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Global solution and smoothing effect for a non-local regularization
of a hyperbolic equation

J. DRONIOU!, T. GALLOUET?, J. VOVELLE?

1. Introduction

We study the problem

ru(t, x) + o (f W), x) +glu(t, )](x) =0 1 €]0,00[, x € R
u(0, x) = ugp(x) x eR,

(1.1

where f € C°°(R) is such that f(0) = 0 (there is not loss of generality in assuming
this), ug € L°°(R) and g is the non-local (in general) operator defined through the Fourier
transform by

F(glu(t, YD&) = [E1"Fu(, ))(E) ,  with & €]1,2].

REMARK 1.1. We could also very well study a multi-dimensional scalar equation, that
is to say on RY instead of R. All the methods and results presented below would apply; but
this would lead to more technical manipulations so, for the sake of clarity, we have chosen
to fully describe only the mono-dimensional case.

The interest of such an equation (namely Equation (1.1)) was pointed out to us by Paul
Clavin in the context of pattern formation in detonation waves. The study of detonations
leads, in a first approximation, to nonlinear hyperbolic equations. As it is well known,
the solutions of such equations may develop discontinuities in finite time. A theory of
existence and uniqueness of (entropy weak) solutions to Equation (1.1) with g = 0, in the
L framework, is known since the work of Krushkov ([Kru70], see also [Vol67]). The case
of a parabolic regularization (of a nonlinear hyperbolic equation) is often considered and
used to prove the Krushkov result; it corresponds to (1.1) with & = 2. In this case, existence
and uniqueness of a solution is also well known along with a regularizing effect. However,
it appears that the choice of A = 2 is not quite natural, at least for the problem of detonation
(see [CDO2], [CHO1], [CDO1]) where it seems more natural to consider a nonlocal term as
g[u] with A close to 1 but greater than 1 (although the case A = 1 is also of interest but more
complicated). This term corresponds to some spatial fractional derivative of u of order X.
The main motivation of this paper is therefore to prove existence and uniqueness of the
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solution to (1.1) in the L*° framework as well as a regularizing effect (a regularizing effect
which is well-known in the case A = 2, as itis said above). In particular, the solution will be
C® in space and time for ¢t > 0. We also prove the so called “maximum principle”, namely
the fact that the solution takes values between the maximum and the minimum values of
the initial data, and a property of “L! contraction” on the solutions, which is the fact that,
for any time, the L! norm of the difference of two solutions with different initial data is
bounded by the L' norm (if it exists) of the difference of the initial data.

A major difficulty is due to the nonlocal character of g[u] if A €]1, 2[; this prevents the
classical way to prove the maximum principle, which leads to an L°° a priori bound on
the solution (a crucial estimate to obtain global solutions). It is interesting to notice that
the hypothesis A < 2 is necessary for the maximum principle. Indeed, the maximum
principle is no longer true in general for A > 2. However, the regularizing effect is still true
for A > 2, a property which is probably not verified if A < 1. The case > = 1 is not so clear
and needs an additional work. Indeed, for the study of detonation waves, our result has to
be viewed as a preliminary result or, at least, as a study of a very simplified case. Realistic
models are much more complicated. In particular, it seems that A is actually depending on
the unknown and, even if A > 1, A is probably not bounded from below by some A9 > 1.
The possibility to generalize our result to such a case is not manifest.

We first prove (Section 4) the uniqueness of a “weak” solution (solution in the sense
of Definition 3.1. below). Then, assuming the existence of a “weak” solution, we prove
(Section 5) the regularizing effect (the equation is then satisfied in a classical sense). The
results of these two sections are in fact true for any A > 1. In Section 6, the existence result
is given, using a splitting method. The use of splitting methods is classical, in particular to
define numerical schemes, but is not usual to prove an existence result as it is done here. In
this section, the central argument is the proof of the maximum principle (which is limited
to A <2).

Here is our main result.

THEOREM 1.1. Ifug € L°°(R), then there exists a unique solution u to (1.1) on 10, co[
(in the sense of Definition 3.1, see below). Moreover, this solution satisfies:

1) u € C*(]0, oo[ xR) and all its derivatives are bounded on 1ty, co[ xR forallty > 0,
i) forallt > 0, u(t)|lLem) < lluollL=m®) and, in fact, u takes its values between the
essential lower and upper bounds of u,
iii) u satisfies o;u + 05 (f(u)) + glu]l = O in the classical sense (g[u] being properly
defined by Proposition 5.3).
iv) u(t) — ug, ast — 0, in L°°(R) weak-* and in L{:)C(R)for all p € [1, ool.

REMARK 1.2. Inthe course of our study of (1.1), we will also see that, if ug € L (R)N
L(R), then the solution u to (1.1) satisfies, for all 7 > 0: lull 1Ry < Nluoll L1 g)-
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We will also see that (1.1) has a L! contraction property: if (ug, vg) € L°°(R) are such
that ug — vo € L' (R), then, denoting by u and v the solutions to (1.1) corresponding to
initial conditions u¢ and v, we have, forall 7 > 0: [u(t) — v() [ 1) < lluo — voll L1 (R)-

2. Properties of the kernel of g

Using the Fourier transform, we see that the semi-group generated by g is formally given
by the convolution with the kernel (defined for > 0 and x € R)

K(t,x)=F (e "M)x) = f 2mE e g = Fem ! ().
R

The function§ € R — ¢! & being real-valued and even, K is real-valued (in the sequel,
we consider only real-valued solutions to (1.1)).

The most important property of K is its nonnegativity. For the sake of completeness, we
give here a sketch of the proof of this result, but notice that it is a well-known result since a
rather long time now. We refer to the work of Lévy for example [Lév25]. Also notice that
we study the question of the non-negativity of the kernel K because it is the issue at stake
in the analysis of a maximum principle for the equation u; 4+ g[u] = 0. From this point
of view, we shall make reference to the work of Courrege and coworkers (see [BCP68]
and references therein) who give a characterization of a large class of pseudo-differential
operators satisfying the positive maximum principle and also, more recently, to the work
of Farkas, Jacob, Schilling [FIS01] (see also Hoh [Hoh95]).

LEMMA 2.1. If A €]0, 2] then, for all (t, x) €]0, co[ xR, we have K (¢, x) > 0.
ﬂ2
Proof of Lemma 2.1. If A = 2, it is well-known that K (¢, x) = (n/t)l/Ze—sz, which
implies the result. Assume now that A €]0, 2[ and let f(x) = Alx|~! " 1r\j_1 17 (x), with
A > 0 such that fR f(x)dx = 1. Since f is even with integral equal to 1, we have

cos(2ry) — 1

|y|1+A dy.

F(HE) =1 +/(COS(27TXS) —Dfx)de =1+ Al
R

lyI=I§]

Since cos(2ry) — 1 = O(]y|?) on the neighborhood of 0 and A < 2, the dominated
convergence theorem gives

27y) — 1 2ry) — 1
I e e e e T
pizle I R DI

Hence, F(f)(€) =1 — c|lg/*(1 + w(£)) withc = —AI > 0 and limg_ow(§) =0.
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Define f,(x) = n'/* f% f .- f(n'/*x), the convolution product being taken n times.
By the properties of the Fourier transform with respect to the convolution product, we have,
forall ¢ e R,

F(f)E) = (FH )" = (1 —en e + o™/ )" — e <l
as n — oo. Since (F(f;))n>1 is bounded by 1 (the L'-norm of f, for all n > 1), this

convergence is also true in &’(R) and, taking the inverse Fourier transform, we see that
fn — ]-'_l(e_cw) = K(c,") in 8’(R) as n — 0. f, being nonnegative for all n, we
deduce that K is nonnegative on {c} x R; the homogeneity property (2.1) below concludes
then the proof of the lemma.

Here are some other important properties of K:

1 X
V(. x) €l0, ol xR, K(,x) = K (1, W) . @2.1)

K is C* on ]0, oo[ xR and, for all m > 0, there exists B,, such that

1 By,

V(t, x) €]0, c0[xR, 37K, x)| < [/ (1 12w ?) (2.2)
(K(t,-))r=01s, as t — 0, an approximate unit

(in particular, || K (¢, -)||L1(R) = 1forall ¢t > 0). 2.3)
3K1 such that, forall t > 0, ;K (¢, )| 1y = K1t~ /™. (2.4)
VY(a, b) €]0,00[, K(a,:)*xK(,)=K(a+b,")

and K (a, ) x 0c K (b, ) = 0:K(a + b, -). (2.5)

Proof of these properties

Equation (2.1) is obtained thanks to the change of variable & = r~'/*5 in the integral
defining K.

The regularity of K is an immediate application of the theorem of derivation under the
integral sign. To prove the second part of (2.2), we write 7' K (1, x) = fR(Ziﬂf)me_‘S‘A
e?7xE dg: since A > 1, the first two derivatives of £ — £"e~I¢ " are integrable on R and
we can make two integrations by parts to obtain 07 K (1, x) = O(1/x?) on R; 0l K(1,-)
being bounded on R, we deduce the estimate of (2.2) for + = 1; the general case t > 0
comes from the case t = 1 and (2.1).

Since K(1,-) > 0, we have [|K(1, )l 1g) = Je K, x)dx = F(K(1,)(0) =
e = 1 and (2.3) is thus a consequence of (2.1).

The estimate (2.4) comes from the derivation of (2.1) and from the change of variable
y = t~'/*x in the computation of |9y K (1, -/t"/*)[| 11 (g).-

The identity (2.5), which translates the fact that the convolution with K (¢) is the semi-
group generated by g, can be directly checked via Fourier transform.

Let us also give some continuity results related to K.
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LEMMA 2.2. 1) If ug € LYR), then t € [0,00[— K(t,) * ug is continuous
[0, co[— LY(R) (with value ug at t = 0).
ii) Let T > 0 and (ty, x9) €10, T[xR. If v € Cp(]0, T[xR), then

a) forall so > 0, K(s,-) xv(t,-)(x) => K(s0, ) *xv(fo, )(x0) as s — so, t = 1y
and x — x,
b) K(s,-) xv(t, ) (x) = v(ty, x0) as s — 0, t — g and x — xy.

All these properties are either classical results of approximate units or consequences of the
estimate in (2.2) (with m = 0) and of the dominated convergence theorem. We do not give
a precise proof of these results.

3. Definition and first properties of the solutions

The idea, to study (1.1), is to search for a solution to d;u + g[u] = —d,(f(u)) using
Duhamel’s formula: a solution to this equation is formally given by u(t,x) = K(t) *
uo(x) — fot K(t—s)*0x(f(u(s,-)))(x)ds. By putting the derivative of f(u) on K, we are
led to the following definition.

DEFINITION 3.1. Let ug € L*°(R) and T > O or T = o0. A solution to (1.1) on
10, T'[ is a function u € L°°(]0, T[xR) which satisfies, for a.e. (¢, x) €]0, T[ xR,

u(t,x) = K(,-) xug(x) — /Ot 0K —s,-)* f(u(s,))(x)ds. 3.1
The following proposition shows that all the terms in (3.1) are well-defined.
PROPOSITION 3.2. Letug € L°(R) and T > 0. If v € L*°(]0, T[xR), then
u:(t,x)elo, T[xR — K(t, ) xup(x) + fot 0 K(t—s,)xv(s,-)ds

defines a function in Cp(]0, T[xR) and we have, for all ty €10, T[, all x € R and all
t€l0, T — 1l

t
u(to+1t,x)=K(t,-) *u(ty, )(x) + / 0 K(t —s,)xv(tg+ s, )(x)ds. (3.2)
0
Proof of Proposition 3.2

STEP 1. First term of u.
Since ug € L®(R) and, forr > 0, K (¢, -) € L'(R), K (¢, -) * ug is well-defined and, by
Young’s inequalities for the convolution and (2.3), we have

V(t, x) €]0, 00[ xR, |K (1, ) *uo(x)| < lluollLom)- (3.3
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Letry €]0, T[and xg € R; forall 0 < 9 < T < oo, by (2.2), we can write
Cy
V(t,x,y) €lto, TIXRx R, [K({t,x—=y)| < ——""—— 3.4
(t,x,y) €lto IK( A2l Gt (3.4)

where C1 > 0 and C; > 0 only depend on (79, 7). We have |y—x0|2 < 2|y—x|2 + 2|xp—
x[2, so that |y — x[> > |y — x0/> — |xo — x|?. Forall x € R such that |x — xo|* < C2/2,
forall r €]ty, T[ and all y € R, (3.4) gives
C
IK(t,x —y)| <

Ci
1 2 P = 1 5= F(y)
Co + 51x0 — y|* — |xo — x| (C2/2) + 5lx0 — ¥l

with F € L! (R). Since ug is bounded and K is continuous, the theorem of continuity under
the integral sign gives the continuity of (¢, x) — K (¢, -) % ug(x).

STEP 2. The second term of u.
DefineG: R xR — Rand H : R x R — Rby: forall x € R,

G(t,x) = 3. K (t, )Ly (1) if t > 0,

G(t,x)=0ifr <0,
H(t,x) = v(t,x) if t €]0, T|,

H(t,x) =0ifr e R\]O, T[.
We notice that G € L1(R x R); indeed, by Fubini-Tonelli’s theorem and (2.4),

T AK
/ |G(t,x)|dxdt§l€1/ =V gy = 22
RxR

1
2l < 0.
0 A—

3.5)
The function H is clearly in L (R x R), being bounded by ||v|| L0, 7[xr)- Thus, denoting

by * the convolution in R x R, GxH is well-defined, bounded and uniformly continuous
on R x R; moreover, by (3.5),

1 1L
G+ Hllc,®xr) < I1GllL1 mxr) | H Lo ®xR) < mTl HvllLeeo.T[xR) - (3.6)
By Fubini’s theorem, one checks that, for all + €]0, T[ and all x € R, GxH(¢,x) =
fot 0y K(t —s,-)*v(s,-)(x)ds, and the second term of u is thus continuous and bounded
on ]0, T[xR.

‘We notice that, thanks to (3.3) and (3.6),

)\ICI 1-1
lellcsgo.rr) = luollLoem + =T * IvllLeqo.7xR)- (3.7
STEP 3. To prove (3.2), we make the change of variable T = fy + s in the last term
of this equation, we use Fubini’s theorem (thanks to (2.4)) to permute the convolution by
K (z, -) and the integral sign in u(#g, -) and we apply (2.5).

As an immediate consequence of this proposition, we have:
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COROLLARY 3.3. Letug € L°(R) and T > 0 or T = oo. If u is a solution to (1.1)
on]0, T[, thenu € Cp(]0, T[xR) and u satisfies (3.1) for all (¢, x) €]0, T[xR. Moreover,
forallty €10, T[ and all (t,x) €]0, T — to[xR,

t
u(to+1t,x) = K, ) xu(ty, )(x) — / 0Kt —s,)* f(ulto+s,-))(x)ds, 3.8)
0

i.e. u(to + -, -) is a solution to (1.1) on 10, T — to[ with u(ty, -) instead of uy.

To conclude this study of the first properties of the solutions, we prove item iv) of
Theorem 1.1.

Proof of item iv) in Theorem 1.1

Suppose that u is a solution to (1.1) on ]0, T[. Since f(u) is bounded, we have, for all
(t,x) €]0, T[xR, by (2.4),

t t 1 1
/(; 0 K(t —s,-) % f(u(s, Nx)ds| < ’Cl”f(lzt)”oo/(; mds =Ct *

where C does not depend on 7; hence, the last term of (3.1) tends to 0 in L*°(R) as t — O.
By classical properties of the approximate units, the first term in the right-hand side of (3.1)
converges as wanted to u( and the proof is complete.

4. Uniqueness of the solution

THEOREM 4.1. Let ug € L®°(R) and T > 0 or T = oo. There exists at most one
solution to (1.1) on 10, T[ in the sense of Definition 3.1.

Proof of Theorem 4.1

STEP 1. We first prove a local uniqueness result. Denote by Lipz ( f) a lipschitz constant
of fon[—R, R]. Let T1 > 0. For all u and v solutions to (1.1) on ]0, 71[ bounded by R,
by (3.1) and (2.4), we have

A 1—% X
lu(t, x) —v(t, x)| < T 1T1 Lipgr () llu = vlleo = k(T1, R)|lu — vl|oo-

There exists Ty > 0 only depending on R such that, if 71 < Ty, we have k(T7, R) < 1; for
T1 < Ty, there exists therefore at most one solution to (1.1) on ]0, 77[ bounded by R.

STEP 2. Proof of the uniqueness result.

Let u and v be two solutions to (1.1) on ]0, T'[. Take R = max(||u]co, [|[V]c0); let
Tp be given by Step 1 for R. By Step 1, since u and v are bounded by R, u = v on
10, inf (7', To)[xR.
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Let T/ = sup{t €]0, T[ | u = v on ]0, t[xR} > inf(T, Tp), and suppose that T’ < T.
By definition of T, and since u and v are continuous on ]0, T[xR, we have u(T’, ) =
v(T’, ) on R. By Corollary 3.1, u(T’ + -,-) and v(T’ + -, -) are two solutions to (1.1)
on ]J0, T — T’'[ with the same initial condition u(T’, -) = v(T’, -). These solutions being
bounded by R, Step 1 shows that u(T’ + -,-) = v(T' + -,-) on 10, inf(Tp, T — T")[ xR,
which is a contradiction with the definition of T’.

5. Regularizing effect
5.1. Spatial regularity

If we formally differentiate (3.1) with respect to x, we see that the spatial derivatives of
u satisfy integral equations; the following theorem gives some properties on these integral
equations.

PROPOSITION 5.1. Let M > 0and F : (t,x,¢) €]0, M[xR xR — F(t,x,¢) € R
be continuous; we suppose that 0y F, 0, F, 0;0x F and 0;0; F exist and are continuous on
10, M[xR x R; we also suppose that there exists w :]0, co[— R such that, forall L > 0,
F and these derivatives are bounded on 10, M[xR x [—L, L] by w(L).

Let Ry > 0 and R = (2 + K1)Ro. Then there exists To > 0 only depending on (R, @)
such that, if T = inf(M, Ty) and vo € L (R) satisfies ||vollLo®) < Ro, there exists a
unique v € Cp (10, T[xR) bounded by R and such that

t
v(t,x) = K(t,-) *vo(x) + / 0 K(t—s,)x F(s,-, v(s, ) (x)ds. 5.1
0

Moreover, 3,v € C(10, T[xR) and, for all a €10, T, ||dxvllc,(a.7(xr) < Ra~"/*.

Proof of Proposition 5.1.

The idea is to use a fixed point theorem. Let, for T €]0, M[, Er = {v € Cp(]0, T[xR)
| 9,v € C(0, T[xR) and t1/*3,v € Cp(J0, T[xR)}, endowed with its natural norm
vl gr = lvlloo+l1£/*8,v]l00. We define, thanks to Proposition 3.1, U7 : Cp(10, T[xR) —
Cy(10, T[xR) by

t
Yr ()1, x) = K(, ) * vo(x) +/ 0Kt —5,) % F(s, -, v(s, ) (x)ds.
0

STEP 1. The first term of W (v) belongs to E7.
The estimate (2.2) allows to see, as in Step 1 of the proof of Proposition 3.2, that, by
derivation and continuity under the integral sign, K (¢, -) * vg is derivable on R and that
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(t,x) €]0, T[xR — 0, (K(¢,-) * vo)(x) = 0K (¢, ) * vp(x) is continuous. By Young’s
inequalities and (2.4),

192 (K (2, ) % v0)lcymy < Kt ™ M [lvoll ooy (5.2)
which proves that (¢, x) €]0, T[xR — K(t, -) * vo(x) belongs to E7.

STEP 2. We prove that, if v € Er, the second term of W7 (v) belongs to Er.

Define H (t, x) = fot 0 K(t—s, )xF(s,-,v(s,))(x)ds.Lett €]0, T[ands €]O0, t[. The
function x € R — F(s, x, v(s, x)) is in C; (R). We can thus differentiate under the
integral sign to see that 9, K (¢ — s, -) * F (s, -, v(s, -)) is C! with derivative 3, K (f — s, -) *
OxF (s, -, v(s, ") + 3 F(s, -, v(s,))dxv(s, -)). Moreover, for all x € R,

|3xK(t -, ) * (8XF(S’ i) U(S, )) + aCF(Sv * U(S, '))axv(sv ))(.X)|

< lCl ”axF(, y U(‘, ))”OO ’Cl ”8CF(’ ) U(', ))”OO”v”ET
- ([ _ S)l/k Sl/k([ _ S)l/k

This last function is integrable with respect to s €]0, ¢[, and we can thus apply the theorem
of derivation under the integral sign to see that

(5.3)

t

o0 H(t,x) = / 0 K(t —s,) % (0, F(s, -, v(s, "))
0
+ 0 F(s, -, v(s,)oxv(s, ) (x)ds. 5.4

If 0,v was bounded, the continuity of d, H would be a consequence of Proposition 3.2.
We thus approximate 9, v by bounded functions to conclude. Take 0 < § < T and define
ws € L*°(]0, T[xR) by

ws(t, x) = o F(t, x,v(t, x)) + 0 F (£, x, v(t, x)oxv(t, x)1[s, 7(F).
Denoting As(t, x) = fot 0xK(t — s,-) % ws(s,-)(x)ds, (5.4) allows to see that, for all
to €]0, T[, A5 — 0y H uniformly on [#g, T[xR as § — 0; since, by Proposition 3.2, As is
continuous on ]0, T[xR, we deduce that 9, H is continuous on ]0, T[xR. Moreover, by
(5.4) and (5.3) and the change of variable s = ¢t in the integrals on ]O, 7[, we have, for all
(t,x) €]0, T[XR,
1
0 H (2, x)] < CoKy(1ax F (-, -, (-, Dlloot™*
2
10 F G v Dloollvll e t'™5) (5.5
where Co = max(fol(l —1)" YV dr, fol t=1/*(1 —1)~1/* dr), which proves that H € E7.
If v is bounded by R, the properties of F' along with (5.2), (5.5) and (3.7), give
)\ICI 1-1
W (WlEr < llvollLem) + mT *w(R)

1

+ Killvoll Lo @) + CoK10(R)(T + T % ||v| ). (5.6)
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STEP 3. Fixed point.
We take, as in the proposition, R = (2 + K1) Ry and we denote, for T > 0, By (R) the
closed ball in E7 of center O and radius R. Let Ty > 0 be such that

A 1-1 1-1
Ro+ﬁTO *o(R) + K1 Ry + CoK1o(R)(To+ T, *R) < R (5.7)

A -1 A _1 1
Kio(R) <—TO1 oy To+ CoRTy * + CoT, *) <1 (5.8)

A—1 A—1
(by definition of R, such a Ty exists and only depends on (R, ®)).

Let T = inf (M, Tp). Take vg € L°°(R) bounded by Ry. Thanks to (5.6) and (5.7), V7
sends B (R) into Br(R). Let (4, v) € Br(R).u and v are bounded by R and we have thus,
for all (¢, x) €]0, T[xR, by (2.4) and the properties of F,

A 11
A—lT Yo (R)|u — Voo 5.9

By (5.4) and the properties of F, we also have, for all (¢, x) €]0, T[xR,

Wr @), s) —Wr ()@, x)| < Ky

20, W () (1, x) — 8, W7 (V)(1, X))

A 1 1
< Kio(R) <mT + CoTl_X||u||ET + CoTl_k> lu —vlE,. (5.10)

The properties (5.9), (5.10) and (5.8) ensure that W7 is contracting on By (R). Therefore,
W7 has a unique fixed point v in By (R); v is a continuous and bounded solution to (5.1)
such that 0, v exists and is continuous on |0, T[xR. Moreover, since v € By (R), we have,
forall @ €]0, T[ and all (¢, x) €la, T[xR, [d,v(t, x)| < t~/*||lv||g, <a~'/*R, which is
the estimate on 9, v stated in the proposition.

The inequalities (5.9) and (5.8) ensure that W7 is contracting on the ball in Cp, (]0, T[xR)
of center 0 and radius R. Thus, W7 can have only one fixed point in this ball, which is the
uniqueness result of the proposition.

THEOREM 5.2. Letug € L*°(R) and T > 0 or T = oo. If u is a solution to (1.1)
on 10, T[ in the sense of Definition 3.1, then u is indefinitely derivable with respect to x.
Moreover, for all n > 0 and all ty €]0, T[, we have

1) 3;’14 € Cp(Jto, T[xR),
ii) forallt €]0, T — to[,

t
duto+1,-)=K(t,-)*0ru(ty, ) — / K (t—s,) %0 (futo+s,)))ds
0

i) if R > llullc,qo,7xRr), there exists C only depending on (R, ty, n) such that
0% ullcy i, TIxR) < C.
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Proof of Theorem 5.2

We prove, by induction on n, that : u has spatial derivatives of order up to n which are
continuous and bounded by C (R, ty, n) on Jtg, T[xR for all g €]0, T'[, item ii) is satisfied
on ]0, T — ry[xR for all g €]0, T'[ and

R (f @) = Uy + (1 = 84,0) f')dYu + 850 f (w), (5.1D)

where §,, ¢ is Kronecker’s symbol, Uy = 0 and, if n > 1, U, = Gn((ai‘u)kgn_l) with G,
regular.

The validity of the property at the rank n = 0 is a consequence of Corollary 3.3. We
suppose the induction hypothesis true up to arank » > 0, and we prove it for the rank n + 1.

Letbg €]0, T[. Take b €]bg, T[anddefine F : (¢t,x,¢) :]0, T —b[xRxR — —U, (b+
t,x) — (1 = 8,.0) f W) +1t,x)¢ — 8,,0f(¢). The function F satisfies the hypotheses of
Proposition 5.1, with (by induction hypothesis) @ only depending on (R, by, n); we also
have |0} u ”Cb(]bg,T[xR) < Ro where R( only depends on (R, by, n). Let Ty only depending
on (R, w) (i.e. on (R, by, n)) be given by Proposition 5.1.

By induction hypothesis, 97 u(b + -, -) is continuous and bounded by Ry < (2 + K1) Ro
and satisfies (5.1) on ]0, T — b[ xR for the preceding F and with vo = 97u(b, -) bounded
by Ry. Proposition 5.1 shows thus that 8§+1u exists and is continuous and bounded by
(2 + K1)RoaY* on 1b + a, inf(T, b + Ty)[xR; this is true for all b €]by, T[ and all
a €]0, inf(T — b, Tp)[. Since Ty does not depend on a or b, taking tg €10, T[, by = 1o9/2
anda = inf(¢y/2, To/2) < T —bg, we notice that the intervals {]1b+a, inf (T, b+ To)[, b €
1bg, T — a[} cover 1bg + a, T[D]ty, T[ and we deduce that 8)’}+1u has the regularity and
satisfies the estimates we wanted to obtain.

Let us prove the formula for 8§+1u. By induction hypothesis,

t

du(to+1t,-)=K(t,-)*drulto, ) — / Kt —s,) % (fulto+-)))ds. (5.12)
0

But we have just proved that 97 u(tg, -) € C ,; (R); thus, we can write
e (K (t,) % 3ulty, ) = K (t, ) * 3 u(to, ). (5.13)

The function (¢, x) €]0, T — o[ xR — 97 (f(u))(to + ¢, x) and its first spatial derivative
are continuous and bounded on ]0, T — 79[ xR. The reasoning of Step 2 in the proof of
Proposition 5.1 (with 97 (f (u))(fo + -, -) instead of F(-, -, v(-, -))) allows to compute the
spatial derivative of the last term in (5.12) by derivation under the integral sign, and, thanks
to (5.13), proves item ii) for 3" *1u.

Property (5.11) for the derivative of order n + 1 simply comes from the derivation of this
formula at rank n, and the induction is complete.
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5.2. Temporal regularity

5.2.1. Preliminary: about the definition of g

The operator g has been formally defined by F(g[v])(€) = |£|*F (v)(£); it can be shown
that this definition makes sense for bounded functions, but we will not need it and we prefer
to give here a simple formula for g[v] which defines this operator on C;°(R).

PROPOSITION 5.3. There exists (g1, g2) € (L'(R))? such that, for all v € S(R),
glv] = g1 xv + g2 * vW. This formula allows thus to define g[v] for v € C;°(R) (and this
definition does not depend on the choice of g1 and g, as above).

Proof of Proposition 5.3

Let x € C°(R) be even and equal to 1 on a neighborhood of 0. By linearity of F -1 if
v e S(R),

gl = F L P F) + FH(- 1A — ) F)) (5.14)

(since F(v) € S(R), all these terms are well-defined as inverse Fourier transforms of
integrable functions).

Lethy : £ € R — |€|*x(£). The function 41 is C! on R, C? outside 0 and its first two
derivatives are integrable on R. We deduce, as in the proof of (2.2), that F “lh)(x) =
O1/(1 + |x]?) on R. Hence, F~'(h1) € L'(R) and we can write F(F~'(h1) % v) =
hi F (), that is to say F~ L (h F(v)) = F~L(hy) * v.

Lethy, : £ e R — |§|A(1—X(§));thefunctionhf cE€eR — 2inE) *hy(&)is C*® and
all its derivatives are integrable on R (the p-th derivative of h’; behaves, on a neighborhood
of the infinity, as |§|~*~7** and —4 4+ A < —1 since A < 2); thus, 7~ !(h}) € L' (R) and

FFRE) x v (@) = i) F W) ()
= Qin&)*hF () F ) (E) = ha(§) F(v) (&),

that is to say F ! (o F(v)) = F~1(h}) x v@.

Identity (5.14) gives therefore g[v] = g1 * v + g2 * v® where g1 = }"‘(hl) and
g =F -1 (h;) are integrable on R (notice also that, since x is even, &1 and h; are also
even and real-valued, so that g and g; are real-valued).

To prove that, if v € C,‘;o (R), the definition of g[v] by this formula does not depend on
the choice of g1 and g», we approximate v and its derivatives by functions in C2°(R); this
will be of no use to us in the sequel, so we do not detail this step.

The following proposition is quite natural, since K is the kernel associated to g. But the
reasoning followed to obtain K was formal, so we must prove this result.

PROPOSITION 5.4. Ifv € C;°(R) then, forallx € R, t €]0, co[— K (z, -)*v(x) is cl.
Moreover, for allt > 0 and all x € R, we have %(K(-, S xv(x))(t) = —g[K(, ) *v](x).
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Proof of Proposition 5.4

We notice that g[K (¢, -) % v] makes sense since K (¢, ) *x v € C;;O(R).

Suppose first that v € S(R). The functions K (¢, -) and v are integrable on R, so, by
definition of K, K (f, -)%v = F~! (e_’"'k]:(v)). A derivation under the integral sign shows
that r €10, oo[— K(z,-) % v(x) is C! and that, forall r > 0 and all x € R,

%W G0 = —F 1 e F)) (x). (5.15)

Taking g1 and g2 as in the proof of Proposition 5.3, we can check, since K (¢, -) and all
the derivatives of v are integrable, that F(g[K (¢, -) *x v]) = | - Ike’”"k}'(v), that is to say
glK(t,) % v] = F~1(| - *e~I"" F(v)) and (5.15) concludes the proof if v € S(R)

Take now v € C,g’o (R). We can find a sequence (v;),>1 € S(R) whose derivatives are
bounded in L*°(R) and converge to the corresponding derivatives of v.

Letx € R;define F,, : t €]0, oo[— K(t,-)xv,(x)and F : t €]0, oco[— K (¢, ) xv(x).
By the convergence of (v,),>1 and the dominated convergence theorem, we see that (F,),,>1
converges to F on ]0, oo[ and is bounded in L°°(]0, oo[). Therefore, the convergence is
also true in the sense of the distributions on ]0, co[ and we have F, — F’ in D’ (]0, ool).

But, since v, € S(R), we have seen that F, is C! and that Fi(t) = —g[K(t,") *
vl(x) = —g1 % K(,-) * v(x) — g2 % K(¢,-) * v,(l4)(x). Hence, (F,),>1 converges
to —g1 x K(t,-) x v(x) — g2 *x K(¢,) * v (x) = —g[K (¢, ) * v](x) and is bounded
in L°(]0, oo), which proves that F, — —g[K (¢, -) * v](x) in D’(J0, co[).

Identifying the limits of the derivatives of F,, we find F'(r) = —g[K (¢, ) * v](x) in
D’ (]0, oo[); since ¢ €]0, co[— g[K (¢, ) *v](x) = g1 *K (¢, ) *xv(x)+ g2+ K (¢, Yxv@® (x)
is continuous (Proposition 3.2 with ug = g1 * v or ug = gz * v®), we deduce that
F :t €]0, 00o[— K(t,-) * v(x) is in fact C! on 10, co[, which concludes the proof.

5.2.2. Proof of the temporal regularity

LEMMA 5.5. Letug € L*°(R)andT > 0orT = oo. Ifuis asolutionto (1.1) on 10, T[
inthe sense of Definition 3.1, then u is derivable with respect to t and d;u+0y (f (u))+g[u] =
0on]0, T[xR.

Proof of Lemma 5.5

We can suppose that T is finite. Let #yp > 0, ¢t €]#p, T[ and s €]0, ¢[. Using (3.4) (and
an equivalent estimate for d, K, obtained thanks to (2.2)), since f(u(fo+s,-))isin C ; (R),
we see that 0, K (¢ — s, ) x f(u(to+s,-)) = K@ — s, ) * 0x(f(u(to + s, -))).

Defining v : (¢, x) €]0, T — to[ xR — —0x(f (u)) (o + t, x) € R (which is continuous
and bounded, and has all its spatial derivatives continuous and bounded—see Theorem 5.2),
we write, by (3.8),

t
u(to+1t,x) = K(, ) *xu(ty,-) +/ K@ —s,:)*v(s, )(x)ds. (5.16)
0
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Since u(ty, ) € CEO(R), Proposition 5.4 shows that (¢, x) €]0, T — [ xR — K(t, -) *
u(tg, -)(x) is derivable with respect to ¢, and has —g[K (¢, -) * u(tp, -)](x) as derivative.

Proving the derivability of the second term of the right-hand side of (5.16) is more
troublesome (because K (t — s, -) explodes as s — t). Fix x € R and §p €]0, T — 1o[. Let
8 €]0, o[ and, for ¢t €]8g, T — to[, Hs(t) = fot_'S K(t —s,-) *v(s, ) (x)ds. Also denote
H(t) = f(; Kt —s,-)*v(s, )(x)ds. We have |Hs(t) — H(t)| < dllvlic,qo,7—[xR) S, SO
that H; — H uniformly on 159, T — tp[ as § — O.

The function ¢ : (z,s) € {(t',s)) €18, T — to[x10, T — o[ | s’ < t' — §/2} —
K(t —s, ) *v(s, -)(x) is continuous (Lemma 2.2 ii)-a)) and bounded. By Proposition 5.4,
¢ is derivable with respect to ¢ and 9,¢(f,s) = —g[K({ — s,) * v(s, )](x) = —g1 *
K@—s,)*xv(s,)x)—gr*x K@ —s5,)* 3?1)(& -)(x); this formula and Lemma 2.2 ii)-a)
show that 9,¢ is continuous and bounded (because, by continuity under the integral sign,
(s,x) — g1 *xv(s,-)(x) and (s, x) — g2 * aﬁv(s, -)(x) are continuous and bounded on
10, T — o[ xR). These properties allow to prove that Hs is C'on ]8g, T — to[ and that

t—48
Hé(t) =K@, )xv(t -6, )x) — / glK(t —s,-) xv(s,-)](x)ds.
0

The function (s, x) €]0, {[xR — g[K(t—s, -)*v(s, )](x) = g1 *xK(t—s, ) *v(s, ) (x)+
gk K({t—s, )% 8§v(s, -)(x) is continuous and bounded (Lemma 2.2 ii)-a)); thus, by Lemma
2.2i)-b), we see that H; converges on 189, T — fo[ to

t
F:te€l0, T —ty[— v(t,x) — / glK({t —s,-)*xv(s,)](x)ds
0

while remaining bounded in L*°(]8¢, T — fo[). Since Hs uniformly converges on 8¢, T — o[
to H, we deduce that H' = F in D'(180, T — fo[). Since g[K(t — s,-) * v(s, )] =
g1 K@ —s,)xv(s,)+g*x K —s,-)x* S)fv(s, -), the same reasoning as in Step 2
of the proof of Proposition 3.2 (with K instead of 9, K and (¢, x) — g1 * v(¢,-)(x) or
(t,x) = go* 3;‘ v(t, -)(x) instead of v) shows that F is in fact continuous. Hence, §y being
arbitrary, H is C' on 10, T — fo[ and H' = F.

Coming back to (5.16), we see that u(fy + -, -) is derivable with respect to ¢ on ]0, T —
to[ xR and that

du(to +1,x) = —g[K (1, ) * ulto, )1(x) — 0 (f ) (10 + 1, x)

t
—/ g1 *xK(@t—s,)xv(s,)x)+gxK({I—s,-)x* a;‘v(s, I (x) ds. 5.17)
0

The time 7y being arbitrary, this gives the temporal derivability of  on ]0, T[xR. We now
prove that the right-hand side of (5.17) is —d, (f(u)) — g[u].
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Lett €]0, T — ty[. By Fubini, we have
t
/ g1 xK({t—s,)*%xv(s,)+g*xK({E—s, ~)>x<8;‘v(s, ) ds
0

' t
:gl*[f K(t—s,)*xv(s, -)ds]+g2*|:/ K@t —s, ~)>k8;‘v(s,~)ds:|. (5.18)
0 0

With the same reasoning as in Step 2 of the proof of Proposition 5.1 (with K instead of
0y K and v instead of F (-, -, v(-, -))), we prove by induction that (¢, x) €]0, T — o[ xR —
fé K( —s,-) % v(s, -)(x) ds is indefinitely derivable with respect to x, has all its spatial
derivatives continuous and bounded on ]0, T — 79[ xR and satisfies, for all m > 0,

t t
oy (/ K@ —s,-)*v(s, -)ds) =/ K@ —s,)*d7v(s,-)ds.
0 0

Thus, by (5.18),
t
/ g1 *xK(t—s,)xv(s, )+ g *xK({—s, -)*8?v(s, ds
0

t t
=g1>x<|:/ K(t—s,-)*v(s,-)ds]+g2>x<8f|:/ K(t—s,~)*v(s,~)dsi|
0 0

:g[/tK(t—s,-)*v(s,~)ds:|.
0

This equation, combined with (5.17) and (5.16), shows that u satisfies d;u + 9, (f(u)) +
glu] =0 on Jfy, T[ xR for all 75 > 0, which concludes the proof.

Item i) of Theorem 1.1 is a direct consequence of Theorem 5.2, Lemma 5.5 and
Proposition 5.3 (as well as the theorem of continuity under the integral sign and Young’s
inequalities which show that, if v € Cp(Jtp, T[xR) and w € LY(R), then (¢,x) €
Itg, T[xR — w *x v(¢, -)(x) is continuous and bounded).

6. L™ estimate and global existence

We construct here a solution to (1.1) on ]0, co[ which is bounded by |[lug]| >~ ®) and
satisfies the maximum principle, thus concluding the proof of Theorem 1.1.

We assume, in the three following subsections, that ug € CS°(RR) (in fact, we just need
ug € L'(R) N BV(R)).

6.1. Construction of an approximate solution by a splitting method

Let 8§ > 0. We construct, by induction, a function ub [0, oo[ xR — R the following way:
we let u‘S(O, ) = ug and, for all n > 0, we define



514 J. DRONIOU T. GALLOUET and J. VOVELLE J.evol.equ.

e u% on 12n8, 2n + 1)8] x R as the solution to d,u® + 2g[u®] = 0 (') with initial
condition u®(2n8, -), that is to say u®(r, x) = K(2(t — 2nd), -) * u®(2né, -)(x) for
(t,x) €12n8, 2n + 1)8] x R.

e 1% on](2n 4+ 1)8,2(n + 1)8] x R as the (entropy) solution to d;u® + 28, (f u®)) =0
with initial condition #®((2n + 1)8, -).

Since ||[K(z, )| ,1(g) = 1 for all 7 > 0, the regularizing operator does not increase the
L norm (in fact, K being nonnegative, the maximum principle is satisfied), the L' norm
and the BV semi-norm; it is a well-known result that the hyperbolic operator has the same
properties. Moreover, the solutions to both equations are continuous with values in L' (R)
(this is what states Lemma 2.2-i) for the regularizing equation). We have therefore defined
u® € C([0, oo[; L' (R)) such that u® (0, -) = uo,

Ve >0, [lu’ (¢, Yo < lluolloomy, 1’ ¢ g < luollLi

and |1’ (1, ) vz < lugl o1 gy, 6.1)

(in fact, u® takes its values between the minimum and maximum values of ug) and, for all
n=>0,

ul(t,) = KQ(t —2nd), ) xu’(2ns, -) for all r €]2n8, 2n + 1)8],
ulsatisfies 9,u’ + 20, (f (u®)) = 0 on](2n + 1)8, 2(n + 1)8] x R. (6.2)

By (2.2) (which also gives, through (2.1), estimates on the time derivatives of K) and the
fact that u®(2n8, -) € L®°(R), we see that, forall n > 0, u® is C* on 1218, 2n + 1)8] x R.
Moreover,

18,u° (21 + 1)8, )lloo = 18K (28, -) % u® (218, )lloo < K1 llolloo(28) /%,

Hence, the time of regularity of u® on [(2n 4 1)8, 2(n + 1)8] x R is at least

T* > : > Cos'/*
201 f" b (2n + 1)8))3xub (2n + 1)8) || Lo ()
where Co does not depend on § or n (we have used (6.1) to bound f” (u® ((2n + 1)8))). For
8 small enough, this time of regularity is thus greater than §.

The parameter § being destined to tend to 0, we can always suppose that it is small
enough (let us say 8 < &) in order that u® is regular on 12rn8, (2n + 1)8] x R and on
[(2n + 1)8,2(n + 1)8] x R for all n > 0 (the BV estimate of (6.1) turns then into a L'
estimate on the first spatial derivative).

IThe factor 2 comes from the fact that we solve the regularizing equation (and the hyperbolic equation) on half
of the total time, so we must give it twice more weight.
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REMARK 6.1. It is also possible to construct u® via a classical splitting method, i.e.
to solve the regularizing equation (without the factor 2) on [k§, (k 4+ 1)&] and then use
the value thus obtained at t = (k + 1)§ to solve the hyperbolic equation (still without the
factor 2) on [k§, (k 4+ 1)§] once again (and not on [(k + 1)§, (k + 2)6]). All the following
reasoning can be done with such a construction; however, since the function thus defined
is not continuous on [0, oo[, more work is to be done.

6.2. Compactness result on the sequence (%)=

PROPOSITION 6.2. For all compact subset Q of R and all T > 0, {u®, § €0, 80]} is
relatively compact in C ([0, T]; L' (Q)).

Proof of Proposition 6.2

Let QO be a compact subset of R and T > 0. For all ¢+ € [0, T], we have, by (6.1),
||“8(f)||L1(R)mBV(]R) < lluollw1.1g) (We omit the space variable in u®); thus, by Helly’s
Theorem, {u‘s(t, ), 6 €]0, dp]} is relatively compact in Ll(Q)

We will prove the equicontinuity of {u‘S , 8 €]0, 6]} in C([0, oof; L'(R)); this implies
the equicontinuity in C ([0, T]; L' (Q)) and, thanks to Ascoli-Arzela’s theorem, concludes
the proof of the proposition.

It is classical that the solution to an hyperbolic equation is lipschitz-continuous [0, co[ —
L'(R). Thanks to (6.1), we see that the lipschitz constant of ubon[(2n + 18, 2(n + 1)8]
does not depend on § or n > 0: there exists Cq such that, for all § €]0, §p], for alln > 0
and all (¢, s) € [2n + 1)5,2(n + 1)4],

1’ (0) = ()l 1 @y < Colt —sl. (6.3)

Taking into account that ul(s,) € WEI(R) and the estimates of (6.1), some classical
cuttings of integrals involving approximate units give, for all § €]0, §p], allz > 0, all s > 0
and all n > 0,

1K (1) % u® (s) — u® ()l 1 gy < 2luoll 1y f| a6
yI=n

Let us now prove the equicontinuity of {u‘s, 6 €]0, 80]} in C([0, oo[; LI(IR{)). Let
8 €]0,60] and 0 < ¢t < s. Let p < ¢ be integers such that p§ < ¢t < (p + 1)é and
g8 < s < (g + 1)8; because of the different behaviours of u® (see (6.2)), we must separate
the cases depending on the parity of p and g; since all these cases are similar, we study
only one, for example p even and ¢ odd.

The idea, to estimate [|u® (s, -) —u’ (¢, -) L1 (r) 1 to go from u®(g8) tou’ ((p+1)8) by the
following technique: on the intervals where u® satisfies the regularizing equation, we use
the formula u® (k8) = K (28) *u® ((k — 1)8) (hence for k odd) and, on the intervals where u’
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satisfies the hyperbolic problem, we write u® (k8) = u®((k — 1)8) + (u® (k8) — u® ((k —1)8))
(k even), the second term being estimated by (6.3).

Applying this idea, using the semi-group property of the convolution by K (¢) and recall-
ing that g is odd in our example, an induction allows to see that, for all / € [0, (¢ — 1)/2],

ul(g8) = K(Q218) x u’((g — 21)8)
!
+ ) K (2j8) x (g — 2j + 1)8) — u’((q — 2))8))
j=l1
afl = 0, le:l(...) is null and K (216) * u‘s((q — 2[)§) is replaced by u‘s(q8)). Taking
l=(@—-—p-—1)/2e]0,(g —1)/2] (recall that g is odd and p is even and inferior to ¢,
thus p + 1 < g) in this formula, we obtain

u®(s) = u’(s) — u®(q8) + K((q — p — D&) *u’((p + 1)8)

(g—p—1)/2
+ Y K@2j8)x (g —2j + D8 —u’((g —2))8)).
j=1

Since p is even, by definition of u® on 1p8, (p + 1)8] and (2.5), we have u’((p + 1)8) =
KQW(p+ 18 —1) x (KQ(@t — pd)) xu’(ps)) = KQ((p + 1)8 — 1)) x u®(r). We can
therefore write
() —u’ (t) = u’(s) — u’ (q8)
+K((g—p—18+2((p+ 18— 1) xu’ (1) —u’(0)

(g—p—1)/2
+ Y KQj8)x (g —2j + D8) —u’((q — 2)8)).
j=1

On [¢é, 5] C [¢8, (g +1)8] and each [(q —2/)8, (g —2j + D8] for j € [1, (g —p—1)/2],
u® satisfies the hyperbolic problem; thus, by (6.3) and (6.4), we have, for all n > 0,

— C g—p-—1
””8(5) ’48(f)||L1(JR) < Cols — qd| + — 2 Cod
+2||MO||L1(R)/ K((g—p—18+2((p+1)6—1),y)dy + ’7||“6||L1(1R)~
[yI=n

But, sincet < (p+1)6 < g6 <s,wehave (q —p—1)§ =¢q§—(p+1)§ <s—1,
2(p+1D§—t) <2(s —t)and s — gé < s — t. Using these bounds in the preceding
inequality, we obtain, for all § €]0, §p], forall 0 < ¢ < s and for all > 0,

3Co
I’ (s) — '’ Ol L1 gy < -l =1l

+20uoll i sup / K (. y)dy + nllugll 1 (65)
7€]0,3|s—t[1/|y|=n
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(the same kind of formula can be obtained in the cases where p and ¢ have other parities
than the ones considered here).

Since, for all n > 0, sup,¢j0 35— flylzn K(t,y)dy — Oas|s —t| — O (property
of an approximate unit), (6.5) gives the desired equicontinuity and concludes the proof of
Proposition 6.2.

6.3. Passing to the limit § — 0

By Proposition 6.2, we can suppose, up to a subsequence, that, for all 7 > 0 and all Q
compact subset of R, u® > uin C([0,T]; L'(Q))as 8§ — 0.Forallt > 0, u®(t) — u(r)

in LlloC (R), hence almost everywhere on R up to a subsequence. We deduce thus from (6.1)

and Fatou’s lemma that, for all # > 0, [[u(*)|| L1 () < lluoll 1 (r), that
Vi>0, Ju@®)llreom < lluollLem) (6.6)

and that, as u®, the function u takes its values between the minimum and maximum values
of ug. Still using Fatou’s lemma on subsequences (depending on s and ¢), we see that (6.5)
is satisfied for all (s, 1) € [0, oo[ with u instead of u®; hence, u € C ([0, ool; LI(R)) and,
since u®(0) = ug for all 8 > 0, we have u(0) = uy.

We now show that u satisfies (1.1) if we use a formulation involving test functions.

PROPOSITION 6.3. Forall y € C°(]0, oo[) and all ¢ € S(R), we have

/ u(t, x)y' (@) + fu, )y @) (x) —ut, x)y(1)glel(x) dxdt = 0.  (6.7)
Rt xR

Proof of Proposition 6.3

Let § €]0, §p]. If p is an odd integer, Wisa regular solution to du’ + 28x(f(u3)) =0on
[pd, (p + 1)8] x R. Multiplying this equation by y (¢)¢(x) and integrating by parts (recall
that u® is bounded and that ¢ € S(R)), we find

(p+1)8
0= _f / ul (t, )y (e((x) + 2f W’ (t, %)y ()¢’ (x) dtdx
pé R

+ /R W ((p + D8, )y ((p + D&)p(x) dx — /R W (ps, )y (pOe(x)dx.  (6.8)

If p is an even integer, then ub(t) = KQ2(t — p8)) xu®(ps) on 1pé, (p + 1)8] x R. Since
u®(t) € L(R) for all # > 0, Fubini’s theorem allows to write

Flwb ) = F7UK Q@ — po))F P (p8)) = e 2P F=18 (o)),
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Writing ¢ = F~1(F(p)) and g[p] = F~'(| - |*F(9)), since u®(t) € L'(R) forall r > 0,
by Fubini’s theorem we can put the inverse Fourier transform on u® and we thus check that

(p+1)s

) / u® (1, )y (e (x) — 2u’ (¢, x)y (1) glg](x) dxdt
p R

= f u((p+ 18, )y ((p + DE)g(x) — u’ (p8, x)y (p8)p(x) dx. (6.9)
R

Summing (6.8) on all odd integers p and (6.9) on all even integers p (notice that, since
the support of y is compact, these sums are finite), the boundary terms disappear (even for
p = O since y(0) = 0) and we find

/ f W (1, X)p(x)y (1) dxdi
Rt JR
4 / f 21 W (1, )¢ )y (1 — x5(1)) dxdi
RT JR
- / / 2 (1, )8l (X) (1) x5 (1) dxdi = O 6.10)
Rt JR

where xs is the characteristic function of Ueyen p 198, (p + 1)3].
Taking T > max(supp(y)), we have, for all A > 0, thanks to (6.1) and (6.6)

/ /M’S(t,X)g[w](X)V(t)ZXS(t)dxdt—/ /u(I,X)g[tp](X)J/(t)dxdt
Rt JR Rt JR

=

(6.11)

T A
/0 / Qs 1) = . )glgl 0y (O ded

+3lluollLo@ Ty Il L=t / 18l@](x)| dx (6.12)
R\[—A4,A]

Since g[e] is bounded on R, u® — u in C([0, T]; L'([—A, A])) and xs — 1/2 in
L*(]0, oo[) weak-* as § — 0, we see that (6.11) tends to 0 as § — 0. By Proposition 5.3,
we have glp] = g1 % ¢ + g2 % <p(4) € LY (R); hence, (6.12) tends to 0 as A — oo. We
deduce thus that, as § — O,

/ f W (1, 2)gl01 00y (1) 2x5(0) ddt — / / u(t, x)glpl(x)y (o) ddr.
RT JR Rt JR
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The flux function f is lipschitz-continuous on [—|lugl| L (R), [l#ollLo®)] so that, by
(6.1)and (6.6), fw®) — f(u)in C([0, T]; L'(Q)) forall T > 0 and all compact subset Q
of R. Therefore, with the same kind of reasoning as before, we can pass to the limit § — 0
in (6.10) to conclude that u satisfies (6.7).

We now prove that u is in fact a solution to (1.1) in the sense of Definition 3.1.

Recall that u € C([0, oo[; L' (R)). By (6.6) and the local lipschitz-continuity of f,
we have f(u) € C([0, ool; L'(R)) (recall that f(0) = 0). We deduce, since Fl
L'(R) — C,(R) is continuous, that 1 — F 1 (u(t)) and t — F~1(f(u(r))) are in
C ([0, oo[; Cp(R)) C C([0, oo[xR). Hence, for all y € C2°(]0, oo[), the function

w(€) = /R f*l(u(r))(g)y/(r) + 2imEF N F @))€y (1)

~F @) ©lElty @) dr,
is continuous on R. Let ¥ € CZ°(R); applying (6.7) with ¢ = Fl(y) € SR) and
using Fubini’s theorem, we have fR w1y = 0; the function ¥ being arbitrary, this implies
w = 0. Since this is true for all y € C2°(]0, oo[), we deduce that, for all £ € R,
L(F @) = —EPF @) E) +2imeF ' (f w()))(€)in D' (10, oo[). The right-

hand side of this equation is a continuous function, and the equation is therefore a classical
ODE; thus, forall £ e Rand allr > 0,

Flue)@ = e F uo)@) + fo ik I ()€ ds
= F UK @) % uo)(€) — fo F K= HF () @) ds
= F U (K@) % uo) () — fotf”(axK(r —5) % f(u(s))(§) ds

By (2.4) and since f(u) € C([0, oo[; L'(R)), Fubini’s theorem gives then
F um)€) = F (K@) % uo)E) — F' (/Ot oK (t — 5) % f(u(S))dS> ©).

F-l being injective on L! (R), we deduce that u satisfies (3.1) on ]0, co[ xR.
Here is a summary of what we have proved so far in this section.

PROPOSITION 6.4. If ug € C°(R), then there exists a solution to (1.1) on 10, oo[
which is bounded by |ug|| L= ®) and takes its values between the minimum and maximum
values of u.
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6.4. Conclusion

We now prove that if ug € L% (R), then there exists a solution to (1.1) on ]0, co[ which
satisfies item ii) in Theorem 1.1, which concludes the proof of this theorem.

Letug € L*(R) and take (u)n>0 € C2°(R) which converges a.e. on R to u¢ and such
that, foralln > 1, ug takes its values between the essential lower and upper bounds of u;
in particular, |jug|lLe®) < |luollL>) for all n > 0. Denote by u" a solution, given by
Proposition 6.4, to (1.1) on ]0, oo[ with initial condition ug instead of ug; u" is bounded
by llugllLe@® =< lluollLow)- This bound and Theorem 5.2 show that, for all zy > 0 and all
m > 0, (0]'u"),>1 is bounded on ]#p, oo[ xR; by Lemma 5.5 and Proposition 5.3, these
bounds on the spatial derivatives imply that (9;u"),>1 is also bounded on ]#p, co[ xRR.

Hence, by Ascoli-Arzela’s theorem, up to a subsequence, we can suppose that there
exists u such that u” — u on ]0, oo[ xR. Since [[u" ||z 10,00[xR) < llttollzoor), We also
have |lu| 1o 0,00[x®) =< llttollzoo(r) and, in fact, u takes (as each u") its values between
the essential lower and upper bounds of ug. The function u" satisfies (3.1) with ug instead
of ug; passing to the limit n — oo in this equation, thanks to the dominated convergence
theorem, we see that & is a solution to (1.1) on ]0, col.

REMARK 6.5. Since both the hyperbolic and regularizing equations satisfy the prop-
erties given in Remark 1.2, it is quite obvious, on our construction of a solution to (1.1),
that (1.1) also satisfies the properties stated in Remark 1.2 (because we can always choose
approximations of the initial conditions by regular data which satisfy the hypotheses of this
remark).
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