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1. Introduction

Let (W, S) be an irreducible Coxeter group of finite rank, i.e., its Coxeter graph
is connected and |S| < oo. If W is finite, then irreducible representations (over
C) of W are certainly finite dimensional. If W is an affine Weyl group, then it
is also well known that its irreducible representations are of finite dimension
(one may refer to [3], [4, proof of Prop. 5.13], [7, Prop. 1.2] for more details).
In general, we have the following fact.

Theorem 1.1. All irreducible complex representations of W are of finite di-
mension if and only if W is a finite group or an affine Weyl group.

The author owes a proof of this theorem to an anonymous referee of a
previous version of this paper (see the “Appendix”). Nevertheless, the proof
only tells us the existence of infinite-dimensional irreducible representations of
infinite non-affine Coxeter groups, but it fails to construct such representations.

The main aim of this paper is to construct some irreducible representa-
tions of infinite dimension of a Coxeter group (W, S) satisfying either of the
following:

1. there are at least two circuits in the Coxeter graph;
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2. there is at least one circuit in the Coxeter graph, and my > 4 for some
s,t € § (for s,t € S, we denote by mg; the order of st).

The main idea is to glue together many copies of representations of different
dihedral subgroups of W, so that they form a “big” representation of W. The
way of gluing is encoded in some topological information of the Coxeter graph.
This method is inspired by the author’s previous work [1].

The paper is organized as follows. Section 2 records some basic facts about
representations of dihedral groups, as well as coverings and fundamental groups
of graphs. Section 3 deals with case 1, in which the fundamental group of the
Coxeter graph is a non-abelian free group. We utilize an infinite-dimensional
irreducible representation of this free group to do the “gluing”. In Sect. 4,
we use the universal covering of the Coxeter graph to achieve our goal for
case 2. In Sect. 5, we give another example of infinite-dimensional irreducible
representation of a specific Coxeter group whose Coxeter graph has no circuits.
Finally, in the appendix, we present the proof of Theorem 1.1 which is given
by an anonymous referee.

2. Preliminaries

In this section, we recollect some notations and terminology used in this pa-
per. We use e to denote the identity in a group. Coxeter groups considered
throughout this paper are all irreducible and of finite rank.

2.1. Representations of Dihedral Groups
For a finite dihedral group D,, := (r,t | r? = t? = (rt)™ = ¢€), we denote by
1 and e, respectively, the trivial and the sign representation, i.e., 1 : 7t — 1,

e:r,t— —1. If m is even, there are two more representations of dimension 1,
ie.,

erir— —1t—1; er:r—1,t— —1.

Let C3,®Cg; be a vector space with formal basis {3, 8; }. For any integer
k satisfying 1 < k < m/2, let p; denote the irreducible representation of D,,
on CG,. & CG; defined by

k
reBr = —br, re B =i +2cos 0.

kTt
LBy = =P, t-ﬁr25T+2cosEﬁt.

Intuitively, r and ¢ act on the (real) plane by two reflections with respect to
two lines with an angle of %; see Fig. 1.

Remark 2.1. If m is even and k = m/2, we may define p,,/» as well by the
same formulas, but then p,,/» >~ €, ® &; is reducible.

Remark 2.2. We have described the full set of irreducible representations of
D,,, namely,

{1,e} U {p17...,me—1}, if m is odd;
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FIGURE 1. The representation py : D,,, — GL(C3, & C3;)

{L,e,er, et} U{p1,...,pm_1}, if mis even.

The following lemma will be frequently used in Sects. 3 and 4 to prove
our “gluing” is feasible.

Lemma 2.3. The +1-eigenspaces of v and t in py are both one dimensional.
However, there is no nonzero vector that can be fixed by r and t simultaneously.

2.2. Graphs and the Universal Covering

The way we glue these representations will be encoded in some topological
information of the Coxeter graph.

By definition, an (undirected) graph G = (S, E) consists of a set S of
vertices and a set E of edges, and elements in E are of the form {s,¢} C
S (unordered). For our purpose, we only consider graphs without loops and
multiple edges, i.e., there is no edge of the form {s, s}, and each edge {s,t}
occurs at most once in E. In a Coxeter graph, mg; is regarded as a label on
the edge rather than a multiplicity. We say G is a finite graph if S is a finite
set.

A sequence (s1, S2,. .., 8y,) of vertices is called a path in G if {s;, 8,41} €
E Vi. If s; = s, then we say such a path is a closed path. If further s1,..., 8,1
are distinct in this closed path, then the path is called a circuit.

If every two vertices can be connected by a path, then we say G is a
connected graph. A connected graph without circuits is called a tree. For a
connected graph G = (S, E), if T = (5, Ey) is a tree with the same vertices
set S and Fy C F, then T is called a spanning tree of G. This condition is
equivalent to say |Fy| = |S| — 1 when G is a connected finite graph. Any
connected graph has a spanning tree, but not unique in general.

Let G = (S, E) and G' = (S', E’) be two graphs. If p: S — S’ is a map
of sets such that for any edge {s,t} in G, we have p(s) # p(t) and {p(s),p(t)}
is also an edge in G’, then we say that p is a morphism of graphs. We simply
denote a morphism by p: G — G.

For any s € S, we denote

B, :={te S| {st} € E}.



Suppose G’ is connected and finite, and suppose p : G — G’ is a morphism.
If p(S) = 5, and if for any s € S the restriction of p to Ey gives rise to a
bijection Ey —» E, (s)» then pis called a covering. It is natural to regard G’ and
G as locally finite simplicial complexes. Then p is also a covering of topological
spaces.

Conversely, we view G as a topological space and suppose p : X — G
is a covering of the topological space G. Then X has a graph structure such
that p is a morphism of graphs (see [6, Theorem 83.4]). In particular, if p is
the universal covering, then X is a tree. Thus for any connected finite graph,
we can talk about its universal covering graph.

2.3. The Fundamental Group of a Graph

Let G = (S, E) be a connected graph, and T' = (S, Ey) be a spanning tree. For
any edge ¢ € F'\ Ey, if we choose a vertex s, of ¢ to be its head and the other ¢,
to be its tail, then e = {s.,t.} and there is a unique circuit ¢, in (S, Eo U {e})
of the form ¢, = (S¢, e, ..., Se)-

Fix a vertex sp € S. For any c,, there is a unique path in 7' without
repetitive vertices from sg to s.. We denote the path by p,. Define ¢, to be the
concatenation of p,, c}, p; !, where p; ! is the inverse path in the obvious sense.
Then each ¢, is a closed path from sq to itself. If we view G as a topological
space, then we have the following result on its fundamental group 71 (G).

Lemma 2.4. [6, Theorem 84.7] m1(G) is a free group with a set of free gener-
ators {c, | e € E\ Ep}. In particular, if there is more than one circuit in G,
then w1 (G) is non-abelian.

Remark 2.5. Note that p, is a path in T. Thus, all edges in ¢, except ¢ lie in
Ey, and ¢ appears in ¢, only once. If ¢ € F'\ Ey is another edge, then ¢ does
not appear in c..

3. Representations via Fundamental Groups of Coxeter Graphs

From now on, suppose (W, S) is an irreducible Coxeter group of finite rank
with Coxeter graph G = (S, E). Then, G is a connected finite graph.
In this section, we assume that

there are at least two circuits in G.

Thus, by Lemma 2.4, m(G) is a non-abelian free group. In this section, we
use an infinite-dimensional irreducible representation of 71 (G) to construct
another such representation for W.

For convenience, we may further assume

me < 00, Vs, t€S.

This is not essential. If some mg;’s are infinity, then we replace them by any
integer larger than 2 (e.g., 3), so that we obtain another Coxeter group (W7, S)
and a surjective homomorphism W — Wi, s — s. Ignoring labels on edges,
the two Coxeter groups have the same Coxeter graph in a topological sense.
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An irreducible representation of W; becomes an irreducible representation of
W via pulling back by the homomorphism.

3.1. The Construction
We fix so € S. Let T = (S, Ey) be a spanning tree of G = (S, E). Then
we obtain a set of free generators of 71 (G) by the method in Sect. 2.3, say
1,50 (I < oo since G is a finite graph), with sp on each of them.

We have |E'\ Eg| > 2 since we assume that there is more than one circuit
in G. We then fix two distinct edges:

{s1,t1},{s2,t2} € E'\ Ep.

We may assume that {s1,t1}, {s2,t2} lie in ¢, ca, respectively, and ¢; goes
through t; first and then s1, and co goes through ¢, first and then ss. In our
choice of ¢;, the edge {s1,¢1} appears in ¢; only once, while it does not appear
in other ¢;’s (see Remark 2.5). Similar for {s3,t2}. The two edges might share
a common vertex, like s; = sg, but it does not matter.

We define a vector space V' with formal basis {as, | n € Z,s € S},

V.= @ Cos -
ne€Z,seS
For any s,t € S and n € Z, we define s - ay ,, as follows:
(1) if s =t, then s- as .y = —Qsn;
(2) s1- @y pi=ou, n +2cos ﬁmasl)nﬂ,

—— 7T .
b1 - Qs) pt1:= 0y 41 + 2 COS Aty s
Msyty
R n+1 7T
S9* Qyn = Qgy . + 2" cos Qs nt1,

Msoty
— —n+1 T .
t2 Qsynil = Qgy i1 +2 "+ cos Moyt Qty.ms

(3) if the unordered pair {s,t} # {s1,t1} or {sa2,t2}, and if s # ¢, then

R 7T
5y = Oy + 208 e X

Looking at case (2), one can see that the vectors ay, ,, and 2" a, n4+1 Span
an irreducible representation isomorphic to p; (see Sect. 2.1) of the dihedral
subgroup (s2,t2). The vectors ay, n, and 2"as, n4+1 play the same roles as the
B’s in Sect. 2.1. Similarly, {4, n, s, nt1} span an irreducible representation
isomorphic to p; of (s1,t1).

In case (3), if mg = 2, then s oy, = o 3 if mg > 3, then {aypn, a5}
span an irreducible representation isomorphic to p; of (s, t).

Lemma 3.1. V is a representation of W with the action defined above.

Proof. Obviously, s? acts as the identity for any s € S.
For s,t € S and my = 2, we need to show st - o, ,, = ts- app, Vr € S.
Note that we have

S 0pp =04y and t-a,, = a,, for any n € Z,

since mg = 2. If r = s or r = t, then clearly it holds st - a,.p, = ts- a,,. If
r # s and r # t, then

S Qpp = Ornp + C10s n, and ¢ - Qrpn = O p + Co0 ny



for some ¢1,co € C and nq,ne € {n,n £ 1}, and then

st-appy =8- (ar,n + CQQt,TLz) = Qpp T C1Osn, + C20¢ ny,s

ts - Qp o = t- (ar,n + Clas,nl) = Opp + Co0t ny + C1Qs n, -

Therefore, we have st - o, =5 - a5, as desired.

Now, assume mg; > 3. We need to verify that (st)™* - a,.,, = . This

is also obvious if r = s or r = ¢, since we are in the dihedral world. If s,¢,r are
distinct, then we have the following cases.

(1)

If any two of s,t,r are not {s1,¢1} or {sa,t2}, then the three-dimensional
subspace spanned by o, Qs pn, 0y, denoted by U, stays invariant under
the actions of s and t. We write Us :== {v € U | s-v = v}, U; :=
{veU]|t-v=w} Then dimU, = dimU; = 2, and thus there exists
0 # vy € U such that s-vy =t - vg = vg. Note that 3 < my < oo and
Cas,n ® Cay p, forms a representation isomorphic to py of (s,t). Hence,
vo ¢ Casn @ Cay,p, by Lemma 2.3, and then {vg, as.n, ) is a basis of
U. Now, we can see that (st)™* - a,p = Qpp.
If m,t = 2, then there exists k € {n—1,n,n+1}and ¢ € {k—1,k, k+1}
such that o, 0k, 0p ¢ span an s, t-invariant subspace. By the same
arguments in case (1), we have (st)”t - o, = Q.. The case m,s = 2 is
similar.

In the following cases, we assume s,t¢,r do not commute with each
other.
If s = s1, t = t1, while so,t5 do not occur simultaneously in s, r,t, then
sy mt1y Xy ny Qrpy Osyny Oy n—1 span a five-dimensional s, ¢-invariant
subspace U. Define Uy, U; as in case (1), then dim U; = dim U; = 3. The
same argument shows that (s1t1)"*1%1 - @, p, = Q.
If s = s1, r = t1, while ss,%5 do not occur simultaneously in s, 7, t, then
Qs ny O ny Oy Olsy 15 Qg n41 SPan an s, t-invariant subspace. The same
argument works.
If s =s1,t =t =ta, r = 52, then o, 5, 05 0, At n,—1 SPan an s, t-invariant
subspace. The same argument works.
If s =s51,t =11 =52, 7 = tg, then oy, n—1, Ay .0y, Vrmy Aoy, Osy nt2
span an s, t-invariant subspace. The same argument works.
If s = s1,t =59, 7 =1 = ty, then as, ny1, O, Osynt1 Span an
s, t-invariant subspace. The same argument works.
Ifs = S1, t= t2a r=ty = 52, then Aty n+1y Usy n41y Opny Oty n—1, Asy n—1
span an s, t-invariant subspace. The same argument works.

In the above cases, if we exchange the letters s,t or the indices
1,2, then the arguments are totally the same. Thus, we always have
(st)™st - iy = Q-

O

3.2. The Infinite-Dimensional Irreducible Quotient

Theorem 3.2. Recall that (W, S) is irreducible, and that there are at least two
circuits in its Coxeter graph G. Let V' be defined as in Sect. 3.1, and

Voi={veV|s-v=uVse S}
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Then the representation V/Vy of W is irreducible of infinite dimension.

Proof. We denote V* :={v eV |s-v=—v}. Then V® =, Cas,. For any
edge {s,t} in G, V* & V! is a subrepresentation of (s,t) in V, isomorphic to
an infinite direct sum of p;. For any v € V=, let fo(v) := (¢t v —v)/2cos .
Then fg(v) € VE, and the linear map fg : V* — V! is a linear isomorphism
of vector spaces. For example, when {s,t} # {s1,t1} or {ss,t2}, we have
fst(asn) = appn. Moreover, fq(v) lies in the subrepresentation generated by
v.

Let 0 # v € V, and let U be the subrepresentation generated by v. If
v ¢ Vo, say, t-v#wv, thent-v—veViNU. Suppose (rg = t,71,...,7 = S0)
is a path connecting t and sg. Here, sg is the vertex fixed in Sect. 3.1. Then,

Vo = frk—lrk "'fmmfmﬁ(t ‘U= U) € V2 NU and vy 7& 0.
Apply the maps f.. along the closed paths ¢i,...,¢ chosen in Sect.
3.1. Then we obtain [ linear isomorphisms of V*° denoted by Xi,..., X,
respectively. This makes V*° form a representation of the free group m (G).
Except X1 and Xy, other X;s are identity maps of V*°, and we have
Xl(aso,n) = Osy,n+1; XQ(aso,n) = Qnas(),n+1-

It is easy to verify that V*° is an irreducible representation of 71 (G). Notice

that 0 £ vy € V*° N U, Xiil(vo) € U. Thus, V® C U. Since G is connected,

V®° generates the whole representation V. Hence, V = U. We have proved
that V/V; is an irreducible representation of W.

Note that sg acts on V*° by —1. So V*°NV;, = 0, and thus dim V/Vj = occ.

O

4. Representations via Universal Coverings of Coxeter Graphs

In this section we assume that

the Coxeter graph G = (5, F) is not a tree,
and there exist s1, 2 € S such that mg,s, > 4.
In this section, we use the universal covering of G to construct an infinite-

dimensional representation of W, then find an irreducible (sub)quotient in it.
For the same reason stated before Sect. 3.1, we may further assume

mg < 00, Vs, teS.

4.1. The Construction
We fix s1, 82 € S such that mg,s, > 4. Let p : G’ — G be the universal covering
of G, where G’ = (S, F’). Fix an edge {s},s5} in G’ such that p(s}) = s1,
p(sh) = s2, as shown in Fig. 2.
We define a vector space V' with formal basis {a, | a € S'},
V.= @ Cayg.
acS’

For any s € S and a € S’, we define s - o, as follows:



O——O
S1 S92

FIGURE 2. The edge {s, sh}

FIGURE 3. The vertex b in p~!(s) adjacent to a

(1) if s = p(a), then s - ay = —ay;

(2) if s = s1, a = sh, then s1- oy 1= vy + 208 2"y ;
o1o2

(3) if s = 59, a = s, then s9 - ay = oy +2cos mQ“ Qg
o102

if it is not in the cases above, and if s is not adjacent to p(a) in G, then
S Qg = Qg

(5) if it is not in the cases above, and if s is adjacent to p(a) in G, then we
denote by b the vertex adjacent to a in p~!(s) (see Fig. 3), and s - ag :=
Qg +2cos 7oy, where m = my ) > 3.

In particular, Ca,;, ©Ca;, forms a representation of the dihedral subgroup
(s1,82), isomorphic to py (note that if mg,s, = 4, then this representation
splits, see Remark 2.1). While for other pairs of adjacent vertices {a,b} in G,
Ca, ® Cay, forms an irreducible representation of (p(a), p(b)) isomorphic to p;.

Lemma 4.1. V is a representation of W with the action defined above.

Proof. From the construction, it is clear that s? acts by identity for any s € S.
Suppose s,t € S and s # t. We need to verify that (st)™=* - a, = «, for any
a € S If pla) = s or t, then o, lies in a subrepresentation of (s, t). Thus, we
have (st)™st - o, = aq. If p(a) # s and p(a) # t, then the relationship of the
three vertices p(a), s,t in G is in one of the following cases (ignoring labels like
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@ O O

a s t/
Jp

@ O O

p(a) 5 L

FIGURE 4. The vertices s’ and ¢/

s O "
a
s’ Ot
jp
pla)

FIGURE 5. The vertices s',t', s” and t”

mst on edges),

o p(a) O p(a) f p(a) Apia) O p(a) Q p(a)
O O o—=O O
S s t S t S t S t S t
(i) (ii) (iii) (iv) (v) (vi)

(In cases (iii) and (v), exchanging letters s and ¢ does not cause an essential
difference. So we omit them.) In cases (i) (iii) (iv), we may verify directly by
definition that st-a, = ts-a,. In case (ii), it is also clear that (st)™st-a, = .

Suppose we are in case (v). We denote by s’ the vertex adjacent to a in
p~1(s), and by #’ the vertex adjacent to s’ in p~1(¢). Then a is not adjacent to
t', as shown in Fig. 4. The three-dimensional subspace spanned by aq, ag, ay
stays invariant under the action of s and ¢. By the same arguments as in the
proof of Lemma 3.1, it holds that (st)™* - ag = g

Suppose we are in case (vi). We denote by s’ the vertex adjacent to a
in p~1(s), by t’ the vertex adjacent to s’ in p~1(¢), by ¢’ the vertex adjacent
to a in p~1(t), and by s” the vertex adjacent to ¢ in p~1(s) (see Fig. 5).
Then a,t’,s” are not adjacent to each other. Then ay, oy, g, ayr, iy Span
an s, t-invariant subspace of dimension 5. The same arguments as in the proof
of Lemma 3.1 yield (st)™ - agq = . O



4.2. The Infinite-Dimensional Irreducible (Sub)quotient

Let a and b be two arbitrary vertices in G’. Since G’ is a tree, there is a unique
path (a = to,t1,...,t, = b) connecting a, b such that all ¢;s are distinct. We
define d(a, b) := n to be the distance between a and b. We define also

S :={a€ S |d(a,s}) <d(a,s5)}, S5:={a€ S |d(a,sh) <d(a,s))}.
Then one of them is an infinite set. Without loss of generality, we assume
|S1] = oo. Let

Vii= @(Caa, VWwi={veV]s-v=uvVseS}
a€sS]

Then dim V; = oo. If mg,s, =4, then Vj is a subrepresentation of W in V.

Lemma 4.2.

(1) Ifmg,s, >4 andv € V\Vp, then V is generated by v as a representation

of W.
(2) If ms,s, =4 and vy € V1 \ Vo, then Vi is generated by vy as a represen-
tation of W.

Proof. (1). Suppose s-v # v, s € S. Then by definition we know that v—s-v is
a finite sum of the form Zaep_l(s) TqaQq, Wwhere each x, is a complex number.
Let ug := v — s - v, and U be the subrepresentation generated by v. Then
up € U. We take ag € p~!(s) such that x,, # 0. Suppose the shortest path in
G’ connecting ag and s} is
(a07a1, ey Qp = 8/1)

Let t; := p(a;) € S, u; := uj—1 — t; - u;—1. Inductively, we can see that u;
is of the form Zbe;u*l(ti) x; pop, where x; , € C. Since p is a covering map,
there is only one vertex (namely, a;_1) in p~1(¢;_1) adjacent to a;. Thus in
the expression of u;, the coefficient x; 4, of oy, is nonzero. In particular, taking
i =n, we know that u, € U and the coefficient of a,; is nonzero.

We view V' as a representation of the finite dihedral group D := (sq, s3).
Since the group algebra C[D] is semisimple, V' decomposes into a direct sum
of some copies of irreducible representations of D. From the construction of
V', the only irreducible representations of D which are possible to occur in V
are 1, p1, p2. Moreover, py appears only once, namely, Cay, @ Caygy,. Therefore,
there is an element d € C[D] such that d - u, = a, and hence ay € U.
Note that G’ is a connected graph. From the definition of V', we know that
ag generates the whole V. Thus, U = V.

(2). The proof is similar. As above, we take a vertex ag € p~*(s) N S}
such that o,, has nonzero coefficient in the linear expression of v; — s - v;
(#£ 0), and do the same discussion along the shortest path connecting ag and
s} (note that all of the vertices in this path belong to S7). Then we know that
in the subrepresentation generated by wvi, there is a vector u, with nonzero
coefficient of a; .

Decompose V; into a direct sum of irreducible representations of D =
(s1,82). Then only 1, p1, £5, occur. Moreover, the subrepresentation e, , spanned
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by ag;, is of multiplicity one. Thus, a,; lies in the subrepresentation generated
by vy, while ay; generates the whole representation V;. O

Let
VZ: V/VE), le: Vl/(VlﬂVE)).
(V is defined in Sect. 4.1, while V] and V}, are defined in Sect. 4.2.)

Theorem 4.3. Recall that ms, s, > 4 and there is a circuit in the Cozeter graph.
If mg,s, > 4, then V is an irreducible representation of W. If mg, s, = 4, then
Vi is an irreducible representation of W. Moreover, V and Vi are both infinite
dimensional.

Proof. From Lemma 4.2, we already know that the representations mentioned
in this theorem are irreducible. Thus, it suffices to show they are both infinite
dimensional. Obviously, dim V' > dim V;. Thus, we only need to show dim V; =
oc. Let s € S be arbitrary. Then, p~!(s) NS is an infinite set. Let

U= @ Cayg.
a€p~1(s)NS]
Then U C Vi, and dimU = oco. For any 0 # v € U, we have s - v = —v. Thus,
UNnVy=0,and V; =V;/(V1 NV}) is infinite dimensional. O

Remark 4.4. In the theorem, it is necessary to take the quotient by Vy (Vg
might be nonzero). For example, consider the universal covering in Fig. 6,
where p(s}) = p(s)) = s, p(t;) = t;, p(r}) = r;, Vi, and all edges in the
Coxeter graph are labelled by 3 (hence omitted) except the triangle sgs1s2. In
this situation, the vector

oy + oy, + oy, + oy, + 20&,56 — 20% — O = Qg — Otpgy — Ol

is fixed by every s;, 7; and t¢;. Besides, under the setting of Sect. 3 it is also
necessary to take the quotient by Vp in Theorem 3.2 (an example can be given
in a similar way).

5. Another Example

In this section, we construct an infinite-dimensional irreducible representation
of a specific Coxeter group whose Coxeter graph is a tree. Suppose the Coxeter
graph G of (W, S) is

O O O
S1 52 53

This Coxeter group is isomorphic to PGL(2,Z) (see [2, §5.1]).

Recall that the dihedral subgroup (s1, s2) has an irreducible representa-
tion p; on CBs, ® CPs, (see Sect. 2.1). There is a basis {u,v} of this space
such that u, v are eigenvectors of s; with eigenvalues +1, —1, respectively. The
vectors u,v can be chosen so that so - u = (3v — u)/2, s2-v = (u+v)/2, as
illustrated in Fig. 7.
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be the vector space with basis {u;,v; | i € N,j € N5}, and let s1,s2 act on

V by
S1 - Up = S2 * Up = U,
s1-u; =u;, 81-v; = —v;, Vi€ Nsq,
3v; — u; U; + v; .
So U =———— S92 - V; = V’LGN>0.
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Then as a representation of (s, s2), V' is a direct sum of a trivial representation
1 and infinite many copies of p;.

To make V' be a representation of W, we only need to find an involution
on V commuting with s, and let s3 act by this involution. Let

83 - Uk = Ugk+1, S3 - U2k4+1 = Uk, VKEN,
83+ Uok = Uak—1, 83 VU2p—1 = V2, Vk € Nyg.

Intuitively, s3 permutes these basis vectors:

PZ e P P
uo Uy U2 us Uy ce

s | s |
U1 U2 U3 Vg
Obviously, the action of sz is an involution and commutes with the action of
$1. Thus, V forms a representation of .
Similar to the proof of Lemma 4.2, ug lies in any nonzero subrepresenta-
tion of V. Note that ug generates the whole V. So V' is an irreducible repre-
sentation of W.

Remark 5.1. Similar constructions also give irreducible representations of in-
finite dimension when mg, s, = 3 is replaced by larger integers.
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6. Appendix: A Sketched Proof of Theorem 1.1

This proof is given by an anonymous referee of a previous version of this paper.
The proof uses the following fact.

Lemma 6.1. [5, Corollary 2] Suppose (W,S) is an infinite non-affine irre-
ducible Coxzeter group of finite rank. Then there exists a subgroup Y' C W
of finite index and a surjective homomorphism ¢’ : Y’ — F', where F’ is a
non-abelian free group.

Now we can prove Theorem 1.1, and we only need to prove the “only if”
part.

Suppose (W, S) is infinite and non-affine. Let Y, ', F’ be as in Lemma
6.1. Let Y be the intersection of all conjugates of Y/ in W. Then Y is a normal
subgroup of W of finite index. Since Y is of finite index in Y”, the image ¢'(Y)
is a subgroup of F’ of finite index. Therefore, ¢’ (Y') is also a non-abelian free
group (see, for example, [6, Theorem 85.1]). Let X7, X5 be two free generators
of ¢'(Y), and let F' = (X1, Xo). Then F is a free group of rank two, and we
have a surjection ¢'(Y) —» F. By composing this surjection with the map ¢'|y,
we obtain a surjective homomorphism ¢ : Y — F.

Let V' be an infinite-dimensional irreducible representation of F' (for ex-
ample, V := @nez Cay,, and let Xy - oy = g1, Xo - oy = 2™%ayp41, as in
the proof of Theorem 3.2). By pulling back this F-representation along ¢, V
becomes an irreducible representation of Y.

We consider the induced representation V3V := C[W] ®¢jy) V of W,
and we choose wq,...,w, as coset representatives for Y in W. Then V}‘,/V =
EBl <i<n Wi®V as a vector space. Since Y is a normal subgroup of W, each sum-
mand w; ® V is an irreducible representation of Y. Thus, V4 is a semisimple
Noetherian and Artinian C[Y]-module, and hence a Noetherian and Artinian
C[W]-module. Consequently, there exists an irreducible W-representation M C
V¥ as a subrepresentation.

If we view M as a C[Y]-module, then, by semi-simplicity of the C[Y]-
module Vi% and Schur’s lemma, M is isomorphic to a direct sum of some
C[Y]-modules w; ® V. In particular, M is infinite dimensional. Theorem 1.1 is
proved.
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