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Abstract. We introduce the Banach spaces fz,b and cg,q,5, of analytic
functions on the unit disc, having normalized Schauder bases consisting
of polynomials of the form f,(z) = (an + bnz)z"™, n > 0, where {f,} is
assumed to be equivalent to the standard basis in £” and cg, respectively.
We study the weighted backward shift operator B,, on these spaces, and
obtain necessary and sufficient conditions for B, to be bounded, and
prove that, under some mild assumptions on {a,} and {b,}, the operator
B, is similar to a compact perturbation of a weighted backward shift on
the sequence spaces £? or c¢y. Further, we study the hypercyclicity, mixing,
and chaos of B,,, and establish the existence of hypercyclic subspaces for
B, by computing its essential spectrum. Similar results are obtained for
a function of B, on Ez,b and ¢o,q,p-
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1. Introduction

For a suitable sequence v := (1,,)22, of complex numbers, the weighted spaces
22 and ¢y, are defined to be the spaces of all analytic functions of the form
f(z) = 3°0° o Anz" such that Y v,|A\,|P < oo and lim,, [v,\,| = 0, respec-
tively. The weighted backward shift operator B,, on such a space is given by

Bw (i )\nz"> = i)wn+1)\n+12n.
n=

n=0

The spaces ¢£ and cg,, and the operator B, play central roles in operator
theory, particularly in linear dynamics. Motivated by this, we introduce Kg’b
and cg q,b, which are Banach spaces of analytic functions on the unit disc in
the complex plane, having normalized Schauder bases of the form

{(an +bnz)2" : n >0},

equivalent to the standard bases in £P(N) and ¢y (N), respectively. We primarily
study the dynamical properties (hypercyclicity, mixing, periodic vectors, and
chaos) of B,, on these spaces. The spaces éﬁﬁb and cp 4,5 are of independent
and general interest as well because they are the “next best” Banach spaces,
compared to the weighted ¢/ and ¢y spaces. For a general theory of classical
weighted shifts, we refer to Shields [35]. In linear dynamics, shifts received a
major attention through Godefroy and Shapiro [21], Kitai [25] and Salas [34].
For an account on the fundamentals of linear dynamics, see the monographs
by Bayart and Matheron [4] and Grosse-Erdmann and Peris [24].

An operator T on a separable Banach space X is said to be hypercyclic
if there exists © € X, known as a hypercyclic vector for T, such that the orbit
{z,Tz,T?z, -} is dense in X. If a hypercyclic operator T on X has a dense
set of periodic vectors, then T is called chaotic. Recall that a vector y € X
is periodic for T if its orbit under T is periodic, that is, TPy = y for some
p. An operator T on X is said to be topologically transitive if, for two non-
empty open sets U; and Us of X, there exists a natural number k such that
T*(Uy)NUy # ¢. The transitivity notion is equivalent to that of hypercyclicity,
assuming the separability of the underlying Banach space X. A strong form
of transitivity is the topological mixing: an operator T is topologically mizing
on X if, for any two non-empty open sets Uy and U, of X, there exists N, a
natural number, such that 7" (U;,)NUs # ¢ for alln > N. Mixing and chaos are
stronger than the hypercyclicity; however, they are not comparable in general.
Several familiar operators including weighted shifts on sequence spaces, and
composition operators and differential operators on analytic function spaces
exhibit the hypercyclic, mixing and chaotic properties. The study is intimately
related to classical areas such as complex function theory, dynamical systems,
and operator theory, cf. [4,24].
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We will make use of the following standard criteria in linear dynamics
for establishing the hypercyclic and chaotic properties of the backward shift.
Different versions of these criteria are available in the literature, cf. [4,24].

Theorem 1.1 (Gethner-Shapiro Criterion [19]). Let T be a bounded operator on
a separable Banach space X, and let Xo be a dense subset of X. If {ny} CN
s a strictly increasing sequence and S : Xo — Xg is a map such that, for each
z € X,

lim T"* 2 =0= lim S™uz,
k—o0 k—oo

and

TSz =z,
then T is hypercyclic. Moreover, if ny =k for all k > 1, then T is mizing on
X.

A similar criterion, known as the chaoticity criterion, has been used to
obtain chaotic operators in Banach spaces, cf. [10]. This criterion is very strong,
and it has several powerful implications in linear dynamics; see [4] and [24].

Theorem 1.2 (Chaoticity Criterion [10]). Let X be a separable Banach space,
Xy be a dense set in X, and let T be a bounded operator on X . If there exists
a map S : Xog — Xo such that

ZT”:U and Z Sz,
n>0 n>0
are unconditionally convergent, and
TSr==x
for each © € Xy, then the operator T is chaotic and mixing on X .
Theorem 1.3 (Eigenvalue Criteria [4,24]). Let T be a bounded operator on a
separable complex Banach space X . Suppose that the subspaces
Xo =span{z € X; Tx =Xz, A€ C, |\ <1},
X1 =span{zr € X; Tx =Xz, A€ C, |\ > 1},
are dense in X.Then T is mixing, and in particular hypercyclic. In addition,
if the subspace
Xy = span{z € X; Tz = ez, a € Q},
1s dense in X, then T is chaotic.
Rolewicz [33] showed that AB is hypercyclic on the sequence space 7,
where |A] > 1, B is the unweighted backward shift and 1 < p < oco. Salas
[34] provided a complete characterization of the hypercyclicity of classical uni-

lateral and bilateral shifts. Hypercyclicity and chaos of weighted shifts on F-
sequence spaces were characterized by Grosse-Erdmann [23]. Also, see Costakis
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and Sambarino [14] for mixing shifts, and Bonet, Kalmes and Peris [9] for
dynamics of shifts on non-metrizable sequence spaces. It is well known that
the backward shift on the Bergman space of the unit disc is a mixing and
non-chaotic operator, cf. Gethner and Shapiro [19] and Grosse-Erdmann [23],
respectively. We also refer to Bonet [8], Beise and Miiller [6], Beise, Meyrath
and Miiller [7], Bourdon and Shapiro [11], and Miiller and Maike [30] for the
dynamics related to the backward shift on analytic function spaces, (Bergman
spaces, mostly).

The paper is organized as follows. In Section 2, we introduce the analytic
function spaces % , and ¢ 4,5, and obtain necessary and sufficient conditions
for the weighted shift B, to be bounded on these spaces. In Section 3, un-
der some mild conditions we show that the operator B, on Ep b and cgqp
is similar to a compact perturbation of a classical weighted shlft on /P and
o, respectively. Using this result, we compute the essential spectrum of B,,,
which establishes the existence of hypercyclic subspaces for B,,. In Section 4,
we characterize the hypercyclicity, mixing, and chaos of B,, in ﬁgb and cg,q,p-
Further, the dynamical properties of functions of the weighted shift B, are
also studied.

2. The Analytic Function Spaces ¢° b and cg 4.5, and the
Co-ordinate Functionals

In this section, we introduce the spaces Eg’b, 1 < p < oo and cg,qp, and pri-
marily, show that the co-ordinate functionals are bounded, and estimate useful
upper bounds for their norms. We need the concept of equivalent Schauder
bases in Banach spaces. Let X and Y be Banach spaces. Two Schauder bases,
{un}5 of X and {v,, }52, of Y, are equivalent if the convergence of >~ | anuy,
is equivalent to that of Zzozl anvy; see, for instance [26], page 5.

Let a = {a, }22, and b = {b,}>2, be two sequences of complex numbers,
where a,, # 0 for all n. Let ¢, denote the space of all analytic functions on
the unit disc, having a normahzed Schauder basis consisting of polynomials of
the form fn( ) = (an + bp2)2™, n > 0, which is equivalent to the standard
basis in /7, 1 < p < oo, that is, f(z) =Y . Anfn(2) € Za p» if and only if

1 Fller, = (Zmlp)
n=0

o.p» We assume something more, that is, { f,} to be an orthonormal basis.
Note that, for a,, = 1 and b,, = 0 for all n > 0, we get the standard ¢P,
1 < p < oo space of all analytic functions on the unit disc. We can similarly
define the space ¢g 4, Which consists of analytic functions, for which {(a, +
bpz)z™ : n > 0} forms a normalized Schauder basis, equivalent to the standard
basis in ¢o. Moreover, for f(z) = > Anfn(2) in o a5, we have lim,, oo A,, = 0.

For ¢?
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Define the norm in ¢y 4 as

”fHCo,a,b ‘= sup |/\7L|
n>0

The Hilbert space case of 637,), was studied by Adams and McGuire, cf. [1] in the
context of tridiagonal kernels and commutants of the forward shift operator.
For £} ,, observe that {f,} is an unconditional basis. When b, = 0 for all n,
then KZJ) and cpq,p become the standard weighted ¢” and ¢y spaces. Below,
we show that there is a natural open disc on which every function in ¢, is
analytic. The same also holds for ¢g 4. In the proof, we will also see that the
norm expansion f = > o Anfn =D, 50 An(anz™ + b,2"*t1) in ﬁg,b and ¢g q.p
imply that the series can be rearranged so that the Taylor series is absolutely
convergent to f(z) on the respective domains Dy, Ds or Ds.

Theorem 2.1. For given complex sequences, a = {a,} and b = {b,}, set

D, = {z eC: Z ((Jan| + |bal)|z|™)* < oo} )

n=0

1419
wherep+q ,

Dy := {z € C:sup (lan| + bn])|2]" < oo} ,
n>0

and

o0
D = {z €C: Y (lan] + bal)l2]" < oo} .
n=0

If f =300 fn €44, 1 < p < oo, then the series 3 1" o An(an + bp2)z"
converges uniformly and absolutely on compact subsets of Dy. Also, the evalu-
ation functional f—— f(X\), is bounded for each A € D;.

The same conclusions hold true with respect to the domains Do and D3, re-
spectively, for the spaces E;b and €,q.p-

Proof. We provide the proof for ¢ b when 1 < p < oo, and it is essentially
similar for £} , and g q.p-

Let f € €} , for 1 < p < oo. Then f has a norm expansion f = 7 o A, fn
and Hf||§§ L= > >0 [An|P. Fix a closed ball K := |z| < R that lies in D;. Note

that, we have

sup Y ((|an| + [ba])[2[")? < o0,
zeK n—0
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where ]% + % = 1. Now, by using the Holder’s inequality, we get

D Palan +bn2)z"| < max{L, |21} D[ Anl(lan] + ba])|]"

n=0 n=0
0 3 /oo 3
= e = (ZAHVJ) <Z(<|“n + Ibn|)|z|n)q>
n=0 n=0
= Clflle, < o0
where

— nyq
€ =max 1]z, (Z((anl + 16al)[2") )

n=0

Hence, the series ZZO:O An(ay + by 2)2™ converges absolutely and uniformly on
compact subsets of Dj. O

An important consequence of the above theorem is that on any closed disk
in Dj, j = 1,2,3, the series f = ZZOZO Anfn in ff;’b and cgq,, can be rearranged
as a power series so that Taylor series of f(z) about the origin, converges point-
wise to f(z), and hence, we have f(z) = Agag + Y poy (Anan + Ap—1bp—1)2"
point-wise. Equivalently, the evaluation functionals are continuous.

We will always assume that D1 = Dy = D3 = D, where D is the open unit
disc in the complex plane.

The case of £, is of special importance as it is a reproducing kernel
Hilbert space. Occasionally, we will infer the dynamics of a weighted shift B,,
from the general properties of the kernels of the reproducing kernel spaces on
which B, is defined. We briefly recall the basics and essential properties of
analytic (scalar valued) reproducing kernel Hilbert spaces, and refer to Aron-
szajn [2] and Paulsen and Raghupati [32]. A function k : D x D — C is called
an analytic kernel (or a reproducing kernel) if z — k(z, () is analytic for each
fixed ( € D and

> mak(G,¢) =0,

ij=1
for all choices of (1,...,(, € D, aq,...,a, € C, and n € N. For an analytic
kernel k(z,() over D, there exists a unique Hilbert space H(k) of analytic
functions on D such that span {k(-,{) : ¢ € D} is dense in H (k) and

Q)= <fa k('aC)>H(k)’ (2.1)

for all f € H(k), ¢ € D. Here, the symbol k(-,{) denotes the function z —
k(z,¢) on D. Moreover, for aq,...,a, € C and (1,...,(, € D,

||Zag Gy = D @ak(Gin (),

i,j=1
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which can be seen from (2.1). The Hilbert space H(k) is called the analytic
reproducing kernel Hilbert space associated to the kernel k(z, (). From (2.1)
it follows that the evaluation functional eve : H(k) — C is bounded for all
¢ € D, where eve(f) = f(¢), f € H(k). From (2.1), it also follows that k(z, ()
is co-analytic in (.

The following are noteworthy: (1) an analytic kernel k(z, () is the kernel
for a Hilbert space H of analytic functions on D if and only if all the evaluation
functionals are bounded on H, the span {k(.,{) : ¢ € D} is dense in H, and
() = (f,k(, C)>H for all f € H and ¢ € D. The kernel function has a formula,

namely k(z,¢) = >, en(2)en(¢) for any orthonormal basis {e; },>0 of the
space for which k(z, () is the kernel, cf. [32].
(2) Several well known spaces have reproducing kernels. A standard example
for an analytic reproducing kernel space is the diagonal space H?2(j3): for a
given 0 = {#,}52, of strictly positive reals, this space consists of analytic
functions f(z) = >, <0 A2™ on D such that ||f||* := >, <0 [An|?/Bn < oc.
As /Bnz", n > 0, forms an orthonormal basis for H?(j3), its kernel is given
by >0 ﬁnznzn The classical spaces of Hardy, Bergman, and Dirichlet over
the unit disc, are analytic reproducing kernel spaces, whose kernels can be
explicitly written using the aforementioned formula for k(z, ().

Kernels are useful in linear dynamics as well. It is known that, if k(z, ()
is an analytic scalar kernel, then the derivatives

J"k(.,0)
ac"

can give information on the dynamics of the adjoint of the multiplication by the
independent variable on H(k), see [31]. We will use the following facts on the
co-ordinate functionals to derive the necessary parts in the characterization of
hypercyclicity, mixing and chaos of B,, on ég’b and cg q. This result is known
for the case of reproducing kernel spaces, cf. [31].

Proposition 2.2. Let X be a Banach space of analytic functions on D, having
bounded evaluation functional ev,, at every point z € D. Then

n
d"ev,
dzm

‘z:O S X"

with the action given by
d"ev,
dz"

forall f € X andn > 0.

|a=o(f) = F(0),

Proof. We have that ev.(f) = f(z), where f € X. Note that the X*-valued
function

Z = ev,
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is point-wise analytic on D, and it is analytic in the norm of X* as the an-
alyticity in the strong operator topology and the same in the operator norm
topology are equivalent, cf. Chapter 5, Theorem 1.2, [36]. Thus, using the
closed graph theorem, it follows that

d"ev .
dz”z =0 € X
for n > 0. The power series expansion (in the norm of X*)

Z 1 d G’UZ‘
eV, = —_—
z TL' dzn z=0,

along with the observation

evo(f) = f(2) =Y 2" ™(0),

for all f € X yields that

n
d"ev,

SO o) = FM(0),
which completes the proof. O

The above result in the case of a Hilbert space of analytic functions can
be stated in terms of the analytic kernel of the space, and its proof uses the
analyticity of k(z,() in the variable z, and co-analyticity in (. Indeed, since
the map ¢ — k(.,() is co-analytic, we have the power series of k(., () in terms
of ¢. Now, proceed as in the proof of the previous proposition. Also, see [31]
and [15].

Proposition 2.3. If H(k) is an analytic reproducmg kernel space over D, then

0"k(.,0 n
aén) eH(k) and (0 = (£, EW
for alln >0 and f € H(k). Moreover,
n n 1/2
55,0 - o)

We can now observe that the Hilbert space fi,b is a reproducing kernel
Hilbert space, and {f,}22, forms an orthonormal basis, where

fn(2) = (an, +bp2)2", n > 0.
Since, k(2,C) = >_,,50 fn(2) f2(C), we get the kernel of 2 b as

n+1
k(z,0) = laol* + Y (lanl® + [bn-11*)z"C" + Y~ anbp2"
n>1 n>0
+ D @bz (2.2)

n>0



Dynamics of Weighted Backward Shifts Page 9 of 29 242

for all z,{ € D. This is an example of an analytic tridiagonal kernel. The
space Ei)b is called a tridiagonal kernel space. For more on the terminology of
tridiagonal kernels, we refer to Adams and McGuire [1] wherein the authors
showed striking differences between the usual weighted forward shifts on ¢2
and the tridiagonal shifts in terms of their commutants.

Proposition 2.4. Let L, denote the co-ordinate functional

L I™0)

nl

defined on € or coqp, where n > 1. Then, the norm of the functional Ly,
satisfies

IZnll < (Jan|® + [ba-1]9)9,

where 1 < p < oo and 1/p + 1/q = 1. For p = 1, we have ||L,| < max
{lan]; |bn=1|}. Also, for the case of co,ap, || Lnll < |an| + [bp-1].

Proof. We provide the proof only for the case 1 < p < co. If f € Egb, then

anfn Z/\ (an + bpnz)z

and ”f”%_b = (Xm0 |)\n\p)1/p. Rearranging into a power series, we obtain

f(Z) = )‘an + Z()\nan + )\n—lbn—l)zny

n>1
and so,
L,.(f) = Aan + An—1bp_1.
It follows, by Hdélder inequality, that
1L ()] < I fller, (anl® + [ba-1])"/4,
that is, | Ln|| < (|an]® + |bp_1]7)/. O

3. The Weighted Shift B,,: Boundedness, Compact
Perturbation and the Essential Spectrum

For a given sequence w := {wy, },>0 of non-zero complex numbers, we define
the weighted backward shift B,, on ¢* 1 and also on ¢ to be the operator

( 'wf an+1/\n+1z (31)

n=0

for f(z) = Y0 o Az™ in £, or ¢oqp. We derive conditions for the shift
operator B,, to be bounded on these spaces. For this, we express a monomial 2"
as an expansion in the basis { f,, }; see (3.2) below. Such an expression will help
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us to find estimates of [[2" > = in terms of {a,} and {b,}, (Proposition 4.1).
Indeed, fix n > 0, and write 2" = E;io o f; for some a; € C. Then 2" =
apag + Z;’il(aj,lbj,l + aja;)z?. Thus, comparing the coefficients, we have
ag=a1 ==a,_1=0,and a,, = ﬁ Since vy k—1bntk—1+0ntkGntr =0,
it follows that

a71+k—1bn+k—1
Ontk = =

An+k
and thus
Qnk = (—=1)% bpbry1 - - bpgr—1 L (k> 1),
Ay an+1an+2 e am_k
This implies
n 1 = j ?cil anrk
z = a Z(_l)J <31_0> frntis (n = 0), (3:2)
" j=0 Hk:o Antk+1

where the term corresponding to j = 0 is 1. (Also, see [1], p. 727.) The above
expansion will be used repeatedly.

To obtain necessary and sufficient conditions for B,, to be bounded on
Eﬁ}b and cg 4,5, We compute the matrix of the operator B,, with respect to the
normalizes Schauder basis { f,, }n>0 and then, study the matrix operator on ¢*
and ¢g. See [1] for a similar study on tridiagonal shifts.

Proposition 3.1. The matriz representation of By, with respect to the (ordered)
Schauder basis { fn}n>0 is

wibg wiay 0 0 0
ao ao
wy b2 waa
_wib o) waag 0 0
apay ay
2
w1byby _cab c wszas 0
B.l:— apaiaz az 2 as 3.3
B = | | (3.3)
_ wi1050102 c1b1bs _c2bo c waaq
apaiazas az2as3 as 3 as
2
wibgbibabs  c1b1bobs cobabs  c3bs
apa1a2a3a4 a2a3a4 a3zaq aq

Proof. Recall the Schauder basis f,,(z) = (a,+b,2)2",n >0, in Egb and ¢g,q.p-
Note that By (fn)(2) = wnanz" 1 + wpi1b,2™, n > 1. For fo(2) = ag + boz,
using (3.2), we get

wyb wy b3 w1bZb w1bZb1b
Bw(f0)<2):’lU1b(): lofO_ 10 1+ 1012— 1012f3+...
ao aopas apa1G2 apaia2a;3
For n > 1, we have
Bu(fn)(2) = wpanz""" 4+ wyp1bp2"
Wn,Qp, W, bn Wy, Gy bnf "
= fn—1+( o ! Yan2".

(p—1 Qnp Gp—1 Qn
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Setting
bn bn—l

Cp = Wp+1— — Wy
n anp—1

we immediately get By, (fn)(2) = 429 fo1 + cpanz™, n > 1. Applying (3.2),
it follows that

)

wiaq c1by c1b1bo
By(f1)(z) = fotafi——f+ fs—
ag a2 a2as3
waa cab cabob
Bu(f2)(2) = —2fi + cafo — ——2fa+ o fy — o,
ay as 4304
and so on. These expressions give rise to the matrix of B, with respect to
{fn}5%0, as in the proposition. O

Compare the above matrix for the unweighted shift, with that of a left inverse
of the multiplication operator (Sf)(z) = zf(z) defined on a tridiagonal space,
cf. Das and Sarkar [17], Proposition 3.1.

We now determine necessary and sufficient conditions under which the
above (formal) matrix defines a bounded operator on 7 and ¢g 4. Equiva-
lently, this gives boundedness results for B,, acting on EZJ) and ¢p g ,p-

Proposition 3.2. If B,, is bounded on ég’b and co qp, then {w%sﬂ}nzl and
{¢n}n>1 are bounded.

Proof. Let B, be bounded on Ef;b, 1 < p < oo. Then the matrix [B,,] induces
a bounded operator on 7. Let v, be the n-th column of [B,,]. Operating [B,,]
on the subset {e,},>1 of the standard basis in ¢?, since [By,](e,) = v, we get
that

sup |lvg|| < oo.
n

On the other hand,

Wy Q
P nn |p
lonllp = |—==" + lenl?,  n > 1.
Apn—1
This implies the necessary conditions for ¢2 ,  as in the proposition. The case
of ¢g,q,p is similar. O

The following theorem gives a (general) sufficient condition for B,, to be
bounded.

Theorem 3.3. If

sup {|M|7 \cn|} < oo, and
n>1 G,

& 2
w1b0b1 e bn—l
E max _—
aOal ... an
n=1

then By, is bounded on (¥, and cgqp, where 1 < p < oco.

¢jbjbjt -+ bjgn—1

9

Jj=1

}<oo,

aj+1aj+2...aj+n
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Proof. Recall the matrix representation of B,,. We can split this matrix as a
formal series of infinite matrices as follows:

[0 wiar 0o -.-] _w;(?o 00 0 -

ao

0 waaz () -, 0 0100.

al

as

0
Buo]=10 0 0 @8 |4+ 0 0c 0
0

0 o 0 . 0 00 c3°
[0 0 0 ]
—wlbhg g
apal
+| 0 —ab 9 +..

which is a (formal) series [B,] + [D] + >0, [F,,]. Here, [B,] is the matrix of
the standard weighted backward shift B,(e;) — a;e;—1 on ¢P, i > 1, having
weights

[¢%

)
Aj—1

and [D] is the matrix of the diagonal operator

. w1b0
dlag ,C1,C2, -
ag

on (P. The matrix [F},] is obtained by deleting all the entries of [B,], except
those at the n-th (lower) subdiagonal, where n > 1. Observe that [F),] is the
matrix of suitable powers of a weighted forward shift F;, for n > 1.

It follows, respectively by the first two assumptions in the theorem, that the
weighted shift B, and the diagonal operator D are bounded on ¢P. Since

|1l :max{‘ }’

the third condition in the theorem gives that F}, is bounded, and ), - || F,|| <
oo, with respect to the operator norm. Hence, the shift B,, is bounded on Eg’b.
This completes the proof of the theorem.

wlb%bl te bn,1 Cjbjbj+1 s bj+n71

)
i>1

apay -« - Gn Aj41Q542°Ajin

Remark 3.4. We note that the unweighted backward shift B is a left-inverse
of the multiplication operator (Sf)(z) = zf(2) on £, ;. In the case of p = 2,
a closely related left inverse B; of S was studied in [17], wherein the authors
obtained conditions for the boundedness of B;. The matrices of B and B; are
almost the same, except the difference in the first columns. In the weighted
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case, the following assumptions for the boundedness are strong, compared to
those in the above theorem. Indeed, the conditions

a
Sup |wp41 n+1| <oo and limsup <1 (3.4)
n>1 n n Ap+1

imply those in Theorem 3.3. To see this, writing
¢, = bn wn+1an+1 o Wn,Qp bnfl, (TL Z 1)’

An 41 (079 ap—1 Qp

< 1, there

we can see that {c,} is bounded. Moreover, since lim sup,, abil
n

exist < 1 and N € N such that ‘abﬁ‘ < r, for n > N. From this, the

remaining conditions in Theorem 3.3 follow.

Under some mild assumptions on {a,} and {b,}, we prove that the shift
B, acting on €Z7b and cgq,p are similar to the sum B, + K on ¢ and cp,
respectively, for a suitable weighted backward shift on /P or ¢y, and a compact
operator K. Using this perturbation result, we compute the essential spectrum
of the shift B, for the case 1 < p < oo. These results are of independent
interest as well.

An operator T on a Banach space is called Fredholm if its kernel Ker T
and the quotient X/T(X) of the range of T, are of finite dimension. In case
X is reflexive, then T is Fredholm if and only if Ker T" and Ker T™* are finite
dimensional. The essential spectrum o.(T), of an operator 7' on a complex
Banach space X is the set of all A € C such that T'— AI is not Fredholm, that
is,

0.(T)={A € C: dim Ker (T'— AI) = oo or dim Ker (T — A\I) = oo},

where T* is the adjoint of T, cf. Bayart and Matheron [4] and Douglas [18].
The essential spectrum plays a key role in the investigation of hypercyclic
subspaces; see the section 4.

In the proof of the following theorem, we use a well known fact: o.(T) is
invariant under a compact perturbation, that is,

0.(T+ K) =0.(T)
for every compact operator K.

Theorem 3.5. Assume that

. b bn_1
| <1, and lim |wy, 11— — wy, — =0.
Ap+1 n (7% Ap—1

Ap+1 bn

SUp |Wr41 | < oo, limsup |
n n

n

Then the following hold.

(i) The operator B, on ég’b (and co,qp) is similar to B, + K for some
compact operator K and the weighted backward shift B, on the sequence
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space P (co, respectively), where the weight sequence o = () is given
by

a
n n > 1.

Qp = Wp, ’
Apn—1

(it) On £, ,, 1 < p < oo, the essential spectrum o¢(B.,) is the annulus

1/n
) < Iz
>1/n

Proof. The proof relies on the matrix representation of B,, with respect to the
basis f,(2) = (an + b,2)2" of £} ,. Consider the similarity map U : €] , — P
given by

Ak+4n

(wk+1wk+2 e 'wk+n)

sup | inf
n>1 k>1

< inf <sup
n>1 E>1

Ak+4n

(wk+1wk+2 s wk+n)

U <§: Anfn> - f: )\nena
n=0 n=0

that is, U(fn) = e, for all n, where {e, }»>¢ is the standard basis in /7. Now,
from the proof of Theorem 3.3 we recall that B,, on Ezvb is similar via U to
the sum (in the operator norm)

Ba+D+ Y Fn.
m=1
Here, B, in the weighted backward shift on ¢ with weights
A,

Qp = Wy, , n>1. (3.5)
An—1

Further, by the assumptions, the operators D and F,, are compact on P
since the entries in the matrix of D and F,, converge to 0, m > 1. Hence,
K:=D+ Z:jzl F,, is a compact operator on ¢P, and consequently, B,, acting
on Egb is unitarily equivalent to B, + K. This proves (i).

The invariance of the essential spectrum under compact perturbations
along with (i) yields that

0e(By) = 0c(By + K) = 0.(Ba).

Thus, it is enough to compute o.(By). We now recall the essential spectrum
of a weighted backward shift on ¢? and refer to [4] and [35]: In general, for
a weighted shift B, corresponding to @ = {a,}>2; of non-zero weights, the
essential spectrum o.(B,,) is the annulus

n 1/n n
sup <ér>lf1Hl O‘k+i|> <o < inf (21;1?1_[1 ak+i|>
= e —

n>1

1/n
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The same proof applies to the case of B, on /7, 1 < p < oo. In our setting,
B, is the weighted shift with weights as in (3.5). Since

“ Ak4n
[ cwri = Wrprwerz - wign) .
=1 k
for all k,n > 1, the result in (ii) follows. The proof is complete. O

4. Linear Dynamics of B,,

In this section, we characterize the hypercyclicity, mixing, and chaos of B,,
on ¥, and ¢ 4. The following estimates on the norms of monomials will be
used in the characterizations of the hypercyclicity properties of B,,.

Proposition 4.1. Assume that the conditions in Theorem 3.8 hold. Then, Kg’b
contains all the polynomials densely, 1 < p < co. Also,

1/p
1 o | bbby |
2 e, = |1+ |l (4.1)
ab |an| j=1 Ap4+1An4+2 - an+j
In addition, if limsup,, ‘abil | <1, then there is a constant My > 0 such that
M
Iz"ler, < =, n>0. (4.2)
a,b |a”l’L|

Proof. Under the hypothesis, the operator B,, is bounded on Zﬁ’b. It follows
that woby = By (ap + boz) and wy,an, 2"~ + w1 1b,2" = By (a, 2™ + by 2",
n > 1, belong to Egb. Choosing different values of n, we find that the polynomi-
als are contained in Ei,b' Indeed, wya; + wabiz € Zg’b and hence the monomial
z (and other powers 2", similarly) belongs to Egb.

By the basis expansion in fi’, , and the continuity of evaluation functionals,
we can find some {\;}52, € ¢¥ such that

2= Ajlage + 0271,
j>0
for all z € D. Equating the coefficients of like-powers, we have that A; = 0 for
j=0,...,n—1, and

1 b, 1 b, 1 b, by
An = — g1 = —— A = —— — Ny = ——— 1 (4.3)
(279} Ap+1 Ap Ap+1 QAp Qp+4+1 Gp42

and so on. Since [|2"[|j, = 37,50 AP, we have
a,b =

p p

! e (4.4)

b - |an‘17

1 b,

L 1 bn bn+1
Ap Ap+1

an an-{—l Ap+42

"1,

which gives the norm of z".
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. . by . .
On the other hand, the strong assumption limsup,, |an+1| < 1 implies

that there exist » < 1 and N € N such that |b,/a, 41| < r for all n > N. Thus,
by the equation (4.4) we have

1
12", < o (| 227 ]

jan? k>0

for every n > N. The required result in the second part of the proposition
follows. ]

The cp,q,p analogue of the above result is as follows, and its proof is
omitted.

Proposition 4.2. Assume that the conditions in Theorem 3.3 hold. Then
1
z" =maxq —, — Su . 4.5
1l = { o foooe
ba_| < 1, then there is a constant My > 0 such that

An+1
M
2. n>0. (4.6)

”ZnHCo,a,b < m7 et

bnbn—l-l T bn+j—1

Op410p42 " Antj

In addition, if limsup,, |

We need one more result which also shows the connections between dy-
namics of the backward shift operator and derivatives of the underlying kernel.

Proposition 4.3. Let the weighted backward shift B,, be a bounded operator on
a Banach space X of analytic functions on the unit disc D, such that X has
some functions not vanishing at the origin.

(i) For some bounded subset Y of X, if the orbit U,>1 Bl (Y') is dense, then

- lwiws - - wy| || d™ev, | o
n;ﬁ n! dzn 770 '
In particular, this is true if By, is hypercyclic.
(i) If By, is topologically mixing, then
5 lwiws -« - wy| || dvev, B
Jim. o o |s=o|| = o°.

Proof. (i) Suppose that

{(B)"fin>17ev)
is dense in X. Tt follows from the continuity of the (non-zero) evaluation func-
tional evy(g) = ¢(0), g € X, that {(Bf)(0) : n > 1,f € Y} is dense in C.
Now, from the expression
F(0)

n!

(Bif)(0) = wiwy - - wn,

7”217
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we get that

() (0
sup  |wiwsg--- wnf '( ) | = oc. (4.7)
n>1,fey n:
On the other hand, Proposition 2.2 shows that the co-ordinate functional de-
fined by

d"ev, g™ (0)
T on lz= = ) X7
( dan | 0)(9) ol g€
is bounded. Combining (4.7) with
OO < | S| Ul 21
- dzn '*T a,b’ -

one gets (i) as Y is bounded.

To obtain (ii), we recall from Bonet [9] that if T is a mixing operator on
a Banach space X, then

lim [|(T%)" (")) = oo,

n—0o0

for each non-zero bounded linear functional * on X i.e.
lim ||z* o T"|| = oo.
n—oo

From this, we find f € X such that lim, .o [z*(T"f)| = oo. In our case,
T = By, and take z* = evg, and we can see that (ii) holds, as in (i). O

Proposition 4.4. Let the weighted backward shift B,, be a bounded operator
on a (not necessarily tridiagonal) reproducing kernel space H(k) of analytic
functions on the unit disc D, such that H(k) has some functions not vanishing
at the origin.

(i) If By, is hypercyclic, then

1
Cewy, 0"k 2
SU.p ‘wle w | ( — (O, 0)) = 00.
n>0 n! 02z"0C

(ii) If By, is topologically mizing, then

... 2n
lim 102 “’"'( ok (0,0))

N[

Q.

With the above two general propositions in hand, we can now state and
prove the main dynamical results of B,,, using the hypercyclicity and chaoticity
criteria.

Theorem 4.5. Assume that the conditions of Theorem 3.8 hold.
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(i) If
sup |w1w2 o wnan| — 5
- )
n>1 1+ Eoo bnbny1 - bnyj1 P\ /P
J=1|ant1ant2-anij
then B, s hypercyclic on Ei,lw 1<p<oo.
(ii) If
|’LU1’LU2 ce wnan|
sup = 00,

bnbny1bntj1
Ant1Gn 427 Gntj

j

n>1 max {1,supj>1

then B, is hypercyclic on cg,q.p-
(iii) If By, is hypercyclic on fﬁ,b orT €0,a,p, then

sup |wiws - wy|(|an| + [bp—1]) = oco.
n>1

(iv) Now, assume the stronger condition limsup,, |b, /an41| < 1. Then, B, is
hypercyclic on €§7b and co.qp if and only if sup,~ [wiws - - - wpa,| = .
This is further equivalent to the existence of a bounded set K such that
the orbit

o0
U Bi(K)
n=0
is dense.

Proof. To get (i), we recall and apply the Gethner-Shapiro criterion. Let X
be the space of all polynomials. Then, X, is dense in Eﬁﬁb as it contains the
normalized Schauder basis {(an + bn,2)z" : n > 0}. Consider the forward
weighted shift S : X — X given by

, J+1

S() ==

, n>0.

Wj+1
Trivially, B,Sf = f, and (By,)"f — 0, as n — oo, for all f € Xj. It suffices to

show that, there exists a strictly increasing sequence {my,} of natural numbers
such that

S (27) =0,
as k — oo, for every monomial z7. Note that

1

wj+1wj+2 wj+n

Zitn,

S™(27) =

Combining the assumption in (i) of our theorem, with the first estimate
in Proposition 4.1, we get an increasing sequence {d} such that S (z") — 0,
as k — oo. Now, Lemma 4.2 of [24] completes the proof of (i).

The proof of (ii) runs verbatim.
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To obtain (iii), note by the previous proposition that if B,, is hypercyclic,
then
d™ev,

|w1w2 “es wn|
p dZn |z:0

su
n n!

I
8

€
Combining this with Proposition 2.4, it follows that

sup |wiwz - wy (Jan | + b1 = oo,
n

where ¢ is the Holder conjugate of p and 1 < p < co. Since any two norms
are equivalent on C2, we obtain that sup,, |wyws - - - wy|(|an| + |by|) = co. This
completes the proof of (ii). (The case of p =1 is similar.)

To see the part (iv), we proceed as in (i) and (ii) for the sufficiency and ne-
cessity, respectively, and along the way, use the second part in Proposition 2.4
and the condition limsup,, |b,/an+1| < 1. Indeed, if K is a bounded set in ¢,
1 < p < o0, such that

(B f: feK,n>1)}

is dense, then

() (o
sup{ wlwg---wnfn'()‘ feK,n> 1} = 00.
Since K is bounded and
" d"ev,
1F0) < | o ==oll = Cllan] +[bn-1),
we get sup,, [wiws - wy|(|an| + |bn-1]) = oo. Using the boundedness of
{bn/an+1}, we see that the condition in (i) is satisfied, and hence, B,, is hy-
percyclic. O

Our next results are about the necessary and sufficient conditions for B,,
to become mixing.

Theorem 4.6. The following hold for the shift B, on Eﬁjb, 1 <p < oo, and
Co,a,b-
(1) 1f

I [wiws - - - Wy Gy | B
im 0,

1/p
n—o0 [ N R L
(1352, [t )

An41Gn 42 Antj
then By, is mizing on £}, ,, 1 < p < oo.

(ii) 1f

lwiws - - - Wy ay,|

lim
n—oo

= 00,
bnbnt1bnyj1

An410n 42 Antj

i

max {1, Sup;>1

then B, is mizing on coqp-
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(iti) If By, is mizing on £y , or co.qpb, then
lim  |wiws - - wy|(Jan| + |bn-1]) = 0.
n—oo

(#ii) Assuming the stronger condition limsup,, |b,/an41| < 1, the operator By,
is mizing if and only if lim,_  |wiws - - - wpa,| = co.

Proof. Proceed exactly as in the proof of the previous theorem by applying
the Gethner-Shapiro criterion with ny = k for £ > 1. O

Along the same lines, we obtain a characterization for B, to be chaotic
using the chaoticity criterion. For an operator T' defined on X, a vector z € X
is called a weakly almost periodic vector if there exists an integer k > 1 such
that T*"(z) converges to x weakly, as n — oo.

Theorem 4.7. Consider the weighted shift B, acting on the space (* . 1 < p <
00

(i)‘ Set

i bnbn+1 e bn+j—1

Ano =1, and A, ;= (—1)’ , (m>0,7>1).
Up10n42 *° ° Andj
If
)
Ao A P
D o R X R, NS
ne1 wiay Wy -+ Wpln

then B, is chaotic on KZ,b'
(ii) If sup,, |wn+1 a;“| < 00 and limsup,, |bn/an+1‘ < 1, then the following
are equivalent.
(i) By is chaotic on €, .
(i) By, has a non-trivial periodic vector.
(iii) B, has a non-trivial almost periodic vector.

(iv) By, has a non-trivial weakly almost periodic vector.
(v) The series

18 convergent.

Proof. The arguments in (i) = (ii) = (iii) = (iv) are trivial.

Suppose that the condition in (v) holds. We apply the chaoticity criterion
to show that B,, is chaotic on 62’,}.
Let Xo be the space of all polynomials. Define S : Xg — X, given by S(z") =
—L_ntl n > 0. Clearly, B,,S = I on X, and the series > o (By)"(f)

Wn+1
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converges unconditionally for each f € Xg. It remains to show that the series
oo o S™(f) converges unconditionally, for each f € Xo. We prove that

o0

E 1 Zn
wl .. .wn

n=1

is unconditionally convergent in Eg} »- Recalling the bases expansion from (3.2),
for a fixed n > 0, we have

n 1 -
Z2" = ;ZAn’jfn+j' (4.8)
n ]:0
Also,
- 1 = 1 1 &
- R A i
) D=y () WYY
n=1 n=1 7=0
M A
=Z<1’1+"'+’°> i
ey \ wian wy - WG

As limsup,, |bn/ant1| < 1, one gets N € N and r < 1 such that |b,/an+1]
< r for all n > N. Hence,

1 1

Moo An
Mot 0 g

wiay wy - WnpAp

= Jwias| |wy - wpan|’

for all n > N. The right hand side of the above inequality is the n-th term of
an (-convolution of the ¢ element

{ : }oo
)
Wi+ WGy ), _q

and hence it is absolutely p-summable. Consequently, the series >
(wy - wy,) 12" is convergent. The unconditional convergence occurs because
{fn} is an unconditional basis. Hence, B,, satisfies the chaoticity criterion, and
(i) follows.

(iv) = (v): Let f(2) = Y0 o Anfn(2) be a non-zero weakly almost pe-
riodic vector for B,, on Eg’b, where f,(2) = a,2" + b,z n > 0, forms a
normalized Schauder basis for éz’b. We can certainly take Ay # 0. Then, for
some m € N, we have B (f) — f weakly, as k — oc. It follows, using the
continuity of co-ordinate functionals, that

WemWem—1 - * W1 (Akm—10km—1 + Mem@km) — AoGo,  as k — oo.
Since

biem—
1 /\k'rn—l : + Ak:m

Akm

|Whern Wem—1 -+ - W1Qkm [P WemWem—1 - W1 (Akm—10km—1 + NemChm)
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P
Now Y po /\km_lb’;’:T’l + Aem| < 00, as {\;} € P and lim sup,, ’bk/akH’ <
1, and also

1 1

N
|wkmwkm71 e wl()\kmflbkmfl + )\k:makm)|p |)\0a0|p?

as k — oo, where A\gag # 0. Thus, we get

[ee}

Z L < 00.

£ [Whm Whin—1 ** * W1 A [P

Again for j = 1,--- ,m — 1, the weak convergence BX"+J(f) — BJ f, where
k — oo implies that
Whmtj Whmj—1 - W1 (Akmaj—10km4j—1 + Mem—4jQhm+j) —
WijwWj—1 -+ wl(/\jaj + /\j—lbj—1)7
as k — oo. Once again for {\;} € (7 and limsupy, |by/ars1| < 1, and also
wy .- wl()\jaj + )\jflbjfl) # 0, we get

(o9}

1

P
=0 |wkm+jwkm+j—1 ce wlakm—&-j‘

< 0.

Consequently, the series in (iii) is convergent. O

We now remark on the existence of hypercyclic subspaces for B,, in fz,b.
Recall that if the set HC(T) of all hypercyclic vectors of an operator T' on
a Banach space X contains a closed infinite dimensional subspace (excluding
the zero vector), then we say that 7" has a hypercyclic subspace. It is well
known that the essential spectrum of an operator 7' on a complex Banach
space completely characterizes the existence of hypercyclic subspaces, thanks
to an important result of Gonzélez, Leén-Saavedra and Montes-Rodriguez [22]:
if T is a bounded operator satisfying the hypercyclicity criterion in a complex
Banach space, then T" has a hypercyclic subspace if and only if

oo(T)ND # 6. (4.9)

For details on the study of hypercyclic subspaces and related topics for various
classes of operators including the weighted backward shifts, we refer to [4], [27],
[28], and [29].

Corollary 4.8. Assume that

Ap+1 bnfl

Sup [t 1
n a

b
| < oo, limsup |by/ant1] <1, and li}ln‘wnﬂai —wy, | =0.
n

n Qn—1

1/n
) <

n

Then, By, has hypercyclic subspaces in fZ,w 1 <p< oo, if and only if

Ak+4n

(’wk+1wk+2 ce wk+n)

sup |wiwsy - - - wpay| =00  and sup | inf
n n>1 \k>1
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Proof. The essential spectrum of B, is an annulus, cf. Theorem 3.5, which
intersects the disc I if and only if the inner radius of the annulus is less or
equal to 1. The result follows at once in view of (4.9) and Theorem 3.5. [

We illustrate our results with a Hilbert function space H. See [1] for a
similar study about the the unweighted forward shift on a tridiagonal space
Ei,b' The space H, defined below, is closely related to the Bergman space A2
(the closure of the space of all complex polynomials in the Lebesgue space L?
of the open unit disc in C) such that the operator B on H is a Hilbert-Schmidt
perturbation of the backward shift on A2. Recall that, if f € A2 has a power

series f(2) =3 .5 f(n)z", then

112 =2 [[ 1r0)Raac) Z‘nH

where dA(z) is the area measure in I; see, for instance, [32]. Moreover, v/n + 12",
n > 0, forms an orthonormal basis in A2.

Let H be the Hilbert space, of all analytic functions on the disc, having
an orthonormal basis consisting of

fu(2) =Vn+ 12"+ 2" n>0.

Then, the evaluation functionals are bounded, and H is densely and continu-
ously included in the Bergman space A2. Indeed, if f € H, then there exists
some {\,} € ¢? such that f(z) = Yo7 ) Anfn(z) for all z € D. Rearranging
the sum as a power series, we get

f(Z) = )\00,0 + i (An—l + >\n\/ n -+ ]-)Zna

n=1

and so, for some constant M > 0 we have

') 2
Ap— An 1
1% = pof2 4 3 ot VT pasyy o
n=1

n+1 >0

since {\,} € 2. As ||fllaz < M||fll, for all f € H, the kernel space H is
continuously included in A2. Also, by the main results in the previous sections,
the shift B is a bounded operator on H, and it is a non-chaotic mixing operator
admitting hypercyclic subspaces, as is the case of B on A%. By Theorem 3.5,
it also follows that B on H is unitarily equivalent to a compact perturbation

of the Bergman backward shift B,, on ¢? with weights w, = 1/"7“, n > 1.

We now have a better understanding of B on H, as follows. Recall that an
operator T on a Hilbert space is a Hilbert-Schmidt operator if || 7% ¢ =
>, 1T (en)||? < oo, for some (and hence for all) orthonormal basis {e,} of H.

Proposition 4.9. Let H be the Hilbert space defined as above. Then the inclu-
sion from H into A% is continuous and has dense range. Moreover, the shift B
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on H is mizing, but not chaotic, and unitarily equivalent to a Hilbert-Schmidt
perturbation of the Bergman backward shift.

Proof. Recalling from the proof of Theorem 3.3, we have that B on H is
(unitarily)

By+D+) F,
n>1
where B,, is the Bergman backward shift, D is the diagonal operator having
the diagonal (Z—‘S, c1,¢2,- -+ ), and F,, is a power of a weighted forward shift. It
is now enough to show that D and each F;, are Hilbert-Schmidt, and Zn21 F,

is convergent in ||.||gs. Since

1 1
- n Z 1;
Vn+1l n
forms a square summable sequence, it follows that D is Hilbert-Schmidt, and
we get the same for each F},. Since

Cp =

1
|Pulls < —

for large n, we immediately get that Zn21 F,, is absolutely convergent with
respect to the Hilbert-Schmidt norm ||.|| g, which completes the proof. O

4.1. Eigenvectors and Dynamics of ¢ (B,,)

For an analytic function ¢(z), defined on a neighbourhood of the spectrum
0(By), let ¢(B,,) denote the operator on ¢, and ¢4, given by the usual
holomorphic functional calculus. In this subséction, we identify the eigenvec-
tors for ¢(B,) and apply the eigenvalue criteria to deduce the dynamics of

@(Bu).
Let

o0
hu(z) =1+ Z w%,u"z”, zeD,
n—1 1 Wp,
where i € C. Then, h,, is an eigenvector of B,,, corresponding to the eigenvalue
i, provided h, € ég’b or €p,q,5- Now we will find the conditions under which
h,, belongs to 6271) Or Co.q,b-

Proposition 4.10. The function h, € (¥ , 1 <p < oo, if and only if

a,b’
[eS)
A1 n—1H An O,un P
§ e | <00,
1 wiaq wy - WnpAp
n=

where { A, ;} is as in Theorem 4.7. Also, hy, € coq if and only if

)\1 n—1H >\n O,U'n
wiay wy - WnpAn

— 0,

as n — Q.
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Proof. By (3.2) we have

Dot =Y [ =D dnfas
n—1 w1 Wn, n—1 w1 Wnp, Qn, =0
oo
Ao A n
:Z<muqm+wu)ﬁ_
wiai Wy« Wplp

n=1

Here, A\, 0 =1, and

Ay = (1) 2ol Ot d g s
Ap410n42 ° * * An4j

The given condition in the proposition now ensures that h, € ¢ . Similarly,
the result for cg 4,5 follows. O

In the following, o,(B,,) denotes the point spectrum of B,,.

Theorem 4.11. Suppose that B, is bounded on 7, and coqp, 1 < p < 0o. If

©(z) is a non-constant function, analytic on a neighborhood of the spectrum of
By, and o(U)N'T # ¢ for some open ball U around 0 and U C o,(B,), then
@(Byw) is mizing and chaotic.

Proof. Note that B, (h,) = ph, and hence
p(Buw)hy = @()hy,

for all u € U. In view of Theorem 1.3, it suffices to show the subspaces Xy,
X, and X5 are dense in 657,] and cg 4, 1 < p < oo, where

Xo = span {hy, :p € U, |p(p)| <1},
X1 = span {hy :p €U, lp(p)| > 1},
and
Xo =span {h, :pe U, p(p)" =1,n € N}.

We prove an auxiliary result that, for a set I' having accumulation points in
o),

span {h, : o(p) € T'}
is dense in €§7b, 1 < p < oo, from which it follows that Xy, X; and X5 are

dense. Note that the set ¢ }(T) := {u € U : ¢(u) € I'} has accumulation
points in U. So, if z* € (¢ ,)*, and

- 1
" (hy) =z <1 T nz_:l wy - ..wnunzn> -
for all 4 € ¢~ 1(T), then
x*(z") =0, Vn > 0.
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As the polynomials are dense in EZ,b, 1 < p < o0, we conclude that * = 0, the
zero functional.

The above auxiliary result along with the eigenvalue criteria yields that
©(By) is mixing and chaotic. O

Ezxample 4.12. Take ag = by = 1, and a, = n? and b,, = 1 for all n > 1. Con-
sider the (unweighted) shift B on and £; ;. Then, B is a bounded operator by
Theorem 3.3. Additionally, it fulfils the requirements of hypercyclicity, mixing,
and chaos in Eivb. Now, for |u| < 1, we have

n

1

n—1 bn,
Ty = [ 1+...+M(_1)n—17

G, an—-1 0An a1 a1a2---0an
n n—1
o w1

n?  (n—1)2n2

o (=)

In view of the above proposition, h, is an eigenvector for B, corresponding
to the eigenvalue p.

Remark 4.13. Godefroy and Shapiro [21] initially studied the dynamics of the
differentiation operator D(f) = f’ acting on the space H(C) of all entire func-
tions. Indeed, they proved that any non-trivial operator T" such that T'D = DT
is chaotic. Note that D on H(C) is a weighted backward shift B,, with respect
to the basis {2" : n > 0}, where w,, = n, n > 1. Motivated by these work, we
can understand the dynamics of D on £ , and ¢ 4,5, which follow directly from
the previous sections by taking w,, = n, n > 1. In particular, the boundedness,
hypercyclicity and chaos of D on ¢* , and ¢q 4 follow from the results in the
sections 3 and 4. For some results on the dynamics of differentiation operators,
we refer to [8,12,13,20].

Remark 4.14. Tt is well known that if an operator T satisfies the chaoticity
criterion, then it is frequently hypercyclic, see [10]. (The notion of frequent
hypercyclicity was introduced by Bayart and Grivaux [3]). Hence, any of the
statements in Theorem 4.7 implies that B,, is frequently hypercyclic on Egb.
It would be interesting to know if it is also necessary for B,, to be frequently
hypercyclic. For weighted backward shifts on /P, 1 < p < oo, it is well known
that the chaos and frequent hypercyclicity are equivalent, cf. [5], but not on
Cp-
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