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Ergodicity for a weakly damped stochastic non-linear
Schrodinger equation

ARNAUD DEBUSSCHE and CYRIL ODASSO

Abstract. We study a damped stochastic non-linear Schrodinger (NLS) equation driven by an additive noise. It is
white in time and smooth in space. Using a coupling method, we establish convergence of the Markov transition
semi-group toward a unique invariant probability measure. This kind of method was originally developed to prove
exponential mixing for strongly dissipative equations such as the Navier-Stokes equations. We consider here a
weakly dissipative equation, the damped nonlinear Schrodinger equation in the one-dimensional cubic case. We
prove that the mixing property holds and that the rate of convergence to equilibrium is at least polynomial of any
power.

Introduction

The non-linear Schrodinger (NLS) equation models the propagation of non-linear
dispersive waves in various areas of physics such as hydrodynamics [24], [25], optics,
plasma physics, chemical reaction [16]. ..

When studying the propagation in random media, a noise can be introduced. For instance
in [9], [10], the cubic nonlinear Schrédinger equation with additive white noise and damping
is introduced. There, the propagation of waves over very long distance is studied. Damping
effect cannot be neglected in this case and has to be counterbalanced by amplifiers. The
white noise is a model for the description of the randomness in these amplifiers. Such model
is valid if the distance between amplifiers is small compared to propagation distance.

Our aim in this work is to study ergodicity for this type of equation. We consider the
one-dimensional case with cubic focusing nonlinearity. It has the form

du + au dt —iAu dt —i|lul>u dt = bdW,
u(t,x) =0, for x € {0, 1}, ¢ > 0, 0.1)
u(0, x) = ug(x), for x € [0, 1],
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where o > 0. The unknown u is a complex valued process depending on x € [0, 1] and
t > 0. Dirichlet boundary conditions are considered but we could also use Neumann or
periodic boundary condition.

Existence and uniqueness of solutions for (0.1) is not very difficult to prove using straight-
forward generalization of deterministic arguments. Note that the damping term is necessary
to have an invariant measure. Indeed, if « = 0 and b # O then the L? (0, 1) norm grows
linearly in time.

The Complex Ginzburg-Landau (CGL) is also a form of dissipative NLS equation. The
exponential mixing of the stochastic CGL equation has been establish in [14] in a particular
case and in [26] in the general case. The method was inspired by the so-called coupling
method. This method has been introduced in [3], [14], [19], [20], [21], [23] and [27]. In
all these articles, a strongly dissipative stochastic partial differential equations driven by
a noise which may be degenerate is considered. Due to the possible degeneracy of the
noise Doob Theorem cannot to be applied (see [5] for the theory of ergodicity when Doob
Theorem can be applied). Indeed, it requires the strong Feller property, which can be proved
only when the noise lives in a space of spatially irregular functions, which is clearly not
true for a degenerate noise. The main idea is to compensate the degeneracy of the noise by
dissipativity arguments, the so-called Foias-Prodi estimates. Roughly speaking, the process
can be decomposed into the sum of a strongly dissipative process and another one driven
by a non-degenerate noise. The strongly dissipative part is treated as in [4] Section 11.5,
while the non-degenerate part is treated thanks to probabilistic arguments. The difficulty
is of course in the fact that the two parts of the process do not evolve independently so
that the two methods have to be used simultaneously. The probabilistic part can be treated
either by a generalization of Doob Theorem (see [8], [15], [18]) or by coupling argument
(see [19], [20], [21], [23]). Each method has its advantages. The first one allows treating
very degenerate noises while the coupling method proves also exponential convergence to
equilibrium.

In the case of the NLS equation, it seems hopeless to use Doob Theorem. Indeed, due
to the lack of smoothing effect of the deterministic part of equations, only spatially smooth
noises can be treated (see [6], [7]). Note that this equation is not strongly dissipative,
indeed the eigenvalues of the linear part do not grow to infinity. However, it is known that
Foias-Prodi type estimates hold for the deterministic damped NLS equation (see [13]) and
we will see that these can be generalized to the stochastic case and it is reasonable to think
that the above ideas can be generalized.

In this article, we show that the method based on coupling argument is applicable.
However it requires substantial adaptations. For instance, contrary to the strongly dissipative
case treated in the above-mentioned articles, we are only able to prove a weaker form of the
Foias-Prodi estimates. Indeed, here, we prove that it holds in average and not path-wise.
This causes many technical difficulties when trying to use the coupling method. Moreover,
another important ingredient in the argument is an exponential estimate on the growth of
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the solution, which we are unable to prove in our case. This is due to the fact that the
Lyapunov structure is more complicated here. It is not a quadratic functional. We only
prove polynomial estimate on the growth of the solutions and it results that we can only
prove that convergence to equilibrium holds with polynomial speed at any order. Thus, we
develop a general result, which gives sufficient conditions for polynomial mixing.

Note also that a crucial step in [21] is the fact that the probability that a solution enters
a ball of small radius is controlled precisely. This fact is still true for the damped NLS
equation considered here. However, its proof is more difficult than in the case of the
Navier-Stokes equations (see Proposition (2.6) and Section 4 hereafter).

The remaining of the article is divided into four parts. First, we give the notations, and
state our main result. Its proof is given in Section 2. Section 3, 4 and 5 are devoted to the
proofs of intermediate results.

1. Notation and Main result

We set

A=—A, D(A)=Hj©0,1)NH*O,1)
and write problem (0.1) in the form

du + au dt +iAu dt — iju|>u dt = bdW, (1.1)
u(0) = uo, (1.2)

where W is a cylindrical Wiener process on L?(0, 1) and b is a linear operator on L0, 1).

We denote by (14,,), the increasing sequence of eigenvalues of A and by (e;,),en the asso-
ciated eigenvectors. Also, Py and Q are the eigenprojectors onto the space Sp(ex)1<k<n
and onto its complementary space. Recall that for s > 0, D(A%/?) is a closed subspace of
H*(0, 1) and that || - || = |A*/% - [£2(0.1y 1s equivalent to the usual H*(0, 1) norm on this
space. Moreover

D(A*/?) = {u = Zukek e L*0,1)

keN

5.2 5.2
Z,u,iuk < oo} and |lully = Z,u,iuk.

neN neN

We denote by | - |, | - |, II]| the norms of (0, 1), L”(0, 1), H] (0, 1).
The operator b is supposed to commute with A, therefore it is diagonal in the basis
(en)nen and we have

be, = bye,.
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We assume that b is Hilbert-Schmidt from L2(0, 1) with values in D(A3/2). For any
s € [0, 3], we set

9]
— 1pI2 _ 532
BS - |b|£2(L2(0,]),D(A‘V/2)) - Z,bbnbn
n=0

To study ergodic properties, we assume that there exists N, such that
b, > 0, forn < N,. (1.3)

The Hamiltonian plays an important role in the study of the nonlinear Schrodinger
equation. It is a conserved quantity in the absence of noise and damping. It is given by

1 2 1 4 1
Ha() = S lIvll” = Zlvly. v € Hy (0. 1).

In our study, it is the basic tool to derive a priori estimates. Recall that the Gagliardo-
Nirenberg inequality gives a constant cp > 0 such that

1 C
ol < 7 ol + 3°|v|6, ve HL (O, 1).

It follows that, setting

1 2 1 4 6
H=§|I-I| —ZI-I4+Co|-I,
we have
1 2, 14 <o 6 1
H) = levll +Z|v|4+7|vl , v e HyO,1). (1.4

In our computations, we will also use the following quantities which involve the k"
power of the energy:

t
Eux(t,s) = H@(®) + ak / Hu(o)kdo, 1 = s,

when there is no ambiguity we set E,, x(¢) = E, r (¢, s).
In the following, «, B for s € [0, 3] are fixed. All the constants appearing below may
depend on them as well as on A, b. .
Well-posedness of equations (1.1), (1.2) is easily proved. Indeed, let S() = e 14/~
t € R, be the group generated by the linear equation. We look for a mild solution, that is
a process u with paths in C(R™; HO1 (0, 1)) satisfying

t t

u(t) = Stuog + i/ St — s)|u(s)|2u(s)ds +/ St —$)bdW (s).
0 0
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Since (S(#));>0 is a contraction semi-group on HO1 (0, 1) and the linear term is locally
Lipschitz, local in time existence and uniqueness is straightforward. Note that fot St —s)

bd W (s) lives in D(A%). An a priori estimate is obtained thanks to Ito formula applied to
‘H and thanks to (1.4). This use of Ito formula is not rigorous since Au is not sufficiently
smooth. However, an approximation argument can be used to prove rigorously this point.
For instance, the initial data can be approximated by a sequence in D(A) and it is classical
that if the initial data is in D(A) then the solution is continuous with values in D(A).

Note that in the following and especially in Section 4 and 5, several computations are not
rigorous due to the lack of regularity of the solutions. The same approximation argument
should be applied.

By classical arguments, the solutions are strong Markov processes. We denote by
(Pt);er+ the Markov transition semi-group associated to the solutions of (1.1).

Also, given a Banach space E, the space Lip,, (E) consists of all the bounded and Lipschitz
real valued functions on E. Its norm is given by

el = ll¢llco + Ly, @ € Lip,(E),

where || - || is the sup norm and L, is the Lipschitz constant of ¢. The space of probability
measures on E is denoted by P(E). It can be endowed with the metric defined by the total
variation

I 4llvar = sup {lu(M)] | T € B(E)},

where we denote by B(E) the set of the Borelian subsets of E. It is well known that |||y
is the dual norm of |.|». We can also use a Wasserstein type norm

lllw = sup / @(u)dpu(u)
@€eLip, (E), el <1 IVE
which is the dual norm of || - ||. We also use the notation D(Z) for the distribution of a

random variable Z.
The aim of this article is to establish the following result

THEOREM 1.1. There exists Ny such that, if (1.3) holds with N, > Ny, then there
exists a unique stationary probability measure v of (P;);cp+ on HOl (0, 1). Moreover, for
any p € N\{0}, v satisfies

/ ull*” dv(u) < oo, (15)
HI(0,1)
and there exists Cp, > 0 such that for any u € 77(H01 ©, 1))

0©

1P —viw <Cp(1+1)77 (1 +/Hl Y Ilullzdu(u)> : (1.6)
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REMARK 1.2. Note that the existence of a stationary measure is a byproduct of the proof
of the mixing property. It could be proved directly by the standard argument involving the
Krylov-Boboliubov theorem. However, this would require more a priori estimates on the
solutions of the stochastic nonlinear Schrodinger equation.

REMARK 1.3. Given a polish space (E,dg), a common definition for the family
(Wp (-, ) pef1,00) of Wasserstein metrics is as follows

1
Wp(w, A) = inf (/ dp(x, y)? P(dx, dy)>1 forany p €[l, o),
E?

where the infimum is taken over all probability measures P on E2 whose marginals are A
and w.

When (E, ||-|| g) is a separable Banach space, we can define a metric on £ by dg(x, y) =
lx — yllg A 1. Then (E, dg) is a polish space. In this case W is equivalent to ||-||y. We
have chosen not to use the notation W, because it might lead to some confusion with the
usual notation W for a Wiener process.

The proof of our result is based on coupling arguments. These arguments have initially
been used in the context of stochastic partial differential equations in [19], [20], [21], [23] .
The main difficulty here is that the nonlinear Schrodinger equation is not strongly dissipative
and several modifications are needed.

The strategy is the following. If the noise is non-degenerate, we observe that starting
from different initial data u(l), u%, Girsanov transform can be used to show that there exists
a coupling (uy, uy) of the law of the solutions u(-, u(l)), u(-, u%) such that, for some time 7',
u1(T) = uy(T) with positive probability. Iterating this argument, exponential convergence
to equilibrium follows (see Section 1.1 in [26]). Here, as well as in the references above,
the noise is assumed to be non-degenerate in the low modes only ¢, 1 < k < N, and
this argument gives a coupling such that Py, u1(T) = Py, u>(T) with positive probability.
Another ingredient is used. It is based on the observation that if two solutions are such that
their low modes have been equal for a long time then they are very close (see Section 1.1 in
[26]). In the case of a parabolic equation, this is known as Foias-Prodi estimate. This can
be generalized to dispersive equations such as the Schrodinger equation considered here.
In [13] this has been used to prove a property of asymptotic smoothing in the deterministic
case.

The main difference with the result in the parabolic case is that we are not able to prove a
path-wise Foais-Prodi estimate, we only prove that this property holds in average. We need
to introduce a substantial change in the construction of the coupling. (See Remark 2.12).
Moreover, here we only get polynomial convergence to equilibrium. This comes from the
fact that the Lyapunov functional adapted to the nonlinear Schrédinger equation is more
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complicated, it is not a quadratic functional. We are not able to get exponential estimates
on the growth of the solutions.

2. Proof of Theorem 1.1

We define G by
D(G) = D(A), Gv=av+iAv,

and set

X =Pyu,Y=0nu, B=PyW,n=0nW,
o) = Py,bPy,, o), = ON,DON,,

fX,Y) =—iPy, (X +YA(X 4+ Y)),

g(X,Y) = —iQn,(IX + Y (X +Y)).

Then the nonlinear Schrédinger equation has the form

dX +GXdt + f(X,Y)dt = o,dB,
dY + GYdt + g(X,Y)dt = opdn, 2.1)
X(0) =x9, Y(0) = yo.

Clearly (1.3) states that oy is invertible. We set

oo = |lo; 0. (2.2)

1,—1

lecpy, 200y =
Given two initial data u’O = (xé, yé), i = 1,2, we will construct a coupling (u1, uz) =
(X1, Y1), (X3, Y2)) of the laws of the two solutions u(-, uf)) = (X(, uf)), Y(, ué)),
i = 1,2, of (2.1). Recall that (u1, up) is a coupling of the laws of u(-, uf)), i =1,2,
if the distribution of u; is the distribution of u(-, ug).

In fact we are going to construct a coupling (Vi, Vo) = ((u1, Wp), (uz, Wp)) of
{D((u(~,u6), W))}i=12 such that X; = Py.u;, n; = Qn,W; satisfy good properties.
More precisely, we want that X| = X, and n; = n, for as many trajectories as possi-

ble. Clearly, we obtain a coupling of D(u(-, u(l))) and D(u(-, u%)) . Since the noise may
degenerate in the equation for Y, we are not able to require that u; = u,. The difference
between Y1 = On,u; and Y = Qn,u» will be controlled thanks to a Foias-Prodi estimate.
Note that W is a cylindrical process in L?(0, 1) and does not live in L2(0, 1). This is not
a problem. Indeed, it is well-known that W € C (RT; H1(0, 1)) a.s. and we consider its
distribution in this space.

We define an integer valued random process Iy which is particularly convenient when
deriving properties of the coupling:

lo(k) = min{l € {0, ..., k}| Pix holds},
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where min ) = oo and

Xi1() =Xo(t), m@) =m@), VielT kT],
(Prk) { Hi = do,
Ey4(t,IT) <k +1+4dj+dS+ Bt —IT), Vte[T kT], i=1.2,

where we have set
Hi = Hui(kT)) + H(uz(kT)).

We say that (X1, X») are coupled at kT if [o(k) < k, in other words if [y (k) 7#~ oo.
The coupling constructed below will be such that, for any g € N\ {0}, the following two
properties hold

{Eldo, k, B, T, > 0 suchthatforany! <k, T > T,, 23)

Plotk+1) #1 | o) =1) < 3 (1 + Kk —DHT)™.

This says that the probability that the trajectories decouple is small. Moreover, the longer
they have been coupled, the smaller this probability is.
The second property is that, for any Ry, dp > 0,

2.4)

3 T*(Ro, dp) > 0 and p_;(dp) > 0 such that for any T > T*(Ry, dp)
Plotk+1) =k+1|lok) = 00, Hk < Ro) > p—1(do).

In other words, inside a ball, the probability that two trajectories get coupled is bounded
below.

The construction can be done by induction. Ateach step, we construct a probability space
(0. Fo. Py) and ameasurable couple of functions (wo, uj, u) — (V;(-, uf, u3))i=1,2 such
that, forany (u), u3), (V; (-, uj, u3))i=1,2 is a coupling of {D((u(-, uh), W))}i=1,20n [0, T1.
Recall that the processes (V;);=1 2 livein the space C (0, T'; H(} 0, 1)xC(,T; H~10, 1)).
We first set

ui(0)y=uh, W;(0)=0, i=12.

Assuming that we have built (u;, W;);=12 on [0, kT], then we take (V;);=12 as above
independent of (u;, W;);=12 on [0, kT] and set

(ui (kKT +1), Wi (kT +1)) = Vi(t, ur (kT), uz(kT))

forany r € [0, T].

The construction of (V;);=1,2 depends on whether lp(k) < k or lp(k) = oo. The two
cases are treated separately in Section 2.5. We first state and prove the Foias-Prodi estimates
and give some a priori estimates. We then recall some results on coupling and give a general
result implying polynomial mixing. Sections 3, 4 and 5 are devoted to the proof of some
results used in the course of the proof.
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2.1. The Foias-Prodi estimates

We define for any (uy, ua, r) € HJ(0, 1)

1 1 _
Jewr,uz, 1) = 5 )% — 1 /[0 1]((|u1|2 + lua )71 4 R (g + un)i))?)dx,

where M(z) is the real part of the complex number z, and

2
Jui,uz,r) = Jo(uy, uz, r) + ci (ZH(W)> 2.

i=1

We infer from the Sobolev Embedding H L0, 1) c L(0, 1) that there exists ¢ > 0 such
that

/ ((u1? + w2 r* + (@ + u))Hdx < c(urll* + lluzl®)Ir|.
[0,1]
Therefore, by (1.4), there exists ¢; > 0 such that
1 2
J(ul,uz,r) 2 Z”r” .

We set

2
Lt up) =14 ) Hup)*.
i=1

For N > 1, given uy, us, two solutions of (1.1), we define Jg, = JI{}I’J(ul, uz) by

t
J,%(t) = J(u1(t), uz(t), r(t))exp | 2at — ;A / [(uy, up)ds |,
Pyt "
where r = u1 — uy. The following result will be proved in Section 5. It is the Foias-Prodi
estimates adapted to the nonlinear Schrodinger equation. It states that two solutions having
the same low modes are close. The main difference with similar results in the parabolic
case is that we are not able to derive a path-wise estimate. Moreover, we introduce a slight
generalization to allow the perturbation of the Wiener process by a drift in the low modes.
This generalization is essential in our argument below.

PROPOSITION 2.1. For any ko > 0, there exists A > 0 depending only on ko such
that for any N € N\{0}, we have the following property:
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Let Wi, W3 be two cylindrical Wiener processes and h be an adapted process with
continuous paths in Py L*(0, 1). Let uy be a solution in C(0, T'; HO1 O, 1) of

{dul + au; dt +iAuy dt —iluy|Puy dt = bdW, + hdt,
u1(0) = ug,

and uy be the solution of (1.1), (1.2) for ug = u(z) and W = W,. Let T be a stopping time
and assume that

Pyuy = Pyuz, QOnW1=Q0nWo0n|0,1], (2.5
and

IR@)1* < kol (w1 (1), u2(1))** on [0, 71, (2.6)
then we have

E(JPp(u1, u2)(t A T)) < J (), uf, ro), t >0, 2.7
where ro = u(]) — u%.

We deduce a very useful Corollary.

COROLLARY 2.2. For any B, dy, k9 > O, there exists N1(B, ko) and C*(dy) such
that, with the notations of Proposition (2.1.), if (2.5) and (2.6) hold with N > N, and for
some p > 0,

Eya(t) < p+14+df +dS+ Bt on[0, 7], fori =1,2, (2.8)

then for any u(l), u% such that doy > 21‘2:1 H(uf)) and for any a € R,

P (I|r(T)|| > C* (dp) exp (a - %T + p) and T < r) < exp (—a — %T) .
Moreover, there exists ¢ > 0 such that

C*(do) < cdoe™s.

Then, integrating (2.7) in Proposition (2.1) and applying the inequality

14 x < Cse®® forany x > 0,

we obtain the following result which, in Section 3, ensures that the Novikov condition holds
and allows the use of the Girsanov Formula.
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LEMMA 2.3. For any B, dy, ko > 0 and any a € R, there exists N>(B, kg, a) and
C**(dy, B) such that, with the notations of Proposition (2.1), if (2.5) and (2.6) hold with
N > N and (2.8) holds for some p > 0, we obtain that for any T

T
P (/ L1 (s), uz()) Ir()II*ds > C*(do, B) exp (a — %T + p) and T < r)
T
a
< exp (—a — 5T> .
provided dy > Z?:l H(ul)) holds. Moreover, there exists ¢ > 0 such that

C**(do, B) < C(B)doe".
We set
No = max (N1, Np). (2.9)

2.2. A priori estimates

We first give an estimate proven in Section 4 on the growth of the solutions of the stochastic
nonlinear Schroédinger equation.

PROPOSITION 2.4. Assume that u is a solution of (1.1), (1.2) associated with a Wiener
process W. Then, for any (k, p) € (N\{0})?, there exists C, and Ky, depending only on
k and p such that for any p > 0and 0 < T < 00

P( sup (Eu 1 (1) — Cpt) = H(uo)* + p(Hwo)* +T)) < Ky pp ™",
tel0,T]

P( sup (Eyi(r) — Cpt) > Huo)* + Hwuo)* + 1+ p) < Ky p(o + T)7P.

te[T,00)

The following result uses the Hamiltonian as a Lyapunov functional and is also proven
in Section 4.

LEMMA 2.5. There exists Cy > 0 such that for any k € N\{0}, for any t € R™ and for
any stopping time T

{E (H(u(t, MO))k) H(ug)ke 2kt 4 %
E (H(M(‘L’, uO))klr<oo) H(Mo)k + CrE(t17 <00).

The following result states that we control the probability of entering a small ball.

=
=

PROPOSITION 2.6. For any Ry, Ry > 0, there exists T—_1(Ro, R1) > 0 and
w_1(Ry) > 0 such that

P(H(u(t, uh)) + Hu(, ud)) < R1) > 7-1(Ry),
provided H(ub) + H(u3) < Roandt > T_1(Ro, Ry).
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2.3. Basic properties of couplings.

Let (1, n2) be two distributions on a same space (E, £). Let (2, F, IP) be a probability
space and let (Z1, Z;) be two random variables (2, F) — (E, £). Recall that (Z;, Z3) is
a coupling of (w1, u2) if u; = D(Z;) for i = 1, 2 and that we have denoted by D(Z;) the
law of the random variable Z;.

Let u, n1 and o be three probability measures on a space (E, £) such that u| and o
are absolutely continuous with respect to . We set

d d
Ay A po) = (ﬂ A ﬁ) dp.
du du

This definition does not depend on the choice of 1 and we have

1
ler — pallvar = E/E

Remark that if ] is absolutely continuous with respect to u», we have

1 dur\*
lper — p2llyar < = — | dpuz2 — 1. (2.10)
2 dpr

Nextresultis a fundamental result in the coupling methods, the proof is given for instance
in the Appendix of [26].

d d
M1 M2 d

du du

LEMMA 2.7. Let (i1, i2) be two probability measures on (E, ). Then

1 = p2llyee = minP(Zy # Zs).

The minimum is taken over all couplings (Z1, Z2) of (u1, mu2). There exists a coupling
which reaches the minimum value. It is called a maximal coupling and has the following

property:
P(Zi =2Z3,Z1 €T) = (u1 Aup)() foranyT € &.
We also use the following result which is lemma D.1 of [23].
LEMMA 2.8. Let u1 and y be two probability measures on a space (E, E). Let A be

an event of E. Assume that ,uf = u1(A N.) is equivalent to /Lf = u2(AN.). Then for
anyp>land C > 1

1 1
di " 2 1 w1(A)P\ r-1

/ 11 dus < C < oo implies (m/\m)(A)>(1_ )( 1(A) )p .
A duz > _p
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Next result is a refinement of Lemma 2.7 used in [23] (see also Proposition 1.7
in [26]).

PROPOSITION 2.9. Let E and F be two Polish spaces, fo: E — F be a measurable
map and (1, w2) be two probability measures on E. We set

V[Zf(;k/Li, i=1,2.

Then there exist a coupling (Vi, V) of (1, o) such that (fo(V1), fo(V2)) is a maximal
coupling of (v, vp).

2.4. Sufficient conditions for polynomial mixing

We now state and prove a general result which allows to reduce the proof of polynomial
convergence to equilibrium to the verification of some conditions. This resultis a polynomial
version of Theorem 1.8 of subsection 1.3 in [26] which gives sufficient conditions for
exponential mixing.

We are concerned with v(-, (ug, Wo)) = (u(-, uo), W(-, Wp)) a couple of strongly
Markov processes defined on Polish spaces (E, dg) and (F, dr). We denote by (P;);c; the
Markov transition semigroup associated to u, where I = Rt or TN = {kT, k € N}. We
are also given a real valued function H defined on E.

We consider for any couple of initial conditions (vé, v%) a coupling (vy, vp) of
{D(v(, v(l))), D(v(-, v%))}. We write v; = (u;, W;). Letlp : N — N U {oo} be a ran-
dom integer valued process which has the following properties

lo(k + 1) = [ implies lo(k) =1, forany ! <k,
lo(k) €{0,1,2,...,k} U {oo},

lo(k) depends only of vy |[o,x7] and v2|[0,k7],
lo(k) = k implies Hy < dp,

@2.11)

where
He = Hui1(kT)) + Hua(kT)), H: E — RT,

and dg > 0.
We now give four conditions on the coupling. The first condition states that when (vy, v2)
have been coupled for a long time then the probability that (11, u2) are close is high. It will
be a consequence of the Foias-Prodi estimate.
{There exist cop and ¢ > O such that forany ¢t € [IT, kTN 1 2.12)
P(deui(t), uz(t)) > co(t —IT)"% and lo(k) < 1) < co(t —IT)™,
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The next two properties are exactly (2.3) and (2.4).

3 (Pr)keNs ¢1 > 0, go > 1+ ¢ such that,
Potk +1) =1 |lo(k) =1) = pr—y, forany [ <k, (2.13)
1 —pr <ci((k+1)T) 9, p; > 0 forany k € N.
There exist p_1 > 0, Ry > 0 such that 2.14)
Plotk+1) =k +1|lp(k) = 0o, Hk < Ro) > p-1- '

The last ingredient is the so-called Lyapunov structure and follows from Lemma 2.5. It
allows the control of the probability to enter the ball of radius Ry. It states that there exist
K and K’ constants such that for any initial data vy and any stopping time 7’ taking values
in {kT, k € N} U {oo}

{EH(U(I, v0))
E(H(U(l’l, vo)) 1 co0)

The process V = (v, v2) is said to be [p—Markov if the laws of V (kT + -) and of
lo(k+-) —k on {lp(k) € {k, oo}} conditioned by Fjr only depend on V (kT) and are equal
to the laws of V (-, V(kT)) and [y, respectively.

In this article, we construct a coupling (u;, W;);=12 of two solutions which is [p—Markov
but not Markov. We could modify the construction so that it is Markov at discrete times
TN = {kT, k € N}. However, it does not seem to be possible to modify the coupling to be
Markov at any times. As shown below, the following result implies Theorem 1.1. Its proof
is given in Section 3.

e Hv) + &, >0,

K'(H(vo) + E(t'11<00)). (2.15)

=
=

THEOREM 2.10. Assume that for any (u(l), WOI), (u%, Wg) there exists a coupling
V = (vi,v2) of the laws of (u(-,ul), W(-, WD) and (u(-,u3), W(-, W3)) which is lo—
Markov and satisfies (2.11), (2.12), (2.13), (2.14) and (2.15) with Ry > 4K and Ry > d.
Then there exists c4 > 0 such that, for any ¢ € Lip,(E) and any u(l), u% ek,

Ep(u(t, u)) — Ep@u(t, ud))| < ca (1 4+ ol (1 + H(ud) + Hwd)). (2.16)

COROLLARY 2.11. Under the same assumptions as Theorem 2.10, there exists a
unique stationary probability measure v of (Py)ier on E. It satisfies,

K
/ H(w)dv(u) < —. 2.17)
E 2

Moreover for any u € P(E)

1PFp —vilw <2ca (141)71 <1 +f H(u)du(u)) ) (2.18)
E
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To prove Theorem 2.10, we first note that it is sufficient to prove that, for any initial data
u(]) and u%, the coupling satisfies

P(dg (ui(t), uz(t)) > c3(1+ 077 < c3(1 40791+ H(ug) + H(up)) (2.19)

where, as above, v; = (u;, W;). Indeed we have, since (u1,up) is a coupling of
(D, ub)), D, ud)},

Epu(t, ul)) — Epu(t, u}))| = [Egui(t)) — E(pua(1)))]
< Lycs(1+ )79 4+ 2)l9llccP(dE (u1 (1), ua(t)) > e3(1 +1)77)
< Lycz(1+ )79 4+ 2)l¢llooc3 (1 + )79 (1 + H(u)) + Hu3))

so that (2.16) follows. The existence and uniqueness of a stationary measure is then straight-

forward. Moreover, (2.18) is an easy consequence of (2.16) and (2.17) follows from (2.15).

2.5. Construction of the coupling
We first state the following result.

PROPOSITION 2.12. There exists a measurable map

@ : C((0, T); Py, Hy (0, 1)) x C((0, T); Qn, H'(0, 1))
x Hj(0,1) — C((0, T); On, Hy (0, 1)),

such that for any (u, W) solution of (1.1) and (1.2)
Y = &(X,n,uo) on [0,T], where X = Pyu, Y = Qn,u, n=Q0On,W.
Moreover ® is a non-anticipative functions of (X, n).

To prove this result, we note that the equation
t t
y() = S()yo —/0 St —5)g(x(s), y(s))ds +/0 St —s)dz(s),

can be solved by a fixed point argument in C (0, T'; Hé (0, 1)) for any deterministic functions
x € C,T; Py, H& O,1)) and z € C(0, T; D(A%)). The last term is defined thanks
to an integration by part. Clearly y = W(x, z, yo) for a measurable function W. Thus
Y = W(X, onn, On,u0). We set D(x,Z, ug) = W(x, 042, On,uo) for 7 such that 03,7 €
cO,T; D(A%)) and O otherwise. It is clear that ® is not anticipative.

As already explained, the coupling (u1, u») is constructed by induction and we start
by constructing a coupling for two solutions u(-, ué), i = 1,2 on an interval [0, T].
In fact, we construct three different couplings. At time k7, we choose between these
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depending on whether /o (k) = oo and H(u1(kT)) +H(ua(kT)) < Ro (casea)orlp(k) <k
(case b). In this latter case, Py, ui(kT) = Py,u2(kT). In the third case, lo(k) = oo and
H(u(])) + H(u(z)) > Ry, we choose the trivial coupling.

CASE a: [y(k) = oo and H(u(l)) + H(u(z)) < Rp. We construct a coupling such that
(2.4) holds.

In this case, we consider u(l), u% such that H(u(l)) + H(u(z)) < Ry. The construction of
the coupling is done in two steps. We set

wi = D((u(,ul), W)), on[0,T1], i=1,2.

STEP 1. We first prove that, for any dy > 0, there exist 71(dp) > 0, Ry = Ri(dy) >
0 and a coupling (V;(, u(l), u%))izl’z of (w1, u2) such that for any (u(l), u(z)) satisfying
S22 H(ub) < Ry we have

, (2.20)

| =

2
P ()?lm, up, ug) = Xo(Ty, uf, ug), Y M@ (T, up, up)) < do) >

i=1
where
‘7’1‘(" u(l)v u(z)) = (ii('v u(l)’ u(2))3 Wi('! M(l)’ u(z)))v gi ('5 u(l)v u(z))
= Py, i (- ud,ud), i =1,2.

To construct \71 such that (2.20) holds, we take Ry, 71 > 0 and we set
E =C((0,T); Hj (0, 1)) x C((0,T); H~'(0, 1),
F =C((0,T); Px,Hj(0, 1)) x C((0,T); Qn,H™'(0, 1)),
Jou, W) = (Pyu, OnW) = (X, 1),
A =D(u(, ud) + L= Py, (f — ug), W)) on [0, Ti],
vi = fimi, V1= fyi.

We apply Proposition 2.9 to (E, F, fo, ({i1, #2)) and obtain (\71(-, u(l), u(z)), 172(-, u(l), u%)) a
coupling of (/l 1, M2)~ Moreover, setting

(X2, 1) = fo(Val, ub, ud)), (X1, m) = fo(Vi(-, ub, ud)),

((fz, ), (}A(l, 1n1)) is a maximal coupling of (131, vz).
Finally, we set

~ T — - A
Vi = <ﬁ1 - ‘T Py, (ud — ud), W1> on [0, Ty], where V} = (i, W)).
1
We also write

Br = Py, Wi, Vi =@, Wi), Vo= (i, Wa).
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To prove (2.20) we first remark that since i1 (T7) = u1(T1) and X, = Py, i1, X; = Py,
then

2
P(X\(T1) = X2(T1) and Y H@@ (T1))® < «'(p, T1, R1))
i=1
2
>P(X) = Xyon[0, Tiland ) Eg 6(t) < «'(p. . R) on [0, T1]), @21

i=1

where
«'(p, 1, Ri) = 2(RY + Cgt + p(R1> + 1)), 1 >0,

p to be chosen below.
Let us consider X the unique solution of

{d}h +GXidt = 8() + L= f(X1 = 8, @(X1 = 8, m1, up))dt = a1dpy, e

X1(0) = x3.
where §(t) = (TIT*’ - TLIG)PN*(M(Z) —ub), §(t) = TlTjPN*(ug —ud),and T = 11 A T
where

{Tl =inf{t € [0, 111 Ex 51 0%, -3, .ul).6(0) > «'(p,t, R},

v =inf{t € [0, 111 Ex o, m.02).60) > k'(p,t, R}

Clearly, X, = )Afl = Py,u + § on [0, T]. We denote by A; the distribution of ()_(1, )
under the probability P. We set 81 (1) = B1(t) + fé d(s)dt where

v Q v Q 1
J = s P f(Xl(t)—8(t),d>(X1—_S,m,uo)(t)))‘ 593
=30+ iz, ( —F X1, DRy 01, uD) (1)) @23)
Then X; is a solution of
dX) + GXidt + li<e f (X1, @Ky, ug)dt = oidB, @.24)

Itis not difficult to see that since o7 is bounded below and by the definition of 7, the Novikov
condition is satisfied:

T
E <exp (/ |d(t)|2dt>) <00
0

and the Girsanov formula can be applied. Then we set

- T 1 T
dP = exp (/ d(s)dW(s) — = / |d(s)|2dt> dP
0 2 Jo
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and deduce that P is a probability under which ( ,g 1, 1) is a cylindrical Wiener process. We
denote by A, the law of ()_( 1, n1) under P.
We prove below that

P(X,(t) # X»(t) or 22: Ez.6(t) > «'(p, t, Ry) for some t < T)
i=1
< 1 = Aallar + P <Eul,6(t) = K., Rl)) P (Em(r) = KT, R»)
(2.25)
We choose
p =38Ks1

in the definition of x’(p, ¢, R;) and deduce from Proposition 2.4 that

1 1 1
P<Eﬁl,6(f) = EK’(p, T, R1)> +]P’<Eﬁz,e(t) > EK/(p’ T, Rl)) =7 (2.26)

Moreover using (2.10), we obtain

1 T
A1 — A2llvar < 5\/ECXP (c/ |d(S)|2dt> -1,
0

and then, for 77, R; sufficiently small,

A1 — A2llvar < 2(R1 (T1 + 1) (1 + R?) + ' (p, T1, R)).

We choose
T1 = Ry,
and deduce

A1 — A2llvar < eR1(1 4 RID). (2.27)

Taking into account (2.21), (2.25), (2.26) and (2.27), we can choose R(]) > 0 sufficiently
small such that for any R; < R(l)

(2.28)

N =

2
P (film) = Xo(T1) and ) H(@(11))° < «'(p, R1, R1)> >

i=1

Remark that there exists R (dp) € (0, R?) such that Ry < R;(dp) implies

2 2
{ZH@(T1>>6 <«'(p, Ri, Rl)} C :ZH(%(TO) < do} :

i=1 i=1
so that (2.20) follows.
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It remains to prove (2.25). We write

2
P (}210) + Xo(1) or Z Ew.6(t) > k'(p, t, Ry) for some 1 < T1>

i=1

2
=P (fflno,f] # Xal,r0r Y E6(1) = k' (p. T, Rl))

i=1

~ ~ 1
< P(X1li0,z1 # X2l{0,z)) + P (Eul.c(f) > EK’(,O, T, Rl))
1 I
+ P | Eq6(T) = Tk (p, T, R ).

Let X is the solution of equation (2.24) where 1 is replaced by f» = Py, W then, with
the probability I, X; has the same law as X under the probability I’ and

P(Py, i1 lj0,7] # Pn,i2li0.2) < P(X1 # X2).

Thus, (2.25) would follow if (()_(1, ), ()_(2, 172)) was a maximal coupling of (A1, A2)
(here, we have set 7o = Qn,W>). However, we only know that (()Afl, n), ()?2, 72)) is
a maximal coupling of (\31, vz). It is not difficult to remedy this problem. Indeed, the
above result holds for any coupling of (131, vz). Thus, instead of (()A(l, n), ()72, 72)), we
choose another coupling such that the processes constructed as ((X1, 11), (X2, 72)) above
is amaximal coupling of (A1, A2). Then, the right hand side is equal to the right hand side of
(2.25) while, by Lemma (2.7.), the left hand side is larger than the left hand side of (2.25).

STEP 2. Construction of the coupling under the assumptions of case a. Thanks to
Proposition 2.6, we know that there exists 7_1 (Rg, R1;) > 0 and w_;(R1) > 0 such that

2
P (Z Hw®. uh)) < R1> > 71 (R), (229)
i=1
provided Y"7_, H(ul) < Ro and 8 > T_;(Ro, R1).

We set T*(Rg, dy) = T_1(Rg, Ri1(dp)) + Ti(dp) and assume that T > T*(Ry, dp). We
also write & = T — Tj. Then on [0, 6], we take the trivial coupling which we denote by
(V{, V,). Finally, we consider (V1, V) as above independent of (V{, V,) and we set

V/(t, 1, ug) ift <0,

VAt uh, ud) =
St ug, ug) {Vi(t —6, V], u(l) u%), V6, u(l) ué)) ift > 6.

Combining (2.20) and (2.29) and setting

1
p-1(do) = 571 (R1(do)),
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we obtain, for any u(l), u% such that H(u(l)) + H(u(z)) < Ry,

2
P (X?(T, up, ug) = X§(T, up, ug), Y H@ (T, up, up)) < do) > p_i(do), (2.30)
i=1

where now

1 2 1 2 1 2
‘/ia('a u()’ u()) = (ula(a u()’ u())’ Wl‘a(" u()v Mo)),

qu(" u(l), u%) = PN*M?(W u(l), u%), i=1,2.

Clearly, (2.30) implies (2.4).

CASE b: Ilp(k) < k. We now construct a coupling so that (2.3) holds. Since (2.3)
depends on the whole history of the coupling and not only on the latest step, (2.3) is proved
afterwards when the coupling is constructed on [0, 00).

In this case, we have Py, ”0 = PN*M0 We write x = Py, ”0 PN*uo, V| = QN*u(l)
and y, = QN*MO.

We apply Proposition 2.9 to

E =C((0,T); Hy (0, 1)) x C((0, T); H~'(0, 1)),
F = C((0,T); Py, Hy(0,1)) x C((0, T); Qn, H™'(0, 1)),

folw, W) = (Py,u, Qn, W) = (X. 1),
=D((u(-, ug), W)), onl0, T].

We set v; = fiui = D((X(-, uf)), n)) on [0, T]. We obtain (Vib(-, u(l), u%))i:m =
(ul.’(~, u(l), u(2)), W.b(~, u(l), u(z))),':m, a coupling of (w1, u2) such that if we set

X2 nby = fovhy, i=1,2.

Then (Xl ) by, ”07 0)), 1,2 is a maximal coupling of (v1, v2). We define Yb QN* 7
B? = Py, W

Lett be a stopping time associated to the process (X, ).

We wish to estimate || ||,,. This enables us to use Lemma 2.7 and to obtain an estimate
which will be crucial to prove 2.3.

Let X i’ be the unique solution of the truncated equation

{dif{’ +GXdt + Lo f(X}, @(XY, 0}, (x, y))dt = oydp?), 2.31)

Xb(0) = x.

Clearly SZ? = Xl]’ on [0, 7]. We denote by A; the distribution of ()?11’ ,n) under the
probability P.
Let ,3{)(1‘) = ﬂ{’(t) + f(; d(s)dt where

d(t) = Li<: (o) (F(X2(0), (XY, b, (x, y) ()—f (X0 (1), @(XE, nb, (x, y1)) (1))
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We take below a stopping time t such that
T
/ d(t)|*dt < M, (2.32)
0

for a constant M. Thus Novikov condition holds and Girsanov formula applies. Setting

- T 1 T 5
dP = exp (/0 d(s)dW(s) — 5/0 |d(s)| dt) dP,

we know that Pis a probability under which (E , 1) is a cylindrical Wiener process.
Furthermore, with such a stopping time 7, X ’1’ is the solution of

{dfz{’ +GXYdt + 1< f(X]. ST 0}, (x, y2))d1 = o1d B, (2.33)

Xb(0) = x.

We denote by A, the law of ()N( b 1) under P. Asin the case a, it is not difficult to see that

1 T
I = Aallyar < 5\/Eexp (c / |d<s>|2dr) 1. 234)
0

This will be helpful to estimate ||[v; — v2||yq-

Definition of the coupling on [0, c0). We first set
ui(0) =ul, W;0)=0, i=12.

Assuming that we have built (u;, W;);=1 2 on [0, kT], then we take (Vi"),- and (Vl.b),- as
above independent of (u;, W;);=12 on [0, kT] and set for any ¢ € [0, T']

(i (kT +1), Wi (kT +1)) =

VA(t, uy(kT), up(kT)) if lo(k) = 0o and H(u}) + H(u3) < Ro.
VPt uy(kT), up(kT)) if lo(k) < k, (2.35)
VO(t, ur (kT), up(kT)) if lo(k) = oo and H(u}) + H(u3) > Ro,

where Vio(t, u1(kT), ur(kT)) is the trivial coupling. In other words, we take a cylindrical
Wiener process W independent of (u;, W;);=1.2 on (0, kT') and set
VO, ur(kT), ua(kT)) = ((u(t — kT, ug), W), (u(t — kT, ug), W)).

Remark that, when (k) = oo and H(u(l)) + H(u%) > Ry, the choice of the coupling is not
very important.

Clearly, (u;, W;)i=1,2 is a coupling of (u(-, uf))),':lg which is [p—Markov. In the follow-
g, we write

Xi = Py,ui, Yi = Onui, Bi = Pn Wi, ni = QN Wi, i =1,2.
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It remains to prove that (2.3) holds.

Proof of 2.3

We are in the situation where the coupling on [kT, (k 4+ 1)T] has been constructed in
case b. We use the notation used in the construction of the coupling.

Let us define fori =1, 2

t, = inf{t € [0, T1|Eg, ,(kT + 1,IT) > & + 1 +dg + dff + C(t + (k = DT)},

where C} is given in Proposition 2.1, and

kT+lAfkl_l/\ka "
/ 1(@1(s), o (NP ($)[1Pds > Cu(dpe® "2 *DT 4
k

23, = inf {th .

where a, dy, « are chosen below, Cy(dy) = C**(C}, dy) is given in Lemma 2.3 and

We also take B = CA’1 in the definition of [y (k).

Note that, with the notation of case b, &t (resp. #7) is a solution of a truncated NLS
equation under the the probability P (resp. ﬁ). It follows that when (f ﬁ’, nll’ ) has law A
(resp. Ap) then &) (resp. i) is a solution in law of a truncated NLS equation. But if
(f b, nlf ) has law A1, i1; is a solution of a truncated NLS equation with a drift term.

We wish to use the construction described in case b with the stopping time 7 = 7
given by

~1 ~2 ~3
Tk’l = Tk,l A\ tk,l A\ Tk,l'
Then

(0] < 1y<z, 04 ' 1F(X0(0), @(XE, 08, (x, y2))(1))
—F(XP@), @(XE, b, (x, y) ()]

and it is not difficult to see that
(0 < coy *Ly<r 11 (1), Ao (O)IIF @)
So that, by the definition of 74 ;, we get
T o
/ 1d(0)2dt < C*(do)og 2 exp (a — S 0— l)T) . (2.36)
0

Hence the Novikov condition is satisfied and (2.10) holds.



Vol. 5, 2005 Ergodicity for the weakly damped stochastic non-linear Schrodinger equations 339

Moreover, using the same argument as in the proof of (2.25), we obtain

P((XY, %) # (X5, m5) or T < T) < 1A — A2 llvar
+ v (AS) + v1(AS) + va(AS). (2.37)

where

Ai={X,n |5 =T), i=1,23.
It can be seen that fori =1, 2

vi (A9)

=P( sup (Ey,4(kT +1,1T) — C4(t + (k —DT)) > k + 1 +dg +dS | Fir).
t€[0,7T]

(2.38)

The third term v; (/ig) cannot be written in terms of u; and u;. Indeed, when (}? b n’l’ ) has
law vy, i is a solution of an equation with a drift term.

REMARK 2.13. We remark here that Proposition 2.1 is not the Foias-Prodi estimate
which is usually used in the coupling method. Here, we have also a drift term 4. This
modification is introduced precisely to treat the term vy (Ag'). We take h(-) = bd (kT +-) =
01d(kT + -). This additional term is due to the fact that we introduce a term depending on
r in the truncation. In the preceding papers using this kind of coupling method, this was
not necessary and the Foias-Prodi estimate was used to get (2.36). However, this requires
a path-wise Foias-Prodi estimate and we do not know if it holds in our situation.

By (2.38), we have
V1 (AS) + 1 (A§) + v2(AS) < 3P(Byk | Fir)
with

sup;cjo,71(Eu; 4(kT +1,1T) — C4(t + (k — DT))
By = >k +1+dj+dy, iefl,2}
kT ~ A % (k—
e (i @)D IF6)|2ds = Cildo)e 5¢0T
Let us write
P(Bykllo(1) =1)

< D P( sup (Eya(kT +1,1T) — Cy(t + (k= DT))
i—12 (€l0.T]

> K+ 1+dg+dS |l =1

KT+ 2 .
+P ( / (Z H(fti(S))z) IF(s)I17ds > Cy(do)e™ +*=DT | Ig(1) = l) :
k i=1

T
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Using Proposition (2.4.) with k = p and solutions starting at /7" and replacing T by kT
we get, since lo(l) = [ implies H(u; (IT) < dy,

P( sup (Eu4(kT +1,1T) — Cy(t + (k —DT)) > k + 1 +d +dS | Fir)
tel0,T]

<P( sup (Ey; 4(kT 41,1T) — Cy(t + (k — )T))
t€[0,7T]

> K+ 1+ Hw (AT + Hw; AT | Fir)
< KagriGc+ (k=DT)™0.

It follows

P( sup (Ey, a(kT +1,1T) — C4(t + (k = DT)) > k + 1 +dj +d§ | 1o()) = 1)
t€[0,T]

< Kagri(k + (k—DT) ™17,

Similarly, by Lemma (2.3.), with h(t) = 0;d (kT + t)1;<, which clearly satisfies (2.6)
and p = a = «, we have

KT+ 2 .
P ( / (Z H(ﬁ,-(s))z) I7(s)II*ds = Culdo)e™ 54T [15(1) = l)
k i=1

T
< K= 5U=DT
<cl+ k=D~
Gathering these estimates, we obtain
P(Bix [lo) =1) < ek + (k=DT)™17".
By (2.37), (2.10), and (2.36), we obtain for k > [ and on lo(k) =

P((X1,m) # (X2, m2) on [kT, (k + 1)T] or By | Fir)
< 1A = A2llvar + 3P(By | Fir)

T
< \/E exp <c/ |d(s)|2dt> — 1+ 3P(By.«| Fer)
0

< C*(do)oy "5 DT L 3P(By 1| Fir).

We have
{lotk) =1} N{(X1, 1) = (X2, m2) on [kT, (k + D)T1} N B, C {lo(k + 1) =1}.
Therefore, integrating over lo(k) = [ gives for T > Tj(dp) and for k > [

P otk +1) # 1, lotk) =111o()) =1) < C*(do)ag ' 54T 1 3P(By & | lo()) = 1).
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Which implies that there exists k > 0 sufficiently large and dy > 0 sufficiently small such
that forany 7 > 0

1
Plotk +1) #1, lotk) =1lo() =D < 4_1(1 +*k—-DT)"1. (2.39)
Remark that
k—1
Po(k) £ lo() =1 < Z]F’(lo(n + 1) #L o) =1l() =D,
n=I[

so that, applying (2.39), we obtain

P (lo(k lip(l) =1 ! ! L
(ok) # Lllo(1) = >sZ+Tq+l/221k—qs
n=

1
+Cqﬁa

N

which implies that there exists 7, > 0 such that for T > 7,

Pdotk) =1llo() =1) = =, (2.40)

N =

Combining (2.39) and (2.40), we establish (2.3).

2.6. Conclusion

We have just shown that the coupling constructed in Section 2.5 satisfies (2.3) and (2.4)
which are precisely (2.13) and (2.14). The constants used in (2.3) have been chosen
in the preceeding subsection. The random variables ly(k) clearly satisfy (2.11) and, as
already mentioned, (2.15) is implied by Lemma 2.5. Finally, (2.12) is a consequence of
Proposition 2.1 with 4~ = 0 and Tchebychev inequality.

We deduce that Theorem 2.9 can be applied. Moreover (1.5) is a consequence of
Lemma 2.5. This ends the proof of Theorem 1.1.

3. Proof of Theorem 2.9
3.1. Reformulation of the problem
We already noticed that it is sufficient to establish (2.19).

Let us denote by k the unique integer such that ¢ € (2(k — 1)T, 2kT']. Then

P(dEui(t), uz2(t)) > co(1 +1t — (k = DT)™9) < P(lp(2k) > k)
+ P (1), ur(t) > co (1 +1 — (k — DT)~7 and Io(2k) < k).

Thus applying (2.12), using 2(t — (k — 1)T) > ¢, it follows
P(dg(ui(t), uz(t)) > 29co(1 +1)~7) < P(lo(2k) = k) + 2%¢o(1 + 1)717. (3.1
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In order to estimate P(lo(2k) > k), we introduce the following notation
lp(c0) = lim sup ly.
Taking into account (2.11), we obtain that for [ < co
{lo(c0) =1} = {lo(k) =, for any k > [}.
We deduce
P(lo(2k) = k) = P(lp(c0) = k). (3.2

Taking into account (3.1), (3.2) and using a Chebyshev inequality, it is sufficient to obtain
that there exist ¢5 > 0 such that

E(lo(00)?) < es5(1 4+ H(ud) + Hud)). (3.3)

3.2. Definition of a sequence of stopping times

Let
t=min{t € TN|H(u(t)) + H(u(t)) < Ro}.

Then, the Lyapunov structure (2.15) implies that there exist 8o > 0 and cg > 0 such that
E(exp(807)) < c6(1 + H(ud) + Hwud)). (3.4)

For a proof, see the proof of (1.56) at the end of the subsection 1.4 of [26].
We set

& = min {k € N\{0}|lo(k) > 1}, o =6T.

Clearly ¢ = 1 if the two solutions do not get coupled at time 0 or 7. Otherwise, they get
coupled at 0 or 7 and remain coupled until o.

From now, we fix q1 € (g, go — 1). Let us assume for the moment that there exists po
such that if Hy < Ry, then

{]E (Uql 1a<oo) < K, (35)

P(o = 00) > peo > 0.

The proof is given at the end of this section.
Now we build a sequence of stopping times
T =T,
Or+1 =min{l € N\{0}|IT > tx and lo(DT > 1 + T}, 0441 = O4+1 T

Th+1 = Ok+1 + 7005,
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where (6;); is the shift operator. The idea is the following. We wait the time t; to enter
the ball of radius Rp. Then, if we do not start coupling at time 7z, we try to couple at time
T + T. If we fail to start coupling at time 7 or 7y + T we set oy = 1} + T else we set
oy the time the coupling fails (o = o0 if the coupling never fails). Then if o < oo, we
retry to couple after entering in the ball of radius Rg. The fact that Ry > dp implies that

lo(tx) € {t, o0},

Note that we clearly have lo(tx) € {tx, oo} and lp(ox) € {o%, 0o}, and the [p—Markov
property implies the strong Markov property when conditioning with respect to F, or Fy, .

We infer from the /p—Markov property of V that
Ok+1 = Tk + 000,
which implies

Tkt1 = Tk + poby, where p = o0 + 106,.

3.3. Polynomial estimate on p
We first establish that there exist K¢ such that for any V{ such that Hy < Ry
Ev,(p7'1,<00) < Kop.
Notice that for any Vj such that Hy < Ry,
Evy (07 1p<00) < c(Byy (0715 <c0) + E((7005) 1100, <00 lo<c0))-
Applying the [p—Markovian property and (3.4), we obtain
E((t005)" 1106, <colo<co|Fo) < 6 (1 + H(u1(0)) + Hu2(0))) lo<co,
which implies by applying the Lyapunov structure (2.15)
E((t065)7 1706, <00) < c6(1 +2K'(Ro + E(0 15 <c0))-

Applying (3.5) and (3.8) to (3.7), we obtain (3.6).

3.4. Conclusion

Applying a convexity inequality, we obtain

k—1
E(t{' g <o0) < (k + D@D (Er‘“ + Y E(potr, )" 1,)0%@0) :
n=0

(3.6)

3.7

3.8)
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Combining the lp—Markov property, (3.4) and (3.6) gives
E(t' g <o00) < Clk 4+ D™V (1 + H(up) + H(ud)). (3.9)
Now, we are able to estimate E(/y(00)?)

E(lo(c0)?) < ¢ (1 + Y E( 1fn<oo1k0=n>> ,

n=0

where
ko = inf{k eN | Ok+1 = 00}.
Then, applying an Holder inequality, we obtain

E(lo(c0)? < ¢ (1 + Y B Ly<o0)? (P (ko = n))/’l/> .

n=0

Using the second inequality of (3.5) and t < oo, we obtain from the [p—Markov property
that

P (ko > n) < (1 = poo)”. (3.10)
It follows that ky < oo almost surely and that
lo(00) € {tky, Thy + 1}

Therefore [p(0o0) < oo almost surely and applying (3.9), we obtain that if pg = ¢

E (lp(00))? < C <Z<n + 1)1 - poo)ff’) (1 + Hud) + Hwd).
n=0

Thus (3.3) is established and we can conclude.

3.5. Proofof 3.5

Now we establish (3.5). There are two cases. The first case is [p(0) = 0. Then, applying
(2.13), we obtain that

o o0
P(o = 00) > kl'IOP(lo(k + 1) =0llo(k) =0) > kl'lo Pk-
The second case is [o(0) = co. Then

P(o =00) =P (o(l) = l)k(f:lolﬂl’(lo(k+ D =1{lo(k) =1).
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Since Hop < Rp, then applying (2.13) and (2.14)
00
P (o =00) zkn Pk
=—1

Since px > 0 and 1 — pi decreases to 0 faster than k=90 with go > 1, then the product
converges and in the two cases

P(o=00)>peo= I pi>0. 3.11)
k=—1

Notice that (2.13) implies

Po=n) = Plon+1) #nllon) =0)+Plo(n+1) #nllo(n) =1),

<
= 2a00+G0-DT)"",

which gives the first inequality of (3.5) and allows to conclude because q; < go — 1.

4. Proof of the a priori estimates

As already mentioned, the various computations made in this section are not rigorous.
Indeed, the solutions are not smooth enough to apply Ito formula. A suitable approximation
could be used to justify the result rigorously.

Ito Formula for |1|°

Applying Ito Formula to |u|®, we obtain
d|u)® + 6a|u|®dr = 6ul*(u, bdW) + 12|u)?|b*u|>dt + 3Bolu|*d:.
Since b* is a bounded operator on L2(O, 1),
12)u?|b*ul> < 12Bo|ul*.
We deduce
12)u)?|b*ul?> + 3Bolul* < alul® + C,
and
d|u)® + 5alu|®dr < 6Jul*(u, bdW) + Cdr. 4.1

Ito Formula for .

Applying Ito Formula to H,, we obtain

dHa. () + a(ull® — [ul}dt = dM. + Bidt + Ldt, (4.2)
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where
dM, = (Au — |u|*u, bdW),
o0
I =— Zlb,% f[o 1]<29%(u<t, )2, (X))* + len () u(t, x)[*)dx.
— .
Note that, since b* A is a bounded operator from L2(0, 1) to Hé (0, 1), M, is well defined.
Recalling that |e, |oc = 1, we obtain
I, < SBo|u|2 < ozcolul6 + C.

Recalling that | - |i < JT -1 + co| - |6, we infer from (4.1), (4.2) and the last inequality that

3
dH(u) + EaH(u)dt <dM; + Cydt, 4.3)
where
dM; = dM, + 6colul*(u, bdW).

Ito Formula for H*.

Applying Ito Formula to H* for k € N\ {0}, we obtain similarly as above

k(k — 1)

dHw)* + %akH(u)kdt < dMy + kHw*'Cidr + TH(u)k—zaz (M), (4.4)

where
dM; = kH@w)*'dm,.

Note that, since b* A is a bounded operator from L%(0, D to HO1 (0, 1) and b* is bounded
from L1(0, 1) to L2(0, 1),

b*(Au — [uPu)|* < 4By |ul)* + cBi|ul§,
it follows from a Gagliardo-Nirenberg inequality
b* (Au — [ulPu)* < cBy(lull® + |u|'%).
Now, we write
d (M) < 2[b*(Au — |uPu)|* + 72c51ul®b*ul?,
and deduce that

d (My) < cBi(Jul® + |u|'?),
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and
d (M) < B (1 + Hw)?). 4.5)
Gathering (4.4) and (4.5) and using once more an arithmetico-geometric inequality, we
obtain
dHu)* + akH(u)*dr < dMy + C[ld. (4.6)

Proof of Lemma (2.5)
Multiplying (4.6) by e*' yields

dEe M Hw*) < e d My + ¥ C}ld1.

By integration we obtain
t C//
M H ) < Huo)k + / e dMi(s) + — e
0 o

and

"

! C
Hw(@)* < Huo) e ™ + f e HNdM(s) +
0

which yields, by taking the expectation, the first inequality of Lemma 2.5.
Let M > 0 and T < M be a bounded stopping time. Then, integrating (4.6) between
0 and 7 and taking the expectation yields

E(Hu(r)*) < Huo)* + C{E(1),

which is the second inequality of Lemma 2.5 for bounded stopping times.

Assume now that t is a general stopping time. We consider the second inequality of
Lemma 2.5 for the stopping time 7 A M and we take the limit when M — oo. The second
inequality of Lemma 2.5 for 7 follows from Fatou Lemma.

Proof of Proposition 2.4
We first note that

d (My) = K*H@)**Vd (M),
so that, taking into account (4.5),
d (M) < cx(1 4+ Hw)*)ds 4.7)

Taking the expectation of (4.6), we obtain for any £ > 1

t
]E/ Hu(s)*dt < Cr(H(up)* + 1). (4.8)
0



348 A. DEBUSSCHE and C. ODASSO J.evol.equ.

Hence, for any p > 1,
E (My)? (1) < Ck.p(H(uo)*? + 1P). (4.9)

Applying the maximal martingale inequality and taking into account (4.6), we infer from
(4.9) the first inequality of Proposition 2.4.
Applying the maximal martingale inequality on [n, n + 1], n > 0, we have

E (Mp)?*! (n+1)
P( sup My > a+ Huo)* +n+1 <c .
(ln,,,fu k (o) )= ¢ (@ + Hug)* +n + 1)2r+2

It follows from (4.9) that

cpCy +1
P( sup My >a+H *kin+1)< P . 4.10
(ln,n}:l] k (o) )= (@ + H(ug)*k +n + 1)ptl (4.10)

Now, summing (4.10) over n > T, for T integer, we obtain that for any (p, k) € (N \{0})2
there exists Ky p, such that

P( sup Mi(1) > 1 +a+Hwo)* +1) < Kipya+T)"P, T > 0. 4.11)

te[T,00)

Taking into account (4.6), this implies the second inequality of Proposition 2.4.

Proof of Proposition 2.6. Combining Lemma 2.5 applied to t = ¢ and Chebyshev’s
inequality, we obtain

LEMMA 4.1. Let (u;, W;)i=1,2 be a couple of solutions of (1.1), (1.2) such that W and
W, are two cylindrical Wiener process on L2([0, 1). If Rop > (21'2=1 H(uf))) v C|, then

1
P(H@ui(®) +Hua(t)) = 4Cy) < >

provided t > 01(Ro) = éln g—‘l’.

It follows from Lemma 4.1 that it is sufficient to establish Proposition 2.6 for Ry = 4C;
and t = T_1(Ro, Ry) (instead of t > T_1(Rg, R1)). From now on, we only consider the
case Ry = 4C;.

Let 7,6 > 0. Applying Chebyshev inequality, we obtain N_» = N_»(T, §) € N such
that

s\ 2 3 1
IP( sup [1bON_, W(D)]l3 > —) <5 > mb s

1€[0,7] 2 v
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Moreover Py _, W is a finite dimensional brownian motion and it is classical that

7_3(T,8, N.o) = P( sup |Py_,W()| =< > 0.

’ ]!
te[0,T] 2 L1(Ly(D),H3(D))

Writing

8
P( sup [bW(1)3 <8) > P( sup [bON,W (@) |5 < 5) m_3(T, 8, N-2),
te[0,T] t€[0,7T]

it follows

no(T,8) =P( sup [[bW(@)ll3 <38) > 0. (4.12)
t€l0,T]

It thus suffices to prove that there exists 7_1(R1), 6—1(R1) > O such that

1
{ sup [IDW(@)l3 =1} C {H(M(T1, o)) < §R1}, (4.13)
1€[0,7_1]

provided H(ug) < Rp.
Proof of (4.13)

Let us set

v = u('auo) _bW’

then

dv . . 2 .

E+av+1Av—1lbW+v| bW +v) =—(a+1A)bW. (4.14)
Taking the scalar product between (4.14) and 2v, we obtain

> o . > .

9 + 2a|v|” =2, 1| bW 4+ v |*(bW 4+ v) — (a +1A)DW).
Since

(v,i|bW +v*v) =0,
applying Holder inequalities and Sobolev Embedding H' (D) c L*°(0, 1), we deduce

d|v|?

P +2av]? < cbWll3 (1 4+ bW + [[v]*).

Applying Ito Formula to |v|®, we deduce

d|v|®

yrais 6av]® < bW I3 (14 [BWI3) (1 + [[v]°). (4.15)
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Taking the scalar product between (4.14) and Av — |v|?v, we obtain

dHy(v)

T lvlI> = —(Av — |v|%v, (@ +14) bW) + a (v + bW |*(v + bW), v).

Since
I =a((v+bW P(v+bW),v) — v} = a(|v+bW [*(v +bW) — [v]*v, v),

we obtain

dH.(v)

S ol =l =1 + b, (4.16)

where
L = —(Av — |[v]*v, (@ +iA)bW).

Recalling that for any z, h € C?
lz+h P+ h) — |2z < Rl + 3P,

and applying Holder inequality and the Sobolev Embedding H'(D) c L>(0, 1), we obtain
I'=h+DL<clbWlz A+ [vI*)(1+ IbWI).

It follows from (4.15), (4.16) and the last inequality that

dH(v)
dt

+2aH@) <c||bW]3 (1 + IIbWI|§)(1 + H(v)s). “4.17)
Let 7,5, M > 0 and assume that

sup [[bW(1)]l3 <.
1€[0,T]

We set
t=inf{t € [0, T] | H(v) <3Ro}.
Integrating (4.17), we obtain
—2at ¢ 2 5
Hv() <e Ro + £8(1 + 3871 + Rp), (4.18)

provided t < t.
Now we choose § < 8_2(R/1) > ( such that

=8(1+ 891+ RY) < Ry A Ro.
o
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It follows from (4.18) that

=T,
and that

H(w(T)) < 2R;,
provided

T > i In <R—/l> .

2a Ry

In order to conclude, we remark that

Hw(T)) < ¢ (HOW(T)) +HW(T))) < c(8*(1 + 8% + R}).

Then, choosing § and R{ sufficiently small, we obtain (4.13).

5. Proof of the Foias-Prodi estimates

The aim of this section is to establish Proposition 2.1.

L? estimates.

351

Taking into account (2.5), we deduce that the difference of the two solutions r = u| — us

satisfies the equation

dr

T + ar +i1Ar = iQN(|u1|2u1 — |u2|2u2).

Applying Ito Formula to ||, we obtain

dir|? 2 . 2 2
+ 2alr|” = 2@r, luz|"uz — |lui|"uy).
dt
Since
2
2 2 2
lualPuz — |ur|ur| sc<2|ui| >|r|,
i=1
it follows

d|r? 2
T 2a|r)? < c/[O ; (2; |u,~|2> I |?dx.
N \D

5.1)
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Using the Sobolev Embedding H'(0, 1) ¢ L*(0, 1), we obtain

djrP? 2
7 + 20{|”|2 <c <ZH(“1)> |r|2.

i=1

We deduce as in the proof of (4.3)
3 )
dH(u;) + EaH(u,-)dt <dM; + Cidt + 1;—1(G, h)dt,

where
{ dM{ = (Au; — lu;)?u;, bdW;) + 6colu;|*(u;, bdW;),
G = Aup — |M1|2M1 +6CO|u1|izul'

It follows from Sobolev Embeddings and Holder inequalities that

IGI_y < (1 +Hup)s.

Hence we deduce from (2.6) that
(G, h) < c(1+H(ur) + Hu))*.

Taking into account (5.2), it follows

2
dZy +2aZydt < c (1 - ZH(”[)4> |rPdi + |r[*d My,

i=1

where
2
Z) = (ZMW)) Ir[?
i=1
and

dMy = dM| +dM?}.

Ito Formula for J.

Now we rewrite (5.1) in the form
dr
dr
Applying Ito Formula to J,(u1, uz, r), we obtain

dJy +2adidt = g(ur, uz, rydt + g(uz, uy, r)dt + ¥ (uy, uz, r)(bdWp)
¥ (uy, uz, r)(h()dt + & (uz, uy, r)(bdWa) + L1 (r)dt + d I (r, dt),

1
+ar +1iAr = —iz On((Ju; |2 + |u2|2)r + R((uy 4+ u2)r)(uy + u2)).

J.evol.equ.

5.2)

(5.3)

5.4)

(5.5)
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where

2][0,1](5“(5!1(01111 +iAu; — i|"‘1|2141))|r|2)dx

glur,uz,r) = { +2 [ 1 REr + u2))RFeuy — iAuy + iluy Pur))dx

Y(uy, uz, r)(h) = 2/ (ER(zZ]h)|r|2)dx + 2/ Ry + uz))N(rh)dx,
[0,1] [0,1]

o0
L(ry=-Y)_b; fo (len*Ir > + N(eni)*)dx,
n=1 (0.1]

dhL(r.t)=— Y byb, ((/{0 I]SH(epf)f}i(eqf)dx> d((Wl,ep),(Wz,eq))).

P.q=1

Applying an integration by part to Au;, Holder inequality and the Sobolev Embedding
H3(0, 1) € L®(0, 1), we obtain

2
glur uz, 1) < (1 + 21 ||u,»||6> el - (5.6)
i=
We deduce from Holder inequality that
2
Wy, uz, 1) (h(1)) < (Z |u,-|oo) h@)Ir 3.
i=1

Taking into account (2.6) and applying the Sobolev Embeddings H'(0, 1) ¢ L*°(0, 1) and
H?2(0,1) C L*(0, 1), we obtain

2 . )
V(ui,uz, r)(h(t)) < cko |1+ ZH(”i)z IIVII% : (5.7)
i=1
Recalling that |e, | = 1, we obtain
Ii(r) <3Bolr|. (5.8)

Note that we have no information on the law of the couple (W, W5). Hence, we cannot
compute d ((Wl, ep), (Wa, eq)>. However we know that

dI|{(Wi,ep), (W2, ep)| < dt.

Hence

2
]
d|L(r. 1) = / %(Z(bnen)f) dx | dr.
0.1 =i
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Applying the following Schwartz inequality

(zbn) < (ZMM%) (z —) < B,
n=1 n=1 n=1 Hn

we deduce from |e, | = 1 that

d\L(r, 1)| < cBy|r|?dt.

Combining (5.5), (5.6), (5.7), (5.8), and (5.9) , we obtain

2
dJ, +2alJdt <c (1 + ZH(ui)4> 7l ||r||% dt + d My,
i=1

where

dMyy = (Y (uy, uz, r)(bdWy) + ¥ (uz, uy, r)(bdWr)) .
Summing (5.3) and (5.10), we obtain

2
dJ +2aJdt <c (1 + ZH(W)“) Il ety d +d M.

i=1
where
dM = dMg + c1|r|*d M.

Conclusion

_1
Since ||r||3 < MNil ||| then there exists A > O such that
7

A
dJ + | 20 — ——I(uy,uz) | Jdt <dM.

g
M4

J.evol.equ.

(5.9)

(5.10)

(.11

(5.12)

_1
Multiplying (5.12) by exp(Ras — A,uNf‘Irl f(; I(u1(s"), ur(s"))ds’), we obtain that

1

INT 3 1 s
JI%(I AT) < / exp (zas — A,uNil / L(uy(s), uz(s/))ds’> dM(s).
0 0

Fatou Lemma allows to conclude.
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