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Abstract. In this paperwe introducea new orderon the setof n-dimensionakuplesandprove
thatthis orderpreseresnestednesm the edgeisoperimetricproblemfor the graphP", defined
asthe nth cartesiarpawer of the well-known Petersergraph. The cutwidth andwirelengthof
P" arealsoderived. Theseresultsarethengeneralizedor the cartesiarproductof P" andthe
m-dimensionabinary hypercube.
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1. Introduction

Variousfamiliesof regulargraphshave beenstudiedfor importantpracticalapplications
in computerscience For example they appeanaturallyastheinterconnectiotopology
(suchasgrids, tori, hypercubede Bruijn graphs)for multiprocessoarchitecturesand
alsoin thecontext of communicatiometworksdesign.Thesymmetriesareprovidedby
variousnotionsof regularity simplify algorithmsfor differentnetwork relatedproblems,
suchasmessageoutingandinformationexchangeamongnode-pairs.

Fromthetheoreticapoint of view, theregulargraphsalsoplay a significantrole in
edgeisoperimetricproblems amongothers whichis the subjectof investigatiorin this
paper Mostly two versionsof theedgeisoperimetrigoroblemshave beenconsideredn
theliterature.

Problem1.1. Find a subsetof verticesof a given graph,suchthat the edgecut sepa-
ratingthis subsefrom its complementasminimal sizeamongall subset®f thesame
cardinality

153



154 S.L.Bezrulov, S.K. Das,andR. Elsasser

Problem1.2. Find a subsebf verticesof a givengraph,suchthatthe numberof edges
in the subgraphinducedby this subsetis maximalamongall inducedsubgraphswith
thesamenumberof vertices.

Clearly, if asubsebf verticesis optimalwith respecto Problem1.1,thenits com-
plementis also an optimal set. However, it is not true for Problem1.2 in general,
althoughthisis indeedthe casef thegraphis regular Moreover, for regulargraphshe
above two problemsare equivalentin the sensehata solutionfor onealsobecomesa
solutionfor the other

In this paper we focusour attentionon Problem1.2. Let G = (Vg, Eg) beagraph
andA C V. Denote

l6(A) = {(u,v) € Eg | u,ve A}.

Is(t) = maxlia(A)]

Thus,for agivent, wheret = 1,...,|Vg|, we considettheproblemof finding asubse®
of verticesof G suchthat|A| =t and|lg(A)| = Ig(t). Suchsubsetsrecalledoptimal
We saythatoptimal subset@renestedf thereexistsatotal order O onthesetVg such
that,foraryt =1,...,|Vg|, thecollectionof thefirstt verticesin this orderis anoptimal
subsetln this casewe call theorder O anoptimalorder.

Let us now concentrateon the graphsrepresentablas cartesiarproducts. Given
two graphsG = (Vg, Eg) andH = (W4, Ey), their cartesianproductis definedasa
graphG x H with thevertex-setVg x Vi andtheedge-set

{((X7 y)7 (U, V)) | Xx=u and(ya V) € Ey or (Xa U) € Eg andy: V}‘

A graphG" = G x G x --- x G is calledthe nth cartesianpower of G. Examplesof
productgraphsincludehypercubesgridsandtori.

Considerthe edgeisoperimetricproblemsfor the cartesiarpowersG" of aregular
graphG. Suchproblemshave beenwell studiedfor cliques,i.e.,G = Kp. Representing
the verticesof G" asn-dimensionatuples,theresultsof Harper[11] andLindsey [12]
imply thatthelexicographicorderis anoptimalorder Here,by thelexicographicorder
we meanthefollowing: We saythatann-tuple (xi,...,%n) is lexicographicallygreater
than(ys,...,yn) iff thereexistsanindex i suchthatx; = y;j for 1 < j < i andx > V;.

Theseold classicakesultscanbe extendedto variousdirections.For instancefak-
ing apathinsteadf acliqueleadsto agrid. In thiscaseProblemsl.1and1.2aboveare
essentiallydifferent. Thefirst problemdoesnot have nestedsolutions while thesecond
doegq[1] (seealso[7]). It is furthershowvnin [3] thattheresultsof [1, 7] canbeextended
to the productsof arbitrarytreesandthefunctionl (t) dependgustont andthenumber
of verticesin the trees,but not of the shapeof thetreesin the product. The order, G,
providing the nestednesm Problem1.2in this case,is muchmore complicatedwith
respecto thelexicographicorder (For thedefinitionof theorder G andfurtherdetails,
readersarereferredto [1,4,7].)

To summarizethe order G andthelexicographicorderarethe only known orders,
which provide nestednesfor productsof somegraphsin the edgeisoperimetricpro-
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blems.However, asshavn in [4], the order G worksfor productsof treesonly. There-
fore, two naturalquestionsarise: (i) For productsof which othergraphsis the lexico-
graphicorderoptimal with respecto the edgeisoperimetricproblems;and (ii) which
otheroptimal orderscanoneexpect?

In [5], Bezrulov and Elasserconsideredhe cartesiarpowersof k-regular graphs
with an even numberof vertices2p suchthatk > 3p/2. They have shown that, for
the nth power of ary suchgraph,the size of the edgecut separatinga set from its
complements at leastaslarge asthat for the correspondingower of the graph H[‘g
obtainedasfollows: ConsideracliqueKzp andsplitits verticesinto two disjointcliques
Kp andKg of orderp each.Now constructhe bipartitesubgrapfof Kzp, formedby the
vertex setsof K, andKJ, asthe independensetsandremove from it somep—k—1
perfectmatchings.Although the resultinggraphsarenon-isomorphidn generalthey
all (aswell astheir cartesiarpowers)have the samefunction| (-) [5]. Consideringone
of thesegraphsasHY, it turnsout that, for k > 3p/2, the edgeisoperimetricproblem

for cartesianpowers of H'F‘, hasnestedsolutionsprovided by the lexicographicorder
Similar resultscan be derived for powers of completebipartite graphswith deleted
perfectmatchings.It is interestingto notethatviolating the conditionk > 3p/2 leads
to theabsenc®f nestedsolutions.Bezrulov andElassel5] alsostudiedthe powersof
completep-partite graphsand shaved that the lexicographicorderis still the optimal
order Thus, this extendsa resultof Ahlswedeand Cai [2] concerningthe powersof
completebipartitegraphs.

It is worth mentioningthatthelexicographicorderyieldsthe so-calledocal-global
principle discoreredby AhlswedeandCai[2]. Following the mainresultof [2], if the
lexicographicorderis optimal for G2, thensoit is for G" for ary n > 3. The main
difficulty in applyingthis powerful theoremis to establishthatthe lexicographicorder
is optimalfor the secondbower of consideredyraphs.For this, no generaimethodsare
known yet. (See[4] for thelocal-globalprinciplesfor someotherorders.)

In all of the precedingresults,the degreeof the underlyingregular graphis rela-
tively large which is intuitively necessaryor the lexicographicorderto work. Now
the questionis whathappensf the powersof regulargraphshave smallerdegree. For
instance consideringhe regular graphsof degreel, we getthe hypercubedor which
the lexicographicorderis still optimal. For powersof regulargraphsof degree2, e.g.,
a torus, thereis no nestedsolutionsin general[10]. Tori arewell studiedand some
isoperimetricinequalitiesare known for them [6], which are sharpenoughfor most
practicalapplications.

The next stepis to considerthe powersof regular graphsof degree3, for which a
hugecollectionof non-isomorphigraphsexists. However, to the bestof our knowl-
edge,noneof them (excluding the 3-dimensionatube)hasbeenstudiedwith respect
to the edgeisoperimetrigproblems.This motivatesour work.

We concentrateon the cartesianpowers P" of the Petersergraph P, which is a
regular graphof degree3 anddiameter2 as shown in Figure 1(a). NotethatP is a
vertex-symmetricaswell asanedge-symmetrigraph.ThegraphsP", known asfolded
Peteisennetworkswereproposedindextensiely studiedby OhringandDas[9,13-16]
asacommunication-dfcientinterconnectiometwork topologyfor multiprocessorsBy
definition, P" is alsoregular, vertex- andedge-symmetrigvith 10" vertices,degree3n
anddiameter2n. Interestingly the sizeof a minimum cut separatind®” into two equal



156 S.L.Bezrulov, S.K. Das,andR. Elsasser

partsis known exactly [4]. This factalsostimulatesthe cut problemhaving two parts
of differentcardinalities.|t is animportantpropertyof a graphfrom the viewpoint of
its minimum layoutareain VLSI.

In this paperwe answerseveral questiongaisedabose. More precisely we intro-
ducea new order P" on the setof n-dimensionaltuples(which we call the Petersen
order) andshaw thatthis orderprovidesnestednessm the edgeisoperimetricproblem
for P", the powersof the Petersemyraph. This resultallows usto computeexactly the
cutwidth and wirelengthof P", which are respectiely definedas the maximumand
the meanvalue of the minimum cut separatinghe graphinto two parts. We extend
theseresultsto theproductgraphPh, = P" x Q™, whereQ™ is them-dimensionahyper
cube.ThegraphsP!, calledthefoldedPetersencubes werefirst studiedby Ohringand
Das[16,17]. It is interestingthat,in this case alexicographic-typeorderis optimal.

The paperis organizedasfollows. In the next sectionwe introducethe Petersen
order, P", on the vertex setof the graphP". Section3 shows that,fort = 1,...,10",
the set £ "(t) representety theinitial sggmentof the order P" of lengtht is an opti-
mal subset.Section4 is devotedto computingthe cutwidth andthe wirelengthof P".
Section5 presentshe extensionf theseresultsto the graphsPy.

2. ThePetersen Order " and Its Properties

The order ?* is shown in Figure 1(a) andit is an easyexerciseto corvince thatit is
optimalfor the PetersemraphP.

Now, by inductionon n, we definethe total order 2" on the vertex setof P" for
n > 2. For this purposdet usfirst definethe successofor ary vector(ay,...,an) € Vpn
in the order " asfollows. Denoting (&, ...,&),) = sucqay,...,an) in theorder?"-1,
we define

(a1 +1,a,...,an), if a1€{0,3,5,8},
(a1—1,4a,...,a,), if as€{1,4,6,9} and
(a2,...,an) #(9,...,9),
{ (a1, @,...,a)), if ay€{2,7} and
(az,---,an) #(9,...,9),
(a1+1,0,...,0), if ape€{1,2,4,6,7} and
L (a2,...,an) =(9,...,9).

sucgay,---,an)

Theorder?? is illustratedin Figure1(b). The verticesof thegraphP? = P x P are
representedstheentriesof a10x 10matrix{a; j}, wherei, j =0,...,9. Weassumén
this figurethattheentryag g is atthe bottomleft cornerof the matrix. Furthermorewe
assumehattheelementsa,o, - . . , ag,o of thebottomrow andtheelementsg,o, - - - , 80,9
of the leftmostcolumnrepresenthe verticesof the multiplicandsof the product(i.e.,
verticesof P) takenin theorder®!. Thevalueof thematrix element; ; is thenumber
of the correspondingertex of the graphP? in the order #?, asshawvn in Figure 1(b).
With the help of a computerwe have verified thatthe set #2(t), which is represented
by the initial segmentof the order P2 of lengtht, is optimal for ary t in the range
1<t <100.
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18 19 29 48 49 68 69 79 98 99
16 17 28 46 47 66 67 78 96 97
14 15 27 44 45 64 65 77 94 95
12 13 26 42 43 62 63 76 92 93
10 11 2540 41 60 61 7590 91
8 9 2438395859 7488 89
6 7 2336375657 738687
4 5 2234 355455728485
2 3 2132335253718283
0
0

1 20 30 31 50 51 70 80 81
1234567809
(b)
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Figurel: (a) Theorder®?; (b) theorder??2.
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Figure2: Thestructureof theorder?™".

Usinginductionon n, it is easyto shav thatstartingwith the vector(0,...,0) and
following thesuccessorginecanreachary othervector(ay, . . .,an) € Vpn. Thisideais
schematicallydepictedn Figure2 (cf. Figurel for n = 2), in whichtheovalsrepresent
the vectorsof the form (i, ay,...,a,) orderedbottom-upin the order "1 (herei is
shavn underthe ovals). Thus,the Petersemrder?" is well defined.

For a,b € Vpn we write a > b if the vertex a is greaterthanb in the order 2".
By analyzingthe inductive definition of the order P", the following property called
consistencyn [8], canbeverified.

Lemma2l. Leta= (a1,...,an),b=(bs,...,bn), anda =b; for some. Furthermoe,
let vectos a andb beobtainedfroma andb, respectivelyby omittingtheir ith entries.
Thena>biffa> b.

ForACVpn,i=1,...,n,andj =0,...,9, letusdenote
P'(j) = {(81,---,&n) € Ve | & = |},
Ai(j) = AnP(j).
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We saythat A is i-compressedf, for ary j = 0,...,9, the subsetA;(j) is an initial
segmentof the setP"(j) in the order 2"~1. We call the setA compessedf A is i-
compressedor i = 1,...,n. Standardargumentsprovide thatthereis no lossof gen-
erality in assuminghat an optimal setA is compressedWe usethe compressiorto
verify the 2-dimensionakolution of our problemwith the help of a computer Larry
Harpernotedthat in this casethereare @o = 352 716 compressedets. The com-
pletechoiceof sucha sizeis doableby computerbut, without compressionthereare
2100 1.3 x 10%° possibilities,a prohibitively large number

3. Proof of the Main Result

Let a= (ay,...,an) bethe largestvertex of the subsetA C Vpn in the order " and
letb = (by,...,bn) bethe smallestvertex of the complement/pn \ A in this order If
A# F"(t), thena > b. SinceAis compressedhensoarethesetsA\ aand(A\ a)Ub.

ForagraphG andi =1,...,|Vg|, letusdenotedg(i) = Ig(i) — (i — 1) andassume
0c(0) = 0. By analyzingFigure1(a)theentriesof Table1 canbeeasilyverifiedfor the
PetersemraphP.

Lemma 3.1. With theabovenotationsonehas

n

oo (8]~ len((A\2) Ub)| = 5 (Bo() = 8v(a))

Thelemmafollows from the obsenation[2, 4] thatfor acompressedetA, it holds:

Ipn(A)]| = S Op(X).
ten(®) (xl,...,zxn)eA i; (%)

Now we arereadyto prove the mainresult.

Theorem 3.1. Foranyn> landt,t=1,...,10", theset# "(t) is optimal,whee F"(t)
is representedy theinitial segmentof theorder 2" of lengtht.

Proof. We prove thetheoremby inductiononn. Thecasen = 1 is trivial andthe case
n = 2 follows from the mentionedresultsbasecbn a computersearch Thereforeet us
proceedwvith n > 3.

Fromthe definition of the order®", it canbe concludedhatif a > b, thenoneof
thefollowing five (disjoint) casesccurs:

Tablel: Thevaluesof Ip(i) andop(i).

i [0 1 2 3 4 5 6 7 8 9 10
pi)|0 0 1 2 3 5 6 8 10 12 15
(00 1 11212 2 2 3
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(@) ap— 1> by;

(b) aa—1=byandb; € {1,2,4,6,7};

(c) a1 —1=by, by €{0,3,5,8} and(ay,...,an) > (by,...,bn);
(d) a1 = by and(ay,...,an) > (by,...,bn);

(e) aa+1=bhy, b1 €{1,4,6,9} and(ay,...,an) > (b2,...,bn).

Let A be an optimal compressedet. Following the casesabove we shaw that, in
mary of them,the conditiona € A impliesb € A dueto the compressionThe general
strateyy to shaw thisis to find a vertex ¢ satisfyinga > ¢ > b suchthatthevectorsa, ¢
andc, b have anequalentry.

If sucha vectorc doesexist, then,usingLemma2.1, the conditiona € A implies
¢ € Awhichin turnimpliesb € A becausef the compressionOn the otherhand, if
sucha vectorc doesnot exist, usingLemma3.1, we shav thatreplacingthe vertex a
with b yieldsasetB satisfying|lpn(B)| > |Ipn(A)|. Clearly, afterafinite numberof such
replacementsnecantransformA into 7"(|A)).

In thefollowing we rigorouslyconsidereachoneof the above five cases.

Casea. Assumeag — 1 > b;.

(al) Assumea; —b; > 4. Thenb € A. Indeed,taking into accountthatb; < 5 and
usingthe definitionof theorder®" andLemma2.1,we get

a=(ay,...,an) > (b1+4,a,...,a0) > (b1+2,a, bs,...,bn)
> (bl,bz,...,bn):b.

Notethatary two consecutievectorsin this chainhave anequalentry. Therefore,
sincea € A, andsinceA is compressedthenall the mentionedvectorsarein A
accordingo Lemma2.1.

A similarapproactwill beusedin analysisof all theremainingcasesWe will
just provide chainsof appropriatevectorsof P" orderedin decreasingrder P".
Fromnow onwe assumehata; — b € {2,3}.

(a2) Assumea; > 1 for somei where2 <i < n—1.Then(a, &+1,---,an) > (1, b1,
...,bn). Ontheotherhand,a; > by + 1 implies (ay,...,a-1,1) > (by,...,h).
Thus

a= (a1, +,,-++,3n) > (A1,+-,8-1, L, B 1., b0) > (ba,...,bp) = b.

Thisimpliesb € A sinceA is compressed.

(a3) Assumeb; < 8for somei with 2<i <n-—1.Then(9, bi;1,...,by) > (bi,...,bn).
Similarly to casea?, it holds(ay,...,a) > (b1, by,...,bi_1,9). Hence,

a= (ala"';aia"'aan) > (bla"'abi—la 9aai+17"'7an) > (bl,...,bn):b.

Thus,b € A sinceA is compressed.
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(a4) Assumeg; < 1andb; > 8for2<i <n-—1.If a5 > by, then(cf. Lemma2.1)
a=(ay,...,an-1,a) > (a1,--.,an-1, bn) > (b1,...,by) = b.
Henceb € A sinceAis compressed.
If a, < by, thenreplacinga with b we obtaina setB suchthat(cf. Lemma3.1)
[lpn(B)] — [Ipn(A)]

n—-1

= (0p(b1) —Op(a1)) + -Z;ép(bi) —dp(a)) + (0p(bn) — dp(an))

Z n_47

becausedp(b1) — dp(a1) > —1 for a3 — by € {2, 3}, dp(bi) — Op(ay) > Op(8) —
op(1) =1for 2<i < n-—1,andfinally & (bn) — dp(an) > —1, sinceb;, > a, and
equalitytakesplacefor by, = 5, ap = 4 only.

(a5) It remainsto considemnly thecasen = 3,a= (ai, ay, 4), b = (b1, by, 5), where
a;—b1€{2,3}, a2 <1, andby > 8. Now if a = 0 or bp =9, thendp(by) —
op(az) > 2 and,for thesetB constructedn casga4),onehas|lpn(B)| — |Ipn (A)| >
0.

Thus,we canassumehata = (as, 1, 4) andb = (by, 8, 5). Let usdenote

X = {(a,X,x") [ 0<X <1,0< X' <4},

Y = {(by,y,y") |9>Y >8,9>y >5}.

Notethat|X| = |Y| = 10, X C A(sincea € A) andY NA =0 (sinceb ¢ A). Now
considerasetB = (A\ X)UY. It is easyto shav thatthe setB is compressed.
Takinginto accounthatdp(b;) — dp(as) > —1,

@l = T @)+ - T @)+ (X))

(a,y,y") €Y (by, ¥, XM ex

+10- (0p(b1) — 0p(a1)) > 45— 15— 10= 20.

Caseb. Assumea; —1=Db; andb; € {1, 2, 4,6, 7}.

The analysisof this caseis quite similar to caseqa2)—(a4).The only differenceis
thatnow we canguarante®p(b;) — dp(a1) > 0. Thus,for thesetB constructedn case
(ad),it holds|lpn(B)| — |lpn(A)] > n—3> 0.

Casec. Assumea; —1=b; andb; € {0, 3, 5, 8}. Inthiscasgay, . ..,an) > (by,...,bn).
Lemma2.limplies

a=(ay,ap,...,an) > (a1, by,...,by) > (b1, by,...,by) = b.
Henceb € Awhichis acontradiction.
Cased. Assumea; = b;. In thiscaseb € A sinceAis 1-compressed.

Casee. Assumea; + 1= by andb; € {1, 4, 6, 9}. Denoting(cy, . ..,cn) = sucdby,...,
bn), we have (az, cz,...,¢q) € A.
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(el) Assumeh; € {0, 3,5,8}. Thensucdby,...,by) = (bp+ 1, bs,...,b,). Since
(a1,b2+1) > (a1 + 1, bp), we get

a=(as,...,an) > (a1, bp+1,bs,...,bn) > (a1 +1, by, bs,...,bn) = b.

Thereforeb € A, acontradiction.

(e2) Assumeby € {2, 7}. If (bs,...,b) #(9,...,9), thenlet(ds,...,dy) = succbs, ...,
bn). Onehassuccby,...,by) = (b, ds,...,dy). Since(as, ds,...,dn) > (a1 +
1, bs,...,by), usingLemma2.1, we write

a= (al,...,an) > (al, by, d3,...,dn) > (a1+1, by, b3,...,bn) =Dh.

Thisimpliesb € A.

Assume(bs,...,bn) = (9,...,9). Thensuccby,...,by) = (b2+1,0,...,0) €
A. First assumethat (ap,...,an) > sucdsuccby,...,by)) = (b +2,0,...,0).
Then(ag, b2 +2,0,...,0) € AsinceAis 1-compressedlhus

a>(a,by+20...,00)>(a1+1,b+1,0,...,0) > (g +1,by,9,...,9) =b.

Thisimpliesb € A. If (ap,...,a)) = sucdby,...,by) = (bp+1,0...,0). Then
a=(b1—1,by+1,0,...,0) andb = (b1, by, 9,...,9). Replacinga with b yields
asetB suchthat

[tpn (B)] = [lpn(A)]
= (8p(b1) +dp(b2) + (N —2) - 8p(9)) — (dp(b1 — 1) + dp(b2 + 1))
= (p(b1) — Op(b1 — 1)) + (8p(b2) — dp(b2+ 1)) + 3(n—2)
=3(n—2)+1,

SinCE6p(b1) - 6p(b1 - 1) =1forb; € {1, 4,6, 9} and6p(b2) - 6p(b2+ 1) =0
forby € {2,7}.

(e3) Assumeby € {1, 4, 6,9} and(bgs,...,bn) =(9,...,9). Now by # 9 since(ay, ...,
an) > (by,...,by). Thensucdby,...,b,) = (b2+1,0,...,0). Firstassumgay, ...,
an) > (e2,...,en) = sucqsucghby,...,by)). Lemma2.1andthefactthatA is 1-
compressednply (ai, e,...,en) € A.
Now if by € {1, 6}, then(ey,...,en) = (b2+1,0,...,0,1). Hence,

a> (a1, bp+1,0,...,0,1) > (a1 +1,b2+1,0,...,0) > (a1+ 1, b2, 9,...,9) =b.
If bp = 4,then(ey,...,en) = (6,0,...,0) and
a>(a;6,0,...,0) > (a1 +1,5,0,...,0) > (a1 + 1,4,9,...,9) =b.

In bothcased € A sinceA is compressed.
If (ag,...,an) = sucdby,...,by), thena=(by—1,by+1,0,...,0) andb =
(b1, b2, 9,...,9). Replacinga with b, we obtaina setB suchthat

[len(B)| = [lpn(A)]
= (8p(b1) + 0p(b2) + (N—2) - 8p(9)) — (dp(b1 — 1) + Sp(b2+ 1))
>3(n—2)+1,
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sincedp(b1) — Op(b1 — 1) = 1 for by € {1,4, 6,9} anddp(bz) > dp(bz + 1) for
by € {1, 4, 6}.

If (bs,...,bn) #(9,...,9), thenlet us denote(ds, .. .,dn) = sucdbsg, ..., bn).
One hassucdby,...,by) = (b — 1,ds,...,dy). Now assumeadditionally that
(a2,...,an) > (€2,...,6n) = sucqsucgby,...,by)). Similarly to the above, (a1,
€,...,6n) € Aand(ey,...,e,) = (b2, ds,...,dn). Consequently

aZ (a].; b27 d37"'7dn) > (a1+17 b2_17 d37---;dn) > (a1+17 b27 b37"'7bn) =b.

Thereforep € A

(e4) Lastly, we considerthe caseb, € {1, 4, 6,9}, (ay,...,an) = sucdby,...,by) and

assumehbs,...,by) #(9,...,9). Thereforea= (b1 —1,by—1, as,...,an) andwe
canapplyto thevectors(ay,...,an) and(by,...,b,) thesameanalysisasthosefor
casegel)—(e3)lIf in thecourseof thisanalysiswe arebeableto guaranted € A
dueto the compressiongr to replacea with b without decreasinghe function
Ipn(+), thenwe aredone.Otherwise just onecasewill giveriseto problemagain,
namelywhenbs € {1, 4, 6,9}, (as,...,an) = sucdbs,...,by) and(bg,...,by) #
(9,...,9).

Continuingthis way, the only remainingcaseeft openis the casea = succb)
suchthat

a= (bl_ 1, b2— 1,...,bn_l— 1, bn+1), b == (bl,...,bn),
whereby,...,bn-1 € {1, 4, 6,9} andb, # 9. However, in this casethe replace-

mentof a with b leadsto a setB with

n-1
1en(B)| — lln(A)] = 5 (Be(by) = 3p(bs ~ 1)) + (Be(on) ~ Be(bn+ 1)) 2 n—2

sincedp(by) — op(bi — 1) = 1 for by € {1, 4, 6,9} anddp(bn) — dp(by+ 1) > —1.

|
4. Cutwidth and Wirelength of P"
For A C Vpn, denote
0(A) = {(u,v) €Epn |[UEA, VZA},
0n(t) = min|o(A)!
SincethegraphP" is regularof degree3n, for anyt = 1,...,10", it holds:
Ipn(t) +2- gn(t) = 3nt. (4.2)

Thereforefor ary initial sggmentA of the Petersemrder?", we have |0(A)| = gn(|A]).
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For agraphG, let f beabijective mappingf : Vg — {1,...,|Vs|}. Let
cong (i) = [{(u,v) € Eg | f(u) <i, f(v) >i+1}, for 1<i<|Vgl,

cwW(G) = mfin miax{conf )},

Ve|-1
wl(G) = mfin{ Zl conf(i)}.

The parametergw(G) andwl(G) are respectiely called the cutwidth and wire-
lengthof thegraphG. For G = P", sincethesubsetsvith minimumvalueof thefunction
|0(-)| arenestedijt holds(cf. [8]):

cwn = cW(P") = max{gn(t)},

100
wlh = wl(P") = t;)gn(t).

It canbeeasilyshavn thatcwy = 6 andwl; = 41.
Theorem 4.1. Thecutwidthof thegraphP" is givenby

(6.25)- 101+ (21— 4)/12, if nisodd,
CWh =
"] (6.25)-101+ (2-1—8)/12, if niseven.

Proof. First we shawv that, for n > 2, the maximumof gn(t) is attainedwhent >
3.10"1. Using the inductive structureof the order P" (cf. Figure2), for 1<t <
2-10"1 onehas

On(t) <2t+2-cWh_1+1< 4107 4 2. cwn_1 + 1.

Indeedjfor A= #"(t), thesetd(A) consistf theedgesonnectingA; (0) with Pf'(1) U
P1'(4) UP](5), theedgesconnecting®; (1) with P['(2) UP{(8), andof d(A1(0)) NP1(0)
ando(A1(1)) NP}(1). Since|A1(0)| + |A1(1)| = |A] =t, thenumberof the edgef the
first two typesis

2-(|A(0) + [AL(D) ) + (JA(0) = [A(D)]) < 2+ 1.

Thenumberof edgeof thethird type doesnotexceed?2 - cwh_1.
Now, for t of theformt =2-10"1+t’, where0 < t' < 10™1, it holds

On(t) =4-10" 14t/ 4+ gna(t') <5-101 4 cwh_1.

Indeed,for A= #"(t), the setd(A) consistsof 2- 10"~! edgesconnectingA;(0) with
PI(4) UP}(5), of 101 + (10! —t') edgesconnectingAq (1) with P](2) U P(8), of
2t edgesconnectingA;(2) with PJ(3) U P}(6), andof 0(A1(2)) NP](2). The sizeof
thelastsetdoesnot exceedcw_1.
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Similarly onecanshaw that,for t = 3-10"1 4+t, where0 < t’ < 2-10""1, onehas

5-1014+2-gn_1(K), if t' =2k,

gn(t) = ) . (4.2)
5-10*+gn-1(k+ 1) + gn-1(k) + 1, if ' =2k+1.

Claim. Let x < 5-10"! beanumbersuchthatgn(x— 1) < gn(X) = cWs. Thengn(x+
1) = gn(x—1) = gn(X) — 1 for n odd,andgn(x+ 1) = gn(X) = gn(X— 1) + 2 for neven.

Proof of the claim. By inductionon n. Clearly, the maximumof gi(x) is attainedfor
x =4 only, givenby gi(4) = 6. With thehelpof Tablel, it canbeeasilyshovn thatthe
maximumof g(x) is attainedfor all x € [37,43] andequalss2. For n > 3, we proceed
by induction. Let k bea numbersuchthatgn—1(k— 1) < gn-1(k) = cWh_1.

If nis odd,thenn— 1is evenandthusgn_1(k+ 1) = gn—1(k) = cwh—1 by induction.
Hencegn—1(k+1) + gn-1(k) + 1 = 2- gn—1(k) + 1 andcw, = 2- cwh—1 + 1 by Equation
(4.2). Thus,for x = 3- 10" 1 + 2k + 1, we have gn(X) = cw, by the choiceof k. Onthe
otherhand,usingEquation(4.2), gn(X+ 1) — gn(X— 1) = 2(gn—1(k+ 1) — gn(k)) = 0.
Thusgn(x+1) = gn(Xx—1) = gn(X) — 1.

Similarly, if n is even,thenn—1 is odd andthusgn—1(k+ 1) + gn-1(k) + 1 =
2-gn-1(K) by induction. Hence,in this case cw, = 2- cw,—1 by Equation(4.2). Thus,
for x=3-10""1+2k— 1, it holdsgn(X) = cw, by the choiceof k. Onthe otherhand,
On(X+1) = gn(X—1) = 2(gn-1(K) — Gn-1(k— 1)) = 2. Thusgn(X+ 1) = gn(X) = gn(X—
1) + 2 andtheclaimfollows. |

The proof of theclaimimplies
5-10"1+2-cwh_1+1, if nisodd,
\/Vn fd
5.10m1+2.cwh_1, if niseven.

The solutionof this recursionwith cwy = 6 andcw, = 62 leadsto the expression

6-1001. 5("A/(1/5)2 1 (2714 1)/3, if niseven.

{6-10"—1. (MD/2(1/5)2 4 (21— 1)/3, if nisodd,
CWh =

Hencethetheorem. [}

Theorem 4.2. Thewirelengthof P" is givenby
wl, = (37/82)-100"+ (72/82)- 181 — (1/2) - 10".

Proof. Denotewl,(t) = St_; gn(i). We usetheinductive structureof theorder?" again
(cf. Figure2). Firstconsiderthecaset < 2-10"1. Now, fort = 2k— 1 andA = #"(t)
(cf. theproof of Theoremd.1),onehas

gn(2k—1) = [8(A(0)) NPL(0)] +[0(A(1)) NPL(D)[ +2/A| +1
= gn1(K) + gn_1(k— 1) +2(2k— 1) + 1.
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Similarly, for t = 2k, onehasgn(2k) = 2gn—1(k) + 4k. Therefore,
k
i=

This implieswiy(2- 10"~1) = 4-wl,_; +8S— 101, whereS= 19" = (1001 +
1001y /2.
Furthermorefor t = 2-10" 1+ k, wherel < k < 10", asimilartechniqueprovides

k
Wih(t) = Win(2- 10" 4 win_1(K) + _Zi +4k-10"1

Thereforewln(3-10""1) = 5-wlp_1 + 9S+4-10"1. 101 — 101,
Finally, fort = 3- 10" 14 2k, wherel < k < 10™1, it holds

Wih(t) = Win(3-10""%) + 5-Wl_1 + 4-Wl_1(K) — gn_1(K) + k+ 10k- 10" ™.

Thereforewly(5-10"1) = 9-wl,_1 +4-10"1. 101+ 9S.
Sincewly = 2-wlp(5-10"1) — gn(5-10"1) = 2-wiy(5-10™1) — 5-10™%, using
theabove formulas,we obtain

wly = 18-Wl_1+37-100"1+4-10"1 with wil; =41,

andthetheorenfollows. |

5. Productsof Petersen Powerswith Hyper cubes

Let Q™ bethe graphof the mdimensionahypercubewvhich is the mth cartesiarpower
of thecliquewith two vertices.Consideitheedge-isoperimetriproblemontheproduct
graphP} = P" x Q™. Thesefamiliesof graphsarecalledfolded Peterserubed16,17]
andareextensiely studiedto modelmultiprocessomterconnectiometworks.

5.1. Edge-Isoperimetri©roblemon P},

We showv that the edge-isoperimetriproblemon the graph P7, hasnestedsolutions
provided by the new order Q},, presentecbelon. We representhe verticesof Py,

as (n+ m)-dimensionalvectors(ay, . ..,an, 01,...,0m), Where(as,...,a,) € P" and
(ai,...,am) € QM. Forverticesa= (ay,...,an, d1,...,0yn) andb = (by,..., by, B1,...,

Bm) of P"x QM, wewrite a > b in theorderQ?, iff

() (aa,-.-,an) > (by,...,by) intheorder?", or
(i) (ag,---,an) = (b1,...,by) and(ay,...,an) is greatetthan (B, - .., Pm) in thelexi-
cographiocorder

It is aneasyexerciseto ensureoneselfthatthe order Q¥, satisfieghe consisteng prop-
erty[8] similarto Lemma2.1.

We introducecompressionsimilar to thatin Section4. Theinitial sggmentsof the
orderQJ, of lengtht will bedenoteddy the set 7 1(t).



166 S.L.Bezrulov, S.K.Das,andR. Elsasser

Theorem5.1. Foranyn> 1, m> landt =1,...,10"- 2™ theset #1(t) is optimal,
whee Fh(t) is representedy theinitial sggmentof theorder Q}, of lengtht.

Proof. We prove by inductionon n+ m. Theinductionstartswith n+m= 2. If n= 2,
thenthe theoremis true by Theorem3.1. If m= 2, thenthe theoremis obviously true
aswell. Letn = m= 1. Notethat,for acompressedetA C P}, it holds

e (A)] = 1p([{(x, 0) € A}[) +1p(I{(x%, 1) € A}) +[{(x, 1) € A}.

In this casethetheoremis easyto verify by usingTablel.

Let us now proceedwith n+m> 3. If m= 0, the proof follows from Theorem
3.1.If n=0, thenthetheoremfollows from the correspondingesultof Harperfor the
hypercubeQ™ [11]. Solet usassumen > 1 andm > 1. Let A beacompressedptimal
set,andlet a andb berespectiely the largestvectorof A andthe smallestvector of
P\ Ain theorderQP,. Furthermorelet thesevectorshe of theform

a=(ay,-.-,an, 01,..-,0m) and b= (by,...,bn, B1,---,Bm)-

If A# Fn(t), thena > b. In this casewe canalsoassumehata; # bj anda;j # B
fori=1,....,nandj =1,...,m, otherwiseb € A because\ is compressedTherefore,
(a1,...,0m) is thebinarynegationof (B1,...,Bm)-

Assumethat(ay,...,0n) is lexicographicallygreatetthan (1, ... ,Pm). Then

a=(ai,...,an, 01,...,0m) > (1,-.-,8n, P1y---sBm) = (b1,...,bn, B1,...,Bm) =Db.

This, alongwith thefactthatA is compressedmpliesb € A. Thisis a contradiction.
Now if (0y,...,am) # (0,...,0), thenlet (af,...,ap,) be its predecessoin the
lexicographicorder Onehas

a=(ay,...,an, 01,...,0m) > (a1,...,an, a1,...,00) = (b1,...,bn, B1,...,Bm) = b,

andthusb € A follows since(a,...,ay,) is notthe negationof (By,...,Bm) andAis
compressedSimilarly, if (B1,...,Bm) # (1,...,1), thenlet (By,...,Br) beits successor
in thelexicographicorder Onehas

a= (a-la"'aanaala"'aam) >~ (blu"'abna B&JJB;TI) - (bla"'abna Bl)"'aBm) :ba

which againimpliesb € A.

Hence,we canassumehat (ay,...,0m) = (0,...,0) and(B1,---,Bm) = (1,...,1).
Considerthe casewhenthe vectors(ay, ...,a,) and (bs,...,b,) arenot consecutie
in the order ?". Recallthata; # b;. We shaw that, for n > 1, thereexists a vector
c=(cy,...,Cn) € P" satisfying

(a1,---,an) > (C1,...,Cn) > (b1,...,bn),

suchthata; = ¢; or ¢; = b; for somei, 1 <i < n. To shaw this, let us examinethe
definition of the order #". If a; — 1 > b; thenthe vector(a; — 1, ay,...,an) hasthe
requiredproperty Assumea; — 1= b;. If (by,...,bn) # (9,...,9), thendenoteby
(b),...,b}) its successoin theorder?"~1 andletc = (by, b,...,0}). If (b, ...,bn) =
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(9,...,9) thendenoteby (a,...,a},) the predecessoof (ay, ..., an) in the order P"-1
andassignc = (ay, &,...,ay,). Finally, if a; + 1 = by, thenthevector(by, b}, ...,b})
leadsto the solution.

Now if n> 1 anda; = ¢;, then

a=(a,...,an,0,...,0) = (c1,...,Cn, 1,...,1) = (b1,...,bn, 1,...,1) =b.

SinceA is compressedhen(c,...,Cn, 1,...,1) € A andthusb € A which leadsto a
contradiction.Similarly, if ¢, = by, then

a=(a,...,an,0,...,0) = (c1,...,Cn, 0,...,0) = (b1,...,bn, 1,...,1) =b
andwe have a contradictiortoo. Finally, if n= 1 andhencem > 2, then
a= (al, O,...,O) - (a1—1,0,...,0,1) - (bl, 1,...,1) =b,

whichimpliesacontradictiorthatb € A.

It remainsto considerthe casewhenthe vectors(ay,...,an) and (by,...,by) are
consecutre in theorder?". In this case the replacemenof a with b leadsto a com-
pressedetB suchthat

e (B)] — lleg ()] = __iiép<bi>—,_§iesp<eu)+m.

We prove thatthe setB is optimal. This is obviousif S ;8p(bi) > S, dp(a;). How-
ever, if ', dp(bi) < 31, 6p(&), we shov thatthesesumscandiffer by 1 only, which
is aconsequencef thefollowing generafact:

If thereexists a total order O of the vertex setof a graphG suchthat eachof its
initial segmentsforms an optimal subset,andif dg(i) < 0g(i + 1) for somei, then
Oc(i) =0c(i+1)—1.

Indeed,assumehe contrary i.e., dg(i) = k anddg(i + 1) > k+ 2 for somek, and
considerthe sets§ andS. 1 consistingof thefirsti andi + 1 verticesof G in the order
O. Thesesetsareoptimaland|lg(S)| = |lc(S \ vi)| +k, wherey; is theith vertex of G
in theorderO. Now

lle((S\ V) UVi+1)] 2 [la(S\vi)[ +k+ 1> [la(S)];

which contradictghefactthatthe setS is optimal. Hencethe proof of thetheorem.

5.2. CutwidthandWirelengthof P},

Thesimplestructureof theorderQ}, immediatelyderivestheformulasfor thecutwidth,
CWh,m, andthe wirelength,wl, m, of the graphPy;,. We assumehatn > 1 andm> 1.
Furthermorelet

Om(r) = min [{(u, V) € Egm | ueA vgAl,
=r

Gnym(S) = \rAT}I=nS|{(u’ V) € EPH-, | ue Aa V¢A}‘a
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wheretheminimarunoverall correspondingubset®f sizer. It followsfrom Theorem
5.1that
Gn,m(S) =1 Gn(t+1) + (2" = 1) - gn(t) + am(r),

wheres=2"-t+r and0 <r < 2™ In theseterms,

1Qn.2m
CVVn’m = msa.X{Gn’m(S)} and Wln’m = Z Gn’m(s)
=

Let cw(Q™) = max {gm(r)} bethecutwidthof thehypercubeQ™.

Now if nis even,thengp(t + 1) = gn(t) = cw, for somet (cf. theclaimin the proof
of Theorem4.2). Hence cwh, m = 2™ cwy + cw(Q™). If nis odd,then,usingthe claim
again,atmostoneof gy(t + 1) andgn(t) equalscw,. Thereforewe get

2M(cwh — 1) + gm(t), if gn(t+1) < cWh, gn(t) < CWh,
Gn’m(s) S 2m‘ CWn - t + qm(t), |f gn(t + 1) < CWn, gn(t) = CWn7
2M(cWh — 1) +t+gm(t), if gn(t+ 1) = cWh, gn(t) < CWh.

It canbe shawn thatthelastexpressioris thelargestif t > 2™1,
Note that maxm-1<om{t + gm(t) } = cW(Q™ ). Therefore the cutwidthof P} is
givenby
2. cwh + ew(QM), if niseven,
CWh,m =
’ 2M(cwh — 1) +ew(Q™ 1) if nis odd

Similar algumentsprovide thewirelengthof P, as
W|n7m = 2m - WIn + 10n - Wl (Qm)

Fromtheseresultsonecanderive formulasfor cwn, m andwly, m in termsof nandm
by usingTheorems}.1and4.2,andknown resultscw(Q™) = (2™1 —24+m( mod2))/3
andwl!(Q™) = 2™1(2™— 1) (cf., e.g.,[4, 11]).
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