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Abstract. Partitions with initial repetitions were introduced by George
Andrews. We consider a subclass of these partitions and find Legendre
theorems associated with their respective partition functions. The re-
sults in turn provide partition-theoretic interpretations of some Rogers—
Ramanujan identities due to Lucy J. Slater.
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1. Introduction

A partition of n is a non-increasing sequence of positive integers: (A1, A, Az, . . .,
As) such that Z,le A; = n. The summands \;’s are called parts and the
length of a partition is the total number of parts (counting multiplicity). In-
stead of the ‘vector notation’, we sometimes use the multiplicity notation
(™, g™, 5™, oo, puy™*) in which m; denotes the multiplicity of the part p;
and g1 > po > -+ > ug. If m; = 1 for all i, we have a partition into distinct
parts.

The wunion of two partitions A and 3, denoted by A U [, is simply the
multiset union where A and 3 are treated as multisets. For instance, if A =
(93,7%,13) and B = (74,5%,4,1%), then AU B = (92,75,53,4,16).

For a partition A = (u7"™, uy™, pus®, ...,y "), the conjugate of X is denoted by
N and it is given by

r e —1 He—1—He
[ H1— 2
N = (E mi> ,(E mi> IR 2]
i=1 i=1

We shall use upper case letters for sets and lower case for counting functions.
If A(n) denotes the set of partitions of n with a certain property, then a(n)
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denotes the cardinality of A(n), i.e., a(n) = |A(n)|. An element of A(n) shall
be referred to as an a(n)-partition.

We shall use D(n) to denote the set of partitions of n into distinct parts
and so by our notation above, d(n) = |D(n)|. For instance, d(5) = 3 and the
d(5)-partitions are (5), (4,1) and (3,2). Let de(n) (resp. do(n)) be the number
of d(n)-partitions with even (resp. odd) length. Legendre [14] proved that

(=17, if n=j(3j£1)/2,j > 0;
0, otherwise.

de(n) — do(n) = { (1.1)
a result that later became known as Legendre’s theorem. Note that (1.1) is also
known as the pentagonal number theorem because the numbers j(3j+£1)/2,j €
Z are the generalized pentagonal numbers. In fact, the numbers appearing in
all our theorems in this paper are generalized polygonal numbers (or multiples
thereof).

An interesting bijective proof of (1.1) was given by Franklin (see [5]). For
related work in partition theory, see [1,8-10,15-17].
Fine [11] studied partitions without gaps. A partition without gaps whose
parts are in the set A is one in which every part is in A and every positive
integer that is less than the largest part appears as a part. For instance, for
A={1+4+25:5=0,1,2,3,...}, we can talk about partitions into odd parts
without gaps. We shall also use the terminology gap-free partitions to mean
partitions without gaps. If the set A is not explicitly stated, we assume that
A=1{1,2,3,4,5,.}.
Motivated by Fine’s work on partitions into odd parts without gaps and an
observation that partitions without gaps are in one-to-one correspondence with
partitions into distinct parts, George Andrews [3] introduced partitions with
initial repetitions. His definition is given as follows:

Definition 1.1. A partition of n with initial k-repetitions is one in which either

(a) every part appears at most k — 1 times
or

(b) there is some part j which appears at least k& times and every positive
integer less than j appears at least k times as a part.

For example, the partition (10%,7,43,33 25 1%) is a partition with initial 3-
repetitions.

Among several results, in the same paper [3], Andrews was able to show
that if f.(m,n) (rep. fo(m,n)) denotes the number of partitions of n with
initial 2-repetitions with m different parts and an even (resp. odd) number of
distinct parts, then

(=17, if m=jn=j(+1)/2,j >0;
0, otherwise.

fe(m,n) — fo(m,n) = {

Statements of the type (1.1) are called Legendre theorems or identities of Euler
pentagonal type.
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In this paper, we find Legendre theorems associated with partitions with ini-
tial repetitions. Our first consideration is Andrews’ partitions with initial 2-
repetitions. We look at subsets of these partitions in Sect. 2 and derive an
interesting identity. In Sect. 3, we find several Legendre theorems. Conse-
quently, these theorems provide partition-theoretic interpretations of the fol-
lowing identities of Rogers—Ramanujan type due to Slater [18]:

- o ¢t - An—1 an—3
[Me-aY L H —g"m (1 =g  (12)
n=1 n=0 (q q n=1
- ony N g" Y - dn—1 4n—3
1—q" 1—¢@*")A+¢*" H(1+¢*"3) (1.3
Tl - g = I ) ) (13)
N n - qn(n+1) - 5n 5n—1 5n—4
[Ta-a>) ——=J[0-0 - Ha-¢") (1.4
n=1 n=0 ((L q)n n=1
0 el 2n(n+1) o0
Hu—q“‘”)Zq,— (1= ¢*)(1+ ¢ (1 +¢*7) (15)
ot — <Q7Q)2n+1 ookt
(o] (oo}
Z q 2n
n:l n=0
=TI - a1 - )1 - g2 7) (16)
n=1

e 4n(n+1)(

[Ta-¢m> 2

n=1 n=0

_ H(l g1 — g2y (1 - g2 (1.7)

4 q%)on+1
(% q*)2n+1

o0 4n(n+1)(_

[Ta-am> e

4 4%)2n+1
(g% q")2nt1

n=1 n=0
= H(l G2 (1 + ¢127 1) (1 4 g2 1) (1.8)
n=1
ﬁ (1—¢*) i 0" (~q;6*) 1 (=05 ¢
n=1 (1 +g*n71) n=0 (4% ¢%)2n+1
= H(l — 1) (1 — g1y (1 4 glon12) (1.9)
n=1

Throughout our discussion, we assume that |¢| < 1 and some of the tools
that we use include the following identities:

oo

Yo =TT - +2¢") 1+ 271" ) (1.10)

n=-—00 n=1
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where z # 0 and

oo

n;oo — - H 1;2 (1.11)

For reference, see Theorem 11 of [6] and Corollary 2.10 of [5].

2. On Andrews’ Partitions with 2-Initial Repetitions
We first record the following result.

Lemma 2.1. For |g| < 1, the following factorizations hold:

e’} 2n2—n o0

2 Ty e L0 )
ocq2n2+n__. Oo_nnz
ZO @D ( q,q)oon:o( D" . (2.2)
Proof. Since d(n) = d.(n) — do(n) + 2d,(n), we have
D dn)g" = (de(n) — do(n))g" +2)  do(n)q™
n=0 n=0 n=0
2Zd 40 Z(dem) — do(n)g"

=2(=¢;¢)o0 Z(—l)”“q" :

n=1
Thus, it is not difficult to see that
> n(2n—1)
Z q
do(n)q = ( . )
n—0 1 q;4)2n—1

from which (2.1) follows. For (2. 2) we have

n=0

= (~g: Q) + (~0Q)oe Y_(=1)"¢"" (by (2.1))

= (~40) Y_(~1)"¢"".

n=0
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It can easily be shown that

n(2n+1)

oo - oo q
nz:%de(n)q _nz:% (¢ @)2n

and so (2.2) follows. O
We prove the following theorem.

Theorem 2.1. Let b®(n) be the number of partitions of n with initial 2-repetitions
in which either all parts are distinct or the largest repeated part is even. Simi-
larly, let b°(n) denote the number of partitions of n with initial 2-repetitions in
which at least one part is repeated and the largest repeated part is odd. Then,

1, if n= ](]+1)

0 otherwise.

b%(n) — b°(n) = {

Proof. Note that

0 2(14243+--42m) X

Zbe(n)qn H +q +ZqT H (1+qj)
n=0 Jj=1 m

j=2m+1
0 24243+ 2m)

=yt 1I a+a)

m=0 (45 )2m j=2m—+1

x _2m(2m+1) O (1 _ q2j)

R
_mz::O (@ @)2m 11 (1-¢7)

j=2m+1
e 2m(2m+1) e

q
= 1— J)
: 2m+1. H ( q
0 (qa q)2m(q aq)oo j=2m-+1

1 Z 2m(2m+1)H 1(1—¢*)
(¢;9)oo [ (1—¢%)
m(2m+1)

Z

m—O
and
o q2(1+2+3+ +2m— 1) o

> )= IT a+4¢)
n=0

m=1 j=2m

CIQle

i QO3 2m1) 2 2
m=1 @)2m-1 = 1T
i 2m(2m 1) ﬁ o

= (1—4q7)
m—1 q q 2m— 1 2m Q)oo j=2m
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1 Z q2m(2m71) szl(l —4q J)

(4 @)oo 2= | )

_ (@) i g?>mEm—1)
(6000 “= (a%

7q2)2m71.

Thus

[e}

> (6°(n) = b°(n))q"

n=0

_ (% ¢ o <§: g2n(2nt1) - i g2 @n=1) )

(0 \= (@%6%)2n = (6%56%)2n—1
(q4;q4)00 s n, 2n? = n n?
= @D Y=g = (=)
/00 n=0 n=1

(by (2.1) and (2.2) withgreplaced byq?)

(@5 [ e o
(49w (n_z_:oo( D" )
4. 4 2.2
N (%QZZ)Z:O (@q;,qqg;ooo (by (1'11) withgreplaced byq2)
(444" oo (=0 @)
(4% ¢*)o
= (050 oo (40" oo(—4"; oo

Z q2"2+" (by (1.10) withgreplaced byg*andzreplaced byq™!)

n—=——oo

- Z g tD/2,
n=0

For the last equality, see Equation (1.4.9) of [12]. O

3. Combinatorial Proof of Theorem 2.1

Let B(n) be the set of partitions of n with initial 2-repetitions. If A € B(n),
write A = aU [ with « a distinct partition and [ a partition whose parts have
even multiplicity. Then, [ is gap-free and ' (the conjugate of 3) is a distinct
partition with even parts. The goal is to prove that
HA=aUp e Bn):{F) even} — [{N=aUp e B(n): L") odd}|
1, ifn=20fD
0 otherwise.

We further write o = (a®, ), where a° (respectively af) consists of the odd
(respectively even) parts of a. Since (a®, ) is a pair of distinct partitions with
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even parts, by doubling all parts in partitions in the proof of [7, Proposition
2], one proves that

HA=aUaUp € B(n) : (3') even}|—[{A = a®Ua®U B € B(n) : {(5) odd}|
={A=a’UyeC(n):L(y) even}| — [{A =a’ U~y € C(n) : £(y) odd}|,

where C(n) is the set of partitions y = a® U~ of n with a® a partition into
distinct odd pats and  a partition into parts divisible by 4.
This shows combinatorially that
oo
D> 0 (n) = °(n)q" = (¢ 0" oo (8 0%)oe = (0" 0" oo (— 3 0*)oe (—*: ¢*) oo
n=0
To finish the combinatorial proof, one uses a combinatorial proof of the Jacobi
triple product. For example, one can use the proof in [13]. Note that [13] gives
a combinatorial proof for
oo
(0"16")o0 (45000 (@°1 oo = D _(—1)T g™,
n=0
where T,, = n(n+1)/2, but the parity of the number of odd parts in a partition
is determined by the parity of the size.

4. Related Partition Functions

In this section, we explore various partition functions for partitions with ini-
tial repetitions. We give several Legendre theorems and as a result, partition-
theoretic interpretation of equations (1.2), (1.3), (1.4), (1.5), (1.6), (1.7), (1.8)
and (1.9) are established.

Let ¢1(n) denote the number of partitions of n in which either
(a) all parts are distinct, the only odd part that may appear is 1 and even
parts are at least 8 and divisible by 4 or
(b) the largest repeated even part 2j appears exactly 4 times, all positive
even integers < 2j appear exactly 4 times, even parts > 2j are at least
87 + 8, distinct and divisible by 4, odd parts are distinct and at most
45 + 1.
Let ¢1.(n) (resp. ¢1,0(n)) denote the number of ¢ (n)-partitions in which the
number of distinct even parts is even ( resp. odd). Then, we have

Theorem 4.1. For alln > 0,

c1e(n) = c10(n) = {17 ifn = j(6j +5),j € Z;

0, otherwise.

Proof. Since

oo

(o]
D an)gt =Y ¢ T (g )y 1 (=05 ) o,

n=0 n=0
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we must have
o0

o0
D (ere(n) = cro(m))g™ =Y g* 2 (g g%)on 1 (6%55 0Y) oo
n=0 n=0

=> """ (=67 2n 1 (5 0" e

n=0
= Zq4n(n+1)( aq )2n+1((qq))
ne0 q q 2n+1
44 OO ) 4n(n+1)
=(q%:q") (—:0%)ont17————
( Oonz% Ty
o0

H g2 (1 4 ¢127 1) (1 — ¢127) (by (1.8))

Z ") (by (1.10)).

n=—oo

Let co2(n) be the number of partitions of n in which either

(a) even parts are distinct and 1 is the only odd part that may appear or
(b) there exists j > 1 such that an even part 2j appears twice, all positive
integers < 2j appear twice, any even part > 27 is distinct and the largest
odd part is at most 25 + 1.
Furthermore, let cg ¢ (n) (resp. ca2,,(n)) be the number of ¢a(n)-partitions
with an even (resp. odd) number of distinct even parts. Then, we have the
following.

Theorem 4.2. For alln > 0,
1, n=442+3j,j€Z;
c2.e(n) —ca0(n) = { J J2J

0, otherwise.

Z o (n)qn _ (_q2’ (]2)00 N i q2+2+4+4+6+6+'”+2n+2n (_q2n+2. q2)
(I—q)(1—¢%)...(1—g?>t1) o

1- q n=1
2+2+4+4+6+6+ +2n+2n

= _ 2n+42. 2
Z 1—q 17q3)...(17q2”+1)( "0 ) oo
we have
- o 2n(n+l)(,2n+2. 2
S (ene(n) — enp(m))g = 3 L T e
n=0 n=0 (Q§q )n+1

> q2n(n+1) (q2; q2)oo
= (4 ¢*)nt1(¢% ¢%)n
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e n(n+1)
(a%:¢%)
ZE: (:0®)n+1(¢% ¢*)n

o_o 2n(n+1
= 1.5
EZ: (¢ @)2n+1 (by (1.5))
— H 1 + q8n 1 1 +q8n—7) (1 _ an)
n:olo 2
_ Z q4n +3n'

Example 4.1. Consider n = 10.

The c2(10)-partitions are:
(10), (8,2), (8,1%),(6,4), (6,2%), (6,2,1%), (6, 1%),
(4,22,1%), (4,2,1%), (4,1°),(32,22),(3,2%,1%),
(2%,1%),(2,1%),(1%7)

From the above, note that ¢y .(10)-partitions are:
(8,2),(6,4), (6,2,1%), (4,2,1%),(3%,2%), (3,2%,1%), (2%,1%), (1'9)
and cg ,(10)-partitions are: (10), (8,12), (6,22), (6,1%), (4,2%,12), (4,15), (2, 18).
Thus,
€2,6(10) — ¢2,,(10) = 1.

This agrees with the theorem because the only integer solution to 452 +3j = 10
isj=-2

Let c3(n) denote the number of partitions of n in which the largest odd part
2§+ 1(j > 0) occurs at least j times, even parts are distinct and greater than
25 + 1.

Note that cs(n)-partitions are a subset of the set of partitions of n with
odd parts below even parts. Partitions with parts separated by parity have
received quite a bit of attention lately, see [2,4].

Let ¢3¢ (n) (resp. ¢3,,(n)) be the number of ¢3(n)-partitions with an even (resp.
odd) number of even parts. Then,

Theorem 4.3. For alln > 0,

1, n=2j2+4,j€Z;
0, otherwise.

c3,e(n) — c3,0(n) = {

Proof. We have

n times

oo o 2n+1)+2n+1)+2n+1)+---+(2n+1)
n _ q
2 calma” =2, C= (=) (1= @) (e

n=0

2n+2.

107 ) oo
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and thus,

o0

Z(CB,e(n) —¢3,0(n))q"
n=0

n times

oo q(2n+1)+(2n+1)+(2n+1)++(2n+1)
:nz:;) (1—q)(1—g3)...(1—g¢2>t1) (¢

120 0 o

qn(2n+1) (q2n+2; qz)oo
(¢ ¢%)n+1

g2+ (

n=0
4*;6*) oo
(€ ) n1(6% ¢%)n

& qn(2n+1)

— (¢ @)2n+1

= (612;612)9o

— H 1_|_q4n 1 +q4n—3)(1 _q4n) (by (13))
n=1

o0

Z q2n2 +n )

n—=——oo

Let ¢4(n) be the number of partitions of n in which either

(a) all parts are distinct or
(b) the largest repeated part j appears twice, all positive integers less than
j appear twice. Note that parts greater than j are distinct.

Similar to the previous formulations, let ¢4 (n) (resp.cs,o(n)) be the number
of ¢4(n)-partitions with an even (resp. odd) number of distinct parts.

Theorem 4.4. For alln > 0,

cae(n) —cao(n) =

(_1)j» n= (5]2 + 3])/2,J € Z;
0, otherwise.

Proof. Clearly,

oo oo oo
D ca(n)gt = gt i gt ) = " (=" )
n=0 n=0 n=0
so that
oo

2(64,8( ) — C4, o Z q"(n+1) 7’L+1 )

n=0
= " (g5¢) oo

= (G
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Example 4.2. Consider n = 7.

The ¢4(7)-partitions are:
(7),(6,1),(5,2),(5,1),(4,3), (4,2,1),(3,2,17).
¢4,¢(7)-partitions are:
(6,1),(5,2),(4,3),(3,2,1%)
and the ¢4 ,(7)-partitions are:
(7),(5,1%), (4,2, 1).

Thus, ¢4,.(7) — ¢4,,(7) = 1. Indeed, this verifies the theorem as 7 = [5(—2)% +
3(—2)]/2. Note that j = —2 is the only integer solution to the equation 7 =
(552 +3j)/2.
Let ¢5(n) be the number of partitions of n in which either
(a) all parts are distinct or
(b) there exists j > 1 such that all odd positive integers < j appear twice
or thrice and other odd parts are distinct, all even positive integers < j
appear twice, even parts > 2j are distinct and no even integer in the
interval (j,2j] appears.
Let c5,.(n) (resp. ¢5,0(n)) denote the number of ¢5(n)-partitions with an even
(resp. odd) number of distinct even parts. Then,

oo o0

Z 65(n)qn _ Z q1+1+2+2+~-n+n(_q2n+2; q2)oo(_q; qZ)OO

n=0 n=0

_ an(n+1) 2n+2 )oo(_q3q2)oo

and
> (ese(n) = es0(m)g™ = """ 0% 0o (— 43 ¢%)oo
n=0 n=0
Observe that
D (ese(n) = cs0(m)(—0)" =D _(=)" T (=0)*"*2¢%) oo (—(—0); (—0)*) oo
n=0 n=0

oo

= (0% > """ )

n=0
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qn(nJrl )oo

=0 Tl

We have the following result.
Theorem 4.5. For alln > 0,

1, n=2j2+4,j€Z;
0, otherwise.

cs,e(n) — ¢5,0(n) = {

Let ¢g(n) be the number of partitions of n in which either

(a) all parts are even, distinct and divisible by 4 or

(b) the largest repeated part is 25 — 1 (for some j > 1) and appears exactly
4 times or 5 times, all positive odd integers < 2j — 1 appear 4 times or 5
times, any other odd part is distinct and is at most 45 — 1 in part size,
even parts are > 87 + 4, distinct and divisible by 4.

Let cg,e(n) (resp. cg,0(n)) denote the number of ¢g(n)-partitions with an even
(resp. odd) number of distinct even parts. Then,

o0 o0
> as(n)gt = IRl (g8t ) (—¢i¢%)am
n=0 n=0
so that
oo
> (co.e(n) — co.0(n Zq4n B M oo (467 2n
n=0

which implies

oo

Y (=1)"(co.e(n) = co,0(n))a"

n=0

o0
2
= " (@ 0o (4:6)2n

2
_ i 0" (40" (¢: ¢°)2n
(q4;q4)2n

o0

2
" (¢:4%)2n

4., 4
= (q"q
( )Oonzo (4% q")2n
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— 12n o (1 o q12n77) (1 o q12’n) (by (16))
n=1
_ Z (_1)nq6n +n

Hence, we have
Theorem 4.6. For alln > 0,

1, n=6j52+4,j€Z;
0, otherwise.

c6,e(n) — c,0(n) = {

Let ¢7(n) denote the number of partitions of n in which either

(a) the smallest odd part, if it appears, is at least 3 and even parts are distinct
and at least 4 or

(b) there exists j > 1 such that j appears three or four times if j = 2 (mod 4)
and appears exactly three times if 7 #Z 2 (mod 4), all positive integers
i < j appear exactly twice or thrice if i = 2 (mod 4) and appear exactly
twice if ¢ Z 2 (mod 4), an even part greater than j but less than 4j is
distinct and congruent to 2 (mod 4), any other even part is > 45 +4 and
distinct, odd parts > j are at least 25 + 3.

Let ¢7.¢(n) (resp. ¢7,0(n)) be the number of ¢7(n)-partitions in which the
number of distinct even parts if (a) holds is even (resp. odd) or the number of
distinct even parts that are > 45 +4 (where j is the largest repeated part with
the property that every integer less than j is repeated) is even (resp. odd) if
(b) holds. Clearly,

i o (—¢% ¢

= (¢*;4%) oo
e q1+1+2+2+~»-+n71+n71+n+n+n(_q2; q4)n(_q4n+4; q2)

+Z 2n+3. 42
et (*"135¢%) 0

0 qn(n+2)( ) ( q4n-¢—4;q2)OO
3.

?)oo

oo

7% q
(2n+

and thus

0 © n(n+2)(_ 2. 4 dn+4. 2
n q q7,q9" )n\q 347 )o
S (ere(n) — ero(m)g® = 3 (a5 )n )

(@*"+35¢%)
_ i 7" (=% q)n (46 n11(e% 0%
s (45 4%) o0 (475 4% ) 241

_ (%) i a2 (g% qM)n (45 ) n1
(%) = (4%59%)2n+1
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_ ﬁ 16n 4 (1 _ q16n—12) (1 _ q16n) (by (19))

i ( 1)n 8n? +4n

This leads to the theorem below.
Theorem 4.7. For alln > 0,

—1)7, n=8j%+4j,j €L
eren) — crofn) = 4 Y 7+ 45,7
0, otherwise.
From the theorem, it can be observed that, if n # 8j2 + 4; for all j, then
c7.e(n) — ¢7,0(n) = 0 so that

cr(n) = cre(n) —c7o(n) =0  (mod 2).

We record this result below.

Corollary 4.1. If n is not four times a triangular number, then c;(n) = 0
(mod 2).

Let ¢g(n) be the number of partitions of n in which either

(a) even parts are distinct, greater than 6 and divisible by 4 and the only
odd part that may appear is 1 and is distinct. or

(b) the largest repeated part is 2j (for some j > 1) and appears exactly 4
times, all positive even integers < 2j appear four times, any even part
> 27 is at least 85 + 8, distinct and divisible by 4, odd parts are distinct
and are at most 45 + 1 in part size.

Let cgc(n) (resp. cs0(n)) denote the number of cg(n)-partitions with an
even (resp. odd) number of distinct even parts. Then,

o0 oo
Z cs(n)g" = Z q4(2+4+6+~~+2n)(_q8n+8; q4)oo(—q; q2)2n+1
n=0 n=0
so that
o0 o0
D (ese(n) = eso(m))g™ = > """ (8 ¢*) o (—q: )2
n=0 n=0

which implies
o0

D (1) "(es,e(n) = cso(n))g"”

n=0

oo
= Z g (G 0" oo (05 4P 2ng

D (0 0N o (45 6%) 241

(q4, q4)2n+1

n=0
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— (% ") ZOO " (¢3¢ 241
- o0
’ (g% q%)2n+1

n=0
o0

(1 _ q12n—1) (1 _ ql2n—11) (1 _ q12n) (by (17))

n

_ Z (_l)nq6n2+5n.

n=—oo

Hence, we have

Theorem 4.8. For alln > 0,

cs.e(n) —cso(n) = {

—_

, n==6j2+54,j€Z;

0, otherwise.
Example 4.3. Consider n = 39.

The cg(39)-partitions are
(28,3,2%),(9,5,4,2%,1),(7,5,4%,3,2%).
cs.¢(39)-partitions are
(9,5,4%,2%,1),(7,5,4%,3,2%)
and the cg ,(39)-partitions are
(28,3,2%).
Thus, cg ¢(39) —cs ,(39) = 1. Indeed, this verifies the theorem as 39 = 6(—3)?+

5(—3) and 39 — 3 = 36. Note that j = —3 is the only integer solution to the
equation 652 + 55 = 39.
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