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Oscillatory boundary conditions for acoustic wave equations
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Dedicated to the memory of Philippe Bénilan

1. Introduction

In the textbook literature on theoretical acoustics, it was traditional to use the Robin
boundary condition with the wave equation. But it was recognized that this was not the
physically correct boundary condition. “Acoustic Boundary Conditions” (or ABC) were
introduced in the monograph by Morse and Ingard [13, p. 263]. The presentation in [13] is
not the usual approach to the wave equations, since the authors treat waves having definite
frequency. The time dependent version of ABC was first formulated by Tom Beale and
Steve Rosencrans [1] in a very interesting and original paper. ABC will be explained in
detail in Section 2.

In the theory of Markov diffusion processes, one studies heat equations of the form

ou

ar
where L is a second order linear elliptic operator (e.g L = A). A. D. Wentzell [15] intro-
duced boundary conditions involving second derivatives as well as lower order (Robin type)
terms. These parabolic problems were usually studied in spaces of continuous functions.
But Favini, Goldstein, Goldstein and Romanelli [8] introduced a new approach to this
problem, involving weighted L? spaces and using the boundary as well as the domain.

For a specific example, consider the heat equation

5
& PAuin QCR”
o1

with boundary condition

=Lu

5 au
c Au+ﬁ18—+y1u=0 on 092 (1.1)
n
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where 81, y1 € C (02) with 81 > 0, 1 > 0 on 9€2. The natural L? space for this problem
turns out to be

2
X, =L"(Q,dx)® L” (89, ;—dS) ,1<p<oo
1

On X, the semigroup generator G for this problem (i.e. a suitable realization of ¢>A) is
selfadjoint and nonpositive. The corresponding wave equation

Uy = Gu

is governed by a unitary group on a four component space, based on H!(2) x L?(2) and
two copies of L?(dS2, %d S). The energy space bears a formal resemblence to the four
component energy space that Beale and Rosencrans associated with the wave equation with
ABC.

Our goal in this paper is to show that these two versions of the wave equation are closely
connected. We shall use these connections to derive new results about both wave equations.
Interestingly, the form of the wave equation with ABC most closely associated with the
energy conserving wave equation with boundary conditions (1.1) is a nonenergy conserving
version; this will be explained in detail in the sequel. Furthermore, a new extension of the
boundary condition (1.1) makes the resulting wave equation equivalent to the one with
ABC.

The main results are contained in Theorems 1 and 2 (of Section 4) and 4 (of Section 5).

2. Acoustic Boundary Conditions

In this section we explain some of the results of Beale [2]. (The papers [2], [3] expand
and develop the work begun in [1].)

Let © be a smooth bounded domain in R”, n > 1. (The paper [2] restricts n to be 3.
For general n see Gal [11].). Fluid filling €2 is at rest except for acoustic wave motion. Let
¢ : © x R — R be the velocity potential, so that —Ve(x, ¢) is the particle velocity. Thus
¢ satisfies the wave equation

3¢ .
7= ?Ap inQ xR 2.1)

where ¢ > 0 is the (constant) speed of propagation.

Each point x of 92 is assumed to react to the excess pressure of the acoustic wave like
a resistive harmonic oscillator or spring. The normal displacement § (x, t) of the boundary
into the domain satisfies

m (x) 8 (x, 1) +d (x) 6 (x,1) + k (x) 8 (x, 1) + pgr (x,1) =0 2.2)
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on 32 x R, where p is the fluid density and m, d, k € C(3€2) withm > 0,k > 0,d > 0.
If the boundary is impenetrable, continuity of the velocity on d€2 implies the compatibility
condition

dg
8[ (-x1 t) = % (-xv t) (23)

on 32 x R, where n = n (x) is the unit outer normal to d€2 at x. The energy of the solution
is

E(t) =/(p|V¢|2+C%|<ot|2) dx+f<k|5|2+m|at|2)ds.
Q Q2
Moreover,
dE

—2 [ d|5]%ds <0,
= /|t| <

Q2

and energy is conserved when the springs are all frictionless, i.e d = 0.
The energy (Hilbert) space for this problem is

H=H' (QdL* Q) @®L*H3Q) ®L* (). (2.4)
Its norm is determined by
ul? = [ (01902 + 2 1) dx -+ [ (k132 +m15,P) s 2.5)
Q R

where u = (u1,u, us, us) = (¢, ¢, 8, 6;). The wave equation with (ABC), (2.1) — (2.3)
is equivalent to u(t) € D (A) and u; = Au, where

ui un
2
A
Al 2| = oo (2.6)
us uq
uy —% (puo + kus + duy)

and D(A) = {u € H : Auy € L*(Q),u» € H' (), 24 = uy on 92}. Here in (Au)s,

> on
1 . ..
us|3q makes sense as a member of H2 (9€2) (in the trace sense) and % = uq4 is interpreted
to mean:

/((Am)w + Vuy - V) dx =/(M4W)d5
Q a0

for all v € H' (). The operator A is densely defined in 7 and dissipative:

Re (Au,u) = —/d lug|>ds <0,

982
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and A generates a (Cp) contraction semigroup on H, which is a unitary group whend = 0.
The generator A has interesting spectral properties. Now letn > 3. (In [2] only n = 3 was
considered; see Gal [11] for the extension.). Let

Z ={1 e C:m@x)A2+d(x)A +k (x) A =0 for some x € I}.

> is compact and symmetric about the real axis. Let R be the unbounded component of
C\ > ; note that 0 € R. Beale proved that A —> (A — A)~! is meromorphic on R.

Suppose that 1, d and k are constants. Then Y consists of two points (unless d> = 4mk),
namely

xizﬁ(_dim).

Then the essential spectrum of A is ) and the point spectrum op (A) consists of eigenvalue
sequences (1) {A,} with Im A, — 00, Re A, — 0, (2){A,}, (3) {7} with uf — Ay, and
(4) finitely many additional eigenvalues. In particular, (A — A) ™! is not a compact operator
when n > 2. This is remarkable; most linear problems involving the Laplacian on bounded
domains have generators with compact resolvents.

The operator A described by (2.6) has the matrix representation

o I 0 0
2
A 0 0 0
Al =
! o 0 0 I
0 -2y —kp 4

where [ is the identity operator (i.e. I(u) = u for any u) and J means restriction to
the boundary: Ju = ulyq. Using the compatibility condition (2.3), we can equally well
represent A as the operator matrix

0 1 0 0
2
cA 0 0 0
Ay = 2.7
2 0 0 0 I 2.7)
d o k
—won —md —wl 0
Again, this is just a restatement of (2.6) together with aa% = uy4. (See the definition of

D(A).)

3. General Wentzell Boundary Conditions

Consider the heat equation

ou

— =c*Auin  x [0, 00)
Jat
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with the general Wentzell boundary condition (or GWBC)

9
Au+,38—u+yu200n8§2><[0,oo),
n

where 8,y € C (d2) with 8 > 0, y > 0 on d€2. This problem is governed by an analytic
contraction semigroup on X, 1 < p < oo, where

1 _
X,=L(Q,dx)®L" (89, BdS> ,1 < p<ooand X = C(RQ),
with norm, for u € C(Q) C X,

lull, —/|u(x>|l’dx+/|u(x)|f’m 1< p<oo,

ellx,, = lim_ flullx, = el

This is proved in [8], except for the analyticity when p = 1, oo, which is discussed in [9].

Let G be the generator of this semigroup on X and let G be G restricted to C2(Q2) C X».
Then Gy is essentially selfadjoint on X;. This follows as a very special case of the adjoint
calculation in [9]. Here we explain it briefly. For u, v € D(Gy),

Cl (Gou, v) /(Au) vdx—i—/(Au)vﬂ(S)
—/(Vu)-(Vﬁ)dx—i—/ (a—>t7dS+/(Au) v ﬁ
on B
Q Q2 02
fuvi [l [ e
= | ulAvdx uan yuvﬁ
Q aQ aQ

smceAbH—ﬂ + yu =0o0n a2, so

1 _ - dS 1
— (Gou,v)x, = [ uAvdx+ [ ulv B =3 (u, Gov)x,
Q 02
since the GWBC holds for v as well.
So let us consider the wave equation with GWBC:

8726 Auin Q x R, 3.1

9
Au+,38—u+yu=00n8§2. 3.2)
n

Note that this boundary condition is identical to (1.1) when g1 = ¢?8 and y; = c?y.
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As usual, the wave equation (3.1), (3.2) can be written as

017
= :B
U; (GO)U U

(this defines B), where

GZCQ< Aa 0>.
—Baw —v/)’

G actson X, = L? (Q) & L? (852, %) and (2; (I) ) acts on

D(—G)?) ® X3 = Hen.

The norm in the energy Hilbert space Hen i given on D(Gyp) x D(Go) by
? w
+|C2)
X2 w4 X>
()G} +AG2)-C)
w2 w2 /[y, w4 wa [y,
ow

= C2 (—Awy, w1>L2(Q) + <,8_7 w2

an >L2(39,‘§f)

2

wi
2| e
w3 w2

w4 ﬁen

2

[
—_—
T
Q
N—

+

+ (yw, wa) /. + llwsll? 5,0 + llwall? /. :
12(092.%) L2(Q) 12(s2.%)

P d
Here w) = ulg, w2 = ulse, w3 = 5/l and wg = 5/ [sq.
Thus

wi w3
w7 w4
B = 2
w3 c“Awg
Jw
wy —BSGE —yw2
wy wy w)
~ w; w w PN
Define w = ,\2 = 3 | where w = 2 lisin Hen.
w3 w2 w3

o Wy o

J.evol.equ.

(3.3)

(3.4)
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This enables us to identify ﬁen with H. Write Bw = v and define By by Bjw =7, i.e.
(Bw)j =vj,forl < j<4and

V1
~ v3
V=
v2
V4
Then
w3 w>
2 2 _—
— c“Awq c“Awq
Blw = = o
w4 N
—pglwm _’3@ — v
on ywz on yws

An operator representation of By is

0O I 0 0
2A 0 0

0
B=1 "6 o o 1

—BL QJ -yl —Q

(3.5)

where Q is any multiplication operator acting on the boundary and Ju = u|jq, as before.
Here B> acts on a Hilbert space H,, which is a closed subspace of H, and the components
of W € D(By) are given by W = (uy, uz, u1|sq, u2|sq). More precisely,

Hen = {u = (u1,uz,u3,ug) € H:uz=uplsa}. (3.6)

Since u; isin H (), ithas a trace u; laq in H% (0€2), and this determines u3. Note that H,,
coincides with a subspace of the space we previously called H, except for the rearrangement
of the components of its vectors.

If u is a solution of the wave equation with GWBC, then the fourth component of Byw
is

- ou
(Baw)y = _ﬂ%bﬁ + (Qu)lse — vulse — Qulsa

ou
= _'88_ —yu |,
n

since Q is a multiplication operator. This a compatibility condition for the problem
(analogous to (2.3)).
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Note that H,,, is a proper closed subspace of H. Let
B; = Boly,, @ 0|7_%l.

Then B3 is densely defined on H and generates a (Cp) semigroup on H.

Moreover, B3 has the same matrix representation (3.5) as does B,, except that it acts on
a bigger domain.

Rather than compare A and B, which are defined on different spaces, we compare a
unitarily equivalent version of A with a unitarily equivalent version of (an extension of) B.
This enables us to compare A with B, even though D(A) and D(B) are quite different.

4. Comparing The Boundary Condition

While Bj is defined on H,,, C H, (3.5) enables us to extend By and view its extension
B3 as a densely defined operator on H.

We want to make the norm in (3.3) look as much as possible like the norm in (2.4), and
make the operator B in (3.4) look as much like the operator A in (2.6) as possible.

The easiest way to do this is to compare the matrix representation A; for A in (2.7) and
B3 for B in (3.5) (also on H). So we replace By by B3 so that B3 and A; are both densely
defined operators on H. By making the identifications

d k P
B=—y=—,0=——, @.1)
m m m
we see that
0000
0000
B:—Ay=K =
T 0000
000 Q
where Q0 = —% is a continuous negative function on 9€2. Clearly K has operator norm
equal to
) P
=5 =151
m lloco milCoR)

and K is compact when n = 1 since L? (92) is 2 dimensional. Finally K is a nonpositive
selfadjoint operator on the energy Hilbert space H; the norms are given by

0
1U5¢.a8c =/(x)|w|2+c—2 oil?) dx+/<k|5|2+m|st|2>ds, “2)
Q 082
2 _ LT 2 2,48
101y, qwse = [ (1967 + el Jdx + [ (sl o+ lasP) 22 *3)
Q 082
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where we identify U = (uy, ua, usz, us) = (u|q, uslQ, ulyq, us|yq) for the wave equation
with GWBC with

d
U= (x/ﬁw, VPt k=8, «/3&) (4.4)

for the wave equation with ABC.

The norm of (4.3) is well defined for u € H. Our two problems are governed by
(Co) contraction semigroups S = {S(¢t) : t > 0on Hand T = {T(¢) : t > 0} on
Hen, respectively. Let T on H be the extension of T described above. The respective
infinitesimal generators G 4 of S and Gw (= B3) of T differ by an operator K given in the
discussion following (4.1). When we make these identifications, we assume that d > O.
‘We summarize now what the reductions have achieved.

THEOREM 1. Consider the wave equation
Uy = ¢C ZAM
associated with the acoustic boundary condition

0
M8y + ds, + k8 + pg, =0, 8, = %

and the wave equation with general Wentzell boundary condition
ou
Au+ B— +yu=0.
on

Let (4.1) hold. These problems are governed by (Co) contraction semigroups S on 'H and
T on Hp, respectively; let ?, with generator B3(= Gwy), be the extension of T to He,
described above. Then the generators G s(= A3) of S and Gy of T differ by an operator
which is selfadjoint and bounded on H and is compact when the dimension of the underlying
bounded set Q2 C R" is one.

By our construction, B3 is an extension of G4 + K, since in extending B> to Bz, we
got rid of the restriction that us = u1|yq in the domain of B;. But for A real and large,
Lep(B3)Np(Gyg+ K),andso B3 = G4 + K.

Our construction of B3 was rather complicated. Associated with A is the compatibility
condition (2.3), and this leads to many possible (operator) matrix representations of A.
Similarly for B, since there are many choices for the Q in (3.5). Thus our conclusion
above is that (a suitable matrix representation of) A is unitarily equivalent to a bounded
perturbation of a proper extension of a matrix representation of B.

By semigroup perturbation theory, B3 generates a (Cp) semigroup T on'H (with norm
given by (4.2)) satisfying ||f(t)|| < e“', where w < ||K||, for t > 0. Note that, by



632 CIPRIAN G. GAL, GISELE RUIZ GOLDSTEIN and JEROME A. GOLDSTEIN J.evol.equ.

construction, B, generates a (Cp) contraction semigroup 7" on H,, and that 7'(¢) is the
restriction of 7'(¢) to H.p; equivalently 7T (¢) is an extension of 7 (¢) to H.

We can make Gy = G 4 if we make our wave equation u;; = ¢2 Au have the modified
GWBC given by

0 a
Au+,3—u+yu+£—u=00n89. 4.5)
on m ot
Let us interpret the GWBC

9
Au+ﬁ£+yu=00nasz

as
1 au
—uy +B— +yu=00n02
c? on

where u;; = ¢2Au is assumed to hold on €. It seems natural to add to this a term involving
%—’; laq; this is precisely what we did in (4.5). In this case we can identify the § (in the ABC
problem) with a multiple of u |3 in GWBC problem incorporating (4.5).

When m = k and d = p, then § can be identified exactly with the restriction of u to the
boundary.

THEOREM 2. Suppose that m = k and d = p. Then H,, is an invariant subspace of
‘H for the wave equation with acoustic boundary conditions. Thus the solution at time t
satisfies

o(t, e =46(t,-) forallt = 0 ifit holdsatt = 0.

Thus § really is ¢ on the boundary in many cases in the Beale-Rosencrans theory.

5. Compactness Issues

Let A be a closed linear operator on a Banach space with nonempty resolvent set p (A) ;
and we let R (A, A) = (Al — A)_l denote the resolvent operator of A for A € p(A).
Then A is called resolvent compact if R (A, A) is compact for some A € p (A) iff
R (A, A) is compact for all A € p (A) . The equivalence follows from the resolvent identity

R4, A) =R (u, A) = —-2RGK AR, A)

forallA, u € p (A).

LEMMA 3. Let Ap = A; — P where P is a bounded operator. Suppose p (A1) N
p (A2) # @. Then Ay is resolvent compact iff Ay is.



Vol. 3, 2003 Oscillatory boundary conditions for acoustic wave equations 633

Proof. We can derive the following identity

R, A2) =R, A1) — R (A, A1) PR (X, A2) 5.1
for L € p (A1) N p (Az) . To prove this simply multiply

M —-A)=AI—-A)—P

on the left by R (A, A1) and on the right by R(A, A3).

Now suppose R (A, A1) is compact. For A € p (A2) and P bounded, the right hand side
of (5.1) (which equals R (A, A3)) is compact. The equivalence in the lemma now follows
by interchanging the indices 1 and 2. O

Let Gow [resp. Ga] be the generator of the (Cp) contraction semigroup governing
the wave equation with general Wentzell [resp. acoustic] boundary conditions. Recall that
Gw = Bs is the generator of the semigroup TonH extending T = {€/°% : ¢ > 0}. Then
by the results of Section 4,

Gw —Gag =K

where K is a bounded operator. Moreover, K is compact when the dimension n is one and
p(Gw) N p(G4) # @ since each resolvent set contains a right half plane.

THEOREM 4. Gw and G 4 are both resolvent compact when n = 1. Neither Gy nor
G 4 is resolvent compact whenn > 2.

Proof. Binding, Brown and Watson [4]-[7] proved that A = % with GWBC is resolvent
compact when n = 1. The corresponding eigenvalue problem is

W =ruinQ = [0, 1],
)Lu+(—1)j+l,3ju, +yju=0atx = je{0,1}.

(Recall that % = (=1)/*! % atx = j for j = 0, 1.) Binding, Brown and Watson made
a systematic study of such Sturm-Liouville problems with eigenparameter A in both the
equation and the boundary condition. They established an orthonomal basis of eigenvectors
in the space

H=L?0,1) & C?

with norm

1 1 12
fulf = [P dr+ 30
A .

i P
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and the real eigenvalues tend to —oo. Thus Ay, the 1— dimensional Laplacian with
GWBC, is selfadjoint and resolvent compact. The corresponding wave equation with the
same GWBC is governed by a skewadjoint operator having an orthonormal basis of eigen-
vectors with eigenvalues i ;F with pF real and uf — +o0 asn — oo.

Thus Gow is resolvent compact. The same conclusion (namely that the operator called G
in Section 3 is resolvent compact) was reached independently by Kramar, Mugnolo and
Nagel [12] who proved the compactness by a different method on X, (and not just X»)
when the dimension n is one. In one dimension, the resolvent of Gy is a finite rank
extension of the resolvent of Gow; hence it is compact. By Lemma 3, G 4 is compact in
one dimension.

For n = 3, Beale and Rosencrans [1] — [3] showed that G 4 is not resolvent compact.
In fact, let

Z;: AeCm@)A>+dx)A+k(x)r =0 for some x € I}.

Thus Gy has eigenvalue sequences converging to ioco and to Y . Explicit calculations
were given when m, d, k are constants and 2 is a ball, so that ) consists of two points
w1, wy. Then both w1, w, are limit points of eigenvalues of G4 and R(A, G 4), which is
meromorphic on C\ ), has essential singularities at both w; and w,. C. Gal [11] extended
the Beale-Rosencrans results to dimension n > 2.

Independently of Gal’s work [11] , using a different method, Delio Mugnolo [14] recently
showed that G 4 is not resolvent compact in two or more dimensions. Mugnolo dealt with
variable coefficients and worked in a very general context involving operator matrices.

So our conclusion is that G 4 is not resolvent compact when n > 2. Neither is Gy by
Lemma 3. O

We conjecture that Gow is not resolvent compact in dimension two or more.
We thank Liang Jin, Xiao Ti-Jun and an anonymous referee for their helpful comments
on our first draft of this paper.
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