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Abstract. In this paperwe introducea new orderon thesetof n-dimensionaltuplesandprove
that this orderpreservesnestednessin theedgeisoperimetricproblemfor thegraphPn, defined
asthe nth cartesianpower of the well-known Petersengraph. The cutwidth andwirelengthof
Pn arealsoderived. Theseresultsarethengeneralizedfor the cartesianproductof Pn andthe
m-dimensionalbinaryhypercube.
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1. Introduction

Variousfamiliesof regulargraphshavebeenstudiedfor importantpracticalapplications
in computerscience.Forexample,they appearnaturallyastheinterconnectiontopology
(suchasgrids, tori, hypercube,deBruijn graphs)for multiprocessorarchitecturesand
alsoin thecontext of communicationnetworksdesign.Thesymmetriesareprovidedby
variousnotionsof regularitysimplify algorithmsfor differentnetwork relatedproblems,
suchasmessageroutingandinformationexchangeamongnode-pairs.

Fromthetheoreticalpoint of view, theregulargraphsalsoplay a significantrole in
edgeisoperimetricproblems, amongothers,which is thesubjectof investigationin this
paper. Mostly two versionsof theedgeisoperimetricproblemshavebeenconsideredin
theliterature.

Problem1.1. Find a subsetof verticesof a given graph,suchthat the edgecut sepa-
ratingthis subsetfrom its complementhasminimal sizeamongall subsetsof thesame
cardinality.
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154 S.L. Bezrukov, S.K.Das,andR. Elsässer

Problem1.2. Find a subsetof verticesof a givengraph,suchthatthenumberof edges
in the subgraphinducedby this subsetis maximalamongall inducedsubgraphswith
thesamenumberof vertices.

Clearly, if a subsetof verticesis optimalwith respectto Problem1.1,thenits com-
plementis also an optimal set. However, it is not true for Problem1.2 in general,
althoughthis is indeedthecaseif thegraphis regular. Moreover, for regulargraphsthe
above two problemsareequivalentin thesensethata solutionfor onealsobecomesa
solutionfor theother.

In this paper, we focusour attentionon Problem1.2. Let G ^V_ VG ` EG a bea graph
andA b VG. Denote

IG _ Aa ^dce_ u ` va�f EG gg u ` v f A h<i
IG _ t a ^ maxj

A
j k

t

l
IG _ Aa l i

Thus,for agivent, wheret ^ 1 ` i1i'i ` lVG
l
, weconsidertheproblemof findingasubsetA

of verticesof G suchthat
l
A

l ^ t and
l
IG _ Aa l ^ IG _ t a . Suchsubsetsarecalledoptimal.

We saythatoptimalsubsetsarenestedif thereexistsa total order m on thesetVG such
that,for any t ^ 1 ` i'i1i ` lVG

l
, thecollectionof thefirst t verticesin thisorderis anoptimal

subset.In thiscasewe call theorder m anoptimalorder.
Let us now concentrateon the graphsrepresentableascartesianproducts. Given

two graphsG ^n_ VG ` EG a andH ^n_ VH ` EH a , their cartesianproduct is definedasa
graphG o H with thevertex-setVG o VH andtheedge-setc<_'_ x ` ya�` _ u ` va'apgg x ^ u and _ ỳ va4f EH or _ x ` ua4f EG andy ^ v hqi
A graphGn ^ G o G oQr'r1rqo G is calledthe nth cartesianpowerof G. Examplesof
productgraphsincludehypercubes,gridsandtori.

Considertheedgeisoperimetricproblemsfor thecartesianpowersGn of a regular
graphG. Suchproblemshavebeenwell studiedfor cliques,i.e.,G ^ Kp. Representing
theverticesof Gn asn-dimensionaltuples,theresultsof Harper[11] andLindsey [12]
imply thatthelexicographicorderis anoptimalorder. Here,by the lexicographicorder
we meanthefollowing: We saythatann-tuple _ x1 ` i1i'i ` xn a is lexicographicallygreater
than _ y1 ` i'i1i ` yn a if f thereexistsanindex i suchthatx j ^ y j for 1 s j t i andxi u yi .

Theseold classicalresultscanbeextendedto variousdirections.For instance,tak-
ing apathinsteadof acliqueleadsto agrid. In thiscase,Problems1.1and1.2aboveare
essentiallydifferent.Thefirst problemdoesnothavenestedsolutions,while thesecond
does[1] (seealso[7]). It is furthershown in [3] thattheresultsof [1,7] canbeextended
to theproductsof arbitrarytreesandthefunctionI _ t a dependsjuston t andthenumber
of verticesin the trees,but not of theshapeof thetreesin theproduct.Theorder, v ,
providing the nestednessin Problem1.2 in this case,is muchmorecomplicatedwith
respectto thelexicographicorder. (For thedefinitionof theorder v andfurtherdetails,
readersarereferredto [1,4,7].)

To summarize,theorder v andthelexicographicorderaretheonly known orders,
which provide nestednessfor productsof somegraphsin the edgeisoperimetricpro-
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blems.However, asshown in [4], theorder v worksfor productsof treesonly. There-
fore, two naturalquestionsarise: (i) For productsof which othergraphsis the lexico-
graphicorderoptimalwith respectto theedgeisoperimetricproblems;and(ii) which
otheroptimalorderscanoneexpect?

In [5], Bezrukov andElässerconsideredthe cartesianpowersof k-regular graphs
with an even numberof vertices2p suchthat k w 3p x 2. They have shown that, for
the nth power of any suchgraph, the size of the edgecut separatinga set from its
complementis at leastas large as that for the correspondingpower of the graphHk

p
obtainedasfollows: ConsideracliqueK2p andsplit its verticesinto two disjointcliques
K yp andK y yp of orderp each.Now constructthebipartitesubgraphof K2p, formedby the
vertex setsof K yp andK y yp, asthe independentsetsandremove from it somep z k z 1
perfectmatchings.Although theresultinggraphsarenon-isomorphicin general,they
all (aswell astheir cartesianpowers)have thesamefunction I _�r a [5]. Consideringone
of thesegraphsasHk

p, it turnsout that, for k w 3px 2, the edgeisoperimetricproblem
for cartesianpowersof Hk

p hasnestedsolutionsprovided by the lexicographicorder.
Similar resultscan be derived for powers of completebipartite graphswith deleted
perfectmatchings.It is interestingto notethatviolating theconditionk w 3p x 2 leads
to theabsenceof nestedsolutions.Bezrukov andElässer[5] alsostudiedthepowersof
completep-partitegraphsandshowed that the lexicographicorderis still the optimal
order. Thus,this extendsa resultof AhlswedeandCai [2] concerningthe powersof
completebipartitegraphs.

It is worthmentioningthatthelexicographicorderyieldstheso-calledlocal-global
principle discoveredby AhlswedeandCai [2]. Following themainresultof [2], if the
lexicographicorder is optimal for G2, thenso it is for Gn for any n w 3. The main
difficulty in applyingthis powerful theoremis to establishthat thelexicographicorder
is optimalfor thesecondpowerof consideredgraphs.For this,no generalmethodsare
known yet. (See[4] for thelocal-globalprinciplesfor someotherorders.)

In all of the precedingresults,the degreeof the underlyingregular graphis rela-
tively large which is intuitively necessaryfor the lexicographicorder to work. Now
thequestionis whathappensif thepowersof regulargraphshave smallerdegree.For
instance,consideringthe regulargraphsof degree1, we get thehypercubesfor which
thelexicographicorderis still optimal. For powersof regulargraphsof degree2, e.g.,
a torus, thereis no nestedsolutionsin general[10]. Tori arewell studiedandsome
isoperimetricinequalitiesareknown for them [6], which are sharpenoughfor most
practicalapplications.

Thenext stepis to considerthepowersof regulargraphsof degree3, for which a
hugecollectionof non-isomorphicgraphsexists. However, to the bestof our knowl-
edge,noneof them(excluding the3-dimensionalcube)hasbeenstudiedwith respect
to theedgeisoperimetricproblems.Thismotivatesourwork.

We concentrateon the cartesianpowers Pn of the PetersengraphP, which is a
regular graphof degree3 anddiameter2 asshown in Figure 1(a). Note that P is a
vertex-symmetricaswell asanedge-symmetricgraph.ThegraphsPn, known asfolded
Petersennetworks, wereproposedandextensivelystudiedby ÖhringandDas[9,13–16]
asacommunication-efficientinterconnectionnetwork topologyfor multiprocessors.By
definition,Pn is alsoregular, vertex- andedge-symmetricwith 10n vertices,degree3n
anddiameter2n. Interestingly, thesizeof a minimumcut separatingPn into two equal
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partsis known exactly [4]. This factalsostimulatesthecut problemhaving two parts
of differentcardinalities.It is an importantpropertyof a graphfrom theviewpoint of
its minimumlayoutareain VLSI.

In this paperwe answerseveralquestionsraisedabove. More precisely, we intro-
ducea new order { n on the setof n-dimensionaltuples(which we call the Petersen
order) andshow that this orderprovidesnestednessin theedgeisoperimetricproblem
for Pn, thepowersof thePetersengraph.This resultallows usto computeexactly the
cutwidth andwirelengthof Pn, which are respectively definedas the maximumand
the meanvalueof the minimum cut separatingthe graphinto two parts. We extend
theseresultsto theproductgraphPn

m ^ Pn o Qm, whereQm is them-dimensionalhyper-
cube.ThegraphsPn

m, calledthefoldedPetersencubes, werefirst studiedby Öhringand
Das[16,17]. It is interestingthat,in this case,a lexicographic-typeorderis optimal.

The paperis organizedasfollows. In the next sectionwe introducethe Petersen
order, { n, on the vertex setof the graphPn. Section3 shows that, for t ^ 1 ` i'i1i ` 10n,
theset | n _ t a representedby the initial segmentof theorder { n of lengtht is anopti-
mal subset.Section4 is devotedto computingthecutwidthandthewirelengthof Pn.
Section5 presentstheextensionsof theseresultsto thegraphsPn

m.

2. The Petersen Order { n and Its Properties

The order { 1 is shown in Figure1(a) andit is an easyexerciseto convince that it is
optimalfor thePetersengraphP.

Now, by inductionon n, we definethe total order { n on the vertex setof Pn for
n w 2. For thispurposelet usfirst definethesuccessorfor any vector _ a1 ` i'i1i ` an a�f VPn

in theorder { n asfollows. Denoting _ ay2 ` i'i1i ` ayn a ^ succ_ a2 ` i'i'i ` an a in theorder { n } 1,
wedefine

succ_ a1 ` i'i1i ` an a ^
~������������ ������������

_ a1 � 1 ` a2 ` i1i'i ` an a#` if a1 f c 0 ` 3 ` 5 ` 8 h `_ a1 z 1 ` ay2 ` i1i'i ` ayn a#` if a1 f c 1 ` 4 ` 6 ` 9 h and_ a2 ` i'i1i ` an aT�^�_ 9 ` i'i1i ` 9a#`_ a1 ` ay2 ` i1i'i ` ayn a#` if a1 f c 2 ` 7 h and_ a2 ` i'i1i ` an aT�^�_ 9 ` i'i1i ` 9a#`_ a1 � 1 ` 0 ` i1i'i ` 0a#` if a1 f c 1 ` 2 ` 4 ` 6 ` 7 h and_ a2 ` i'i1i ` an a ^�_ 9 ` i'i1i ` 9a i
Theorder { 2 is illustratedin Figure1(b). Theverticesof thegraphP2 ^ P o P are

representedastheentriesof a10 o 10matrix c ai � j h , wherei ` j ^ 0 ` i'i'i ` 9. Weassumein
thisfigurethattheentrya0 � 0 is at thebottomleft cornerof thematrix. Furthermore,we
assumethattheelementsa0 � 0 ` i1i'i ` a9 � 0 of thebottomrow andtheelementsa0 � 0 ` i1i'i ` a0 � 9
of the leftmostcolumnrepresentthe verticesof the multiplicandsof the product(i.e.,
verticesof P) takenin theorder { 1. Thevalueof thematrix elementai � j is thenumber
of the correspondingvertex of the graphP2 in theorder { 2, asshown in Figure1(b).
With thehelpof a computerwe have verifiedthat theset | 2 _ t a , which is represented
by the initial segmentof the order { 2 of length t, is optimal for any t in the range
1 s t s 100.
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Figure1: (a)Theorder { 1; (b) theorder { 2.
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Figure2: Thestructureof theorder { n.

Using inductionon n, it is easyto show thatstartingwith thevector _ 0 ` i'i1i ` 0a and
following thesuccessors,onecanreachany othervector _ a1 ` i1i'i ` an aJf VPn. This ideais
schematicallydepictedin Figure2 (cf. Figure1 for n ^ 2), in which theovalsrepresent
the vectorsof the form _ i ` a2 ` i1i'i ` an a orderedbottom-upin the order { n } 1 (herei is
shown undertheovals).Thus,thePetersenorder { n is well defined.

For a ` b f VPn we write a u b if the vertex a is greaterthan b in the order { n.
By analyzingthe inductive definition of the order { n, the following property, called
consistencyin [8], canbeverified.

Lemma 2.1. Leta ^�_ a1 ` i1i'i ` an a , b ^�_ b1 ` i'i1i ` bn a , andai ^ bi for somei. Furthermore,
let vectors ã and b̃ beobtainedfroma andb, respectively, byomittingtheir ith entries.
Thena u b iff ã u b̃.

For A b VPn, i ^ 1 ` i'i1i ` n, and j ^ 0 ` i'i1i ` 9, let usdenote

Pn
i _ j a ^�c<_ ξ1 ` i'i1i ` ξn a�f VPn gg ξi ^ j h `

Ai _ j a ^ A � Pn
i _ j a i
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We say that A is i-compressedif, for any j ^ 0 ` i'i1i ` 9, the subsetAi _ j a is an initial
segmentof the setPn

i _ j a in the order { n } 1. We call the setA compressedif A is i-
compressedfor i ^ 1 ` i1i'i ` n. Standardargumentsprovide that thereis no lossof gen-
erality in assumingthat an optimal setA is compressed.We usethe compressionto
verify the 2-dimensionalsolutionof our problemwith the help of a computer. Larry
Harpernotedthat in this casethereare � 20

10  ^ 352̀ 716 compressedsets. The com-
pletechoiceof sucha sizeis doableby computerbut, without compression,thereare
2100 ¡ 1 i 3 o 1030 possibilities,a prohibitively largenumber.

3. Proof of the Main Result

Let a ^¢_ a1 ` i'i1i ` an a be the largestvertex of the subsetA b VPn in the order { n and
let b ^n_ b1 ` i'i1i ` bn a be the smallestvertex of the complementVPn £ A in this order. If
A �^¤| n _ t a , thena u b. SinceA is compressed,thensoarethesetsA £ a and _ A £ a aq¥ b.

For agraphG andi ^ 1 ` i'i'i ` lVG
l
, let usdenoteδG _ i a ^ IG _ i a z IG _ i z 1a andassume

δG _ 0a ^ 0. By analyzingFigure1(a)theentriesof Table1 canbeeasilyverifiedfor the
PetersengraphP.

Lemma 3.1. With theabovenotationsonehasl
IPn _ Aa l z l

IPn _'_ A £ a ae¥ b a l ^ n

∑
i
k

1

_ δP _ bi a z δP _ ai a'a i
Thelemmafollowsfrom theobservation[2,4] thatfor acompressedsetA, it holds:l

IPn _ Aa l ^ ∑¦
x1 � § § § � xn ¨\© A

n

∑
i
k

1

δP _ xi a i
Now we arereadyto provethemainresult.

Theorem 3.1. For anyn w 1 andt, t ^ 1 ` i1i'i ` 10n, theset| n _ t a is optimal,where | n _ t a
is representedby theinitial segmentof theorder { n of lengtht.

Proof. We prove thetheoremby inductionon n. Thecasen ^ 1 is trivial andthecase
n ^ 2 followsfrom thementionedresultsbasedonacomputersearch.Therefore,let us
proceedwith n w 3.

Fromthedefinitionof theorder { n, it canbeconcludedthat if a u b, thenoneof
thefollowing five (disjoint) casesoccurs:

Table1: Thevaluesof IP _ i a andδP _ i a .
i 0 1 2 3 4 5 6 7 8 9 10

IP _ i a 0 0 1 2 3 5 6 8 10 12 15

δP _ i a 0 0 1 1 1 2 1 2 2 2 3
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(a) a1 z 1 u b1;

(b) a1 z 1 ^ b1 andb1 f c 1 ` 2 ` 4 ` 6 ` 7 h ;

(c) a1 z 1 ^ b1, b1 f c 0 ` 3 ` 5 ` 8 h and _ a2 ` i'i'i ` an a w�_ b2 ` i'i'i ` bn a ;
(d) a1 ^ b1 and _ a2 ` i'i1i ` an a�u _ b2 ` i'i1i ` bn a ;
(e) a1 � 1 ^ b1, b1 f c 1 ` 4 ` 6 ` 9 h and _ a2 ` i'i'i ` an a4u _ b2 ` i'i'i ` bn a .

Let A be an optimal compressedset. Following the casesabove we show that, in
many of them,theconditiona f A impliesb f A dueto thecompression.Thegeneral
strategy to show this is to find a vertex c satisfyinga u c u b suchthat thevectorsa ` c
andc ` b haveanequalentry.

If sucha vectorc doesexist, then,usingLemma2.1, the conditiona f A implies
c f A which in turn implies b f A becauseof the compression.On the otherhand,if
sucha vectorc doesnot exist, usingLemma3.1, we show that replacingthe vertex a
with b yieldsasetB satisfying

l
IPn _ Ba l w l

IPn _ Aa l
. Clearly, afterafinite numberof such

replacementsonecantransformA into | n _ l A l a .
In thefollowing werigorouslyconsidereachoneof theabovefivecases.

Casea. Assumea1 z 1 u b1.

(a1) Assumea1 z b1 w 4. Thenb f A. Indeed,taking into accountthat b1 s 5 and
usingthedefinitionof theorder { n andLemma2.1,we get

a ^ª_ a1 ` i'i1i ` an a wd_ b1 � 4 ` a2 ` i'i1i ` an a4u _ b1 � 2 ` a2 ` b3 ` i'i1i ` bn au _ b1 ` b2 ` i1i'i ` bn a ^ b i
Notethatany two consecutivevectorsin thischainhaveanequalentry. Therefore,
sincea f A, andsinceA is compressed,thenall the mentionedvectorsarein A
accordingto Lemma2.1.

A similarapproachwill beusedin analysisof all theremainingcases.We will
just provide chainsof appropriatevectorsof Pn orderedin decreasingorder { n.
Fromnow onwe assumethata1 z b1 f c 2 ` 3 h .

(a2) Assumeai u 1 for somei where2 s i s n z 1. Then _ ai ` ai « 1 ` i'i'i ` an a4u _ 1 ` bi « 1 `i'i1i ` bn a . On the otherhand,a1 u b1 � 1 implies _ a1 ` i'i1i ` ai } 1 ` 1aTu _ b1 ` i1i'i ` bi a .
Thus

a ^�_ a1 ` i'i'i ` ai ` i1i'i ` an a¬u _ a1 ` i1i'i ` ai } 1 ` 1 ` bi « 1 ` i'i1i ` bn a4u _ b1 ` i'i1i ` bn a ^ b i
This impliesb f A sinceA is compressed.

(a3) Assumebi t 8 for somei with 2 s i s n z 1. Then _ 9 ` bi « 1 ` i'i1i ` bn aJu _ bi ` i'i'i ` bn a .
Similarly to casea2, it holds _ a1 ` i1i'i ` ai a�u _ b1 ` b2 ` i1i'i ` bi } 1 ` 9a . Hence,

a ^�_ a1 ` i'i'i ` ai ` i1i'i ` an a¬u _ b1 ` i1i'i ` bi } 1 ` 9 ` ai « 1 ` i'i1i ` an a4u _ b1 ` i'i1i ` bn a ^ b i
Thus,b f A sinceA is compressed.
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(a4) Assumeai s 1 andbi w 8 for 2 s i s n z 1. If an u bn, then(cf. Lemma2.1)

a ^�_ a1 ` i'i'i ` an } 1 ` an a4u _ a1 ` i'i1i ` an } 1 ` bn a4u _ b1 ` i'i1i ` bn a ^ b i
Hence,b f A sinceA is compressed.

If an t bn, thenreplacinga with b weobtainasetB suchthat(cf. Lemma3.1)l
IPn _ Ba l z l

IPn _ Aa l
^�_ δP _ b1 a z δP _ a1 a1ae� n } 1

∑
i
k

2

_ δP _ bi a z δP _ ai a'a­� _ δP _ bn a z δP _ an a1aw n z 4 `
becauseδP _ b1 a z δP _ a1 a w®z 1 for a1 z b1 f c 2 ` 3 h , δP _ bi a z δP _ ai a w δP _ 8a z
δP _ 1a ^ 1 for 2 s i s n z 1, andfinally δP _ bn a z δP _ an a w�z 1, sincebn u an and
equalitytakesplacefor bn ^ 5, an ^ 4 only.

(a5) It remainsto consideronly thecasen ^ 3, a ^V_ a1 ` a2 ` 4a , b ^V_ b1 ` b2 ` 5a , where
a1 z b1 f c 2 ` 3 h , a2 s 1, andb2 w 8. Now if a2 ^ 0 or b2 ^ 9, thenδP _ b2 a z
δP _ a2 a w 2 and,for thesetB constructedin case(a4),onehas

l
IPn _ Ba l z l

IPn _ Aa l w
0.

Thus,we canassumethata ^ª_ a1 ` 1 ` 4a andb ^ª_ b1 ` 8 ` 5a . Let usdenote

X ^�c<_ a1 ` xy ` xy y aTgg 0 s xy s 1 ` 0 s xy y s 4 h `
Y ^�c<_ b1 ` yy ` yy y a gg 9 w yy w 8 ` 9 w yy y w 5 hqi

Notethat
l
X

l ^ l
Y

l ^ 10,X b A (sincea f A) andY � A ^ /0 (sinceb �f A). Now
considera setB ^n_ A £ X a¯¥ Y. It is easyto show that the setB is compressed.
Takinginto accountthatδP _ b1 a z δP _ a1 a w�z 1,l
IPn _ Ba l z l

IPn _ Aa l ^ ∑¦
a1 � y°B� y° ° ¨.© Y

_ δP _ yy a­� δP _ yy y a1a z ∑¦
b1 � x°±� x° ° ¨.© X

_ δP _ xy ae� δP _ xy y a1a� 10 r#_ δP _ b1 a z δP _ a1 a'a w 45 z 15 z 10 ^ 20i
Caseb. Assumea1 z 1 ^ b1 andb1 f c 1 ` 2 ` 4 ` 6 ` 7 h .

Theanalysisof this caseis quitesimilar to cases(a2)–(a4).Theonly differenceis
thatnow wecanguaranteeδP _ b1 a z δP _ a1 a w 0. Thus,for thesetB constructedin case
(a4),it holds

l
IPn _ Ba l z l

IPn _ Aa l w n z 3 w 0.

Casec. Assumea1 z 1 ^ b1 andb1 f c 0 ` 3 ` 5 ` 8 h . In thiscase_ a2 ` i1i'i ` an a w²_ b2 ` i'i'i ` bn a .
Lemma2.1implies

a ^�_ a1 ` a2 ` i'i1i ` an a w³_ a1 ` b2 ` i1i'i ` bn a¬u _ b1 ` b2 ` i'i1i ` bn a ^ b i
Hence,b f A which is acontradiction.

Cased. Assumea1 ^ b1. In this caseb f A sinceA is 1-compressed.

Casee. Assumea1 � 1 ^ b1 andb1 f c 1 ` 4 ` 6 ` 9 h . Denoting _ c2 ` i1i'i ` cn a ^ succ_ b2 ` i1i'i `
bn a , wehave _ a1 ` c2 ` i1i'i ` cn a�f A.
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(e1) Assumeb2 f c 0 ` 3 ` 5 ` 8 h . Then succ_ b2 ` i'i1i ` bn a ^´_ b2 � 1 ` b3 ` i1i'i ` bn a . Since_ a1 ` b2 � 1aJu _ a1 � 1 ` b2 a , weget

a ^ª_ a1 ` i'i1i ` an a w³_ a1 ` b2 � 1 ` b3 ` i'i1i ` bn a4u _ a1 � 1 ` b2 ` b3 ` i'i'i ` bn a ^ b i
Therefore,b f A, acontradiction.

(e2) Assumeb2 f c 2 ` 7 h . If _ b3 ` i1i'i ` bn a4�^µ_ 9 ` i'i'i ` 9a , thenlet _ d3 ` i1i'i ` dn a ^ succ_ b3 ` i'i1i `
bn a . Onehassucc_ b2 ` i1i'i ` bn a ^¢_ b2 ` d3 ` i'i'i ` dn a . Since _ a1 ` d3 ` i'i1i ` dn aTu _ a1 �
1 ` b3 ` i1i'i ` bn a , usingLemma2.1,we write

a ^ª_ a1 ` i'i1i ` an a w³_ a1 ` b2 ` d3 ` i'i1i ` dn a4u _ a1 � 1 ` b2 ` b3 ` i'i'i ` bn a ^ b i
This impliesb f A.

Assume_ b3 ` i1i'i ` bn a ^V_ 9 ` i1i'i ` 9a . Thensucc_ b2 ` i'i1i ` bn a ^®_ b2 � 1 ` 0 ` i'i'i ` 0a¬f
A. First assumethat _ a2 ` i1i'i ` an a w succ_ succ_ b2 ` i'i'i ` bn a'a ^¶_ b2 � 2 ` 0 ` i'i'i ` 0a .
Then _ a1 ` b2 � 2 ` 0 ` i'i'i ` 0a�f A sinceA is 1-compressed.Thus

a w³_ a1 ` b2 � 2 ` 0 i1i'i ` 0a�u _ a1 � 1 ` b2 � 1 ` 0 ` i'i1i ` 0a�u _ a1 � 1 ` b2 ` 9 ` i'i1i ` 9a ^ b i
This implies b f A. If _ a2 ` i'i1i ` an a ^ succ_ b2 ` i1i'i ` bn a ^¢_ b2 � 1 ` 0 i'i1i ` 0a . Then
a ^ª_ b1 z 1 ` b2 � 1 ` 0 ` i'i1i ` 0a andb ^�_ b1 ` b2 ` 9 ` i'i'i ` 9a . Replacinga with b yields
a setB suchthatl

IPn _ Ba l z l
IPn _ Aa l^ª_ δP _ b1 a­� δP _ b2 ae� _ n z 2a r δP _ 9a'a z·_ δP _ b1 z 1a­� δP _ b2 � 1a1a^ª_ δP _ b1 a z δP _ b1 z 1a'a­� _ δP _ b2 a z δP _ b2 � 1a'a­� 3 _ n z 2a^ 3 _ n z 2a­� 1 `

sinceδP _ b1 a z δP _ b1 z 1a ^ 1 for b1 f c 1 ` 4 ` 6 ` 9 h andδP _ b2 a z δP _ b2 � 1a ^ 0
for b2 f c 2 ` 7 h .

(e3) Assumeb2 f c 1 ` 4 ` 6 ` 9 h and _ b3 ` i'i'i ` bn a ^ª_ 9 ` i'i1i ` 9a . Now b2 �^ 9 since _ a2 ` i1i'i `
an a¸u _ b2 ` i1i'i ` bn a . Thensucc_ b2 ` i'i1i ` bn a ^�_ b2 � 1 ` 0 ` i1i'i ` 0a . Firstassume_ a2 ` i'i'i `
an a wª_ e2 ` i1i'i ` en a ^ succ_ succ_ b2 ` i'i1i ` bn a'a . Lemma2.1 andthe fact thatA is 1-
compressedimply _ a1 ` e2 ` i1i'i ` en a¬f A.

Now if b2 f c 1 ` 6 h , then _ e2 ` i'i1i ` en a ^ª_ b2 � 1 ` 0 ` i1i'i ` 0 ` 1a . Hence,

a w�_ a1 ` b2 � 1 ` 0 ` i1i'i ` 0 ` 1aJu _ a1 � 1 ` b2 � 1 ` 0 ` i1i'i ` 0aJu _ a1 � 1 ` b2 ` 9 ` i1i'i ` 9a ^ b i
If b2 ^ 4, then _ e2 ` i1i'i ` en a ^�_ 6 ` 0 ` i'i1i ` 0a and

a w³_ a1 ` 6 ` 0 ` i'i1i ` 0a�u _ a1 � 1 ` 5 ` 0 ` i'i1i ` 0a�u _ a1 � 1 ` 4 ` 9 ` i'i1i ` 9a ^ b i
In bothcasesb f A sinceA is compressed.

If _ a2 ` i'i1i ` an a ^ succ_ b2 ` i1i'i ` bn a , thena ^¹_ b1 z 1 ` b2 � 1 ` 0 ` i1i'i ` 0a andb ^_ b1 ` b2 ` 9 ` i1i'i ` 9a . Replacinga with b, weobtainasetB suchthatl
IPn _ Ba l z l

IPn _ Aa l^ª_ δP _ b1 a­� δP _ b2 ae� _ n z 2a r δP _ 9a'a z·_ δP _ b1 z 1a­� δP _ b2 � 1a1aw 3 _ n z 2a­� 1 `
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sinceδP _ b1 a z δP _ b1 z 1a ^ 1 for b1 f c 1 ` 4 ` 6 ` 9 h andδP _ b2 a w δP _ b2 � 1a for
b2 f c 1 ` 4 ` 6 h .

If _ b3 ` i'i1i ` bn a��^¹_ 9 ` i'i'i ` 9a , then let us denote _ d3 ` i1i'i ` dn a ^ succ_ b3 ` i'i'i ` bn a .
One hassucc_ b2 ` i'i1i ` bn a ^´_ b2 z 1 ` d3 ` i'i1i ` dn a . Now assumeadditionally that_ a2 ` i1i'i ` an a wª_ e2 ` i'i'i ` en a ^ succ_ succ_ b2 ` i1i'i ` bn a'a . Similarly to the above, _ a1 `
e2 ` i'i1i ` en a�f A and _ e2 ` i1i'i ` en a ^�_ b2 ` d3 ` i'i1i ` dn a . Consequently,

a wº_ a1 ` b2 ` d3 ` i'i'i ` dn a¸u _ a1 � 1 ` b2 z 1 ` d3 ` i'i'i ` dn a�u _ a1 � 1 ` b2 ` b3 ` i'i1i ` bn a ^ b i
Therefore,b f A.

(e4) Lastly, we considerthecaseb2 f c 1 ` 4 ` 6 ` 9 h , _ a2 ` i1i'i ` an a ^ succ_ b2 ` i1i'i ` bn a and
assume_ b3 ` i'i'i ` bn a4�^�_ 9 ` i1i'i ` 9a . Therefore,a ^�_ b1 z 1 ` b2 z 1 ` a3 ` i'i'i ` an a andwe
canapplyto thevectors_ a2 ` i1i'i ` an a and _ b2 ` i1i'i ` bn a thesameanalysisasthosefor
cases(e1)–(e3).If in thecourseof thisanalysis,wearebeableto guaranteeb f A
due to the compression,or to replacea with b without decreasingthe function
IPn _'r a , thenwearedone.Otherwise,just onecasewill giveriseto problemagain,
namelywhenb3 f c 1 ` 4 ` 6 ` 9 h , _ a3 ` i'i'i ` an a ^ succ_ b3 ` i'i1i ` bn a and _ b4 ` i'i1i ` bn a»�^_ 9 ` i1i'i ` 9a .

Continuingthis way, theonly remainingcaseleft openis thecasea ^ succ_ b a
suchthat

a ^�_ b1 z 1 ` b2 z 1 ` i'i1i ` bn } 1 z 1 ` bn � 1a�` b ^¼_ b1 ` i'i'i ` bn a�`
whereb1 ` i'i'i ` bn } 1 f c 1 ` 4 ` 6 ` 9 h andbn �^ 9. However, in this casethe replace-
mentof a with b leadsto a setB withl

IPn _ Ba l z l
IPn _ Aa l ^ n } 1

∑
i
k

1
_ δP _ bi a z δP _ bi z 1a'a­� _ δP _ bn a z δP _ bn � 1a'a w n z 2 `

sinceδP _ bi a z δP _ bi z 1a ^ 1 for bi f c 1 ` 4 ` 6 ` 9 h andδP _ bn a z δP _ bn � 1a w�z 1.

4. Cutwidth and Wirelength of Pn

For A b VPn, denote

∂ _ Aa ^�c<_ u ` va¬f EPn gg u f A ` v �f A h `
gn _ t a ^ minj

A
j k

t

l
∂ _ Aa l i

SincethegraphPn is regularof degree3n, for any t ^ 1 ` i'i'i ` 10n, it holds:

IPn _ t a­� 2 r gn _ t a ^ 3nt i (4.1)

Therefore,for any initial segmentA of thePetersenorder { n, wehave
l
∂ _ Aa l ^ gn _ l A l a .
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For a graphG, let f bea bijectivemappingf : VG ½¾ c 1 ` i1i'i ` lVG
l h . Let

conf _ i a ^ l c<_ u ` va�f EG gg f _ ua s i ` f _ va w i � 1 h l ` for 1 s i t l
VG

l `
cw_ Ga ^ min

f
max

i
c conf _ i a h `

wl _ Ga ^ min
f

¿ j
VG

j } 1

∑
i
k

1
conf _ i a�À i

The parameterscw_ Ga and wl _ Ga are respectively called the cutwidth and wire-
lengthof thegraphG. ForG ^ Pn, sincethesubsetswith minimumvalueof thefunctionl
∂ _�r a l

arenested,it holds(cf. [8]):

cwn ^ cw_ Pn a ^ max
t

c gn _ t a h `
wln ^ wl _ Pn a ^ 10n

∑
t
k

0
gn _ t a i

It canbeeasilyshown thatcw1 ^ 6 andwl1 ^ 41.

Theorem 4.1. Thecutwidthof thegraphPn is givenby

cwn ^ ¿ _ 6 i 25a r 10n } 1 � _ 2n } 1 z 4a x 12̀ if n is odd,_ 6 i 25a r 10n } 1 � _ 2n } 1 z 8a x 12̀ if n is even.

Proof. First we show that, for n w 2, the maximumof gn _ t a is attainedwhen t u
3 r 10n } 1. Using the inductive structureof the order { n (cf. Figure 2), for 1 s t s
2 r 10n } 1, onehas

gn _ t a s 2t � 2 r cwn } 1 � 1 s 4 r 10n } 1 � 2 r cwn } 1 � 1 i
Indeed,for A ^·| n _ t a , theset∂ _ Aa consistsof theedgesconnectingA1 _ 0a with Pn

1 _ 1aY¥
Pn

1 _ 4aÁ¥ Pn
1 _ 5a , theedgesconnectingA1 _ 1a with Pn

1 _ 2aÁ¥ Pn
1 _ 8a , andof ∂ _ A1 _ 0a'a � Pn

1 _ 0a
and∂ _ A1 _ 1a1a � Pn

1 _ 1a . Since
l
A1 _ 0a l � l

A1 _ 1a l ^ l
A

l ^ t, thenumberof theedgesof the
first two typesis

2 r#_ l A1 _ 0a l � l
A1 _ 1a l ae� _ l A1 _ 0a l z l

A1 _ 1a l a s 2t � 1 i
Thenumberof edgesof thethird typedoesnot exceed2 r cwn } 1.

Now, for t of theform t ^ 2 r 10n } 1 � t y , where0 t t yes 10n } 1, it holds

gn _ t a ^ 4 r 10n } 1 � t y � gn } 1 _ t y a s 5 r 10n } 1 � cwn } 1 i
Indeed,for A ^µ| n _ t a , theset∂ _ Aa consistsof 2 r 10n } 1 edgesconnectingA1 _ 0a with
Pn

1 _ 4a­¥ Pn
1 _ 5a , of 10n } 1 � _ 10n } 1 z t y a edgesconnectingA1 _ 1a with Pn

1 _ 2a­¥ Pn
1 _ 8a , of

2t y edgesconnectingA1 _ 2a with Pn
1 _ 3aÂ¥ Pn

1 _ 6a , andof ∂ _ A1 _ 2a1a � Pn
1 _ 2a . The sizeof

thelastsetdoesnot exceedcwn } 1.
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Similarly onecanshow that,for t ^ 3 r 10n } 1 � t y , where0 t t yes 2 r 10n } 1, onehas

gn _ t a ^ ¿
5 r 10n } 1 � 2 r gn } 1 _ ka#` if t yq^ 2k `
5 r 10n } 1 � gn } 1 _ k � 1a­� gn } 1 _ k ae� 1 ` if t yq^ 2k � 1 i (4.2)

Claim. Let x t 5 r 10n } 1 bea numbersuchthatgn _ x z 1a t gn _ xa ^ cwn. Thengn _ x �
1a ^ gn _ x z 1a ^ gn _ xa z 1 for n odd,andgn _ x � 1a ^ gn _ xa ^ gn _ x z 1a<� 2 for n even.

Proof of the claim. By inductionon n. Clearly, the maximumof g1 _ xa is attainedfor
x ^ 4 only, givenby g1 _ 4a ^ 6. With thehelpof Table1, it canbeeasilyshown thatthe
maximumof g2 _ xa is attainedfor all x fÄÃ 37̀ 43Å andequals62. For n w 3, we proceed
by induction.Let k bea numbersuchthatgn } 1 _ k z 1a t gn } 1 _ ka ^ cwn } 1.

If n is odd,thenn z 1 is evenandthusgn } 1 _ k � 1a ^ gn } 1 _ ka ^ cwn } 1 by induction.
Hencegn } 1 _ k � 1ae� gn } 1 _ kae� 1 ^ 2 r gn } 1 _ kae� 1 andcwn ^ 2 r cwn } 1 � 1 by Equation
(4.2). Thus,for x ^ 3 r 10n } 1 � 2k � 1, we havegn _ xa ^ cwn by thechoiceof k. On the
otherhand,usingEquation(4.2),gn _ x � 1a z gn _ x z 1a ^ 2 _ gn } 1 _ k � 1a z gn _ ka'a ^ 0.
Thusgn _ x � 1a ^ gn _ x z 1a ^ gn _ xa z 1.

Similarly, if n is even, then n z 1 is odd and thus gn } 1 _ k � 1a�� gn } 1 _ ka¸� 1 ^
2 r gn } 1 _ k a by induction.Hence,in this case,cwn ^ 2 r cwn } 1 by Equation(4.2). Thus,
for x ^ 3 r 10n } 1 � 2k z 1, it holdsgn _ xa ^ cwn by thechoiceof k. On theotherhand,
gn _ x � 1a z gn _ x z 1a ^ 2 _ gn } 1 _ ka z gn } 1 _ k z 1a'a ^ 2. Thusgn _ x � 1a ^ gn _ xa ^ gn _ x z
1a­� 2 andtheclaim follows.

Theproof of theclaim implies

cwn ^ ¿
5 r 10n } 1 � 2 r cwn } 1 � 1 ` if n is odd,

5 r 10n } 1 � 2 r cwn } 1 ` if n is even.

Thesolutionof this recursionwith cw1 ^ 6 andcw2 ^ 62 leadsto theexpression

cwn ^ ~� � 6 r 10n } 1 r ∑ ¦
n } 1̈EÆ 2

i
k

0 _ 1x 5a 2i � _ 2n } 1 z 1a x 3 ` if n is odd,

6 r 10n } 1 r ∑ ¦
n } 2̈EÆ 2

i
k

0 _ 1x 5a 2i � _ 2n } 1 � 1a x 3 ` if n is even.

Hencethetheorem.

Theorem 4.2. Thewirelengthof Pn is givenby

wln ^�_ 37x 82a r 100n � _ 72x 82a r 18n } 1 z·_ 1 x 2a r 10n i
Proof. Denotewln _ t a ^ ∑t

i
k

1gn _ i a . Weusetheinductivestructureof theorder { n again
(cf. Figure2). First considerthecaset s 2 r 10n } 1. Now, for t ^ 2k z 1 andA ^N| n _ t a
(cf. theproofof Theorem4.1),onehas

gn _ 2k z 1a ^ l
∂ _ A1 _ 0a'a � Pn

1 _ 0a l � l
∂ _ A1 _ 1a'a � Pn

1 _ 1a l � 2
l
A

l � 1^ gn } 1 _ ka­� gn } 1 _ k z 1ae� 2 _ 2k z 1a­� 1 i



An Edge-IsoperimetricProblem 165

Similarly, for t ^ 2k, onehasgn _ 2ka ^ 2gn } 1 _ ka­� 4k. Therefore,

wln _ 2ka ^ 4 r wln } 1 _ k a z gn } 1 _ k ae� 8
k

∑
i
k

1

i z k i
This implies wln _ 2 r 10n } 1 a ^ 4 r wln } 1 � 8S z 10n } 1, whereS ^ ∑10n Ç 1

i
k

0 i ^®_ 100n } 1 �
10n } 1 a x 2.

Furthermore,for t ^ 2 r 10n } 1 � k, where1 s k s 10n } 1, asimilartechniqueprovides

wln _ t a ^ wln _ 2 r 10n } 1 a­� wln } 1 _ ka­� k

∑
i
k

1
i � 4k r 10n } 1 i

Therefore,wln _ 3 r 10n } 1 a ^ 5 r wln } 1 � 9S � 4 r 10n } 1 r 10n } 1 z 10n } 1.
Finally, for t ^ 3 r 10n } 1 � 2k, where1 s k s 10n } 1, it holds

wln _ t a ^ wln _ 3 r 10n } 1 a­� 5 r wln } 1 � 4 r wln } 1 _ ka z gn } 1 _ ka­� k � 10k r 10n } 1 i
Therefore,wln _ 5 r 10n } 1 a ^ 9 r wln } 1 � 4 r 10n } 1 r 10n } 1 � 9S.

Sincewln ^ 2 r wln _ 5 r 10n } 1 a z gn _ 5 r 10n } 1 a ^ 2 r wln _ 5 r 10n } 1 a z 5 r 10n } 1, using
theaboveformulas,we obtain

wln ^ 18 r wln } 1 � 37 r 100n } 1 � 4 r 10n } 1 with wl1 ^ 41̀

andthetheoremfollows.

5. Products of Petersen Powers with Hypercubes

Let Qm bethegraphof them-dimensionalhypercubewhich is themth cartesianpower
of thecliquewith two vertices.Considertheedge-isoperimetricproblemontheproduct
graphPn

m ^ Pn o Qm. Thesefamiliesof graphsarecalledfoldedPetersencubes[16,17]
andareextensively studiedto modelmultiprocessorinterconnectionnetworks.

5.1. Edge-IsoperimetricProblemonPn
m

We show that the edge-isoperimetricproblemon the graphPn
m hasnestedsolutions

provided by the new order, È n
m, presentedbelow. We representthe verticesof Pn

m
as _ n � ma -dimensionalvectors _ a1 ` i1i'i ` an ` α1 ` i1i'i ` αm a , where _ a1 ` i1i'i ` an aÉf Pn and_ α1 ` i1i'i ` αm a@f Qm. For verticesa ^�_ a1 ` i1i'i ` an ` α1 ` i'i'i ` αm a andb ^�_ b1 ` i1i'i ` bn ` β1 ` i1i'i `
βm a of Pn o Qm, wewrite a Ê b in theorder È n

m if f

(i) _ a1 ` i'i1i ` an a4u _ b1 ` i'i1i ` bn a in theorder { n, or
(ii) _ a1 ` i'i1i ` an a ^V_ b1 ` i'i1i ` bn a and _ α1 ` i'i'i ` αm a is greaterthan _ β1 ` i'i1i ` βm a in thelexi-

cographicorder.

It is aneasyexerciseto ensureoneselfthattheorder È n
m satisfiestheconsistency prop-

erty [8] similar to Lemma2.1.
We introducecompressionssimilar to thatin Section4. Theinitial segmentsof the

order È n
m of lengtht will bedenotedby theset | n

m _ t a .
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Theorem 5.1. For anyn w 1, m w 1 andt ^ 1 ` i'i'i ` 10n r 2m, the set | n
m _ t a is optimal,

where | n
m _ t a is representedby theinitial segmentof theorder È n

m of lengtht.

Proof. We proveby inductionon n � m. Theinductionstartswith n � m ^ 2. If n ^ 2,
thenthetheoremis trueby Theorem3.1. If m ^ 2, thenthetheoremis obviously true
aswell. Let n ^ m ^ 1. Notethat,for a compressedsetA b P1

1 , it holdsl
IP1

1
_ Aa l ^ IP _ l ce_ x ` 0a4f A h l a­� IP _ l c<_ x ` 1a�f A h l a­� l ce_ x ` 1a�f A h l i

In thiscasethetheoremis easyto verify by usingTable1.
Let us now proceedwith n � m w 3. If m ^ 0, the proof follows from Theorem

3.1. If n ^ 0, thenthetheoremfollows from thecorrespondingresultof Harperfor the
hypercubeQm [11]. Solet usassumen w 1 andm w 1. Let A bea compressedoptimal
set,andlet a andb be respectively the largestvectorof A andthe smallestvectorof
Pn

m £ A in theorder È n
m. Furthermore,let thesevectorsbeof theform

a ^�_ a1 ` i1i'i ` an ` α1 ` i'i'i ` αm a and b ^ª_ b1 ` i'i1i ` bn ` β1 ` i'i1i ` βma i
If A �^³| n

m _ t a , thena Ê b. In this casewe canalsoassumethat ai �^ bi andα j �^ β j

for i ^ 1 ` i'i'i ` n and j ^ 1 ` i1i'i ` m, otherwiseb f A becauseA is compressed.Therefore,_ α1 ` i1i'i ` αm a is thebinarynegationof _ β1 ` i'i1i ` βm a .
Assumethat _ α1 ` i'i1i ` αm a is lexicographicallygreaterthan _ β1 ` i'i1i ` βma . Then

a ^�_ a1 ` i1i'i ` an ` α1 ` i1i'i ` αm a Ê�_ a1 ` i1i'i ` an ` β1 ` i1i'i ` βm a Ê³_ b1 ` i'i'i ` bn ` β1 ` i'i'i ` βma ^ b i
This,alongwith thefactthatA is compressed,impliesb f A. This is acontradiction.

Now if _ α1 ` i1i'i ` αm aË�^Ì_ 0 ` i'i1i ` 0a , then let _ α y1 ` i'i1i ` α ym a be its predecessorin the
lexicographicorder. Onehas

a ^ª_ a1 ` i'i1i ` an ` α1 ` i1i'i ` αm a Ê³_ a1 ` i'i1i ` an ` α y1 ` i1i'i ` α ym a Ê³_ b1 ` i'i1i ` bn ` β1 ` i'i1i ` βm a ^ b `
andthusb f A follows since _ α y1 ` i1i'i ` α ym a is not the negationof _ β1 ` i'i'i ` βma andA is
compressed.Similarly, if _ β1 ` i'i'i ` βma%�^�_ 1 ` i'i1i ` 1a , thenlet _ β y1 ` i'i'i ` β yma beits successor
in thelexicographicorder. Onehas

a ^�_ a1 ` i1i'i ` an ` α1 ` i1i'i ` αm a Ê�_ b1 ` i1i'i ` bn ` β y1 ` i1i'i ` β ym a Ê³_ b1 ` i'i'i ` bn ` β1 ` i'i'i ` βma ^ b `
whichagainimpliesb f A.

Hence,we canassumethat _ α1 ` i1i'i ` αm a ^V_ 0 ` i'i1i ` 0a and _ β1 ` i'i'i ` βma ^ª_ 1 ` i'i'i ` 1a .
Considerthe casewhen the vectors _ a1 ` i'i'i ` an a and _ b1 ` i'i1i ` bn a are not consecutive
in the order { n. Recall that a1 �^ b1. We show that, for n u 1, thereexists a vector
c ^ª_ c1 ` i'i1i ` cn a�f Pn satisfying_ a1 ` i1i'i ` an a4u _ c1 ` i1i'i ` cn a4u _ b1 ` i1i'i ` bn a#`
suchthat ai ^ ci or ci ^ bi for somei, 1 s i s n. To show this, let us examinethe
definition of the order { n. If a1 z 1 u b1 thenthe vector _ a1 z 1 ` a2 ` i1i'i ` an a hasthe
requiredproperty. Assumea1 z 1 ^ b1. If _ b2 ` i1i'i ` bn aÍ�^Ì_ 9 ` i1i'i ` 9a , then denoteby_ by2 ` i'i1i ` byn a its successorin theorder { n } 1 andlet c ^¼_ b1 ` by2 ` i'i'i ` byn a . If _ b2 ` i1i'i ` bn a ^
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andassignc ^®_ a1 ` ay2 ` i1i'i ` ayn a . Finally, if a1 � 1 ^ b1, thenthevector _ b1 ` by2 ` i'i1i ` byn a
leadsto thesolution.

Now if n u 1 andai ^ ci , then

a ^ª_ a1 ` i'i1i ` an ` 0 ` i1i'i ` 0a Ê³_ c1 ` i'i1i ` cn ` 1 ` i1i'i ` 1a Ê�_ b1 ` i1i'i ` bn ` 1 ` i1i'i ` 1a ^ b i
SinceA is compressed,then _ c1 ` i'i1i ` cn ` 1 ` i1i'i ` 1a%f A andthusb f A which leadsto a
contradiction.Similarly, if ci ^ bi , then

a ^�_ a1 ` i1i'i ` an ` 0 ` i1i'i ` 0a Ê�_ c1 ` i1i'i ` cn ` 0 ` i'i'i ` 0a Ê�_ b1 ` i'i'i ` bn ` 1 ` i'i1i ` 1a ^ b

andwe havea contradictiontoo. Finally, if n ^ 1 andhencem w 2, then

a ^ª_ a1 ` 0 ` i'i'i ` 0a Ê�_ a1 z 1 ` 0 ` i'i1i ` 0 ` 1a Ê³_ b1 ` 1 ` i1i'i ` 1a ^ b `
which impliesacontradictionthatb f A.

It remainsto considerthe casewhen the vectors _ a1 ` i'i1i ` an a and _ b1 ` i'i'i ` bn a are
consecutive in theorder { n. In this case,thereplacementof a with b leadsto a com-
pressedsetB suchthatl

IPn
m

_ Ba l z l
IPn

m
_ Aa l ^ n

∑
i
k

1

δP _ bi a z n

∑
i
k

1

δP _ ai ae� mi
We provethat thesetB is optimal. This is obviousif ∑n

i
k

1 δP _ bi a w ∑n
i
k

1 δP _ ai a . How-
ever, if ∑n

i
k

1 δP _ bi a t ∑n
i
k

1 δP _ ai a , weshow thatthesesumscandiffer by 1 only, which
is aconsequenceof thefollowing generalfact:

If thereexists a total order m of the vertex setof a graphG suchthat eachof its
initial segmentsforms an optimal subset,and if δG _ i a t δG _ i � 1a for somei, then
δG _ i a ^ δG _ i � 1a z 1.

Indeed,assumethecontrary, i.e., δG _ i a ^ k andδG _ i � 1a w k � 2 for somek, and
considerthesetsSi andSi « 1 consistingof thefirst i andi � 1 verticesof G in theorderm . Thesesetsareoptimaland

l
IG _ Si a l ^ l

IG _ Si £ vi a l � k, wherevi is the ith vertex of G
in theorder m . Nowl

IG _'_ Si £ vi ae¥ vi « 1 a l w l
IG _ Si £ vi a l � k � 1 u l

IG _ Si a l `
whichcontradictsthefactthatthesetSi is optimal.Hencetheproof of thetheorem.

5.2. CutwidthandWirelengthof Pn
m

Thesimplestructureof theorder È n
m immediatelyderivestheformulasfor thecutwidth,

cwn � m, andthe wirelength,wln � m, of the graphPn
m. We assumethatn w 1 andm w 1.

Furthermore,let

qm _ r a ^ minj
A
j k

r

l c<_ u ` va4f EQm gg u f A ` v �f A h l `
Gn � m _ sa ^ minj

A
j k

s

l ce_ u ` va�f EPn
m gg u f A ` v �f A h l `



168 S.L. Bezrukov, S.K.Das,andR. Elsässer

wheretheminimarunoverall correspondingsubsetsof sizer. It followsfrom Theorem
5.1that

Gn � m _ sa ^ r r gn _ t � 1a­� _ 2m z r a r gn _ t a­� qm _ r a#`
wheres ^ 2m r t � r and0 s r t 2m. In theseterms,

cwn � m ^ max
s

c Gn � m _ sa h and wln � m ^ 10n Î 2m

∑
s
k

1
Gn � m _ sa i

Let cw_ Qm a ^ maxr c qm _ r a h bethecutwidthof thehypercubeQm.
Now if n is even,thengn _ t � 1a ^ gn _ t a ^ cwn for somet (cf. theclaim in theproof

of Theorem4.2). Hence,cwn � m ^ 2m r cwn � cw_ Qma . If n is odd,then,usingtheclaim
again,atmostoneof gn _ t � 1a andgn _ t a equalscwn. Therefore,we get

Gn � m _ sa s ~�� �� 2m _ cwn z 1a­� qm _ t a#` if gn _ t � 1a t cwn ` gn _ t a t cwn `
2m r cwn z t � qm _ t a�` if gn _ t � 1a t cwn ` gn _ t a ^ cwn `
2m _ cwn z 1a­� t � qm _ t a#` if gn _ t � 1a ^ cwn ` gn _ t a t cwn i

It canbeshown thatthelastexpressionis thelargestif t w 2m} 1.
Note thatmax2mÇ 1 Ï t Ï 2m c t � qm _ t a h»^ cw_ Qm« 1 a . Therefore,thecutwidthof Pn

m is
givenby

cwn � m ^ ¿
2m r cwn � cw_ Qm a�` if n is even,

2m _ cwn z 1a­� cw_ Qm« 1 a#` if n is oddi
Similarargumentsprovidethewirelengthof Pn

m as

wln � m ^ 2m r wln � 10n r wl _ Qm a i
Fromtheseresultsonecanderive formulasfor cwn � m andwln � m in termsof n andm

byusingTheorems4.1and4.2,andknownresultscw_ Qm a ^�_ 2m« 1 z 2 � m_ mod2a'a x 3
andwl _ Qm a ^ 2m} 1 _ 2m z 1a (cf., e.g.,[4,11]).
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