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Abstract. Let Λ denote the von Mangoldt function, and (n, q) be the
greatest common divisor of positive integers n and q. For any positive real
numbers x and y, we shall consider several asymptotic formulas for sums

of sums involving the von Mangoldt function; Sk(x, y) :=
∑

n≤y

(∑
q≤x

∑
d|(n,q) dΛ

(
q
d

))k

for k = 1, 2.
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1. Introduction

For any integers n ≥ 1, we define

Λ(n) =
{

log p if n = pm someprime p andsome m ≥ 1,
0 otherwise,

which is the von Mangoldt function. Let s = σ + it be the complex variable,
where σ and t are real, and let ζ(s) denote the Riemann zeta-function defined
by

ζ(s) =
∞∑

n=1

1
ns

,
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and ζ ′(s) its first derivative. The Riemann zeta function can be analytically
continued to the whole plane. We define the following sum over the von Man-
goldt function

sq(n) :=
∑

d|(n,q)

dΛ
( q

d

)
, (1.1)

where (n, q) denotes the greatest common divisor of integers n and q. This sum
is a special type of Anderson–Apostol sum defined by

∑
d|(n,q) f(d)g (q/d) with

any arithmetical functions f and g (see [1,2]). We use the Dirichlet series

∞∑

n=1

Λ(n)
ns

= −ζ ′(s)
ζ(s)

(Re s > 1) (1.2)

to deduce the Dirichlet series with the coefficients sq(n), namely

∞∑

q=1

sq(n)
qs

= −σ1−s(n)
ζ ′(s)
ζ(s)

(1.3)

for Re s > 1 with the divisor function σ1−s(n) =
∑

d|n d1−s. For any large
positive real numbers x and y, we let the double sums

Sk(x, y) :=
∑

n≤y

⎛

⎝
∑

q≤x

sq(n)

⎞

⎠

k

(k = 1, 2). (1.4)

The double sum of the type (1.4) was first considered by Chan and Kum-
chev [3], who proved several interesting asymptotic formulas concerning the
Ramanujan sum cq(n), defined by cq(n) =

∑
d|(n,q) dμ (q/d) with μ being the

Möbius function, instead of sq(n). In 2015, Minamide, Tanigawa, and the first
author [7] were inspired by their work, and considered square-free numbers
instead of the Möbius function in the Ramanujan sum, and derived the precise
asymptotic formulas. Robles and Roy [16] studied an analogue of the type (1.4)
concerning the generalized Ramanujan sums, known as the Cohen–Ramanujan
sums. Moreover, the first author considered some sums of the type (1.4) con-
cerning square-full numbers [8], cube-full numbers [10], the Liouville function
[11] and others (see [9,12,13,15]). This study aims to derive several asymptotic
formulas for (1.4) with k = 1 and 2.

1.1. Evaluation of S1(x, y)

Following the same procedure as in [3] (see also [7,8,10,13,15,16]), we obtain
some interesting theorems for the double sum Sk(x, y). First, the case k = 1
implies the following theorem, namely
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Theorem 1.5. Let the notation be as above. Let x and y be large real numbers
such that x log x � y � x2

log x . Then, we have

S1(x, y) = yx(log x − 1) +
ζ ′(2)
4ζ(2)

x2 + O

(

xy
1
3 log x + y log x +

x3

y

)

. (1.6)

Remark 1.7. Substituting y = x
3
2 and y = x log x into (1.6), we obtain

S1(x, x
3
2 ) = x

5
2 (log x − 1) +

ζ ′(2)
4ζ(2)

x2 + O
(
x

3
2 log x

)
,

and

S1(x, x log x) = x2 log x(log x − 1) +
ζ ′(2)
4ζ(2)

x2 + O

(
x2

log x

)

, (1.8)

respectively.

If we could use an alternative method to investigate an asymptotic be-
havior for S1(x, y) under the condition y � x log x, then we may use some
analytic method to study the asymptotic formulas for (1.4) for k = 1. We use
analytic properties between the Riemann zeta-function and the von Mangoldt
function to investigate the asymptotic behavior of sharp approximate formulas
for (1.4), and whose form yields an interesting formula. Before elucidating the
statement, let κ(u) denote the Fourier integral given by

κ(u) :=
1
2π

∫ ∞

−∞

ζ(− 1
4 − it)ζ ′( 9

4 + it)
ζ( 9

4 + it)
eitu

( 1
4 + it)(9

4 + it)
dt (1.9)

with u := log x
y . It follows from (3.15) below that |κ(u)| is given by the in-

equality

|κ(u)| ≤ 8
(2π)

7
4

ζ( 5
4 )ζ( 9

4 )ζ ′( 9
4 )

ζ( 9
2 )

(π

9
+ 1

)
. (1.10)

Here, the integral is a computable constant. We use a contour integral of
the generating Dirichlet series (the method in [9]) and some properties of the
Riemann zeta-function to obtain

Theorem 1.11. Let the notation be as above. Let x and y be large real numbers
such that 1 � y � x7/5

log2 x
. Then, we have

S1(x, y) = yx(log x − 1) +
ζ ′(2)
4ζ(2)

x2 + x2

(
x

y

) 1
4

κ(u)

+ O
(
xy

1
3 log4 x + yx

1
2 log

5
2 x

)
, (1.12)

where κ(u) denotes the Fourier integral given by (1.9).

For y = x, we have an interesting formula, namely
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Remark 1.13. We substitute y = x into (1.12), then we obtain

S1(x, x) = x2 log x +
(

ζ ′(2)
4ζ(2)

+ κ(0) − 1
)

x2 + O
(
x

3
2 log

5
2 x

)
,

where κ(0) is a computable constant.

Remark 1.14. Furthermore, we substitute y = x log x into (1.12) to deduce

S1(x, x log x) =x2 log x(log x − 1) +
ζ ′(2)
4ζ(2)

x2 +
x2

log
1
4 x

κ

(

log
1

log x

)

+ O
(
x

3
2 log

7
2 x

)
.

It follows from (1.8) and the above that

κ

(

log
1

log x

)

= O
(
(log x)− 3

4

)
.

1.2. Evaluation of S2(x, y)

For the case k = 2, two different methods to handle function S2(x, y) exist.
We use an elementary lattice point counting argument to obtain the formula
(1.16) below and use the generating Dirichlet series and the properties of the
Riemann zeta-function to prove (1.18) below, which we state as

Theorem 1.15. Let x and y denote large real numbers such that y � x2

log3 x
.

We have

S2(x, y) =
1

3ζ(2)
yx2 log3 x + O

(
yx2 log2 x + x4

)
. (1.16)

To establish the precise asymptotic formula of S2(x, y), we let γ denote
the Euler–Mascheroni constant, and γ1, γ2 denote the Stieltjes constants de-
fined by (5.5) below. Let c1, . . . , c6 denote the constants given by

c1 =
1

ζ(2)

(

γ − 1 − ζ ′(2)
ζ(2)

)

,

c2 =
1

ζ(2)

(

1 − 2(γ + γ1) + 2(1 − γ)
ζ ′(2)
ζ(2)

+ 2
(

ζ ′(2)
ζ(2)

)2

− ζ ′′(2)
ζ(2)

)

,

c3 =
1

ζ(2)

(

c0 − γ + 2γ1 + 2γ2 + (2γ + 2γ1 − 1)
ζ ′(2)
ζ(2)

+ 2(γ − 1)
(

ζ ′(2)
ζ(2)

)2
)

+
1

ζ(2)

(

(1 − γ)
ζ ′′(2)
ζ(2)

− ζ ′′′(2)
3ζ(2)

+ 2
ζ ′(2)
ζ(2)

ζ ′′(2)
ζ(2)

− 2
(

ζ ′(2)
ζ(2)

)3
)

,

c4 =
1

ζ(2)

(
1
2

+ γ

)

, c5 =
2

ζ(2)
(
γ2 + γ − γ1 + 1

)
,
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and

c6 =
2

ζ(2)
(
γ3 + γ2 + 2γ − γ1 − 3γγ1 + 3γ2 + 1

)
,

where c0 is given by

c0 :=
1

2πi

∫ 5
4+i∞

5
4−i∞

ζ ′(s)ζ ′(2 − s)
s(2 − s)

ds

which is a computable constant. In the last section, the value of c0 is evaluated
by

c0 ≤ 0.425 · · ·
∣
∣
∣
∣ζ

′
(

5
4

)∣
∣
∣
∣

∫ ∞

0

∣
∣ζ ′ ( 3

4 (1 + iy)
)∣
∣

1 + y2
dy.

The integral on the right-hand side of the above is a computable constant. We
obtain

Theorem 1.17. Let the notation be as above. Let x and y be large real numbers
such that x log16 x � y � x2

log16 x
. Then, we have

S2(x, y) =
1

3ζ(2)
yx2 log3 x + c1yx2 log2 x + c2yx2 log x + (c3 − c6)yx2

+
1

6ζ(2)
yx2 log3 x2

y
− c4yx2 log2 x2

y
+ c5yx2 log

x2

y
+ E(x, y),

(1.18)

where the error term E(x, y) is estimated by

E(x, y) = O

(

x5/3yL8 + x2yL10

((
x

y

)1/2

+
( y

x2

)1/2
))

(1.19)

with L = log(xy).

1.3. Open Problems

Here we list two open problems concerning some functions discussed above.
1. Investigate asymptotic formulas of the type (1.4) for a fixed integers

k ≥ 3.
2. Investigate asymptotic formulas of

∑

n≤y

⎛

⎝
∑

q≤x

∑

d|(n,q)

d · f
( q

d

)
⎞

⎠

k

for any arithmetic functions f with a fixed integers k ≥ 1. For example,
we may consider the divisor function τ(:= 1∗1), the sum-of-sum divisors
function σ(:= 1 ∗ id), and the Euler totient function φ(:= id ∗ μ) in place
of f , respectively.
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2. Proof of Theorem 1.5

2.1. Exponent Pair

To prove Theorem 1.5, we need the following Lemma. Let ψ(x) = x − [x] − 1
2

denote the first periodic Bernoulli function. Then, we have

Lemma 2.1. Let (κ, λ) be an exponent pair. If I is a subinterval in (N, 2N ],
we have

∑

n∈I

ψ
( y

n

)
� y

κ
κ+1 N

λ−κ
κ+1 + N2y−1.

In particular, if we take the exponent pair (κ, λ) =
(

1
2 , 1

2

)
, we obtain

∑

n∈I

ψ
( y

n

)
� y

1
3 + N2y−1. (2.2)

Proof. This lemma is given by Lemma 2.1 in [3] (see also [4]). �

2.2. Proof of (1.6).

Using (1.1) and (1.4) with k = 1, we have

S1(x, y) =
∑

n≤y

∑

q≤x

sq(n) =
∑

n≤y

∑

dk≤x
d|n

dΛ(k).

Changing the order of summation, we find that

S1(x, y) = y
∑

dk≤x

Λ(k) − 1
2

∑

dk≤x

dΛ(k) −
∑

dk≤x

dΛ(k)ψ
(y

d

)

=: S1,1(x, y) − S1,2(x, y) − S1,3(x, y), (2.3)

Consider S1,1(x, y). We use the identity
∑

d|n Λ(d) = log n and the summation
formula

∑
n≤x log n = x log x − x + O (log x) to obtain

S1,1(x, y) = y
∑

n≤x

∑

k|n
Λ(k) = y

∑

n≤x

log n

= yx log x − yx + O (y log x) . (2.4)

We use (1.2) and the summation formula
∑

n≤x
Λ(n)

n = log x+O(1) to deduce

S1,2(x, y) =
1
2

∑

k≤x

Λ(k)
∑

d≤ x
k

d

=
x2

4

∑

k≤x

Λ(k)
k2

+ O

⎛

⎝x
∑

k≤x

Λ(k)
k

⎞

⎠

= − ζ ′(2)
4ζ(2)

x2 + O (x log x) . (2.5)
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Let Nj = Nj,k =
(

x
k

)
2−j . We use the theory of exponent pairs to obtain

S1,3(x, y) =
∑

k≤x

Λ(k)
∑

d≤ x
k

dψ
(y

d

)

�
∑

k≤x

Λ(k)
∞∑

j=0

Nj sup
I

∣
∣
∣
∣
∣

∑

d∈I

ψ
(y

d

)
∣
∣
∣
∣
∣
,

where sup is over all subintervals I in (Nj , 2Nj ]. From (2.2) in Lemma 2.1, we
have

S1,3(x, y) �
∑

k≤x

Λ(k)
∞∑

j=0

{
Njy

1/3 + N3
j y−1

}

�
∑

k≤x

Λ(k)
{(x

k

)
y1/3 +

(x

k

)3

y−1

}

�
∑

k≤x

Λ(k)
k

· xy1/3 +
∑

k≤x

Λ(k)
k3

· x3y−1

� xy1/3 log x + x3y−1. (2.6)

Substituting (2.4), (2.5), and (2.6) into (2.3), we obtain the assertion of The-
orem 1.5. �

3. Proof of Theorem 1.11

3.1. Lemmas

To prove theorem 1.11, we utilize the following Lemmas.

Lemma 3.1. Suppose that the Dirichlet series α(s) :=
∑∞

n=1
an

ns absolutely con-
verges for Re s > σa. If σ0 > max(0, σa) and x > 0, T > 0, then

∑

n≤x

′
an =

1
2πi

∫ σ0+iT

σ0−iT

α(s)
xs

s
ds + R,

where

R �
∑

x
2 <n<2x

n�=x

|an|min
(

1,
x

T |x − n|
)

+
(4x)σ0

T

∞∑

n=1

|an|
nσ0

.

and
∑ ′

indicates that the last term is to be halved if x is an integer.

Proof. This is the famous Perron’s formula (see Theorem 5.2 and Corollary
5.3 in [14]). �



  247 Page 8 of 28 I. Kiuchi and W. Takeda Results Math

Lemma 3.2. For t ≥ t0 > 0 uniformly in σ, we have

ζ(σ + it) �

⎧
⎪⎪⎨

⎪⎪⎩

t
1
6 (3−4σ) log t

(
0 ≤ σ ≤ 1

2

)
,

t
1
3 (1−σ) log t

(
1
2 ≤ σ ≤ 1

)
,

log t (1 ≤ σ < 2) ,
1 (σ ≥ 2) ,

(3.3)

and

ζ ′(σ + it) �

⎧
⎪⎪⎨

⎪⎪⎩

t
1
6 (3−4σ) log2 t

(
0 ≤ σ ≤ 1

2

)
,

t
1
3 (1−σ) log2 t

(
1
2 ≤ σ ≤ 1

)
,

log2 t (1 ≤ σ < 2) ,
1 (σ ≥ 2) .

(3.4)

Furthermore, we have

1
ζ(σ + it)

�
{

log t (1 ≤ σ < 2) ,
1 (σ ≥ 2) .

(3.5)

Proof. The formula (3.3) follows from Theorem II.3.8 in Tenenbaum [17], and
Ivić [6]. The formula (3.4) follows from Lemmas 2.3 and 2.4 in Tóth and Zhai
[19]. The estimate (3.5) follows from Titchmarsh [18]. �

Lemma 3.6. Let Re z ≤ 0, and let σz,b(n) denote the generalization of the
divisor function defined by σz,b(n) =

∑
db|n dbz. Then, we have

∑

n≤x

′
σz,b(n) = Dz,b(x) + Δz,b(x),

where
∑ ′

indicates that the last term is to be halved if x is an integer, and

Δz,b(x) = O
(
x

1
3 log2 x

)

uniformly for b ≥ 1 and Dz,b(x) is given by the following:

(i) If b = 1, 2 and − 2
3b2 < Re z ≤ 0, then

Dz,b(x) = ζ(b(1 − z))x +
1

1 + bz
ζ

(

z +
1
b

)

xz+ 1
b . (3.7)

(ii) If b ≥ 3 and −1 < Re z ≤ 0, then

Dz,b(x) = ζ(b(1 − z))x.

Proof. The proof of this result is found in Theorem 1.4 in [16]. �
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3.2. Proof of (1.12).

We assume that 1 ≤ y ≤ xM for some constant M . Without loss of generality,
we can assume that x, y ∈ Z + 1

2 . Suppose that α ≥ 1 + 1
log x and T is a real

parameter at our disposal. We apply Lemma 3.1 with (1.3) to deduce
∑

q≤x

sq(n) = − 1
2πi

∫ α+iT

α−iT

σ1−s(n)
ζ ′(s)
ζ(s)

xs

s
ds + E1(x;n), (3.8)

where E1(x;n) is the error term given by

E1(x;n) � σ0(n)
∑

x
2 <q<2x

q �=x

Λ(q)min
(

1,
x

T |x − q|
)

+ σ0(n)
(4x)α

T

∞∑

q=1

Λ(q)
qα

� σ0(n) log x

⎛

⎝1 +
x

T

∑

1≤k≤x

1
k

⎞

⎠ � σ0(n)
(
1 +

x

T
log x

)
log x.

We substitute b = 1 and z = 1 − s into Lemma 3.6 and use the well-known
estimate

∑
n≤y σ0(n) � y log y to deduce

S1(x, y) = − 1
2πi

∫ α+iT

α−iT

∑

n≤y

σ1−s(n)
ζ ′(s)
ζ(s)

xs

s
ds

+ O

⎛

⎝
(

x log2 x

T
+ log x

)∑

n≤y

σ0(n)

⎞

⎠

= K1 + K2 + O
(
xy

1
3 log2 y log2 T

)
+ O

(
xy log3 x

T

)

+ O
(
y log2 x

)
,

(3.9)

where

K1 := − y

2πi

∫ α+iT

α−iT

ζ ′(s)
xs

s
ds,

and

K2 :=
y2

2πi

∫ α+iT

α−iT

ζ(2 − s)ζ ′(s)
ζ(s)

(
x
y

)s

(s − 2)s
ds.

3.3. Calculation of K1

Moving the line of integration to Re s = c (:= 1
2 ), we consider the following

rectangular contour formed by the line segments joining the points α − iT ,
α + iT , c + iT , c − iT , and α − iT in the counter-clockwise sense.
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O �(s)

	(s)

iT

−iT

c α

We observe that s = 1 is a double pole of the integrand. Note that the
Laurent expansion of the first derivative of the Riemann zeta-function at its
pole s = 1 is given by

ζ ′(s) = − 1
(s − 1)2

+ O (1) .

Thus, we obtain the main term from the sum of the residue coming from the
pole s = 1. Hence, using the Cauchy residue theorem, we have

K1 = − y

2πi

{∫ α+iT

c+iT

+
∫ c+iT

c−iT

+
∫ c−iT

α−iT

}

ζ ′(s)
xs

s
ds + xy(log x − 1). (3.10)

The second term (the left vertical line segment) on the right-hand side of (3.10)
contributes the quantity

y

2π

∫ T

−T

ζ ′
(

1
2

+ it

)
x

1
2+it

1
2 + it

dt

� yx
1
2 + yx

1
2

(∫ T

2π

∣
∣ζ ′ ( 1

2 + it
)∣
∣2

1 + |t| dt

) 1
2

log
1
2 T � yx

1
2 log

5
2 T (3.11)

using
∫ T

2π

∣
∣ζ ′ ( 1

2 + iv
)∣
∣2 dv

v � log4 T (see (172) in Hall [5]) and Cauchy–Schw-
arz’s inequality. We can estimate the contributions coming from the upper
horizontal line (the lower horizontal line is similar), noting that T = x12. We
define function F (t) as

F (t) :=
1
2π

∫ 1+ 1
log x

1
2

ζ ′(σ + it)
xσ+it

σ + it
dσ.
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Then, we set

Q :=
∫ T

T
2

∣
∣
∣
∣
∣

∫ 1+ 1
log x

1
2

ζ ′(σ + it)
xσ+it

σ + it
dσ

∣
∣
∣
∣
∣
dt.

Using Lemma 3.2, we obtain

Q �
∫ 1+ 1

log x

1
2

∫ T

T
2

|ζ ′(σ + it)|x
σ

t
dtdσ

� T
1
3 log2 T

∫ 1+ 1
log x

1
2

(
x

T
1
3

)σ

dσ �
(
x

1
2 T

1
6 + x

)
log2 T.

Then, T ∗ ∈ [T
2 , T ] exists such that |F (T ∗)| is minimum and

|F (T ∗)| � 1
T

·
(
x

1
2 T

1
6 + x

)
log2 T � x−8

by setting T = x12. Hence, using horizontal lines of height ±T ∗ to move the
line of integration in (3.10), we find that the total contribution of the horizontal
lines, in absolute value, is � yx−8. Collecting the error estimates (3.11) and
the above, we obtain the total contribution of all error terms, that is,

yx
1
2 log

5
2 x + yx−8 � yx

1
2 log

5
2 x.

Hence, we have

K1 = xy(log x − 1) + O
(
yx

1
2 log

5
2 x

)
. (3.12)

3.4. Calculation of K2

We consider the rectangular contour formed by the line segments joining the
points α− iT , α+ iT , 9

4 + iT , 9
4 − iT , and α− iT in the clockwise sense, and we

observe that s = 2 is a simple pole of the integrand. We denote the integrals
over the horizontal line segments by K2,1 and K2,3, and the integral over the
vertical line segment by K2,2, respectively. A simple pole exists at s = 2 of the

integral K2 with the residue − ζ′(2)
4ζ(2)

(
x
y

)2

using ζ(0) = − 1
2 . For K2.2, we use

the functional equation of the Riemann zeta-function

ζ(s) = χ(s)ζ(1 − s) with χ(s) 

( |t|

2π

) 1
2−σ

for |t| ≥ T0

(3.13)

and Lemma 3.2 to deduce

K2,2 =
y2

2πi

∫ 9
4+i∞

9
4−i∞

ζ(2 − s)ζ ′(s)
ζ(s)

(
x
y

)s

(s − 2)s
ds

+ O

(

x2

(
x

y

) 1
4
∫ ∞

T

|ζ (− 1
4 − it

) |
(1 + |t|)2 dt

)
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= x2

(
x

y

) 1
4

κ(u) + O

(

x2

(
x

y

) 1
4 log T

T
1
4

)

, (3.14)

where the Fourier integral κ(u) is given by

κ(u) :=
1
2π

∫ ∞

−∞

ζ(− 1
4 − it)ζ ′( 9

4 + it)
ζ( 9

4 + it)
eitu

( 1
4 + it)(9

4 + it)
dt

with u := log x
y . Because the absolute value of κ(u) is

|κ(u)| ≤ 1
2π

∫ ∞

−∞

∣
∣
∣
∣
ζ( 5

4 + it)ζ ′( 9
4 + it)

ζ( 9
4 + it)

∣
∣
∣
∣

∣
∣
∣
∣

χ(− 1
4 − it)

( 1
4 + it)(9

4 + it)

∣
∣
∣
∣ dt

≤ 2
(2π)

7
4

ζ( 5
4 )ζ( 9

4 )ζ ′( 9
4 )

ζ( 9
2 )

∫ ∞

0

t
3
4

t2 +
(

3
4

)2 dt

≤ 2
(2π)

7
4

ζ( 5
4 )ζ( 9

4 )ζ ′( 9
4 )

ζ( 9
2 )

(∫ 1

0

1

t2 +
(

3
4

)2 dt +
∫ ∞

1

t−
5
4 dt

)

≤ 8
(2π)

7
4

ζ( 5
4 )ζ( 9

4 )ζ ′( 9
4 )

ζ( 9
2 )

(π

9
+ 1

)
(3.15)

using (3.13), the inequalities
√(

t2 +
(

1
4

)2
)√(

t2 +
(

9
4

)2
)

≥ t2+
(

3
4

)2 for t ≥ 0,

| 1
ζ(s) | ≤ ζ(σ)

ζ(2σ) for σ > 1, and |χ(− 1
4 − it)| 


(
|t|
2π

) 3
4

. Hence |κ(u)| is a bound.
We define the function G(t) as

G(t) :=
1
2π

∫ 9
4

α

ζ(2 − σ − it)ζ ′(σ + it)
ζ(σ + it)

(
x
y

)σ+it

(σ − 2 + it)(σ + it)
dσ.

Then, we set

R :=
∫ T

T
2

∣
∣
∣
∣
∣
∣
∣

∫ 9
4

α

ζ(2 − σ − it)ζ ′(σ + it)
ζ(σ + it)

(
x
y

)σ+it

(σ − 2 + it)(σ + it)
dσ

∣
∣
∣
∣
∣
∣
∣
dt.

We use Lemma 3.2 and (3.13) to obtain

R � log3 T

∫ 3
2

α

(
x

y

)σ ∫ T

T
2

|ζ(2 − σ − it)|
t2

dtdσ

+ log3 T

∫ 9
4

3
2

(
x

y

)σ ∫ T

T
2

|χ(2 − σ − it)ζ(σ − 1 + it)|
t2

dtdσ

� log3 T

T 1+ 1
3

∫ 3
2

α

(
xT

1
3

y

)σ

dσ +
log3 T

T 2− 1
6

∫ 9
4

3
2

(
xT

2
3

y

)σ

dσ
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� log3 T

T
· x

y

(

1 + T
1
6

(
x

y

) 1
2

+ T
2
3

(
x

y

) 5
4
)

.

Hence, T ∗ ∈ [T
2 , T ] exists such that |G(T ∗)| is minimum and

|G(T ∗)| � 1
T

· log3 T

T
· x

y

(

1 + T
1
6

(
x

y

) 1
2

+ T
2
3

(
x

y

) 5
4
)

� 1
y2

(
x

y

) 1
4 log3 x

x15
� x−10

by setting T = x12. For a similar manner as in K1, we have the weak estimates,
that is, K2,1, K2,3 � x−10. Collecting the error estimates (3.14) and the above,
we obtain the total contribution of all error terms, that is, � x− 3

4 . Therefore,
we obtain

K2 =
ζ ′(2)
4ζ(2)

x2 + x2

(
x

y

) 1
4

κ(u) + O
(
x− 3

4

)
(3.16)

with T = x12.

3.5. Conclusion

Inserting (3.12) and (3.16) into (3.9), we obtain the formula (1.12), which
proves Theorem 1.11.

4. Proof of Theorem 1.15

From (1.1) and the identity (m,n)[m,n] = mn for any integers m and n, we
have

S2(x, y) =
∑

n≤y

⎛

⎜
⎜
⎝

∑

dk≤x
d|n

dΛ(k)

⎞

⎟
⎟
⎠

2

=
∑

d1k1≤x

d1Λ(k1)
∑

d2k2≤x

d2Λ(k2)
∑

n≤y
d1|n, d2|n

1

=
∑

d1k1≤x

∑

d2k2≤x

d1d2Λ(k1)Λ(k2)
[

y

[d1, d2]

]

= y
∑

d1k1≤x

∑

d2k2≤x

(d1, d2)Λ(k1)Λ(k2) + O (E) ,

where

E :=
∑

d1k1≤x

∑

d2k2≤x

d1d2 log k1 log k2

� x2
∑

k1≤x

log k1

k2
1

· x2
∑

k2≤x

log k2

k2
2

� x4.
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We use
∑

d|n φ(d) = n,
∑

d|n Λ(d) = log n, and
∑

d≤x log d = (log x − 1)x +
O(log x) to obtain

∑

d1k1≤x

∑

d2k2≤x

(d1, d2)Λ(k1)Λ(k2) =
∑

d≤x

φ(d)
∑

l1k1≤x/d

∑

l2k2≤x/d

Λ(k1)Λ(k2)

=
∑

d≤x

φ(d)

⎛

⎝
∑

mk≤x/d

Λ(k)

⎞

⎠

2

=
∑

d≤x

φ(d)

⎛

⎝
∑

n≤x/d

∑

k|n
Λ(k)

⎞

⎠

2

= x2(log x − 1)2
∑

d≤x

φ(d)
d2

− 2x2(log x − 1)
∑

d≤x

φ(d)
d2

log d

+ x2
∑

d≤x

φ(d)
d2

log2 d + O

⎛

⎝x log2 x
∑

d≤x

φ(d)
d

+ log2 x
∑

d≤x

φ(d)

⎞

⎠ .

Using well-known formulas
∑

n≤x
φ(n)
n2 = 1

ζ(2) log x + O(1),
∑

n≤x
φ(n)
n2 log n =

1
2ζ(2) log2 x + O(1), and

∑
n≤x

φ(n)
n2 log2 n = 1

3ζ(2) log3 x + O(1) we have

∑

d1k1≤x

∑

d2k2≤x

(d1, d2)Λ(k1)Λ(k2) =
1

3ζ(2)
x2 log3 x + O

(
x2 log2 x

)
.

Hence, we have

S2(x, y) =
1

3ζ(2)
yx2 log3 x + O

(
x4 + yx2 log2 x

)
,

which completes the proof of Theorem 1.15. �

5. Proof of Theorem 1.17

5.1. Lemmas

We need the following Lemmas to prove Theorem 1.17, namely

Lemma 5.1. Let G(s1, s2; y) be a sum function defined by

G(s1, s2; y) =
∑

n≤y

σ1−s1(n)σ1−s2(n) (5.2)

and L = log y. Then, we have

G(s1, s2; y) =
4∑

j=1

Rj(s1, s2; y) + O

(

yL6

(

y− 1
2 +

1
T

))

(5.3)

for Re sj ≥ 1/2 and |Im sj | ≤ T (j = 1, 2), where

R1(s1, s2; y) = y
ζ(s1)ζ(s2)ζ(s1 + s2 − 1)

ζ(s1 + s2)
,
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R2(s1, s2; y) = y2−s1
ζ(2 − s1)ζ(1 − s1 + s2)ζ(s2)

(2 − s1)ζ(2 − s1 + s2)
,

R3(s1, s2; y) = y2−s2
ζ(2 − s2)ζ(1 + s1 − s2)ζ(s1)

(2 − s2)ζ(2 + s1 − s2)
,

R4(s1, s2; y) = y3−s1−s2
ζ(3 − s1 − s2)ζ(2 − s2)ζ(2 − s1)

(3 − s1 − s2)ζ(4 − s1 − s2)
.

Proof. The proof of this lemma follows from (4.12) in [3]. �
To calculate S2,1(x, y) (See (5.15) with j = 1 below), we use the Laurent

expansions of the Riemann zeta-function at s = 1, namely

ζ(s) =
1

s − 1
+ γ + γ1(s − 1) + γ2(s − 1)2 + γ3(s − 1)3 + · · · , (5.4)

where γ is the Euler–Mascheroni constant, and

γk :=
(−1)k

k!
lim

N→∞

(
N∑

m=1

logk m

m
− logk+1 N

k + 1

)

(k = 1, 2, . . .) (5.5)

are known as Stieltjes constants. Then, we have

ζ ′(s) = − 1
(s − 1)2

+ γ1 + 2γ2(s − 1) + 3γ3(s − 1)2 + · · · , (5.6)

ζ ′(s)
ζ(s)

= − 1
s − 1

+ γ + (2γ1 − γ2)(s − 1) + (γ3 − 3γγ1 + 3γ2)(s − 1)2 + · · ·
(5.7)

as s → 1. We need the following residues, namely

Lemma 5.8. Let the notation be as above. We have

Res
s=1

ζ(s)ζ ′(s)
ζ(s + 1)

(

log
x

e
− ζ ′(s + 1)

ζ(s + 1)

)
xs

s

= − 1
2ζ(2)

x log3 x − 1
ζ(2)

(

γ − 3
2

− 3
2

ζ ′(2)
ζ(2)

)

x log2 x

− 1
ζ(2)

(

2(1 − γ) + (3 − 2γ)
ζ ′(2)
ζ(2)

+ 3
(

ζ ′(2)
ζ(2)

)2

− 3
2

ζ ′′(2)
ζ(2)

)

x log x

− 1
ζ(2)

(

γ − 1 + 2(γ − 1)
ζ ′(2)
ζ(2)

+ (2γ − 3)
(

ζ ′(2)
ζ(2)

)2

− 3
(

ζ ′(2)
ζ(2)

)3
)

x

− 1
ζ(2)

((
3
2

− γ

)
ζ ′′(2)
ζ(2)

− 1
2

ζ ′′′(2)
ζ(2)

+ 3
ζ ′(2)
ζ(2)

ζ ′′(2)
ζ (2)

)

x, (5.9)

Res
s=1

(ζ ′(s))2

ζ(s + 1)
xs

s
=

1
6ζ (2)

x log3 x − 1
2ζ (2)

(

1 +
ζ ′(2)
ζ(2)

)

x log2 x

+
1

ζ (2)

((
ζ ′(2)
ζ(2)

)2

+
ζ ′(2)
ζ(2)

− ζ ′′(2)
2ζ(2)

+ 1 − 2γ1

)

x log x
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− 1
ζ(2)

((
ζ ′(2)
ζ(2)

)3

+
(

ζ ′(2)
ζ(2)

)2

+ (1 − 2γ1)
ζ ′(2)
ζ(2)

− ζ ′(2)
ζ(2)

ζ ′′(2)
ζ (2)

)

x

+
1

ζ(2)

(
ζ ′′(2)
2ζ(2)

− ζ ′′′(2)
6ζ(2)

+ 2(γ1 − 2γ2) − 1
)

x, (5.10)

and

Res
s=1

ζ(2 − s)ζ ′(s)
ζ ′(s)
ζ(s)

us

(2 − s)s2

= −1
6
u log3 u +

(
1
2

+ γ

)

u log2 u − 2
(
γ2 + γ − γ1 + 1

)
u log u

+ 2
(
γ3 + γ2 + 2γ − γ1 − 3γγ1 + 3γ2 + 1

)
u (5.11)

with u = x2/y.

Proof. Suppose that g(s) is regular in the neighborhood at s = 1, and f(s)
has only a triple pole at s = 1, then the Laurent expansion of f(s) implies

f(s) :=
a

(s − 1)3
+

b

(s − 1)2
+

c

s − 1
+ h(s),

where h(s) is regular in the neighborhood of its pole, and a, b, c are computable
constants. We use the residue calculation to deduce

Res
s=1

f(s)g(s) =
a

2
g′′(1) + bg′(1) + cg(1).

To prove (5.9), we use (5.4) and (5.6) to obtain

ζ(s)ζ ′(s) =
−1

(s − 1)3
+

−γ

(s − 1)2
+ γ2 + γγ1 + O (|s − 1|)

as s → 1. We set g(s) := 1
ζ(s+1)

(
log x

e − ζ′(s+1)
ζ(s+1)

)
xs

s , then

g′(1) =
1

ζ(2)
x log2 x − 2

ζ(2)

(

1 +
ζ ′(2)
ζ(2)

)

x log x

+
1

ζ(2)

(

1 + 2
ζ ′(2)
ζ(2)

+ 2
(

ζ ′(2)
ζ(2)

)2

− ζ ′′(2)
ζ(2)

)

x,

and

g′′(1) =
1

ζ(2)
x log3 x − 3

ζ(2)

(

1 +
ζ ′(2)
ζ(2)

)

x log x

+
2

ζ(2)

(

2 +
ζ ′(2)
ζ(2)

+ 3
(

ζ ′(2)
ζ(2)

)2

− 3
2

ζ ′′(2)
ζ(2)

)

x log x

− 1
ζ(2)

(

2 + 4
ζ ′(2)
ζ(2)

+ 6
(

ζ ′(2)
ζ(2)

)2
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+6
(

ζ ′(2)
ζ(2)

)3

− 6
ζ ′(2)
ζ(2)

ζ ′′(2)
ζ(2)

− 3
ζ ′′(2)
ζ(2)

+
ζ ′′′(2)
ζ(2)

)

x.

Hence, we have

Res
s=1

ζ(s)ζ ′(s)
ζ(s + 1)

(

log
x

e
− ζ ′(s + 1)

ζ(s + 1)

)
xs

s
= −1

2
g′′(1) − γg′(1).

We use the same method as above to prove (5.10) and (5.11). �

5.2. Expressions of S2,j(x, y) for j = 1, 2, 3, 4
We assume that 1 ≤ y ≤ xM for some constant M . Without loss of generality,
we can assume that x, y ∈ Z + 1

2 . Suppose that T is a real parameter at
our disposal. Let α1 = 1 + 2

log x and α2 = 1 + 3
log x . Applying (3.8) with

α = αj (j = 1, 2) we have
⎛

⎝
∑

q≤x

sq(n)

⎞

⎠

2

=
1

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

F (s1, s2;n)ds2ds1 + E2(x;n),

(5.12)

where

F (s1, s2;n) := σ1−s1(n)σ1−s2(n)
ζ ′(s1)ζ ′(s2)
ζ(s1)ζ(s2)

xs1+s2

s1s2

and

E2(x;n) := E1(x;n)

(
1

2πi

∫ α1+iT

α1−iT

σ1−s1(n)
ζ ′(s1)
ζ(s1)

xs1

s1
ds1

+
1

2πi

∫ α2+iT

α2−iT

σ1−s2(n)
ζ ′(s2)
ζ(s2)

xs2

s2
ds2 + E1(x;n)

)

� x2

T
σ0(n)2 log4 T.

Summing (5.12) over n and using the inequality
∑

n≤y σ0(n)2 � y log3 y, we
obtain

S2(x, y) =
1

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

G(s1, s2; y)
ζ ′(s1)ζ ′(s2)
ζ(s1)ζ(s2)

xs1+s2

s1s2
ds2ds1

+ O

(
x2yL7

T

)

, (5.13)

where G(s1, s2; y) :=
∑

n≤y σ1−s1(n)σ1−s2(n) and L = log(Txy).
Now, we shall evaluate the integral of (5.13). Substituting (5.3) into

(5.13), we obtain

S2(x, y) =
4∑

j=1

S2,j(x, y) + O

(

x2yL10

(
1
T

+ y−1/2

))

, (5.14)
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Figure 1. Γ(α, β, T )

where

S2,j(x, y) =
1

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

Rj(s1, s2; y)
ζ ′(s1)ζ ′(s2)
ζ(s1)ζ(s2)

xs1+s2

s1s2
ds2ds1.

(5.15)

Note that we substitute T = x with a small positive constant c into the error
term on the right-hand side of (5.14) to obtain

� xyL10

(

1 +
x

y1/2

)

. (5.16)

5.3. Evaluation of S2,1(x, y).

Let α1 = 1 + 2
log x and α2 = 1 + 3

log x . From the definition of R1(s1, s2, y), we
obtain

S2,1(x, y) =
y

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

ζ ′(s1)ζ ′(s2)ζ(s1 + s2 − 1)
ζ(s1 + s2)

xs1+s2

s1s2
ds2ds1.

(5.17)

Let Γ(α, β, T ) denote the following contour comprising the line segments
[α − iT, β − iT ], [β − iT, β + iT ], and [β + iT, α + iT ] (Fig. 1).

In (5.17), we move the integration with respect to s2 to Γ(α2,
1
2 + 1

log x , T ).
We denote the integrals over the horizontal line segments by J1,1 and J1,3, and
the integral over the vertical line segment by J1,2, respectively. Then, using
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the weak estimate
∫ T

1
|ζ ′(α1 + it)|dt � T log T and Lemma 3.2, we have

J1,1, J1,3 � xyL

T

∫ T

−T

|ζ ′(α1 + it1)|
1 + |t1|

∫ α2

1
2+ 1

log x

|ζ ′(σ2 + iT )ζ(α1 + σ2 − 1

+i(t1 + T ))|xσ2dσ2dt1

� xyL4

T

∫ T

−T

|ζ ′(α1 + it1)|
1 + |t1|

∫ α2

1
2+ 1

log x

T
2
3 (1−σ2)xσ2dσ2dt1

� x2yL6

T 2/3

(
x−1/2 + T−1/3

)
.

For the integral along the vertical line, we have

J1,2 � yx3/2L

×
∫ T

−T

∫ T

−T

|ζ′(α1 + it1)ζ
′
(

1
2

+ 1
log x

+ it2
)

ζ(α1 + 1
log x

− 1
2

+ i(t1 + t2))|
(1 + |t1|)(1 + |t2|) dt1dt2

� yx3/2L3

∫ 2T

−2T

∣
∣
∣
∣ζ

(
1

2
+

1

log x
+ iu

)∣
∣
∣
∣

∫ T

−T

|ζ′( 1
2

+ 1
log x

+ it)|
(1 + |t|)(1 + |t − u|)dtdu.

Now, we use Lemma 3.2 to obtain the estimate

∫ T

−T

|ζ′( 1
2
+ 1

log x
++it)|

(1 + |t|)(1 + |t − u|) dt � T 1/6L2

(∫

|t−u|> 1
2 |u|

+

∫

|t−u|≤ 1
2 |u|

)
1

(1 + |t|)(1 + |t − u|)dt

� T 1/6L3

1 + |u| ,

and use the Cauchy–Schwarz inequality and the above to deduce

J1,2 � yx3/2T 1/6L6

∫ 2T

−2T

∣
∣
∣ζ
(

1
2 + 1

log x + iu
)∣
∣
∣

1 + |u| du

� yx3/2T 1/6L8. (5.18)

It remains to evaluate the residues of the poles of the integrand when
we move the line of integration to Γ(α2,

1
2 + 1

log x , T ). A simple pole exists at
s2 = 2 − s1 with residue

ζ ′(s1)ζ ′(2 − s1)
ζ(2)s1(2 − s1)

x2 =: H1(s1)x2,

and a double pole at s2 = 1 with residue

− (ζ ′(s1))2

ζ(s1 + 1)s1
xs1+1 − ζ(s1)ζ ′(s1)

ζ(s1 + 1)s1

(

log
x

e
− ζ ′(s1 + 1)

ζ(s1 + 1)

)

xs1+1

=: H2(s1)xs1+1 + H3(s1)xs1+1.
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The contributions to S2,1(x, y) from these residues are

x2y

2πi

∫ α1+iT

α1−iT

H1(s1)ds1+
xy

2πi

∫ α1+iT

α1−iT

H2(s1)xs1ds1+
xy

2πi

∫ α1+iT

α1−iT

H3(s1)xs1ds1

=: I1 + I2 + I3, say.

For I1, moving the line of integration to Γ(5
4 , α1, T ), we have

I1 =
x2y

2πi

∫ 5/4+i∞

5/4−i∞
H1(s1)ds1 + O

(

x2y

∫ ∞

T

∣
∣
∣
∣H1

(
5
4

± it1

)∣
∣
∣
∣ dt1

)

=
c0

ζ(2)
x2y + O

(
x2yL4

T 11/12

)

,

where the computable constant c0 is given by

c0 :=
1

2πi

∫ 5
4+i∞

5
4−i∞

ζ ′(s1)ζ ′(2 − s1)
s1(2 − s1)

ds1. (5.19)

For I2, we move the line of integration to Γ(α1,
1
2 + 1

log x , T ). Using Lemma
3.2, the integrals over the horizontal lines are

� xyL5

T

∫ α1

1
2+ 1

log x

T
2
3 (1−σ1)xσ1dσ1 � x3/2yL5

T

(
x1/2 + T 1/3

)

and that over the vertical line is

� xyL

∫ T

−T

|ζ ′( 1
2 + it1)|2
1 + |t1| x1/2dt1 � x3/2yL5

using
∫ T

2π

∣
∣ζ ′ ( 1

2 + iv
)∣
∣2 dv

v � log4 T (see (172) in Hall [5]). Moving the path of
integration, a pole of order 4 exists at s1 = 1. Hence, we use Cauchy’s theorem
and (5.10) to obtain

I2 = − 1
6ζ (2)

x2y log3 x +
1

2ζ (2)

(

1 +
ζ ′(2)
ζ(2)

)

x2y log2 x

− 1
ζ (2)

((
ζ ′(2)
ζ(2)

)2

+
ζ ′(2)
ζ(2)

− ζ ′′(2)
2ζ(2)

+ 2γ1 + 1

)

x2y log x

+
1

ζ(2)

((
ζ ′(2)
ζ(2)

)3

+
(

ζ ′(2)
ζ(2)

)2

+ (2γ1 + 1)
ζ ′(2)
ζ(2)

− ζ ′(2)
ζ(2)

ζ ′′(2)
ζ (2)

)

x2y

− 1
ζ(2)

(
ζ ′′(2)
2ζ(2)

− ζ ′′′(2)
6ζ(2)

− 2(γ1 + γ2) − 1
)

x2y

+ O

(
x3/2yL5

T

(
x1/2 + T 1/3

))

+ O(x3/2yL5),

where γ1 and γ2 are the Stieltjes constants.
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Similarly to I2, we move the line of integration to Γ(α1,
1
2 + 1

log x , T ) to
calculate I3. The integrals over the horizontal lines are

� xyL6

T

∫ α1

1
2+ 1

log x

T
2
3 (1−σ1)xσ1dσ1 � x3/2yL6

T

(
x1/2 + T 1/3

)

and the integral over the vertical line is

� xyL4

∫ T

−T

|ζ( 1
2 + it1)ζ ′( 1

2 + it1)|
1 + |t1| x1/2dt1 � x3/2yL7

using
∫ T

2π

∣
∣ζ
(

1
2 + iv

)
ζ ′ ( 1

2 + iv
)∣
∣ dv

v � log3 T (see (173) in Hall [5]). Further-
more, when moving the path of integration, a triple pole exists at s1 = 1.
Hence, using Cauchy’s theorem and (5.9) we have

I3 =
1

2ζ(2)
x2y log3 x +

1
ζ(2)

(

γ − 3
2

− 3
2

ζ ′(2)
ζ(2)

)

x2y log2 x

+
1

ζ(2)

(

2(1 − γ) + (3 − 2γ)
ζ ′(2)
ζ(2)

+ 3
(

ζ ′(2)
ζ(2)

)2

− 3
2

ζ ′′(2)
ζ(2)

)

x2y log x

+
1

ζ(2)

(

γ − 1 + 2(γ − 1)
ζ ′(2)
ζ(2)

+ (2γ − 3)
(

ζ ′(2)
ζ(2)

)2

− 3
(

ζ ′(2)
ζ(2)

)3
)

x2y

+
1

ζ(2)

((
3
2

− γ

)
ζ ′′(2)
ζ(2)

− 1
2

ζ ′′′(2)
ζ(2)

+ 3
ζ ′(2)
ζ(2)

ζ ′′(2)
ζ(2)

)

x2y

+ O

(
x3/2yL6

T

(
x1/2 + T 1/3

))

+ O(x3/2yL7),

where γ is the Euler–Mascheroni constant. Combining these results, we have

S2,1(x, y) =
1

3ζ(2)
yx2 log3 x +

1
ζ(2)

(

γ − 1 − ζ ′(2)
ζ(2)

)

yx2 log2 x

+
1

ζ(2)

(

1 − 2(γ + γ1) + 2(1 − γ)
ζ ′(2)
ζ(2)

+ 2
(

ζ ′(2)
ζ(2)

)2

−ζ ′′(2)
ζ(2)

)

yx2 log x +
1

ζ(2)

(

c0 + γ + 2(γ1 + γ2) + (2γ + 2γ1 − 1)

ζ ′(2)
ζ(2)

+ 2(γ − 1)
(

ζ ′(2)
ζ(2)

)2
)

yx2

+
1

ζ(2)

(

(1 − γ)
ζ ′′(2)
ζ(2)

− ζ ′′′(2)
3ζ(2)

+ 2
ζ ′(2)
ζ(2)

ζ ′′(2)
ζ(2)

− 2
(

ζ ′(2)
ζ(2)

)3
)

yx2

+ O(x5/3yL8). (5.20)

Here, we substitute T = x into the error term of S2,1(x, y).
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5.4. Estimation of S2,4(x, y).
This is determined explicitly by

S2,4(x, y) =
y3

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

ζ(3 − s1 − s2)ζ(2 − s1)ζ(2 − s2)
ζ(4 − s1 − s2)(3 − s1 − s2)s1s2

ζ ′(s1)ζ ′(s2)
ζ(s1)ζ(s2)

(
x

y

)s1+s2

ds2ds1.

For this purpose, we move the line of integral with respect to s2 to contour
Γ(β, α2, T ), where β = 5

2 −α1 = 3
2 − 2

log x . No poles are present when we deform
the path of the integral over s2. The contribution from the horizontal lines is

J4,1, J4,3 � xy2

(
x

y

) 1
log x

∫ T

−T

∣
∣
∣ζ
(
1 − 2

log x − it1

)
ζ ′
(
1 + 2

log x + it1

)∣
∣
∣

∣
∣
∣ζ
(
1 + 2

log x + it1

)∣
∣
∣ (1 + |t1|)

dt1

×
∫ β

α2

∣
∣
∣ζ
(
2 − 2

log x − σ2 − i(t1 + T )
)

ζ (2 − σ2 − iT ) ζ ′ (σ2 + iT )
∣
∣
∣

∣
∣
∣ζ
(
3 − 2

log x − σ2 − i(t1 + T )
)

ζ (σ2 + iT )
∣
∣
∣ (1 + |t1 + T |)T

(
x

y

)σ2

dσ2.

The inner integral is estimated as

� L5

T (1 + |t1 + T |)
(

x

y

)(

1 + T 1/6

(
x

y

) 1
2
)

,

where we have used Lemma 3.2 and assumption y � xM . Hence, we have

J4,1, J4,3 � x2yL8

T

(

1 + T
1
6

(
x

y

) 1
2
)∫ T

−T

∣
∣
∣ζ
(
1 − 2

log x − it1

)∣
∣
∣

(1 + |t1|)(1 + |t1| + T )
dt1

� x2yL10

T 2

(

1 + T
1
6

(
x

y

) 1
2
)

.

For the integral on the vertical line, we find that

J4,2 � y3

∫ T

−T

∫ T

−T

∣
∣
∣ζ( 1

2 − i(t1 + t2))ζ(1 − 2
log x − it1)ζ( 1

2 + 2
log x − it2)

∣
∣
∣

(1 + |t1 + t2|)(1 + |t1|)(1 + |t2|)

×

∣
∣
∣ζ ′

(
1 + 2

log x + it1

)
ζ ′
(

3
2 − 2

log x − it2

)∣
∣
∣

∣
∣
∣ζ
(
1 + 2

log x + it1

)
ζ
(

3
2 − 2

log x − it2

)∣
∣
∣

(
x

y

)5/2

dt1dt2

� y3

(
x

y

)5/2

L6

∫ 2T

−2T

∣
∣ζ
(

1
2 − iu

)∣
∣

1 + |u|
∫ T

−T

∣
∣
∣ζ
(

1
2 + 2

log x − it2

)∣
∣
∣

(1 + |t2|)(1 + |u − t2|)dt2du

� x2yL10

(
x

y

)1/2
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using a well-known estimate
∫ T

1
|ζ( 1

2 + it)|2 dt
t � log2 T. Hence, we take T = x

to obtain

S2,4(x, y) � x2yL10

(
x

y

)1/2

. (5.21)

5.5. Estimation of S2,3(x, y).

This is determined explicitly by

S2,3(x, y) =
y2

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

ζ(2 − s2)ζ(1 + s1 − s2)ζ ′(s1)ζ ′(s2)
ζ(2 + s1 − s2)ζ(s2)(2 − s2)

xs1+s2y−s2

s1s2
ds2ds1.

We move the path of integration with respect to s2 to Γ( 3
2 , α2, T ). No poles

with this deformation exist. The contribution from the horizontal lines is

J3,1, J3,3 � y2xL

T 2

∫ T

−T

|ζ ′(α1 + it1)|
1 + |t1|

∫ 3/2

α2

|ζ(2 − σ2 − iT )ζ(1 + α1 − σ2 + i(t1 − T ))ζ ′(σ2 + iT )|
|ζ(σ2 + iT )|

×
(

x

y

)σ2

dσ2dt1

� y2xL6

T 2

∫ T

−T

|ζ ′(α1 + it1)|
1 + |t1|

∫ 3/2

α2

T
1
3 (−1+σ2)(1 + |t1 − T |) 1

3 (−1+σ2)

(
x

y

)σ2

dσ2dt1

� yx2L8

(

T−2 + T−5/3

(
x

y

)1/2
)

using Lemma 3.2. In contrast, the contribution from the vertical lines is

J3,2 � y2x

∫ T

−T

|ζ ′(α1 + it1)|
1 + |t1|

∫ T

−T

|ζ( 1
2 − it2)ζ( 1

2 + 2
log x + i(t1 − t2))ζ ′( 3

2 + it2)|
|ζ( 3

2 + 2
log x + i(t1 − t2))|(1 + |t2|)2|ζ( 3

2 + it2)|
(

x

y

)3/2

dt2dt1

� y2x

(
x

y

)3/2

L6

∫ T

−T

∫ 2T

−2T

|ζ( 1
2 − it2)|

(1 + |t2|)2
|ζ( 1

2 + 1
log x + iu)|

1 + |u + t2| dudt2

� y2x

(
x

y

)3/2

L8.
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Hence, we substitute T = x into the above to obtain

S2,3(x, y) � x2yL8

(
x

y

)1/2

. (5.22)

5.6. Evaluation of S2,2(x, y).
The explicit form of S2,2(x, y) is given by

S2,2(x, y) =
y2

(2πi)2

∫ α1+iT

α1−iT

∫ α2+iT

α2−iT

ζ(2 − s1)ζ(1 − s1 + s2)ζ ′(s1)ζ ′(s2)
ζ(2 − s1 + s2)ζ(s1)(2 − s1)

xs1+s2y−s1

s1s2
ds2ds1. (5.23)

First, we move the integral line from s1 to Γ( 3
2 , α1, T ). The estimates over the

horizontal and vertical lines are the same as that of S2,3(x, y), but a simple
pole exists at s1 = s2 inside this contour. The residue of the integrand of (5.23)
at this pole is

− ζ(2 − s2)(ζ ′(s2))2

ζ(2)ζ(s2)(2 − s2)s2
2

x2s2y−s2 .

The contribution from the horizontal lines is

J2,1, J2,3 � y2xL

T 2

∫ T

−T

|ζ ′(α2 + it2)|
1 + |t2|

∫ 3/2

α1

|ζ(2 − σ1 − iT )ζ(1 + α2 − σ1 + i(t2 − T ))ζ ′(σ1 + iT )|
|ζ(σ1 + iT )| ×

×
(

x

y

)σ1

dσ1dt2

� y2xL6

T 2

∫ T

−T

|ζ ′(α2 + it2)|
1 + |t2|

∫ 3/2

α1

T
1
3 (−1+σ1)(1 + |t2 − T |) 1

3 (−1+σ1)

(
x

y

)σ1

dσ2dt1

� yx2L8

(

T−2 + T−5/3

(
x

y

)1/2
)

using Lemma 3.2. In contrast, the contribution from the vertical lines is

J2,2 � y2x

∫ T

−T

|ζ ′(α2 + it2)|
1 + |t2|

∫ T

−T

|ζ( 1
2 − it1)ζ( 1

2 + 3
log x + i(t2 − t1))ζ ′( 3

2 + it1)|
|ζ( 3

2 + 3
log x + i(t2 − t1))|(1 + |t1|)2|ζ( 3

2 + it1)|
(

x

y

)3/2

dt1dt2

� y2x

(
x

y

)3/2

L6

∫ T

−T

∫ 2T

−2T

|ζ( 1
2 − it1)|

(1 + |t1|)2
|ζ( 1

2 + 3
log x + iu)|

1 + |u + t1| dudt1
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� y2x

(
x

y

)3/2

L8.

Hence, we substitute T = x into the above to obtain

J2,1, J2,2, J2,3 � x2yL8

(
x

y

)1/2

.

Hence, we have

S2,2(x, y) =
y2

ζ(2)
Q(x, y) + O

(

x2yL8

(
x

y

)1/2
)

,

where

Q(x, y) := − 1
2πi

∫ α2+iT

α2−iT

ζ(2 − s2)ζ ′(s2)
ζ ′(s2)
ζ (s2)

· 1
(2 − s2)s2

2

(
x2

y

)s2

ds2.

It remains to evaluate the integral Q(x, y). We move the integration with
respect to s2 to Γ(α2, α0, T ) with α0 = 1 − c

log T , where c is a small positive
constant, and denote the integrals over the horizontal line segments by Q1(x, y)
and Q3(x, y), and the integral over the vertical line segment by Q2(x, y), re-
spectively. Using Lemma 3.2 and the estimate

∣
∣
∣− ζ′(σ+iT )

ζ(σ+iT )

∣
∣
∣ � log T for σ ≥ α0,

we have

Q1(x, y) �
∫ α2

α0

|ζ(2 − σ − iT )ζ ′(σ + iT )|
∣
∣
∣
∣−

ζ ′(σ + iT )
ζ(σ + iT )

∣
∣
∣
∣ · 1

T 3

(
x2

y

)σ

dσ

�
(

x2

y

)α2

L4(α2 − α0)T−2 � x2

y

L3

T 2
,

and similarly, Q3(x, y) � x2

y
L3

T 2 , and

Q2(x, y) �
∫ T

−T

∣
∣
∣
∣ζ

(

1 +
c

log T
− it2

)

ζ ′
(

1 − c

log T
+ it2

)∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
−

ζ ′
(
1 − c

log T + it2

)

ζ
(
1 − c

log T + it2

)

∣
∣
∣
∣
∣
∣

1
1 + |t2|2

(
x2

y

)α0

dt2 �
(

x2

y

)α0

L4.

Therefore, using Cauchy’s theorem, (5.11) with u = x2/y in Lemma 5.8
and taking T = x in the above we have

S2,2(x, y) =
1

6ζ(2)
yx2 log3 x2

y
− 2γ + 1

2ζ(2)
yx2 log2 x2

y

+
2
(
γ2 + γ − γ1 + 1

)

ζ(2)
yx2 log

x2

y

− 2
(
γ3 + γ2 + 2γ − γ1 − 3γγ1 + 3γ2 + 1

)

ζ(2)
yx2
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+ O

(

x2yL8

(
x

y

)1/2
)

. (5.24)

5.7. Asymptotic Formula of (1.18).

Now, we substitute (5.16), (5.20), (5.21), (5.22), and (5.24) into (5.14) to obtain
the assertion of theorem 1.15. �

6. Evaluation of c0

We use (5.19) and Lemma 3.2 to obtain

c0 =
1

2πi

∫ 5/4+iT

5/4−iT

ζ ′(s)ζ ′(2 − s)
s(2 − s)

ds + O
(
T−1/2

)
,

then

|c0| ≤
∣
∣ζ ′( 5

4 )
∣
∣

2π

∫ T

−T

∣
∣ζ ′ ( 3

4 − it
)∣
∣

∣
∣ 3
4 − it

∣
∣
∣
∣ 5
4 + it

∣
∣dt + O

(
T−1/2

)
.

As T → ∞, then we have

|c0| ≤
∣
∣ζ ′( 5

4 )
∣
∣

π

∫ ∞

0

∣
∣ζ ′ ( 3

4 + it
)∣
∣

√
((3

4 )2 + t2)((5
4 )2 + t2)

dt

≤ 4
∣
∣ζ ′( 5

4 )
∣
∣

3π

∫ ∞

0

∣
∣ζ ′ ( 3

4 (1 + iy)
)∣
∣

1 + y2
dy

≤ 0.425 · · ·
∣
∣
∣
∣ζ

′
(

5
4

)∣
∣
∣
∣

∫ ∞

0

∣
∣ζ ′ ( 3

4 (1 + iy)
)∣
∣

1 + y2
dy.

Here, the integral on the right-hand side of the above is absolutely convergent,
and it is a computable constant.
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[6] Ivić, A.: The Riemann Zeta-Function. Dover Publications, Garden City (2003)

[7] Kiuchi, I., Minamide, M., Tanigawa, Y.: On a sum involving the Möbius function.
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