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Abstract. We present several formulas involving the classical Bernoulli
numbers and polynomials. Among others, we extend an identity for Bernoulli
polynomials published by Wu et al. (Fibonacci Quart 42:295-299, 2004).
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1. Introduction and Statement of the Results

In 2001, Momiyama [7] used methods from p-adic analysis to prove the follow-
ing remarkable identity for the classical Bernoulli numbers B,,, defined by

o0
c B~
ez—l_z Yl
v=0

Proposition 1. For all nonnegative integers m and n with m+mn > 0, we have

m

()" (w4n+1) (mj 1) By

v=0
n " n+1
= (—1) +1 Z(:)(I/ +m + 1)( v )Bu+7n- (11)
From (1.1) with m = n we obtain
= m+1
Z(V+m+1)( v )BVer:O,
v=0
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which is attributed to von Ettingshausen [8, pp. 284-285]; see also Kaneko [5].
In 2004, Wu et al. [9] used properties of power series to prove an interesting
generalization of (1.1) involving the Bernoulli polynomials

Bo(z) = VZZ (Z) By_,2".

Proposition 2. For all nonnegative integers m and n and complex numbers z,
we have

(D)™> (v+n+1) (m; 1) Bygn(2)+ (D)"Y (v +m+1)
v=0 v=0
x (" j 1) By ym(—2)
= (=1)"(m+n+1)(m+n+2)z""". (1.2)

If m+n > 0and z = 0, then (1.2) reduces to (1.1). Chen and Sun
[2] applied Zeilberger’s algorithm to prove (1.2). We show that (1.2) can be
written in a slightly shorter and more elegant form as follows.

Theorem 1. Let m and n be nonnegative integers. Then, for z € C,

m—+1

(—1)m ; W tn+1) (m: 1) Byn(2)
it

e m ) (") B (o) (13)

v=0

We apply some basic properties of Bernoulli polynomials to settle (1.3).
In particular, we provide a new proof of (1.2).

The main aim of this paper is to present a new generalization of (1.2).
We define

S( e s) = (— mm m+1\/v+n
m,n; k;z) = (—1) ;(V+n+ 1)( . ) ( i )By_m_k(z).
The following reciprocity formula holds. (As usual, if p < 0, then B,(z) = 0.)
Theorem 2. Let m, n and k be nonnegative integers. Then, for z € C,

S(m,n;k; 2) + (=1)FS(n,ms k; —2) = (=)™ (m+n+1)(m +n+2)
x (m Z ”) stk (1.4)

Remark 1. The special case k = 0 gives (1.2).

If we set z = 0, then (1.4) yields an extension of Momiyama’s identity
(1.1).
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Corollary 1. Let m, n, k be nonnegative integers. Then

S*(m,n; k) = (—=1)**18*(n,m; k), (1.5)
where
- m+1\/v+n
* k)= (=1)™ 1 By yn—k-
stmnsk) = (S (") (7)) B
An application of Theorem 2 leads to an identity for the alternating sum
- m+1\ /v+n
A k) = E —-1)” 1 Byin_k-
i) u:o( ot )( v )( k ) ek

We obtain the following companion to (1.5).

Corollary 2. Let k, m, n be nonnegative integers with k+2 < min(m, n). Then
A(m,ny k) = (=) A(n,m; k). (1.6)

A second application of Theorem 2 gives a reciprocity formula for the

polynomial
" /m vV+n
P(m,n;k;2) =) vk,

v=0
Corollary 3. Let k, m, n be nonnegative integers. Then, for z € C,
P(m,n;k;2) = (=)™ P(n,m; k; —2 — 1), (1.7)
Remark 2. From (1.7) with z = —1/2 we get

m n
m y(mt+n—v\/im\ k+n s(mE+n—v\(n
"3 (") () = >(2) (")

By using differentiation or integration certain summation formulas in-
volving Bernoulli polynomials lead to interesting new identities. Hereby, the
recurrence relation BJ,(z) = nB,_1(x) plays an important role. We show that
by applying an integral formula and (1.3) we obtain the following counterpart
of

=y ()8 = Cor Yy (0) o (18)

v= v=0

which is due to Gessel [3].

Corollary 4. Let m and n be nonnegative integers. Then

(1) i ()2 = 0B~ (1" g ()= 0B

= S (1.9)
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Remark 3. Combining (1.8) and (1.9) gives

n

oy (m) 2B, — (—)m S (”) 2B,y = m— .

v=0 v=0
2. Proofs
I. We need the following formulas:
n n i
Butet ) = 3 (1) B =010, (21)

v=0
Bu(z+1) = (=1)"B,(—z) = Bp(z) +nz"' (n=0,1,...). (2.2)
These formulas can be found in Abramowitz and Stegun [1, (23.1.7), (23.1.8),
(23.1.9)]. The integral formula
1/2 1 o 2n+1
B,(z)de = — - B,
is given in Moll and Vignat [6]. Applying (2.2) and (2.3) leads to

/01/2Bn(—x)dx: (i)”(ﬂBnHH) (n=1,2,...). (2.4)

L (n=0,1,..)) (2.3)

2 n+1
The next two identities can be found in Gould [4, (1.13), (3.49)]:
m—+1
1
S (") =0 0<pzm) (25)
v=0
~ k\ (z—v r—k
_1 v = = 1 N .
S (p)(0) = (k) w0 e

Applying the binomial theorem gives

T

Z(z/ +s) (Z)t” =+ (r+s)t+s) (r=0,1,...). (2.7)

v=0

IT. We show that the identities (1.2) and (1.3) are equivalent. Let

m—+1 m
T(m,n;z) = Z ay(m,n;z) and T*(m,n;z) = Z ay,(m,n;z) (2.8)
v=0 v=0

with
1
a,(m,n;z) = (-1)"(v+n+1) (m:_ )Bwrn(z).
Using (2.2) gives

T(m,n;z) +T(n,m;—z) =T (m,n; 2) + ame1(m,n; z) + T*(n,m; —2)

+an1(n,m;—z)
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=T"(m,n;z) + T*(n,m; —2)
—(=D)™(m+n+1)(m+n+2)z""

This implies that (1.2) and (1.3) are equivalent.

II1. Now, we prove the theorems and corollaries stated in Sect. 1.

Proof of Theorem 1. Using (2.8), (2.2), (2.1) with z = —z, y = 1 and the

elementary formula
T r+1
+D . )=U+1)|.
v )<J> G )(J + 1)
m—+1

T(m,n;z) = (—=1)"*" Z (-D)"(v+n+1) (m:— 1

with » = v + n gives

v=0

)
S NEAREE (i D ol R LY

S iﬁjj:(—l)” (" i(a # (VT Bi-
— (-1 mglu n 1>Bj<—z>§<—1>”(mj DT

Applying (2.5) we conclude that the inner sum is equal to zero, if 0 < j < m—1.
Thus

m nm+n+1 . s v m+1 1/+n+1
T(m,n;z) = (=1 3 (J+1)Bj(—Z)Z(—1)( N )( i1 )

j=m v=0
ol mtl sm+1\[v+n+1
= (-)™* ;(J+m+1)3j+m(*2);)(*1) < v ><j+m+1>'
(2.9)

Using (2.6) with k=m+1,r=j4+m+ 1,z =m+n+ 2 we get
mil sm+1\ /v+n+1 . m mtl ym+1Iym+n+2—-v
;(_1)( v ><j+m+1)_(_1) +1;(_1)( v )< j+m+1 )

= (e (M), (2.10)
J
From (2.9) and (2.10) we obtain

n+1
T(m,n;z) = (—1)"! Z(] +m+1) (n;i— 1) Bjim(—2) = —T(n,m;—z).
j=0



246 Page 6 of 11 U. Abel and H. Alzer Results Math

This settles (1.3). O

Proof of Theorem 2. Using (2.1) gives

m

(=)™ (v+n+1) <m;r 1) Byin(z +2)

v=0

(2.11)

Next, we exchange m and n and we replace x and z by —x and —z,
respectively. Then we obtain from (2.11):

n

0 Ym0 (" ) B+ 2)

v=0

~ e me (") () et
(2.12)

Moreover, we have

(—D)™(m+n+1)(m+n+2)(z+2)""

[ee]

= (~)™(m+n+1)(m+m+2)> <m Z ”> gmtn—kgk - (213)
k=0

We apply (1.2) with x4+ z instead of z and (2.11), (2.12), (2.13). A comparison
of the coefficients yields

(—1)™ f:(u tnt) (mj 1) (” Z ”) Bun_n(2)

v=0
+(—1)ktn é(u +m+1) (n —: 1) (V 4]; m) Bytm—k(=2)

=(=1)"(m+n+1)(m-+n+2) (m Z n) ZmAn—k

as claimed. O

Proof of Corollary 2. We define

C(m,n;k) = Xm:(—l)”(v+n+ V(v +n— k:)(m:_ 1> (”Z”)

v=0
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and
e s(m+1\v+n+1
D(m,n;k):;_:o(—l)( , )( L )
Then
C(m,n;k) = (k+1)(k+2)D(m,n; k + 2).
Using

Bn(1) = (-1)"B, and Bu(-1)=B,+(-1)"n (n=0,1,...)

gives

S(m,n:ks1) = (—1)™ Zm:(y ) (m + 1) (” . ”) Byini(1)

v=0 v
= (=)™ A(m, n; k) (2.14)
and
" n-+1 v+m
S(n,m;k;—1)=(=1)" ) (v+m+1) i (—1
( )=y ("I (") B
= S*(n,m; k) + (=)™ TR C(n, m; k). (2.15)

We apply Theorem 2 with z =1 and (2.14), (2.15). This yields

(=)™ *(m + 1+ 1)(m +n +2) < o

= (=1)*S(m,n; k; 1) + S(n,m; k; —1)
(=)™ " A(m, n; k) + S*(n,m; k) 4+ (—=1)™T"TRC(n, m; k).

(2.16)
Next, we exchange m and n, multiply by (—1)¥*! and use (1.5). Then

(—1)" M (m+n+1)(m+n+2) (m;r”)

= (=)™ A, mi k) + (=)L (m, s k)
+(=1)™ O (m, ns k)
= (=)L A, ms k) + S*(n,ms k) + (=)™ O (m, ns k).

(2.17)
From (2.16) and (2.17) we obtain
A(m,n; k) + (=1D)FA(n,m; k) = F(m,n; k) (2.18)
with
F(m,nik) = (=)™ + (=1)™) (m +n + 1)(m +n +2) (m N ”)

—(—1)kC(n,m;k‘) — C(m,n; k)
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=(-DFk+1)(k+2)

nfm+n-+2 )
(1)( P >D(n,m,k+2)

+k+1)(k+2)

m{m+n+2 .
(-1) ( P )—D(m,n,k—l—?).

(2.19)

If 0 < p < 'm, then we conclude from (2.5) that

Dim.nip) = ”il(l),,<m;r 1) <1/+Z+ 1> n (1)m<m +I7)1+2)

v=0
m(m+n-+2
()
p
Since k + 2 < min(m,n), we obtain from (2.19) that F(m,n;k) = 0, so that
(2.18) implies (1.6). O

Proof of Corollary 3. We present two proofs.
First proof. A short calculation gives that (1.7) holds for k¥ = 0 and k = 1.
Moreover, since

(—1)"**P(n, 0y k; —z — 1) 1k Zn: ( ) ( ) 1)k
= (—1)"*tk (Z) UZ_: (Z B :) (—z—1)7*

=0

= <Z) 2k = P(0,n;k; 2),

we conclude that (1.7) is valid for m=0and n=0. Let m > 1, n > 1, k > 2.
Using (2.2) gives

Sm—1,n—1;k—2;241)—S(m—1,n—1;k—2;2)

v+n-—1
( ) Byint1-k(z+1) = Byyni1-i(2))

= (-1)m-! Tg(u +n (

)
Zoen(2)

= (~1)m! Z(u+n (T
e E 1)

— (k- 1)k [(—1)mlp(m, nik;z) — (—1)m~1 <m Z ”) zm+nk] (2.20)

<V+7’L— >V+TL+1 k)zu+n—k
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and
(-DF(S(n—1,m—1;k—2,—2—1) = S(n— 1,m — 1;k — 2; —z))

= (=M nz_:l(l/ +m) (Z) (V e 1) (Bugmi1-k(—2) = Buymi1-k(—2z — 1))
v=0

k-2
m-+n — v v+m—1\/n v4+m—k
—(~1) ;(4) (l/+m)(1/+m+lfk)< - ><V>(z+1)
n—1
— _ _1\ym+n _1\V v+ my m v+m—k
= (k — 1)k(—1)™* ;( 1)( i )(y)(z—i—l)"'

=(k—-1)k {(—l)wrkp(n, mik;—z — 1) + (=1)™! <m ]_: n) (z + 1)m+nk} )

(2.21)
From Theorem 2 we obtain
Sm—1,n—1k—2;2+1)—Sm—1,n—1k—2;2)
+(=DS(n—1,m -1k -2, —2—1) = (=1D)FS(n —1,m — 1;k — 2; —2)

= (=1)"" (m+n—1)(m+n) (m ]_:f; 2) ((z 4 1)ymhn=hk — pman=h)
= (k= 1)k(~=1)m* (m ]—: n) ((z + 1)ymn=k _ ymin=hy, (2.22)
Combining (2.20), (2.21) and (2.22) leads to (1.7). O

Second proof. We have

P(m.n; k; z) = i <ﬂ:> (u Z n) ek _ /glvi (7:) (2r )0

v=0

- %(z"(z + 1)’”)(k)
and
(—1)™ P, ms ks —2 — 1) = 3 (~1)" (Z) (”*I;m> (z+ 1)rtmF

v=0

= % Z(_l)"_lf (Z) ((Z + 1)V+m)(k)
" v=0
1, NG

=@+ )

Proof of Corollary 4. We assume that m > n > 0. Since, for m > 1,

i (T) (277 =1)B, =27™B,(2) — By (1) = (=1)"™(27™ — 1)B,, + m2™"™,
v=0
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we conclude that (1.9) holds for n = 0. Next, let m > n > 1. Using (2.3) gives

(
1 vz > m
3] e S (") Burner(aha
= ()"t Y (?) (27" —1)Byiy, (2.23)
v=0
and from (2.4) and (2.7) with r =n, s =m, t = —1/2 we get
1/2 n
3 0
—1)" &
PP

B

v+ m) (Z) Byim_1(—2)dz

_ (_l)ernfl lZ(_l)u <Z> (271/7m _ 1)By+m + w] . (224)

(") (27" = DBy = (—D’"an (Z) (27" — 1)Byim

we obtam (1.9). U
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