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Weak solutions to stochastic porous media equations

GIUSEPPE DA PRATO and MICHAEL ROCKNER

Abstract. A stochastic version of the porous medium equation is studied. The corresponding Kolmogorov equation
is solved in a space LZ(H, v) where v is an invariant measure. Then a weak solution, that is a solution in the sense
of the corresponding martingale problem, is constructed.

1. Introduction

The porous medium equation
D¢

S =A™, meN, (1.1)

on a bounded open set D C R? has been studied extensively. We refer to [1] for both the
mathematical treatment and the physical background and also to [2, Section 4.3] for the
general theory of equations of such type.

In this paper we are interested in a stochastic version of (1.1). Throughout this paper we
assume

(H1) misodd, m > 3.

Furthermore, we consider Dirichlet boundary conditions for the Laplacian A. So, the
stochastic partial differential equation we would like to solve for suitable initial conditions
is the following:

dX(1) = (@AX(1) + AX™(1))dt +C dW (1), >0, (1.2)

where o > 0. As in [3], where similar equations were studied (but with x — x™ replaced
by some B : R — R of linear growth, satisfying, in particular, 8’ > ¢ > 0), it turns out that
the appropriate state space is H~'(D), i.e. the dual of the Sobolev space HO1 = H(} (D).
Below we shall use the standard L2 (D) dualization (-, -) between H(; (D)and H = H-Y(D)
induced by the embeddings

HI(D) c L’ (D) =L*(D)c H'(D)=H
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without further notice. Then for x € H
2 —1
X% =f((—A) x)(§) x(§)dé
D

and for the dual H' of H we have H' = Hol. We equip H with its Borel o-algebra .% (H).
(Wi)r>0 is a cylindrical Brownian motion in H and C is a positive definite bounded
operator on H of trace class. To be more concrete below we assume:

(H2) There exists A, k € N, such that for the eigenbasis {ex|k € N} in H of A (with
Dirichlet boundary conditions) we have

Cep = \/)Tk e forall k € N.

(H3) For oy = supgcp lex ()%, k € N, we have

o
K = Zakkk < 4o00.
k=1

Our aim is to construct a strong Markov weak solution for (1.2), i.e. a solution in the sense
of the corresponding martingale problem (see [13] for the finite dimensional case), at least
for a large set H of starting points in H which is left invariant by the process, that is
with probability one X, € H for all # > 0. We follow the strategy first presented in [10]
(and already carried out in the more dissipative cases in [5]). That is, first we construct
a solution to the corresponding Kolmogorov equations and then a strong Markov process
with continuous sample paths having transition probabilities given by that solution to the
Kolmogorov equations. As in [5] we also prove that this process is for -a.e. starting point
x € H the (in distribution) unique continuous Markov process whose transition semigroup
consists of continuous operators on L>(H, i) which is e.g. the case if u is a sub-invariant
measure.

Applying Itd’s formula (on a heuristic level) to (1.2) one finds what the corresponding
Kolmogorov operator, let us call it Ny, should be, namely

1 o0
Nog(x) = 5 Y mD>¢(ex, ex) + Dp(x)(Alax +x™), x € H, (1.3)
k=1

where Dy, D% denote the first and second Fréchet derivatives of ¢ : H — R. So, we
take ¢ € C3(H).

In order to make sense of (1.3) one needs that A(x™) € H at least for “relevant” x € H.
Here one clearly sees the difficulties since x™ is, of course, not defined for any Schwartz
distribution in H = H~!, not to mention that it will not be in H(% (D). So, a way out of
this is to think about “relevant” x € H. Our approach to this is first to look for an invariant
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measure for the solution to equation (1.2) which can now be defined “infinitesimally”
(cf. [4]) without having a solution to (1.2) as the solution to the equation

Niw=0 (1.4)

with the property that p is supported by those x € H for which x™ makes sense and
A(x™) € H. 1.4 is a short form for

Nog € L'(H, w) and / Nopdu =0 forall ¢ € CE(H). (1.5)
H

Any invariant measure for any solution of (1.2) in the classical sense will satisfy (1.4). Then
we can analyze Ny, with domain CZ(H )in L%(H, W), i.e. solve the Kolmogorov equation

% = Nov (1.6)
for the closure Ny of Np on L*(H, ). This means, we have to prove that No generates a
Co-semigroup T; = e'™No on LZ(H, 1). Subsequently, we have to show that (7;);>0 is given
by a semigroup of probability kernels (p;);>0 (i.e. p; f is a u-version of T; f € L%(H, 1)
forallt > 0, f: H — R, bounded, measurable) and such that there exists a strong
Markov process with continuous sample paths in H whose transition function is (p;);>0.
By definition this Markov process then will solve the martingale problem corresponding
to (1.2).

The organization of this paper is as follows. In §2 we construct a solution u to (1.4) and
prove the necessary support properties of 1, more precisely, that forall M e N, M > 2

u({x € L2(D)xM € Hy}) = 1,

so that Ny in (1.3) is p-a.e. well defined for all ¢ € Cg(H). In §3 we prove that Ny, which
is automatically closable in L2(H, p), is essentially maximal dissipative in L*(H, ), ie.
its closure N := Ny generates a Co-semigroup in L2(H, ;). In both §2 and §3 we rely on
results in [3] in essential way, which we apply to suitable approximations, i.e. the function
x — x™ is replaced by

m

X
Be(x) = Tooem T +(@+e)x, €€(0,1]

m—1

to which the results in [3] apply.

In §4 we construct the semigroup (p;);>0 of probability kernels and the corresponding
Markov process. The technique to this is to prove that the capacity determined by N (defined
in §2.1 below) is tight. So, since Cl%(H ) is a core of N which is an algebra, a general result
from [12] implies the existence of (p;);>0 and the Markov process.

In the recent paper [6] we already constructed solutions to (1.4) in the case @ = 0 and
m = 3. In this paper we extend this result to o € (0, 4-00) and arbitrary odd m € N. We
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emphasize that all further steps described above we can only perform if « > 0. For the
convenience of the reader we include the case ¢ = 0 in §2, thus recalling all relevant results
from [6]. Starting from §3, however, we need o > 0. We shall point out in detail why this
is needed in the proof of Theorem 3.2.

2. Existence of an infinitesimal invariant measure

Throghout this section (H1)-(H3) are still in force. So, we first consider the following
approximations for the Kolmogorov operator Ny. For ¢ € (0, 1] we define for ¢ € Cg(H ),
x € L%(D) such that B (x) € HO1

1 & 5
Neg(x) == 3 ZMD p(x)(ek, ex) + Dp(x)(ABe(x)), 2.1
k=1
where

,
Be(r) := To a1 +@+er, relR. 2.2)

m—1

We note that B, is Lipschitz continuous and recall the following result from [3] which
is crucial for our further analysis, see [3, Theorems (3.1), (3.9), Remark 3.1]. To avoid
confusion and for the reader’s convenience we note that for ¢ € Cg(H ),x € H, what is
denoted Dg(x) in [3] is the image in H of our Dgp(x) € HOl via the embedding H(; -
L*(D) C H, ie. corresponds to A(Dg(x)).

THEOREM 2.1. Let ¢ € (0, 1]. Then there exists a probability measure (1 on H such
that

1e(Hg) =1, (2.3)

/ el e (dx) < +o0, (2.4)
H 0

[ Ve dise = [ 188y di < oo 25)
H 0 H

and

/ Negdpe =0 forall ¢ € C3(H). (2.6)

H

REMARK 2.2. (i). In [3] only

te(fx € LX(D)|Be(x) € H{hH =1
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was proved. But since . (0) = 0, 8:(R) = R, and
m—1

m+ er

/ _ m—1
,38(7”) =r (1 _,’_grmfl)Z

+a+e>a+e¢ forall r e R, 2.7

it follows that the inverse B; ! of B, is Lipschitz with f;1(0) = 0, so B.(x) € H] is
equivalent to x € HO1 and (2.4) follows from (2.5), since

Vx| = VB (Be(x))] < (@ + &) VBe(x)].

We thank V. Barbu for pointing this out to us.
(ii) By Theorem 2.1 we have that Ny¢(x) is well defined for pu.-a.e. x € H.

For N € N we define

N

Pyx = (x.ex)eex. x € H.
k=1

Note that, since {ex|k € N} is the eigenbasis of the Laplacian we have that the respective
restriction Py is also an orthogonal projection on L?(D) and HO1 and on both spaces
(Pn)Nen also converges strongly to the identity.

The following result was proved for @ = 0 in [6]. The proof for « € [0, +00) is almost
the same. To make this paper self-contained we include the proof in this general case.

PROPOSITION 2.3. {u., € € (0, 11} is tight on H. For any weak limit point 1
1
2
/1:-1 |x|L2(D),u(dx) < /D(a + 1) dé + 3 Tr C.
In particular, ,lL(Lz(D)) =1.

Proof. Forn € Nlet x, € C*°(R), xn(x) = x on[—n,n], x,(x) = (n + 1) sign x, for
x e R\[-(n+2),n+2],0 < x, <1andsupuen|x, | < +o0. Define forn, N ¢ N

1
oNa () = 2 Xn(IPyx[7p).
Then gy , € Cg(H) and forx € H

N
1
Negnn(x) = 5 > " Ml2x (I Pyx|3) (Pyx, e + x| Pyx[3p)]
k=1

+ Xh (IPNX[5) (PN, ABe(X)) -
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Hence integrating with respect to u., by (2.6) we find

/H X (1PN X3 (Pyx, Bs (0)) 12y e (d)

1
3 Zxk /H (2, (I1PNx15) (PN X, ex) Ty + X (I PN X1 e (dx)

=

Zxk +supiy / 0 (I Py | Py e (d).

For all n € N the integrand in the left hand side is bounded by

l{IPNx\%,SnJﬂ} | Pnx| g |,Bs(x)|H01,

and similar bounds for the integrand in the right hand side hold. Therefore, (2.5) and
Lebesgue’s dominated convergence theorem allow us to take N — oo and obtain

/H Xn (X134, Be (X)) 12y e (d)

=

Zxk +SUP)\k/ X (31 1x 1% e (d).

k=1

1
<= E Mk +supAk/ X132, e (dx).
2 keN {|x\%_12n} e

N =

Hence taking n — oo by (2.4) and using the definition (2.2) of 8, we arrive at
(/ /’ O g en®) ) d e < LT C
e - TrC.
Trexml 0T Held¥) =3

Since m is odd and ¢ € (0, 1], this implies

/|x| ) ue<dx><//<a+1+ E) )déus(dx)
L*(D) + m— l(g)

5/@+U&+1HC 2.8)
D 2

Since L%(D) C H is compact, this implies that {u.|e € (0, 1]} is tight on H. Since the

map x — |x|? 12(D) is lower semicontinuous and nonnegative in H all assertions follow. [J

Later we need better support properties of p. Therefore, our next aim is to prove the
following:

THEOREM 2.4. Let (H1)-(H3) hold and assume that either « = 0,m = 3 or a > 0,
m > 3, m odd. Then:
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(1) Forall M € N, M > 2, there exists a constant Cpyy = Cpy (D, K) > 0 such that

sup f f M= ()| Vx (&) PdE s (dx) < Cy.
1JH JD

e€(0,1

If a > O this also holds for M = 1.
(ii) Forall M € N, M > 2, and any limit point u as in Proposition (2.3)

| [ matheidsn < cu
HJD
In particular, setting
Hj = {x € L*(D)|x™ € Hy}
we have
w(Hy y) =1 forall M > 2.
If a > 0, this also holds for M = 1.

In order to prove Theorem 2.4 we need some preparation, i.e. more precise information
about the ., € € (0, 1]. This can be deduced from (2.6), i.e. from the fact that u, is an
infinitesimally invariant measure for N,. So, we fix ¢ € (0, 1] and for the rest of this section
we assume that (H1)-(H3) hold.

We need to apply (2.6) with ¢ replaced by ¢y : LM (D) — [0, 4+00), M € N, given
by

¢M<x)=f *M@Eyde, x e L*M(D).
D

Clearly, such functions are not in C,f(H ) so we have to construct proper approximations.
So, define for § € (0, 1]

2M
fM’g(V) = w, r e R. (29)
Then forr e R
Fis() =1 +8rH722Mr™M =1 4 28(M — 1)r*MH) (2.10)

and

Firs@) =20 +8r) MM — Dr*M=2 4+ s(AM* — 6M — 1)r*M
+82(M — H(2M — 3)r*M+2. (2.11)
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We have chosen this approximation since below (cf. Lemma 2.7) it will be crucial that f 1{,/1 5
is nonnegative if M > 2. More precisely we have

1
0= fus(r) < 5 |r|2M 2

2M

0< fus() = = | |2M 3

0 < fr.5(r) < 16M* |rPM~%inf{r?, 1/8}. (2.12)

REMARK 2.5. The following will be used below: if x € HO1 is such that for M € N

[ PP < oo, @.13)

H

then x™ ¢ H& and xM- vy = % VxM or using the notation introduced in
Theorem 2.4.-(ii) equivalently x € H(;’ - The proof is standard by approximation. So,
we omit it. We also note that by Poincaré’s inequality, H& u C L*M (D). More precisely,
there exists C (D) € (0, 0o) such that

(D) f M (&)dE < / VM () 2dE = M2 / PMD ) Vx@)PdE,  (214)
D D D

for all x as above.

The following lemma is a consequence of (2.6) and crucial for our analysis of {ue, € €
(0, 1]} and their limit points. For « = 0, m = 3 its proof can be found in [6]. We include
the general case here for the reader’s convenience.

LEMMA 2.6. Let M € N, § € (0, 1]. Assume that
/ / x2M=2) (&) |Vx (£)|2dE e (dx) < 0o if M > 3. (2.15)
H JD
Then
l > Vi
: ];xk /H fD Fly 5 ENRE)E 1o (dv)
= /H /D f,{é,a(X(E))ﬂé(X(E))IVX(é)|2d$Ms(dX)- (2.16)

Proof. We first note that (2.15) holds for M = 2 by (2.3). For « € (0, 1] we define

Fusc() = fuse 2%, reR ifM=>2
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and fi1s« = f1,5. Then (2.10) and (2.11) imply that fy s, € Cg(R). Define

oM 54 (X) 1= /D Iusc(x(E)dE, x € L*(D).

Then it is easy to check that ¢y s is twice Gateaux differentiable on L%(D) and that for
all y,z € L>(D)

wﬁw,a,K(x)(y)Z/Df&,a,K(X(S))y(S)d& 2.17)
<P5(4,5,K(x)(y,z)=/sziz/;,a,,((x(f))y(E)Z(E)dé- (2.18)
Hence

Pm.s.uc 0 Py € Cp(H)
and for all x € H_} (hence B, (x) € H}),

1 N
Ne(omsic o PN == Y hi | frrs(Pnx(E)eg(€)dE
2 S D

+/Df/{/I,S,K(PNx(é))PN(Aﬁs(x))(é)df-

Since Py A = APy, integrating by parts we obtain
1 X
Ne(@u s 0 PO =5 ) / It 5. (PNX(E))er (8)dE
D
k=1

_/;fl(//l,a,x(PNX(%-))(V(PNX)(S),V(PNﬁs(x))(é))Rdd$~

Since (Py)nen strongly converges to the identity in Hol, we conclude by (H3) that
. 1 - " 2
lim Ng(gms.c 0 PN)(x) = > E Me | s (x(E))e(5)dE
N—oo 2 =l D ’

- fD Fars.c XENBLE)E) VX (E)PdE.

Since B, is Lipschitz, by (2.3)—(2.5) and (H3) this convergence also holds in LY'(H, Ue).
Hence (2.6) implies that

1 - 1
D) kgkk /H /D Iar.5.c X E)ef (E)dE e (dx)

= /;I/Dfzgl,s,,((X(S)),Bé(x)(é)|Vx(§)|2d-§ﬂs(dx)- (2.19)
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So, for M = 1 the assertion is proved. If M > 2, an elementary calculation shows that by
(2.12) there exists a constant C (M, 6) > 0 (only depending on M and §) such that

| fi 50 < CM, P2 e R, (2:20)

Hence by (H3), Remark 2.5 and assumption (2.15) we can apply Lebesgue’s dominated
convergence theorem to (2.19) and letting x — 0 we obtain the assertion. O

LEMMA 2.7. Let M € N and assume that (2.15) holds if M > 3.

(i) We have

LS f f M=V () dE pe (dx)

xm 1
/ / 200~ ‘>(s>< - m(f2§)+a+s) Vx@PdEped).  (2.21)

(i) If« =0and m = 3 then for M > 2
3 [ [ (@420 ) e @
2 JuJp
> / / K2 (&) |V (6) 2 1 (d)
H JD

i | [ st eragu@.
HJD

and

5 K
//IVx(é)l déus(dx)fz—. (2.22)
HJD &

(iii) Ifa > 0, then
5 f / 20D () ()
HJD
> « / / M0 () |V (8) [PdE pe (d). (2.23)
HJD
Proof. (i) By (H3) the left hand side of (2.16) is dominated by

K
> / / Fans(x(€))dE pe (dx).
HJD

If M > 2, by assumption (2.15) and Remark 2.5 we know that

f / MY () dE pe (dx) < 0o
HJD
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which trivially also holds for M = 1. So, by (2.11), (2.12) and Lebesgue’s dominated
convergence theorem we obtain that for M > 2

LS / / 2MEM — DM (E)dE e (d)
2 Julp

> ligni(l)lf/ / f,{},g(x(g))ﬁ;(x(é))IVx(S)Izdéus(dx).
-0 JuJp
Since fI{,’M > 0 for M > 2 and

m—1

ﬂé(ﬂi# +a+e>0 forall r eR,
r

we can apply Fatou’s lemma to prove the assertion. If M = 1 we conclude in the same
way by (2.3) and Lebesgue’s dominated convergence theorem which applies since g is
bounded and |f1’f5| < 3/2 (as follows from (2.12)) for all § € (0, 1].

(ii) See [6, Lemma 2.7-(ii) and (iii)].
(iii) Since m — 1 is even, the assertion follows by (i).

O

By an induction argument we shall now prove that the integrals in (2.22) are all finite and
at the same time prove the bounds claimed in Theorem 2.4.

Proof of Theorem 2.4. For the case « = 0, m = 3 we refer to [6]. We only give the proof
foro > 0,m > 3. If M = 1 then the assertion holds by Lemma 2.7-(iii). Furthermore, by
Remark (2.5)

f / 2M=D )|V (x(£)) 1 dE e (dx) = f f IV (M (&) PdE e (d)

CD2
() f / M e (o). (2.24)

Now assertion (i) follows from Lemma 2.7-(iii) by induction.
To prove (ii) we start with the following

CLAIM. Forall M € N
M ey 2
Oux) = lHol,M(x)/D [Vx™ (&)|°dé + oo - lH\HOl,M(.X), xeH (2.25)
is a lower semi-continuous function on H.

Since p is a weak limit point of {u.| € € (0, 1]} and ®j; > 0, the claim immediately
implies assertion (ii).
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To prove the claim let « > 0 and x,, € {®y < &}, n € Nsuch that x, — x in H as
n — oo. By Poincaré’s inequality {x,|n € N} is a bounded set in L*"(D). So x, — x
in H as n — oo also weakly in L%(D), in particular x € L?(D). Since {x,ﬁ”|n € N} is
bounded in HOI, there exists a subsequence (x,% Jkey and y € HO1 such that x,% — yin H
as k — oo weakly in Hé and

/ IVy(&)2dE < a.
D

Since the embedding HO1 c L*(D) is compact, xr% — yin H as k — oo in L%(D).
Selecting another subsequence if necessary, this convergence is d¢-a.e., hence

1
Xp — YM  dE-ae.

Since (selecting another subsequence if necessary) we also know that the Cesaro
mean of (x,, )ren has a subsequence which converges d&-a.e. to x, hence M = Y, SO
x €{Oy < al.

As a consequence from the previous proof we obtain:

COROLLARY 2.8. Let M € N. Then ©y has compact level sets in H.

Proof. We already know from the previous proof that ®,, is lower semicontinuous. The
relative compactness of their level sets is, however, clear by Poincaré’s inequality since
L* (D) c H is compact. O

. 1
Since for M € Nand x € HO,M

1AMy = /D VM ) Pt (226)

so Ax™ e H,we can define the Kolmogorov operator in (1.3) rigorously for x € HO1 N HOl m

So, for ¢ € C2(H), « € [0, 00)

1 C 2 m
Nogp(x) := 5 Z?»kD @(x)(ek, ex) + Do(x)(Alax +x™)), (2.27)
k=1
where we assume m = 3 if « = 0. We note that by Theorem 2.4.-(ii) and (2.26), Nop €
LZ(H, w) for any weak limit point p of {uc|e € (0, 1]} on H. Now we can prove our main
result, namely that any such u is an infinitesimally invariant measure for Ny in the sense of
[4], i.e. satisfies (1.4).

THEOREM 2.9. Assume that (H1)-(H3) hold and that either « = 0, m =3 ora > 0,
m > 3, m odd. Let |4 as in Proposition 2.3. Then

/ Nogdu =0 forall ¢ € C2(H).
H
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Proof. For o = 0, m = 3 the assertion was proved in [6]. So, we only prove the case
a>0,m >3 modd. Letp € Cg(H). For N € N define ¢y := ¢ o Py. Then for
X € H(%M

Nogn (x) = M D*@(Pyx)(ex, Pyer) + Doy () (A(ax +x™))

N =
M2

>-
Il

M D>@(Pyx)(er, ex) + Do(Pyx)(Py (Aax 4 x™))).

I
N1 —
M=

»
I
_

If we can prove that
/ Nopndu =0 forall N € N, (2.28)
H

the same is true for ¢ by Lebesgue’s dominated convergence theorem. So, fix N € N. Then
by (2.6)

1 N
/H Nogdp = lim /H . ;AkD%N(x)(ek,ekmgwx)
4 /H Do (6)(A@x + ™) u(dx)
= —lim / Do () (AB ()2 (d)
e—0 H
+/HD<p(PNx)(PN(A(ax + x™))) u(dx)
N
- lg%; /H [Do(Pyx)(ei)es, Alax + x™)) g (d)

—Do(Pyx)(ei)(ei, APe(x)) H e (dx)]. (2.29)

Fori € {1,..., N} fixed we have
'/HDw(PNX)(ei)@i,A(leerm))HM(dX)

- /HDGO(PNX)(ei)(ei,Aﬂa(X))HMa(dX)

=

[H Do(Pyx)(ei)(ei, Alax +x™)) (10 — pe)(dx)

+ '/H Do(Pyx)(ej)(ei, Alax +x™ — Be(x))) 1 e (dr)| . (2.30)
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The right hand side’s second summand is bounded by

1/2
leilz2(py SHP|D<P(X)|H01/ (/ lax () + X" (&) — Be(x(€))I? dE) e (dx). (2.31)
xeH H D

We have
2m—1

jor + 1™ — Be(r)]| = '”— —er| <e(r" 4 1r), reR

1+ grm—1

So, the term in (2.31) is dominated by
eleilz2(py sup |D‘P(x)|H(} / (||x|2n171|L2(D) + x| 12(py) e (dX),
xeH H

which by Theorem 2.4-(i) and Remark 2.5 converges to 0 as ¢ — O.
Now we estimate the first summand in the right hand side of (2.30). So, we define

f(x) := Do(Pyx)(ei){ei, Alax +x"))n.

Then since (e;, Alax +x™))p = (i, ax +x")2(p), it follows by the proof of the lower
semicontinuity of ®,, that f is continuous on the level sets of ®,, (with ®,, defined as in
(2.25)). Furthermore, since

| f(x)] < sup |Dg0(x)|H01 lax + x" |12y
xeH
it follows that
i Lf )l
1im sup —m— =
R—00 g,>r 1+ On(x)
Furthermore, by Corollary 2.8 the function 1 + ®,, has compact level sets. Hence by
[11, Lemma 2.2], there exists f,, € C,(H),n € N, such that
y |f ) — fa(0)]
im sup —— =0
=0 xeH 14+ ®p(x)
But

(2.32)

/H Do(Pyx)(ei)(ei, Alox +x™)) g (i — te)(dx)

SLlf(X)—fn(X)l(M+Ms)(dX)+’/H Jn () (e — pe)(dx)

For fixed n the second summand tends to 0 as ¢ — 0 and the first one is dominated by

[ f(x) — fu(x)]
s LGt 0+ et o,

which in turn by Theorem 2.4 and (2.32) tends to zero as n — oo. So, also the first
summand in (2.30) tends to 0 as ¢ — 0. Hence the right hand side of (2.29) is zero and
(2.28) follows which completes the proof. O
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3. Essential m-dissipativity of Ng

In this section we assume that « > 0 and m > 3 is odd. We still assume (H1)-(H3) to
hold. Let p be a weak limit point of {1tz |e € (0, 1]} (cf. Proposition 2.3).

We already know that Nop € L*(H, ) forall ¢ € C,%(H ). We would like to consider
(No, C,%(H )) as an operator on L?(H, ). For this we need to check that Ng respects
-classes.

LEMMA 3.1. Let ¢ € Cl%(H) such that ¢ = 0 p-a.e.. Then Nop = 0 p-a.e..

Before we prove this lemma, we emphasize that we do not know whether w(U) > 0 for
any non-empty open set U C H, so two functions in C,f(H ) may be not identically equal
if they are equal ug-a.e. So, Lemma 3.1. is really essential. Its proof is due to Z. Sobol.
Then we have for all ¢, ¥ € C}(H),x € H} N H(}’m

No(p)(x) = @(x) No¥ (x) + ¥ (x) Nop(x) + ZkkD<p(X)(€k)Dlﬂ(x)(6k)- 3.1

k=1

Proof of Lemma 3.1. Since u(HJ N HY ) = 1, by (3.1) applied with ¥ = ¢ it follows
by Theorem 2.9 that

D (Do) (er)* =0 p-ae..
k=1

Hence for all ¢ € C,f(H) again by (3.1) and Theorem 2.9
/ ¥ Nog dn =0,
H

since ¢ = 0 p-a.e.. But Cg(H) is dense in L2(H, i), so Nop = 0 p-a.e.

So, we can consider (Ng, C,f(H)) as an operator on L2(H, ) where (No, C,%(H))
denotes the p-classes determined by C,%(H ). For notational convenience we shall also
write C,f(H ) for the set of these classes if there is no confusion possible. It is well known
and easy to see that (3.1) implies that (No, Ci(H )) is dissipative, so in particular closable,
on L?(H, ). Let (N2, D(N»)) denote its closure.

THEOREM 3.2. Assume that (H1)-(H3) hold and that o« > 0, m > 3, m odd. Let 1 be
a weak limit point of {ugle € (0, 11}. Then (Ny, Cg(H)) is essentially m-dissipative (i.e.
(N2, D(N3)) is m-dissipative) on L2(H, w). Hence (N2, D(N2)) generates a Co-semigroup
(e™2, t > 0) of linear contractions on L*(H, ). Furthermore, (e’N2)tZo is Markovian,
ie. eN21 = 1 and e™N2 f > 0 for all nonnegative f € L>(H, ) and all t > 0.
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Proof. Let & > 0. We have to show that
(A — No)C2(H) is dense in L*(H, ).

Lete € (0,11, f € C}(H). Define for §, ¢ € (0,11, x € H
Be.s(x) i= (B 4+ 8A)'x + 8x

It was proved in [3, Proof of Theorem 4.1] that there exists ¢, s € Cl%(H ) such that for all
xeH

1 o
Apes(0) = 5 3 kD pes() ek, €x) + Do s (1) (AP 5(x)) = f(x) (32)
k=1
and
1
Dpes @)y = ~ I flcyny forall x € H. (3.3)

(We note that 8 in [3] corresponds to our smooth .. Therefore, an additional regularization
of B as done in [3] is not necessary). Furthermore, it follows from [3, estimate (4.13) and
the estimate preceding (4.12)] that for all x € HO1

| Dge,s (X) (A(Be (x) — Bes(0)))] = % Il iy AABe D a + 1Ax[H) (3.4)
and by [3, (4.12)] that for all x € H

lim [D@e,s (¥)(A(Be (x) — Be.s (D)) = 0. (3.5)
We note that by (3.2) for all x € Hy N H ,,

Ae 5(x) — Nowe s(x) = f(x) + Dge s(x)(A(Bes(x) —ax — x™))
= f(x) = D@e s(xX)(A(Be(x) — Be,s(x)))

x2m71
— &eDg; 5(x) <A (1—1-87 - X)) . (3.6)

Here we emphasize that this equality only holds p-a.e. if &« > 0, because only in this case
we know that in addition to ,u(HO1 ) = 1, we also have that [,L(HOI) = 1. So, the following

only makes sense if o > 0. O
CLAIM.
lim lim (Age,s — Noge.s) = f in L*(H, 1) 3.7)

e—>0486—0
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This will imply the assertion, by the Lumer-Phillips theorem since CE(H ) is dense in
L*(H, w). To prove (3.7) in view of (3.3)—(3.5) it is enough to show that

/ (A B ()3 + |Ax3)u(dx) < oo forall & € (0, 1] (3.8)
H

and that
2

x2m—1
H I+ ex™ H

To prove (3.8) we note that by (2.7) that for every x € Hé

p(dx) < oo. (3.9

|AB DGy = IVB(]2py = 1.0V )
<2 / m* x>V () + (o + &)7) |V (§)*)dE
D

which is in L*(H, ju) by Theorem 2.4-(ii). Since |Ax|3; = |Vx[?, () (3:8) follows.
To prove (3.9) note that

x2m—1 2 x2m—l(§-)
‘A (1 + exm=1 _x> H ZfD v (1 + exm=1(€) _X(E))

_ / <(2m—1)x2m—2(§)—mex3’"—3(§> B
D) (1 + exm=1(8))

2

dg

1) |Vx(&)|°dg.

Since forr € R

@m — Dr¥m=2 —mer¥=3  @2m — Dr2m=2
(1 +erm=1)2 — 14erml

< @2m — Hr2,

we obtain that

x2m—l
Al ——— —x
14 exm—1

+ z/ V(e 2de.
D

2

<20m - 172 / XAV (€)PdE
D

H

Hence (3.9) follows by Theorem 2.4-(ii) (which as stressed above now also holds for
M = 1). The last assertion follows from [7 Appendix B, Lemma 1.9]

4. Existence of weak solutions

In this section we assume that « > 0 and m > 3, m odd. We shall construct weak
solutions to the stochastic porous medium equation (1.2) in the sense that they solve the
corresponding martingale problem. More precisely, we shall prove the following.
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THEOREM 4.1 (Existence). (i) There exists a conservative strong Markov process
M = (2, Z, (Z1)i>0, (X1)i>0, Px)xen) on H with continuous sample paths and

with invariant measure (L such that for its transition semigroup (p;);>o defined by

pof () = / F(X)dP,, 120, x € H,
H

f : H — R bounded % (H)-measurable, we have that p;f is a p-version of
eMf ot >0.
(ii) There exists H € % (H) such that u(ﬁ) =1, forall x € H

PiX, e H Vt>0]=1,
and for all probability measures v on (H, % (H)) with v(H) = 1

t
¢(Xt)—/0 Nop(Xg)ds, t=>0,

is an (7 ;)-martingale under P, = fﬁ]P’xv(dx) for all ¢ € Cg(H) and
P, o Xal =

THEOREM 4.2 (Uniqueness). Suppose that
M = (@, 7, (FDi=0, (XDi=0, P )xen)

is a continuous Markov process on H whose transition semigroup (p));>0 consists of
continuous operators on L>(H, jv) (which is e.g. the case if u is sub-invariant for (P))1=0)-
If M satisfies assertion (ii) of Theorem 4.1 for v := p, then for p-a.e. x € H p)(x, dy) =
pi(x,dy) for all t > 0 (where p, is as in Theorem 4.1-()), i.e. M’ has the same finite
dimensional distributions as M for p-a.e. starting point.

We shall only prove Theorem 4.1-(i). The remaining parts are proved in exactly the same
way as Theorem 7.4-(ii), Proposition 8.2 and Theorem 8.3 in [5] with the only exception
that because we do not know whether (p;);>0 is Feller, all statements can only be proved
u-a.e.. So we do not want to repeat them here.

Our proof of Theorem 4.1-(i) is based on the theory of generalized Dirichlet forms
developed in [12]. Indeed, by the last part of Theorem 3.2 (N2, D(N3)) is a Dirichlet
operator in the sense of [9], [12]. Hence by [12, Proposition I. 4.6]

W, V) 2140y — (N2u, V) 2y pys 4 € D(N2), v € L2(H, p),

&E(u,v) := {
(I/[, v)Lz(H”u) - (Nékvv u)LZ(H,H)v ue Lz(Ha M)’ LS D(Nik)ﬂ
is a generalized Dirichlet form on L2(H , ) in the sense of [12, Definition I. 4.8] with

F = (DN, N2 2y + 1 2w )

and with coercive part ./ identically equal to 0.
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We emphasize here that the theory of generalized Dirichlet forms, in contrast to earlier
versions (cf. e.g. [8], [9]), does not require any symmetry or sectoriality of the underlying
operators. We refer to [12] for a beautiful exposition. As is well known to experts on
potential theory on L2-spaces (and as is clearly presented in [12]) the following two main
ingredients are needed.

(a) There exists a core C of (N2, D(N3)) which is an algebra consisting of functions
having (quasi) continuous p-versions.
(b) The capacity determined by (N2, D(N3)) is tight.

(a) follows fron the essential m-dissipativity of Ngon C l% (H) proved in the previous section,
so we can take C := Cg(H ). This is exactly why essential m-dissipativity is so important
for probability theory, in particular, Markov processes. Before we prove (b) we recall the
necessary definitions.

Let

G :=(—-Np~', A>0,

be the resolvent corresponding to N». A function u € L2(H, ) is called 1-excessive if
u>0and AG4)u < u forall A > 0. For an open set U C H define

ey = inf{u € L*(H, W) |u 1-excessive, u > 1y, u-a.e.},

(cf. [12, Proposition IIT 1.7 (ii)]), and the 1-capacity of U by

Cap U :=/ eydu.
H

(cf. [12, Definition III 2.5 with ¢ = 1]). Cap s called tight if there exist increasing compact
sets K,,, n € N, such that for K¢ := H\K,

lim Cap(K;) = 0.
n—>oo

Once we have proved this, i.e. have proved (b), Theorem 4.1-(i) follows from one of the
main results of ([12, Theorem IV 2.2]). Indeed, in our situation the requirement in ([12,
Theorem IV 2.2]) that quasi-regularity holds is equivalent to (b) and condition D3 in ([12,
Theorem IV 2.2]) by ([12, Proposition IV 2.1]) follows from (a).

REMARK 4.3. We mention here that in Theorem 4.1 we do not state all facts known

about M; e.g. it is also proved in [12, Theorem IV 2.2, see also Definition IV 1.4] that all
“u-a.e.” statements can be replaced by “quasi everywhere” (w.r.t. Cap) statements and that

+o0
X f e Mp, f(x)dt
0
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is Cap-quasi-continuous. Furthermore, [12, Theorem IV 2.2] only claims that Ml has cadlag
paths, but a similar proof as that in [9, Chapter V, Sect. 1] gives indeed continuous paths
because N, is a local operator.

To prove (b) it is enough to find a 1-excessive function u : H — R™ with compact level
sets

K, ={u<n}, neN,

because then e Ke < % u, hence
c 1
Cap (K,) < — udpu — 0, asn — oo.
n Jue

So, the proof of Theorem 4.1-(i) is completed by the following proposition, since closed
balls in L?(D) are compact in H.

PROPOSITION 4.4. There exists C € (0, +00) such that
N 2
u(x) := |x|L2(D)~|—C, x € H, 4.1

(with |x|iz(D) := 400 for x € H\L*(D)) is 1-excessive with respect to the resolvent
of N».

The idea to prove Proposition 4.4 is to show that for some C € (0, +00) and ¢(x) :=

2
|x|L2(D) we have

Ny <C

and take u := ¢ + C.
Though we know by Theorem 2.4. and Poincaré’s inequality that ¢ € L?(H, ) for all
p € [1, +00), it is not clear whether ¢ € D(N3). But below we shall prove the following

LEMMA 4.5. Let (N1, D(N1)) be the closure of (Ny, Cg(H)) on L' (H, w). Then
¢ € D(Ny) and

Nig < K/ 1dé. 4.2)
D

We note that since Nju = 0, (No, Cl%(H)) is also dissipative on L'(H, u) (cf. e.g.
[7, Appendix B, Lemma 1.8]), hence closable. We recall that (A — No)(Cg(H )) is dense
in L2(H, p) (by the proof of Theorem 3.2 above), hence also dense in L' (H, 1), so analo-
gously (N1, D(Np)) generates a Co semigroup (etNl),zo of contractions on L!(H, p) and
we can consider the corresponding resolvent

GV :=x-ND7', >0,
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Clearly, G{" = G'? on (A — No)(C}(H)), hence
GVfr=G6Pf foralla>0, feL*H, p.

Therefore, for A > 0and u := ¢ + K fD 1d&

26 u=2G\u =26 GV (1 — Npu
=G (1~ Npu— G, (1 = Npu

=u—G\), (1 - NDu <u,

since (1 — Ny)u > 0 by (4.2). So, u is 1-excessive with respect to the resolvent of N,.
Therefore, to prove Proposition 4.4 we only have to prove Lemma 4.5.

Proof of Lemma 4.5. Define for 6 € (0, 1)
2

f5(r) = f15(r) = T5a2

r e R,
0s(r) = /D f3(x(©)dE, x e LX(D).

(cf. (2.9)). Then as in the proof of Lemma 2.6 we see that ¢5 o Py € C}%(H) and for
x € HjNH],

1 N
No(gs o PO =5 Ykt fD £ (Pyx(€)ed©)ds
k=1

—/Dfé/(PNx(S))(V(PNx)(é),V(PN(Otx +x") (&) pads.

Since (Py)yen strongly converges to the identity in H(} and since | f§'| < 3/2, we conclude
by (H3) that

1 o
Jim Notgs o i) =5 S [ eenei e
k=1

—/Dfé/(X(E))WX(E),V(ax+X"’)(€)>Rdd§' 4.3)

and by Theorem 2.4 this convergence also holds in L' (H, 1). By exactly the same argu-

ments we can take 8 |, 0 and conclude that the right hand side of (4.3) convergesin L' (H, 1)
and for all x € H& N H(}m to

Zxkf ei(&)ds—z(m—l)/ x’"—1<s>|w<s)|§dds—af IVx(E)]2,dE,
=1 D D D
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which forx € Hi N H} NH!, . isequal to

0,241
- 8(m — 1) mtt
A 2 d—————/TV 2d—'/V 2 dE. 4.4
gk/Dek@s 1 ] IVE T ©ludt —a | 1Vx@)adt (4.4)

Since ps — @ as 8 | 0in L'(H, 1), we conclude that ¢ € D(N7) and that Nj¢ equals the
expression in (4.4), since M(H(; N HO1 w0 H(} w+1) = 1 by Theorem 2.4. Hence by (H3)
' T2

ngK/1@.
D
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