E1, Ep) and |H'(¢)| in B(Eq, F) over ¢
with [|¢|lg,r,) < r. Decreasing r > 0 once more in (87), we see that v = w and so
iy +vg = uy + w(0) € Ms. Thus we have obtained the desired numbers p3 € (0, p;] and
r3 € (0,r1].

CLAIM 18. There are py € (0, p1] and ry € (0, r1] such that each solution u of (3)
satisfying (87) for some p € (0, pa] and r € (0, r2] already belongs to E1 (R4.).

Proof of the claim. We take o0 € (0,68] and T > 1, and we set J = [0, T']. The constants
below do not depend on o and 7', unless explicitly stated. The function v = u — u, solves
(28), and thus

Pv=T()Pvo+T()P % G(v) + T_; (-) P * [TH(v)

due to (34). Employing B,vyp = H(v(0)) and (37), we can argue as in the proof of
Proposition 8 in order to estimate

IPullg,s.—0) = ¢ ([Pvolp + IGW) gy, o) + IH@) £, -0))- (88)

Using the extension v(#) = 0for¢ > 2T and v(¢t) = 2 —t/T)v(2T —¢t)for T <t < 2T,
one obtains the estimates from (55) also on J with the weight e_, and a function ¢ not
depending on 7 > 1. We then deduce from (88), (87), (37), (55) that

A

IPvlE,(1,—0) < co+ce()vlE,J,—0)
cp +ce(r) (IPvlg,(4,—0) + 1 QVIIE,(J,—0))-

IA

Since £(r) — 0 as r — 0, we can take a small r to infer

| Pvllg,(s,—0) < co+ce() |QVE, (1, —0)- (89)

We recall that Q maps Xg in dom(Ag) C X and thus |Qu(t)|; < cr by (87), so that
e Qv e L,(Ry; X1). Proposition 6 further implies that
600 = e Q(—A_1v+ TIH(©®)) + e—; QG(v)
= —AoQe v+ (1 + Ag) ONie_oH(v) + Qe G(v). 90)
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By means of AgQ € B(Xop), |v(t)|p < r, Proposition 5 and (55), we estimate

1QVIEy(s.—0) < ¢ (le—oVlirg(s) + lle—aH@)IL,(1:17)) + lle—e G)lIry(r))
<c(o)r +ce(r)lle—ovliL,:x))

<c(o)r +ce(r) lle—s PvllL,;x)) - (C2Y)

Inserting this inequality into (89) and choosing a small » > 0 (not depending on J and o),
we arrive at the inequality || Pv||g, (s,—o) < cp +c(o)r. Hence, Pv € E1 (R, —0o) and, by
91), Qv € Eo(ry, —0). Asaresult, v € E{(Ry, —0) if r < r}, for a number r} € (0, ro]
independent of o. Now (89) yields

[PulE @ ,~0) < cp +ce() QU @), ~0)- 92)

Observe that the shifted operator —Ay — o satisfies Hypothesis 7. Thus we can transform
(34) into (38) with wg = Pvg from (39) (where g = G(v) and & = H(v)), and hence

Qv(t) = —/ To(t —5)Q(G(v(s)) + MTH(v(s))) ds,
1

thanks to (36), (87), and (55). This formula combined with (36), (55) and (92) leads to the
estimates

1QVllE,(—0) = cl1QVIIEy(—0) + 1QVIIEy(—0) (93)
< c(I1Qvllgy(—0) + IGW) g (o) + lle—a H@)IIL,®y:¥1))
< c(IGW)lgg(—o) + lle—cH@) L, ® 7))
< ce(r) lle—o QullL, @y x)) +ce(r) lle—s PullL, @y x))

< cp +cer) Qg (~o) -

Taking a small r > 0 independent of o € (0, 5], we see that sup, || Qv||g,(—o) is finite.
Fatou’s lemma then yields Qv € E (R), and so Pv € E;(R;) by (92). o

Construction of the unstable manifold M,. The arguments for the unstable part are
similar and somewhat simpler, so that we can omit some details. This time we employ the
Lyapunov Perron map

Ly:ran(Q) x Ey(R_, =8) — E;(R_, =8); Lu(z0,v) =v — L™ (20, G(v), H(v)),

cf. (49). Propositions 9 and 10 then imply that £, is a C! map, £,(0,0) = 0, and
02 L4(0, 0) = I. Hence, by the implicit function theorem, there exist balls B o (0) Nran(Q)
and IB,(/)(O) C E;(R_,—8) and a C! map o, : Bp(r)(O) — IB,(/)(O) such that v = ®,(z0)
is the unique solution of the equation £,(z0, v) = 0 for z¢ and v in these balls. Thus
u = ®y(z0) + u is the unique function in IB%,(/) (u4) solving (3) on R_ with the final value
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1o = v + Uy, see Proposition 9. We further define the map ¢y, : ran(Q) N Bp(’) 0) - PX,
by ¢u(z0) = YoPu(z0) — z0; that is,

0
du(zo) = / T_1(=s)P_1(G(DPy(z0)(s)) + TTH (Py(z0)(s)))ds.
Therefore v(0) = ®,(20)(0) = 2o+ ¢u(20), Pu is C' due to (9), ¢ (0) = 0, and ¢, (0) = 0.
We now introduce the unstable manifold

My = {ux + 20 + ¢u(z0) : 20 € ran(Q), |zolp < p}

for p € (0, py] to be fixed later. Clearly, M, is a C! manifold in X, tangential to u, +
ran(Q).

Proof of assertion (iii). Letug € My, z0 = Q(ug — us), and v = ®,(z9). Then
u(t; ug) = v(t) 4 u, solves (3) on R_ with the final value ug. As in part (i), we can deduce
that |u(t; uo) — uxlp < clup — uxlo e forr < 0, using (9), (86), and Q € B(Xy, X1).
Proposition 15 further yields |u(¢; ug)—u«l1 < ¢ |u(t—1; ug)—u4|p fort < 0(possibly after
decreasing p). This fact implies assertion (iii) for all numbers p € (0, p4] and r € (0, r4]
and some p4 € (0, p3] and r4 € (0, r3].

Proof of assertion (iv). Letu be abackward solution of (3)onR_ with |u(t) —us|, <r
fort < 0and |ug — u«|p < p. Asin part (ii) we have to show that v = u — u, € E;(R_)
provided that r, p > 0 are small enough. We take 0 < 0 < § and T < —2 and set
J = [T + 1, 0]. In what follows, the constants do not depend on ¢ and 7" unless otherwise
stated. The formula (34) yields

t

Pv(t)=Tk —T)Pv(T) +/ T(t—s)PG(v(s))ds
T

t
—}—/ T_1(t —s)P_1ITH(v(s))ds
T

for T <t < 0. Arguing as in (43) and using (55), we estimate

A

[PVl (1.0) = c(r +11GWIEy(1,0) + IH®)E,0))
cr +ce(r) [|Pvllg,.0) + ce(r) | Qullg, .0) »
IPVllE,(s,0) = cr+ce) 1Qvlg o) - (94)

IA

taking a small r independent of J and o. We further have |Qu(¢)|; < cr fort < 0, and so
es Qv € Lp(R_; X1). Asin (90) and (91), one obtains

les QVIL,1:x0) < c(o)r +cer) lleg PullL,:x))-

So we conclude that v € Ej(R_, 0) if 0 < r < r5 where 0 < r5 < r4 is sufficiently small
and does not depend on o. Thus we can transform (34) into the form (49) with Pvg from
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(47), and so

0
Qv(t) =T () Quo — f To(t —5)Q(G(v(s)) + ITH (v(s))) ds,
1
thanks to (36), [v(#)|, < r, and (55). We argue as in (93) in order to deduce

| OvlE, (R o) < cp +cr +ce(MQVllE,®&_.0)-

Taking a small o—independent r¢ € (0,rs], we obtain a o—independent bound on
| QvllE,(®_,0). So Fatou’s lemma yields Qv € E;(R_), and (94) implies Pv € E;(Ry).
The theorem follows fixing sufficiently small p € (0, p4] and r € (0, r¢]. O

6. A reaction diffusion system

In this section we study a quasilinear reaction diffusion system for two species | and u»
on a bounded domain Q C R” with C? boundary 32 and outer unit normal v. The validity
of (E) and (LS) was established in [5] for large classes of reaction diffusion systems of
second order. Here we concentrate on a simple situation where we can give more explicit
criteria for the hyperbolicity condition iR C p(Ap) from Hypothesis 7. For the unknown
function u (¢, x) = (u1(t, x), us(t, x)) € R? we consider the problem

oru; (t, x) — div[d; (u(t, x))Vu;(t,x)] = ri(u(t,x)), t>0 xe€,i=1,2,
di(u(t, x))opu;(t, x) — qi(ui(t,x)) = b?(x, u(t,x),Vu(t,x)), t>0, x €9,
u,x) = uplx), xe, 95)

where di € C2(R*;R), ¢; € C*R;R), r; € C'R%;R), and b € C2(IQ x R? x
RZ"; R) for i = 1,2. We work with real valued functions in this section, considering
the complexification if necessary (in particular when applying the results of the previous
sections). We assume that there is a vector uy = (U1, Us2) € R? such that

di(us) >0,  ri(uy) = qi(ue) = b (x, 4, 0) =0,  d2.3yb? (x, tt, 0) = 0

fori = 1,2 and x € 9. Thus the constant function u, is a steady state solution of
(95). Moreover, (95) contains conormal boundary conditions combined with the nonlinear
source terms ¢; (¢;) and the additional fully nonlinear perturbations b? which vanish at the
equilibrium. Letd = diag(dy, d2), r = (r1,12), ¢ = (q1, q2), b° = (bY, bY). Then we can
transform (95) into the form (3) by setting

Aw)v = —d(u)Au, b(w)=dwm)(v-Vui,v-Vuy) —qu) — b0(~, u,Vu),

i

Fu) =r(u) + [Z(d5<”> +0j10) 31‘”"] —12
j=1 ’
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where x - y denotes the standard scalar product in R2. Since Vu, = 0, we obtain
Ay = —du)A — r/(u*) and By = d(uy)d, — q/(u*),

cf. (27). Tt is clear that (R) holds. Moreover A(uy) and B, = B’(us) satisfy (E) and
(LS) due to [5, Prop.4.3] (or a straightforward direct calculation). Setting d; (uy) = §;,
ql.’(u*i) = Bi,and r'(uy) = [riy] fori = 1, 2, the operator A9 = Ay |ker(B,) in X is given
by

A= SiA+rn 12
r21 A +7120

Di={veWy(Q):dv=p88"v}, i=12

) s dom(Ag) = D) x D,

We now want to study the spectrum of A in terms of the operators C; (1) = §; A+rj; — X
in X with domain D;, where i = 1,2 and A € C. Since the case rp; = 0 is rather simple
we restrict ourselves to the case rp; # 0. Observe that Ag has compact resolvent. Suppose
that X is an eigenvalue of — A with eigenvector (v, v2) € dom(Ag). Then we have vy # 0,
Cr(M)vy = —rp1v1 € Dy, and

r21C1(M)v1 +raripv2 =0, 21C1(M)vr + C1(A)Cr(M)v2 = 0.

As a result, C1(A)Ca(A)vy = riarp1v2. Conversely, let va € dom(Ci(A)Ca(1)) = {v €
D, : C2(A)v € Dy} be an eigenvector of C1(1)Ca () with the eigenvalue 712721, for some
. Then we set v = —r{]lCQ(A)vz € Dy, obtaining an eigenvector (v, v2) of —Ag for the
eigenvalue A. So we have shown that

o(—Ag) ={r € C:rpara1 € 0p(C1(M)C2(M))).

This equation becomes much simpler if we assume in addition that Dy = D, =: D. For
instance, this equality is true if g| (u+1) = g5 (us2) = 0. Let ,, n € No, be the distinct
eigenvalues of the Laplacian Ap with the domain D and set

M — <5lﬂn+r11 ri2 )
! 21 Sopn+rn/)’

Note that the spectrum of Ag on Xog = L p(SZ)2 does not depend on p € (1, oo) since the
resolvent is compact. Moreover, Ap is self adjoint on L, (€2), so that u,, isreal, u, — —o0,
and w,+1 < Wn. Then one easily obtains that

o(=A) =, oM.

In order to satisfy Hypothesis 7, we thus have to ensure that none of the matrices M,,,
n € Ny, has an eigenvalue on iR. One obtains a purely imaginary eigenvalue of M, if
and only if either det M;, = 0O for some n € Ny, or trM,, = 0 and det M,, > O for some
n € Np. Moreover, there is an eigenvalue of — A with strictly positive real part if and only
if s(My) > 0.
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