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Abstract. In this paper we study isometric immersions f : M"™ — C'P" of
an n-dimensional pseudo-Riemannian manifold M™ into the n-dimensional
para-complex projective space C'P™. We study the immersion f by means
of a lift f of f into a quadric hypersurface in Sffjjl‘ We find the frame
equations and compatibility conditions. We specialize these results to
dimension n = 2 and a definite metric on M? in isothermal coordinates
and consider the special cases of Lagrangian surface immersions and min-
imal surface immersions. We characterize surface immersions with special
properties in terms of primitive harmonicity of the Gauss maps.
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1. Introduction

In this paper we study isometric immersions f : M™ — C'P™ of an n-dimensional
pseudo-Riemannian manifold M™ into the para-complex projective space C'P™,
more precisely into the open dense subset of non-orthogonal pairs in the prod-
uct RP™ x RP,,, where RP™, RP, is the real projective space and its dual,
respectively. This target space is a para-Kéhler space form which has been
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listed in the classification [1] of para-Kihler symmetric spaces!, and the para-
Kéhler structure on C’P™ has been studied in [2,24].

We consider only immersions, whose tangent spaces are transversal to
both eigen-distributions ©F of the para-complex structure J’ of C'P". We
shall call such immersions non-degenerate. It has been shown in [3, Section 4]
that every non-degenerate immersion defines a dual pair of projectively flat
torsion-free affine connections V,V* on M™, and, vice versa, every such pair
of connections on M™ defines locally a non-degenerate immersion into C'P™
which is unique up to the action of the automorphism group of C'P™.

Let us explain the results of this paper, section after section. In Sect. 2 we
consider for a given immersion f the relevant geometric objects on M™, namely
a dual pair of torsion-free projectively flat connections V, V*, a non-symmetric
Codazzi tensor h of type (0,2), whose symmetric part equals the metric g and
whose skew-symmetric part w measures the deviation of the immersion from
a Lagrangian one, and a cubic form Cogy = Vyheg which is symmetric in
the last two indices. We express these structures in terms of a lift f of f into
a quadric hypersurface SZZ_J{I in the product R"*! x R,,;1 of the real vector
space with its dual. We will finally derive the Maurer-Cartan equation for an
immersion f as Theorem 2.9, which will be effectively used in Sects.4 and 5
in case of surfaces. In Sect. 3 we compute the second fundamental form of the
immersion f in terms of the cubic form C, see Theorem 3.1. This allows us to
specify our results for the case of minimal immersions.

In Sects.2 and 3 we consider the case of general dimension n and ar-
bitrary signature of the metric on M"™, while in Sects.4 and 5 we specialize
to dimension n = 2 and a definite metric on M?2. For simplicity we assume
all immersions to be smooth. In Sect.4 we study definite immersions from a
surface M? into C'P2. Using this immersion we introduce isothermal coordi-
nates on M? and compute the objects V, h,C as well as the frame equations
and compatibility conditions in these coordinates. As a result we obtain the
fundamental theorem of definite surfaces in C’P? in Theorem 4.4.

Minimal Lagrangian surfaces in CP? have been considered in many pa-
pers, e.g., [4-8,22,25]. In particular in [9], minimal Lagrangian or minimal sur-
faces have been characterized by various Gauss maps, the so-called Ruh—Vilms
type theorems have been obtained. In Sect. 5, we will characterize surfaces in
C'P? with special properties in terms of primitive harmonic maps, which are
special harmonic maps into k-symmetric space (k > 2), see Theorem 5.3. In
Sect. 6 we will define various Gauss maps for surfaces in €' P? by using various
bundles over S5 and finally derive Ruh—Vilms type theorems, Theorem 6.3.

I The para-complex projective space C’P™ appears in the example on pp. 92-93 of [1] with
parameters F' = R and (p,q) = (1,n). In that work this space has been represented as the
cotangent bundle of the real projective space RP™, but we shall work with the representation
as the mentioned subset of the product RP™ xR P,,, because the latter emphasizes the primal-
dual symmetry of the space.
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In Appendix A, basic results about C’P™ and Sfl’fl'l will be discussed. In
Appendix B, k-symmetric spaces and primitive harmonic maps will be intro-
duced, and finally in Appendix C various bundles will be explained.?

2. Half-Dimensional Immersions into the Para-Complex
Projective Space form C'P™

In this section we derive the frame equations for non-degenerate n-dimensional
immersions f of a manifold M™ into the para-complex projective space C'P".
The entries of the corresponding Maurer-Cartan forms are expressed by the
components of a projectively flat affine connection V and a non-degenerate
non-symmetric tensor h which satisfies a Codazzi equation and is an explicit
function of the Ricci tensor of V (Theorem 2.9, Remark 2.1). The components
of h and V will in turn be expressed in terms of a lift f of f, which exists at
least on simply connected charts, into a quadric hypersurface Sfb’f{l of a real
vector space (Lemma 2.5 and 2.6). In this and the next section we work with
arbitrary coordinates on M".

2.1. Para-Complex Projective Space

Consider the para-complex projective space
C'P™ ={([z],[x]) € RP" x RP, | (x,x) > 0}, (2.1)

where RP™ is the n-dimensional real projective space, RP, is its dual, and
some representatives x € R"*! and y € R,y of [z] and [x], respectively,
are positive with respect to the natural pairing (, ) between R™"*! and R, ;1.
Consider C'P" as a fibration over RP,. We have that RP, is connected, and
that the fiber over a fixed point of RP, is exactly an affine chart in RP™,
which is contractible. Hence we even have that the fundamental group of C'P"
equals that of RP,,, and C'P" is isomorphic to one of the reduced para-complex
projective spaces in [10, Theorem 3.1]. In any affine chart on C'P™ the para-
Kéhler structure is generated by the para-Kahler potential log |1+ ", [z]*[x]?|
[3, Section 4]. Let us denote the metric on C'P", the symplectic form, and
the para-complex structure by g, w, and J’, respectively. Note that J’ acts for
X = (X, %) € T(1a1, oy RP™ X Tial, )R P = T(1a,p0) CP™ by

J (X, X))~ (X,-X)
and we have the relations
g(X, V) =w(J'X)Y), w(X,)Y)=g(J'X)Y).
The integrable eigen-distributions of J’ on C'’P™ are denoted by XF, respec-

tively. For a survey on para-Kahler spaces see, e.g., [11], for a detailed study

2The authors feel that the name given to the objects considered may not fit to what algebraic
geometers use. We have chosen nevertheless to use the notation used in several papers
preceding ours.
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of the para-Kéahler space form C'P™ see [2]. In Appendix A, we shall discuss
the para-Kahler structure and the basic geometry of C’P™ in detail.

We shall consider immersions f : M™ — C'P™ which are transversal
to both distributions ©*. We shall call such immersions non-degenerate. The
Levi-Civita connection V of the metric g can be decomposed into a component
V tangent to f and a component in the distribution 37, defining a torsion-free
affine connection V on M™. In the same way, a torsion-free affine connection
V* can be defined on M™ by decomposing V into a component tangent to
f and a component in XT. Both connections V,V* are projectively flat [3,
Lemma 4.2]. The pullback of the non-symmetric tensor g + w defines a non-
degenerate non-symmetric tensor h (the para-hermitian form) of type (0, 2) on
M™ [3, Lemma 2.3], i.e.,

hX,Y) = (g +w)(f: X, f.Y),

for tangent vectors X, Y on M™. This tensor satisfies respectively the Codazzi
equations and the duality relation [3, Theorem 2.1]

XhY,Z)=h(VxY,Z)+hY, Vi Z), (2.3)
for all tangent vectors X,Y,Z on M"™. From (2.3), it is easy to see that V=

(V+V*)/2. From these equations it follows that the difference tensor of type
(1,2)

K=V*"-V=2(V-V)
satisfies the relation
(Vxh)(Z,Y) =h(Z, K(X,Y)), (2.4)

where K(X,Y) = VY — VxY. It is convenient to introduce a tensor of type
(0,3), the cubic form C by

C =Vh,

and from the Codazzi equation (2.2), C'(X,Y,Z) = Vzh(X,Y) is symmetric
in the last two indices.

Remark 2.1. The tensor h can be obtained from the Ricci tensor Ric of the
connection V by [3, Lemma 4.3]

hX,Y) =

o {nRic(X,Y) + Ric(Y, X)}. (2.5)
On the other hand, if a manifold M™ is equipped with a projectively flat con-
nection V with tensor h given by (2.5), then locally there exists an immersion
f: M™ — C'P™ such that ¥~ is transversal to f, the tensor h is the pull-back
of g+ w on M™, and V is the affine connection generated by the transversal
distribution ¥~ as above [3, Theorem 4.3].
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2.2. A Natural Fibration and Horizontal Lifts

We shall denote the local coordinates on M™ by y = (y*,...,y"). The coor-
dinates on R"*! shall be denoted by x = (2%,...,2""!), the coordinates on
the dual space R, 11 by x = (x},...,x"™!). The dual pairing on these vector
spaces will be denoted by (-, ).

As in similar investigations, an immersion f : M™ — C'P™ will be dis-
cussed via a lift into the total space Si’}r"{l of a fibration over C'P". In this
paper we will consider as total space the quadric

57211?1 = {(va) € Rn+1 X IRnJrl | <9CaX> = 1}7 (26)
and will use the projection map
w St — CP" (,x) = ([2], [X])- (2.7)

Clearly, the tangent space T{,, X)Sn’_f{l to S,%’f{l can be realized by pairs of

vectors, (%, X) € R x R, satisfying (X, x) + (z, X) = 0. In order to de-
scribe tangent vectors to C'P™, one needs to introduce an equivalence relation
for the pair (%, by ), since X and X are not uniquely defined by the equation
just stated. More naturally, one can introduce the uniquely defined horizontal
distribution H and the vertical distribution V defined by

Hasy = {EX) | (R x) =0 and (2,) =0}, (2.8)

Vizx) = R(z, =x)- (2.9)
The horizontal distribution has the following properties For (f% by ) € Tz

Sffflrl we have (% X) € H (z,x) if and only if (% X) € H(x y)- Moreover, for

(% X) € H (z,x) We have dﬂH(% —X) = J'dﬂH(X X). This has the following
consequence.

Proposition 2.2. (1) The projection m : Sp ' — C'P™, (z,x) — ([z],[x]) is
a pseudo-Riemannian submersion, the differential of whzch has as kernel

the distribution V and is for all (z,x) € Siitl an isomorphism from
Hex) 10 T(fa), ) P -
(2) Let XY € T([I 1,0)CP™ be arbitrary tangent wvectors, and let (X,
X),(9,)) € H(IX be their pre-images under the map dry at (x,X).
Then
(9+w)(X,Y) = (X)),

The proof will be given in Appendix A.3.2.

Let f : M™ — CP™ be an immersion and assume that f has a lift
foM™— SZZ_]H. Here f is defined by the property that (z,x) = f(y) projects
to ([z], [x]) = f(y). It is easy to see that a lift is unique up to “scalings” of the
form

(x,x) = (az,a”'x) (2.10)
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for never vanishing scalar functions «. In general, a given f : M™ — C'P™ can
not be lifted, see Proposition A.13.

For later purposes we decompose the tangent map of a lift in more detail:
Let f be a lift of some immersion f : M™ — C'P™ and write f(y) = (z(y), x(v))-

Then the differential of f can be decomposed in T(w,X)SiT{l in the form

d,}(2) = (£(2),n(2)) + ({dy(Z), x), (2, dyx(Z))x), (2.11)

where the first term is the horizontal component and the second term is the
vertical component of d,f(Z). Moreover, we have

§(2) = dyx(Z) = (dyx(Z), x)x, and n(Z) = dyx(Z) — (z,dyx(2))x- (2.12)

For convenience we also introduce the 1-form

W(Z) = (dyz(Z), x) = —(x,dyx(Z)). (2.13)
It is clear that using ¢ one can write the vertical component of df(Z) as
W(Z) (@, =X)-
If fo(y) = (ax,a 1Y) is another lift of f, then we obtain
(€a(2),10(2)) = (a&(Z),a™"'0(Z)) (2.14)

for its horizontal component, and for its vertical component we derive

({dy(az)(2),a" Y)az, (az,dy(a”"x)(Z))a""x)
= (¥(2) + dylog |al)(az, —a " x). (2.15)

Hence under a scaling (2.10) the form v transforms as ¢ — ¢ + dlog|«|. We
may thus add arbitrary differentials to i) by changing the lift f.

As mentioned above, as a next step and as in similar geometric situations,

one wants to choose not only some lift, but preferably some “horizontal lift”
for a given immersion f : M™ — C'P".
Definition 2.3. Let f : M™ — C'P™ be an immersion and § : M™ — S2%1" be
a lift of f. Then f is called a “horizontal lift” iff the tangent map takes values
in the horizontal distribution . In other words, a lift is horizontal, iff the
vertical component of its differential vanishes identically, i.e., 1» = 0.

Proposition 2.4. Assume f: M™ — C'P™ is liftable with lift f : M™ — Zzﬁl,
f(y) = (z,x). Then there exists a never vanishing scalar function a such that
fo 18 a horizontal lift of f: M™ — C'P™ if and only if the equation

atda =~ (2.16)
has a global solution on M™.

Proof. Tt is easy to verify that in view of Eq. (2.15) the condition on the lift
of being horizontal is equivalent to (2.16). O
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2.3. Non-symmetric Codazzi Tensor, Connection, Frame Equations
We shall now pass to the main goal of this section and compute the non-
symmetric tensor h on M" in terms of the forms &, 7.

Lemma 2.5. Let the non-degenerate immersion f : M™ — C'P™ be given by
means of a lift f: M™ — S’iﬁtl into the quadric (2.6). Define the R"*1- and
R, +1-valued 1-forms &, n on M™ by (2.12). Then the pull-back h of the tensor
g+ w from C'P™ to M™ is given by

h(X,Y) = (£(X),n(Y)) (2.17)
for all tangent vectors X, Y on M™.

Proof. The lemma is an immediate consequence of Proposition 2.2. O

Proposition 2.6. Retain the assumptions of Lemma 2.5, and define the 1-form
Y by (2.13). Then for all tangent vectors X and 'Y we have

(8(Ta) = Xtetr) - wE0En) + €N
B(VLY) = X(1(V) + (X)n(Y) + (€(X), n(V))x. |

Proof. First note that we can rephrase the left-hand side and the first term in
the right-hand side in (2.18) together as

(Vx&Y) = X(E(Y)) —&(VxY), (Vin)(Y)=Xn(Y))—n(ViY).
Then using decompositions of the horizontal part and the vertical part of V¢
and V*n, we can set

(VxEY) = a(X)EY) +b(X,Y)z, (Vin)(Y)=c(X)n(Y)+d(X,Y)x,
(2.19)

where a and ¢ are 1-forms and b and d are bi-linear maps. Taking the inner
product of y in the first formula and x in the second formula, we have

b(X,Y) = ={(Y),n(X)), d(X,Y)=—(£(X),n(Y)).

Here we use the relations (X¢(Y),x) = —(&(Y),n(X)) and (Xn(Y),z) =
—(n(Y),&(X)), respectively, since £ and n are horizontal vectors. We now com-
pute a. Interchanging X and Y in the first equation of (2.19), and subtracting
it from the original equation we have

XE(Y) = YE(X) = 6(VxY = Vy X) = a(X)§(Y) — a(Y)E(X) +v(X,Y)z,
where we set v(X,Y) = —(£(Y),n(X)) + (¢(X),n(Y)). The left-hand side of

the above equation can be simplified by using the torsion-freeness of V and
the definition of ¢ as

XE(Y) = YE(X) = E(VxY = Vy X)
= Xdyz(Y) = X(¥(Y)r) = Ydyo(X) + Y (9(X)z) — £([X,Y])
= —Y(YV)E(X) +(X)E(Y) + p(X,Y)z,
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where p(X,Y)z denotes the vertical part. Taking the inner product with y,
p(X,Y) =v(X,Y) follows. Therefore we conclude

(a(Y) = ¢ (Y))§(X) + ((X) — a(X))E(Y) = 0.
Since the above equation holds for any vector fields X and Y, we have a = 1.
We can compute ¢ similarly. This completes the proof. O

We now rewrite the above relation in (2.18) by local expression. We first
abbreviate the partial derivative by

0
Ay’
where y',...,y" are local coordinates on M.

We now use the local expression of the tensor h, i.e., hog = h(0a,d3).

Denote by h®? the inverse tensor, i.e., such that h*%hg, = h,gh’* = 05. Here
we use the Einstein summation convention. Moreover, we will use the notation

(§a777a) = (6(811)?77(801)) and wa = ’(/}(804)7

where 0y,...,0, are vector fields defined in (2.20) and ¢ is the horizontal
component of a lift f(y) = (z(y), x(y)) defined in (2.12).
As a consequence of (2.17) we obtain by virtue of (2.8) that

(Oa,mg) = (§a + (Oaz, X)T,M8) = hag, (2.21)
(0a8p, X) = — (€8, 0aX) = —(£8,Ma + (2, 0aX)X) = —hga- (2.22)
Corollary 2.7. Retain the assumptions in Proposition 2.6. Then the affine con-

nection V defined on M™ by the transversal distribution X~ and the dual affine
connection V* defined on M™ by the transversal distribution X1 are given by

Do = (2.20)

Viy = =105 + h°* (0,85, m5), (2.23)
ViR = 1,85 + h (6, D). (2.21)
For the difference tensor we obtain
K§, = 20,05 + h**(£5,0ymp) — h® (0,5, 7s)- (2.25)
Proof. From (2.11) we obtain
Opr =& +Yux,  OuXx =Ny — YuX- (2.26)

The first relation in (2.18) can be written as

fuvgv = 0,83 — V&g + <§3,777>$.
Combining, we obtain
(Opz — %ﬂ)vgv = 0,&p — 1y (9p — ) + (€8, 1),
which yields
V5,00t = =1y 05z + 0,85 + (Vi ¥ + 1y + (€5, 17)) 2
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Taking the scalar product with ns we obtain by virtue of (2.21) that
nghué = —thyhps + (048, 7s)-

Multiplying by h°® we get relation (2.23).
Relation (2.24) is obtained similarly. The expression for the difference
tensor readily follows. O

Corollary 2.8. The cubic form is given by
Capy = Oyhap + 2¢yhap — <a'y§aa775> - <3’y§6,7la>'
Proof. The proof is straightforward by using (2.23). O

We now go on to deduce the frame equations. We shall define the primal
and dual frames as

F:(x7£17"'7£n) a‘nd F*:(X77717"'777n)a

respectively. Note that under a scaling (z,%) — (axz,a ty) of the lift f the
frames transform as F +— aF, F* +— a~!F*. Therefore the trace-less parts

of the Maurer—Cartan forms are invariant under changes of the lift. We have
(F*)TF = diag (1,hT) and therefore F~! = diag (1,h~T) (F*)T. This yields

T
Uy :=F7'9,F = diag (1,h™7) <;<T> (Baz 05)

for the Maurer-Cartan form, where £ = (&1,...,&,), 7 = (11,-..,Mn). Using
(2.23), (2.24) and (2.21), (2.22), (2.26) we obtain explicit expressions for the
components of U. In a similar way we obtain the components of the dual
Maurer-Cartan form UZ := (F*)~'9,F*. Let us list these expressions in the
following theorem.

Theorem 2.9. Let the non-degenerate immersion f : M™ — C'P™ be given by
means of a lift f: M™ — S’Ziﬁl into the quadric (2.6). Define the R""1- and
R,+1-valued 1-forms €,m on M by (2.12), and the 1-form ¢ by (2.13). Let the
affine connection V on M™ be defined by the transversal distribution ¥~ , and
the dual affine connection V* by the transversal distribution 7. Define the
frames F = (2,&1,...,&,) and F* = (x,m1,...,n,). Then the Maurer-Cartan

forms

Uy, = F10,F

Ur = (F*)" 19, F*
are given by

{ (Ua)oo = Yas  (Ua)oy = ~hqa,  (Ua)po = a3, (Ua)py = ng + '(/)a657
(U2)oo = =Yar (Ud)oy = —hay,  (UZ)so =03, (U3)py = Vi — $adl.

Let now M™ be a manifold equipped with an affine connection V and
a non-degenerate (0,2)-tensor h. By the results of [3, Section 4] the frame
equations are locally integrable for some appropriate 1-form 1 if and only if
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V is projectively flat and h is obtained from the Ricci tensor of V by formula
(2.5). Let us verify this by direct calculation.
The integrability conditions for the frame F' are given by

05Uy — 0, Us + [U(s, Ua] =0.
The upper left corner of this identity yields —has + Os®a = —hsa + Oats.

The lower left block is not informative, while the upper right block yields
hggvgy + Oshya = hﬂan + 0o hiys. Finally, the lower right block yields

—05 hya + V5V + 05V, + (0516)85 = —00hys + VI VS, + 0aVy,
+(80¢'(/)6)6£/3
Denoting the Riemann curvature tensor of V by
R, =05V, — 0uVy + V5 VS, — VAV,

and the Ricci tensor by Ryo = Rﬁsy 5o We obtain the compatibility conditions

Ostba = Oaths = has — hsa,
vﬁh’ya - vah'yé =0, (227)
RYso = 05 hya — 08hys + 08 (hsa — has)-
From the last condition it follows by contraction that R,o = nhyq —ha-, which
is indeed equivalent to (2.5). The last condition can then be rewritten as
1

Rﬁ
n?—1

Yo

4
=0.

{55 (nRys + Rsy) — 02 (nRya + Ray) + (n — 1)6° (Ras — Rga)}

On the left-hand side we recognize the Weyl projective curvature tensor ij Sou
[12, eq. (7p)] of the connection V. The second condition in (2.27) is the sym-
metry of the cubic form Cup, = V,hag in the last two indices. It implies the
closed-ness of the form wys = %(hm; — hsa). The first condition in (2.27) can
be written as di) = —2w. If the second condition holds the first condition can
locally be satisfied by an appropriate choice of the potential ).

Thus the integrability conditions on V and h amount to relation (2.5),
the vanishing of W,’%a,
the necessary and sufficient conditions for projective flatness of V [12, p. 104].

Moreover, Wf 5o vanishes identically for n = 2, and the condition Wf so =0

and the symmetry Cogy = Cayg. These are indeed

implies the symmetry of C for n > 3 [12, p. 105].

3. Second Fundamental Form and Difference Tensor

In this section we compute the second fundamental form IT of a non-degenerate
immersion f of a manifold M™ into C'P™. We show that the immersion is
totally geodesic if and only if the cubic form C vanishes, and it is minimal if
and only if C' is trace-less with respect to the last two indices. The results of
this section are valid not only for immersions into the para-K&ahler space form
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C’P™, but for non-degenerate immersions into general para-Kéhler manifolds
M2,

Theorem 3.1. Let f : M™ — M?2" be an isometric immersion of a pseudo-
Riemannian manifold into a para-Kdhler manifold such that the eigen-
distributions XF of the para-complex structure J' are transversal to f. Let
V,V* be the affine connections defined on M™ by the transversal distribu-
tions X7, X1, respectively, and let K = V* — V be the difference tensor. Let
Iy = %(id +.J') be the projections onto ¥F, respectively, and let Tl be the
orthogonal projection onto the normal subspace to f. Then the second funda-
mental form of f is given by

I(X,)Y)=1yI_f.K(X,Y)
for all vector fields X, Y on M™.

Proof. Let V be the Levi-Civita connection of the metric g on M2". Then
by definition II(X,Y) = HNﬁf*Xf*Y. Also by definition of V,V* we have
I, (Vi xfY —f.VxY)=0and II_(Vy, x f.Y — f.ViY) = 0, because £~ =
kerIT,, ¥+ = kerII_. Using IT, +II_ = id we obtain

I fK(X,Y) =TI f,.V5Y — (id—IL,) £.VxY
= H_@f*xf*Y — fLVxY + H+§f*Xf*Y
= ﬁf*Xf*Y — £ VxY.
Applying the projection Il to both sides we obtain the desired identity. [

The cubic form is defined as in Section 2 by the relation C = Vh, where
h is the pull-back of the sum g + w to M™ and w is the symplectic form of
M2,

Corollary 3.2. Assume the conditions of Theorem 3.1 and let g be the pseudo-
metric on M™. Then the immersion f is minimal if and only if Try K = 0,
and it is totally geodesic if and only if K = 0. Equivalently, the immersion f
is minimal if and only if Try C = 0, and it is totally geodesic if and only if
C =0, where C is the cubic form.

Proof. Since the immersion f is non-degenerate, the subspaces X% are transver-
sal to both the tangent and the normal subspaces. Therefore the product
IINTI_ f, maps the tangent bundle T'M™ bijectively onto the normal bundle.
Then by Theorem 3.1 the mean curvature of f is zero if and only if the con-
traction of the difference tensor with the metric vanishes. Likewise, the second
fundamental form vanishes if and only if the difference tensor vanishes. The
second part of the assertion follows from (2.4) and the non-degeneracy of h,
which in turn follows from the non-degeneracy of the immersion f. U
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4. Definite Surface Immersions

In this section we specialize to immersions defined on surfaces M? with definite
metric. We allow both a positive definite and a negative definite metric. For
simplicity we assume that the surface is simply connected. We deduce the frame
equations and the compatibility conditions in the uniformizing coordinate on
the surface M?2. We then consider the special cases of Lagrangian immersions
and minimal immersions.

4.1. The Maurer—Cartan Form

Whatever the sign of the metric, we may introduce a uniformizing complex
coordinate z = y' +4y? on the surface M? in which the metric takes the form

g =2He" |dz|?,

where u : M? — R is a function of z and %, i.e., u = u(2,2) and H = 1 (the
elliptic case) or —1 (the hyperbolic case). In the corresponding real coordinates
y!, y? the tensor h takes the form

hi1 hia _ a b
ha1 hasa S \-b a

with a = 2He". We first establish relations between the projectively flat con-
nection V, the cubic form C, and the expressions (9,&,n) and similar scalar
products in this coordinate system. This will serve to express the Maurer—
Cartan form in terms of the two independent entries a, b of h and their deriva-
tives, the two entries of ¥, and the 6 independent entries of the cubic form C.

We now convert the real coordinates to complex coordinates, see [23].
The complex canonical basis vectors take the form

1 , 1 )
62 = 5(61 — 182), (95 = 5(81 + 282).
For convenience we introduce the complex functions
b 1 .
c=1+ i and p, = (0,x,x) = §(w1 — ). (4.1)
We also introduce the para-Kdhler angle function 6 by
b
0 = arctan (> +Z¢ (0, ). (4.2)
a 2
It is straightforward to see that argc =0 — 7 € (—g, g)

Remark 4.1. The complex function ¢ is nowhere zero on a surface M? since
we assume that the immersion f : M? — C'P? is definite.?

3There is no “complex point” compared to the CP? case.
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Using the vector-valued 1-forms &, 7, define vector-valued complex func-
tions

1 1 _
&= 5(51 —if3), n.= 5(771 —in), & =&, Nz=T.

By abuse of notation, we denote ., 1, and p, by £, 7 and p respectively. From
(2.8) we then obtain

(& x) = (z,m) = 0. (4.3)
In complex coordinates we then have
h., =hss=0, h,:= %(a—k ib) = He"¢, hs, = %(a —ib) = He"c. (4.4)
By Lemma 2.5 we obtain
&m =(&n) =0, (&7)=He"e, (n)=He" (4.5)
Differentiating these relations, we obtain
<§7 azn> = 7<8255 7]>7 <£a 827_7> = 7<az§, 77> + 8Z(Heuc)7
<£7 8577> = _<85§a 77>7 <£7 aiﬁ> = _<85§7 77> + ai(HeuC)
Relations (2.21) yield
<8Zxa 77> = <85.’E, 77> = 07 <8Zx7ﬁ> = He”c, <8§£L’777> = Heuév (46)
while relations (2.22) become
- <€a8zx> = <az§aX> = <82£7 X> =0, <82£ax> = _Heuc7
<azgu X> = —He"c. (47)
Note also that since the operators 0,,0; commute, we have
<8zé - aifa 77> :<8zafaj - <6z82x7 X)l‘ - <82377 8zX>Jj - <62l‘, X>6zx7 77>
- <8Eazz - <8532'T7 X>l’ - <aZ‘T7 82X>$ - <3zx, X>8§$, 77>

=(—p0yx + pOzx,n) = pcHe". (4.8)

We now introduce respectively functions ¢ and @ by
¢ := He "(9:€,7), (4.9)
Q = (0:¢,m). (4.10)

Note that ¢dz and Qdz? are well-defined as a 1-form and a 3-form on M?2,
respectively.

Remark 4.2. (1) We now observe that if we change a lift f = (z,x) to
(ax,a"1x) by a real-valued function «, then the real-vectors &1, &, 11
and 7, change accordingly to a&;, oy, a~'ny, and o~ !y, respectively.
Therefore the functions u, ¢, and by virtue of (4.5) also ¢ and @Q, are
independent of choice of a lift f, i.e., they are functions depending on f
not f.
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(2) The Tchebycheff form is defined by T,, = % 29”7 From Corollary 2.8
we get C,,. = —2(0,&,n), C,.z = C,z, = —2(0:&, 1), and hence

1
Q - 7§szz-

Therefore the cubic form Qdz® is nothing but the complex component

of the cubic form C' = Vh. Further in complex coordinates we have g~ =

% ((f é) and hence Tz = %(szi“rcziz) = _%<82£a77> = —2H€_u<85§,77>,

1
¢ - 7§TZ
The form ¢ dz is sometimes called the mean curvature 1-form.

We are now in a position to formulate the moving frame equations. In-
stead of the real moving frames F, F* introduced in Sect.2 we shall consider
the complex moving frames

j-::(f7gax)7 j_:*:(f]vnaX)
By (4.3) and (4.5) the product F7 F* equals
_ Hce* 0 0
D= 0 Heer 0],
0 0 1
and .7?*~= F~TD. The Maurer Cartan forms ZIZ = ﬁ—lazf and Z]E =
F19;F are given by

L (@5»?7) (0:€,m) <8z$777>) L (as
U, = D_l <8Z£777> <8Z§7 77) <8z$777> , Uz = D_1 <82§,
<8Z€7X> <8Z£7X> <8z$7X> 82£

We now compute Z/~{Z and Z/ng as follows: Set

9.€ = p& + ¢ + 1z,
where p,q and r are unknown complex functions to be determined. Taking
pairing with respect to x;, it is easy to see that r = 0. Moreover, taking pairing
with respect to n we have (9.€,n) = ¢q(§,n), and by (4.5) and (4.10), ¢ =
Heé e “(Q follows. Finally taking pairing with respect to 7, we have
(0:€,m) = p(&, 7).

Let us compute the left-hand side by taking the derivative of (§,7) = He"c
with respect to z, that is,

(0:€,1m) = —(§,0.7) + He"c 0, (log c + u).
Since 0.7 = 0.0:x — 0.(px) and by virtue of (4.7) (¢,0.x) = 0, we get
<§7azﬁ> = <£a828zx> = _<82£a8zx>'
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Moreover, 0,x = n— px and thus (9:¢,0.x) = He ¢+ pHe"c holds. Therefore
D= % + p+ 9.(log ¢+ u) follows. Similarly, set

0.€ = pé + g€ +ra,

where p,q and r are unknown complex functions to be determined. Taking
pairing with respect to x, it is easy to see that r = —He"¢ by (4.7). Next
taking pairing with respect to  we have (9.£,n) = q(&,n) = qHe"¢, and by
(4.8), ¢ = p+ & 1¢ follows. Finally taking pairing with respect to 7, we have
(0,€,7) = p(&,7), and by (4.9) and (4.7), p = ¢~ ¢ follows. By (2.26) we have

Ox=E+pr=1-£4+0-E4+p-u.

One can compute LN{E similarly.
Thus the Maurer-Cartan form can be computed as follows:

p+c o+ 0,(u+loge) c o 1

U, = Heé lemuQ p+cte 0],
0 —Hee*  p
_ p+c o H_c’le’“Q 0
Us = c 1o p+eto+0:(utloge) 1
—Hce* 0 p

The compatibility conditions
U..Us) + 0.Us — O:U. =0
amount to the real equation dzp — 0,p = He"(c — ¢), which can be written as
Im(9;p) = He"Imec (4.11)

and is equivalent to the first equation in (2.27), and the two compatibility
conditions

e 72 16]* — le|2e*|QF + H(e — 2c)e" — 0: (¢7'¢) + 0:(c™'¢)

— 0,0:(logc+u) =0, (4.12)
(@t —ch)(e"d? — Q¢) — e"p Oz log|c|* + €"(0:6 — pIzu) + 9:Q = 0.
(4.13)

As pointed out in (1) in Remark 4.2, the functions u,c¢,¢ and @ are
independent of the choice of a lift f. On the other hand, the function p depends
on the choice of a lift.

Proposition 4.3. By choosing a lift § properly, the function p can be made to
satisfy the condition

Ozp = Hce". (4.14)

In this case, we denote it by py instead of p.
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Proof. Let pg as in (4.14). Then the compatibility condition (4.11) is equivalent
to

(Po = p)z = (po — p)z = 0.
Therefore, the 1-form

Q= {(Po — p)dz +md5}

is a real-closed 1-form. Let 6 : D — R denote a solution to dé = . Now the
new lift § = e°f satisfies p = po. O

We now gauge the frames F and F* to:

F=FD, F*=F*D, (4.15)
with
B (He)~Y2eu/2 0 0
D = D% diag(1,1,i) = 0 (He)~Y2e~w/2 0
0 0 i

Then a straightforward computation shows that the Maurer—Cartan form of
F can be computed as

FYF =U.dz + Usdz,

with
p+ %Bzu—i— %82 logc+c ¢ le| =16 i(He)l/2eu/2
U, = ( le|~te " HQ p—30:u—3d.loge+e ¢ 0 )
0 i(HE)1/2eu/2 p
p— 20zu— $0zlogc+c 1o le|~te*HQ 0
Us = ( le| "1 P+ 50zu+ 50z loge+c o z’(Hc)l/Qe“”)-

i(He)l/2eu/2 0 p
(4.16)

We now summarize the above discussion as the following theorem.

Theorem 4.4 (Fundamental Theorem of definite surfaces in C'P?). Let f :
M? — C'P? be a liftable immersion and § : M? — S35 a lift. Let g =
2Hevdzdz, (H € {—1,1}) denote the induced metric, 0 : M?* — (0,7) the
para-Kdhler angle, Qdz> the cubic form, ¢dz the mean curvature form. Set ¢
by c=1+itan(d — w/2) and p by (4.1). Then (4.11), (4.12), and (4.13) are
satisfied.

Conversely let g = 2He"dzdz, (H € {—1,1}) be a positive or negative
definite metric on a simply connected Riemann surface D. Let 0 : D — (0, 7) be
a real valued function and ¢pdz and Qdz? be a 1-form and a 3-form, respectively.
Set ¢ by c =1+ itan(0 — w/2) and p by (4.11). If these data satisfy (4.12)
and (4.13), then there exists an immersion f : D — C'P? which has invariants
stated as above and is unique up to isometries of C'P2.
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4.2. Lagrangian Surface Immersions

In this section we specify our results to the case of Lagrangian surface immer-
sions into C’P2. If the immersion f is Lagrangian, then w = 0, h = ¢, and
C' = Vg is totally symmetric. The converse implication also holds.

Lemma 4.5. Let f : M? — C'P? be a non-degenerate surface immersion with
totally symmetric cubic form. Then f is Lagrangian.

Proof. The condition that C'is totally symmetric is equivalent to the condition
Vw = 0. Suppose for the sake of contradiction that w does not vanish on some
neighbourhood U C M. Then V preserves a non-trivial volume form on U and
is equi-affine. This implies that its Ricci tensor is symmetric [13, Proposition
1.3.1]. But then (2.5) implies w = 0, leading to a contradiction. O

The Lagrangian condition w = 0, or equivalently b = 0, has the implica-
tion

c=1.

The compatibility condition (4.11) becomes Im 9zp = 0. It is equivalent to the
form 9 to be closed. Since M is simply connected, there exists a real potential
v such that ¥ = dv, or p = J,v. By an appropriate scaling of the lift f of f into
S% we may choose v equal to any desired smooth real function. In particular,
we may achieve

p=0

by an appropriate choice of the lift. Such a lift is horizontal in the sense
of Definition 2.3. In this case the lift f defines a dual pair of centro-affine
immersions z,y into R3 and Rs, respectively, whose metric coincides with g
and whose centro-affine connection coincides with V [2, Theorem 4.1].

Conditions (4.12) and (4.13) simplify to

0.0:u — |¢|? + e 2|QI> + He¥ = 0:¢ — 0.0,

The left-hand side in the first equation is real, while the right-hand side is
imaginary. Hence both sides must equal zero, and we have

_azé + 82¢ =0,
D.0:u — |¢|* + e 2“|Q|* + He" =0, (4.17)
e*(0:¢ — p0zu) + 0:Q = 0.
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The Maurer—Cartan forms (4.16) simplify to

%Bzu +¢ b iHY/2eu/?
U, =| e"HQ —id.u+¢ 0 ,
0 iHY/2eu/? 0
7%857.14 +¢ e “HQ 0
U = ¢ L0u+ ¢ iHY?ew/? |, (4.18)
iHY2eu/? 0 0

Remark 4.6. From —0,¢ + 0:¢ = 0 the 1-form ¢dz + ¢dZ is closed, or equiva-
lently the Tchebycheff form T is closed for a Lagrangian immersion f.

4.3. Minimal Surface Immersions

In this section we specify our results to minimal surface immersions into C’ P2.

By Corollary 3.2 the immersion f is minimal if and only if the Tchebycheff
form T vanishes if and only if the function ¢ vanishes. Setting ¢ = 0 in the
compatibility condition (4.13) gives 0:Q = 0, and @ is a holomorphic function.
Setting ¢ = 0 in (4.12) gives

—le| 727 *|Q|* — 9,0:u = 0,0z (log c) — H(¢ — 2c)e™.

The left-hand side of the equation is real, and so must be the right-hand side.
Therefore we have an additional equation for the para-Kéhler angle 6 in (4.2),

0,050 = 3He" cot 6.

The Maurer—Cartan form can be simplified to

p+ %azu—&- %(‘L log ¢ 0 i(Hc)l/Qe“/2
u, = le]~te™*HQ p— 350.u— 30, logc 0 )
0 i(He)'/2ev/? o
p— 30:u— 30:logc le|~te " HQ 0
Us = 0 p+ 30:u+ 30:loge  i(He)'/2ew/?
i(He)'/?ev/? 0 p

(4.19)

4.4. Minimal Lagrangian Surface Immersions

Combining Sect. 4.2 and Sect. 4.3, we obtain the following equations for a def-
inite minimal Lagrangian surface immersion in C’P?:
{ 9.0:u + e 24|Q[2 + He" = 0,

9.0 — 0, (4.20)
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Moreover, the Maurer—Cartan form can be simplified to

%azu 0 iHY/2eu/2
U, = | e “HQ —10.u 0 ;
0 iH/2eu/2 0
—10:u e “HQ 0
Us = 0 100 iHY2ew/? . (4.21)
iH/2eu/2 0 0

The first equation in (4.20) is known as the Tzitzéica equation and the Maurer-
Cartan form is identical to that of [14, Section 4.4 with the spectral parameter
A = £1]. Therefore it is easy to see that

Theorem 4.7. A definite minimal Lagrangian immersion in C'P2? defines a
definite proper affine sphere in R? and vice versa.

5. Primitive Maps and Immersions with Special Properties

In this section we characterize surface immersions in C’'P? with special prop-
erties (minimal, Lagrangian or minimal Lagrangian surfaces) in terms of prim-
itive harmonic maps. Since the results in this section are an adaptation the
results of [9] to the case of surface immersions into C’ P2, we will omit detailed
proofs, and refer to Appendix B.

5.1. The Real Form T

It is easy to see that the determinant of the moving frame F in (4.15) can be
computed as

det F = iH | le " det F = 2H '|¢|"te ™" det(&y, &, ),

where & and & are real-valued vectors as in (2.12). Therefore det F takes
values in {R*. Let us denote det F by § with a non-vanishing real function 4.
Then, it is also easy to see that det F* = §~1.

As discussed in Remark 4.2, if we change a lift (x, x) to (6'/3z,571/3x),
then the real-vectors &, &, n1, and 72 change accordingly to 6/3¢;,61/3¢,,
613, and 6~1/3n;,, respectively. Then det F = det F* = 1 in this particular
lift. Therefore we have the following.

Lemma 5.1. Choosing the initial condition of F and F* properly, the gauged
moving frames

1 1

z v 0
Ad(Rg)(F) and Ad(RG)(F*), with Ry = & = 0o |,

0 0 vV-H

take values in SL3R.
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Remark 5.2. The function p in (4.1) of the lift § such that det 7 = 1 cannot
satisfy (4.14) in general. In the following, we normalize a lift f such that the
frame F satisfies det F = 1, and we do not assume (4.14).

We define a real Lie group
{A| Ad(Ry)(A) € SL3R, where Ry is defined in (5.1)}, (5.2)

which is isomorphic to the standard SLsR, and we denote it by SLsR¥. More
explicitly, the Lie group SL3R in (5.2) can be represented by

a b vV—Hc

SLsRT={ A= b a v—He ‘mb,c,d,eE(C and detA=1.
v—Hd ~/-Hd e

(5.3)

The Lie algebra of the above SL3RY, which is isomorphic to the standard Lie
algebra sl3R, can be represented by

a b v—Hce
sLRYE={A=| & a  V-He ’a,b,c,d,eG(Cand trA=00%.
V=Hd V=Hd e

Therefore without loss of generality the moving frame F (and F*) of an im-
mersion f : M? — C'P? takes values in SL3R™. In the following consideration,
we always assume this. Moreover, one can think g® = sz RH as the real form
of g = sl3C given by the anti-linear involution

01 0
7(X) = Ad(Pg)X, X e€slzC, Pg=|10 0 |. (5.4)
00-H

Note that Py is given by
RILRy = Py.

& on the group level G = SL3C as

We consider the anti-linear involution 7
7¢(g) = Ad(Pn)(9), g € SLsC. (5.5)

By abuse of notation we will also write 7¢ by 7.

5.2. Primitive Maps and Immersions with Special Properties

We now consider the order 6 outer automorphism o on sl3C is given by

0 € 0
og(X)=-PgX'Pg, where Pg= |t 0 0 (5.6)
0 0 -H

with € = ¢ . Note that
P;I = diag(€2a 647 1)PH7
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and oy with H = —1 has been used in [9,14,15]. It is easy to see that oy
commutes with 7 and thus oy defines a k-symmetric space with k£ = 6, see Def-
inition B.1. Moreover, instead of o, one can use 01%[ and 0%7 which are the or-
der 3 and 2 automorphisms on sl3C, and there are corresponding k-symmetric
spaces with k£ = 3 and 2, respectively. Then one can introduce the primitive
harmonic into a k-symmetric space relative to o, 0% and o3, respectively,
see Definition B.2. The following characterizations of surface immersions with
special properties in terms of primitive harmonic maps are verbatim to the
case of those of CP2, [9, Theorem 2.4], thus we will omit the proof.

Theorem 5.3. Let G = SL3C and g = sl3C its Lie algebra. Let T denote the
real form involution of G singling out G® = SL3RY in G and let oy = 0§ be
the automorphism of order 6 of G given by o (g) = Pg(g?) 1P in (5.6).
Assume moreover, that | is the lift of a liftable immersion f into C'P? and
with frame F in GR. Then the following statements hold:

(1) F is primitive harmonic relative to o if and only if f is minimal La-
grangian in C'P?.
2) F is primitive harmonic relative to o2 if and only i is minimal in
( H Y
Cc'P?.
3) F is primitive harmonic relative to o3, if and only if either f is minimal
p H 4
Lagrangian or f is flat homogeneous in C'P2.

6. Ruh—Vilms Type Theorems

In the following sections, we use the para-hermitian inner product of the 3-
dimensional para-complex vector space C’ ? with a para-Hermitian form

<ua U>h = U*TPHUa (61)

where * denotes the para-complex conjugate of a paracomplex vector in C’ 3,
and Py is defined in (5.4), see also Appendix A.1.1.

Remark 6.1. The para-Hermitian form (6.1) is invariant under the Lie group
SL3RY defined in (5.3). It is different from the standard para-Hermitian inner
product in (A.5), but they are isomorphic. The para-Hermitian form in (6.1)
is suitable for Ruh—Vilms type theorems.

The 3-dimensional para-complex vector space C’ 3isa symplectic vector
space with the symplectic form w = —S(, ).

In [9, Section 3|, three 6-symmetric spaces of dimension 7 which are bun-
dles over S® were defined, which were F L, F Ly and F Ls. We will analogously
define bundles over S5, which will be denoted by FL¥ FL and FLE, re-
spectively. A detailed construction can be found in Appendix C.
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6.1. Projections from Various Bundles

A family of (real) oriented Lagrangian subspaces of C’ 3 forms a submanifold
of the manifold of real Grassmannian 3-spaces of C’ 3, which will be called the
Grassmannian manifold of oriented Lagrangian subspaces and will be denoted
by Lgr(&C’s). It is easy to see that Lgr(37C’3) can be represented as the
homogeneous space GL3RY /OY. In particular the orbit of SL3R! through the
point e € SO? will be called the special Lagrangian Grassmannian and it will
be denoted by SLIér(?), (C’S). It is also easy to see that it can be represented as
a homogeneous space

SLE (3,C"%) = SLsR" /SO,
see Proposition C.1. We now define two bundles over S5:

FLT = {(v,V)|ve S, veV, VeSLE (3,C™)},

w € 83, W is a special regular para-complex
FLE =L (w,W) | 807V S A spacial T e
flag over w in C'” satisfying W; = C'w
Moreover, we define
0 € 0
FLY = UP;IUT‘UESLgRHandP: 40 ol
0 0-H

where € = ¢™/3, Then F Lf (j = 1,2,3) are mutually equivariantly diffeomor-
phic 6-symmetric spaces relative to og, and they are 7-dimensional.

FL 2 pL¥ =~ FLY = SL;RY /S0O,,
see Theorem C.3. There are natural projections from SLsR™:

7t SLsRM — FLY - (j =1,2,3).

We now further define three spaces:
FIZ = (W | W is a regular para-complex flag in (C’?’},

and

FIY = (U(Pg(P;)")U™" | U € SLsR"},

SLE,(3,C"°) = (U (P (P)" P)U™ | U € SLaR™).

It is easy to see that

SLE (3,C') = SLsRY/SOY,  SLE (3,C’%) = SL;RH /SOY,

and thus the spaces SLE (3,C’*) and SL&(?),C’?’) are naturally equivari-
antly diffeomorphic, that is, there exists a diffeomorphism ¢ : SLE (3,C’ 3) —
SLgr(S,(C’g) such that ¢(g.x) = g.¢(p) for g € SL3RY and p € SLE (3,C).
symmetric spaces relative to o2, and they are 5-dimensional, see Appendix C.
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It is also easy to see that
FIH = SLyRY/Ds,  FIF = SLyRY /D,

and the spaces FIY and FI¥ are naturally equivariantly diffeomorphic 3-
symmetric spaces relative to 0%, and they are 6-dimensional, see again Ap-
pendix C. There are further natural projections:

71 : FLY — SLE (3,C°), 73, : FLY — SLE (3,C"),

fo: FLY — FIf, f3: FLY — FIH.

Schematically, we have the following diagram:

SLyRH

FLH FLY FL;’
3 FIF FI3!

SLE (3,C%) = SLH (3,C

(6.2)

6.2. Ruh—Vilms Type Theorems Associated with the Gauss Maps

We will define three Gauss maps taking values in the various bundles given in
the previous subsection for any liftable immersion f : M? — C'P? with M? a
Riemann surface.

We assume from now on M? =D, and that § is a special lift of f. Then
we define the frame F : D — GL3RY as in Lemma 5.1 such that det F = 1,
that is,

F:D — SLyRM. (6.3)

The frame F will be called the normalized frame. Note that the function p has
been chosen now as in Remark 5.2 and will generally not coincide with py as
in Proposition 4.3.
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Definition 6.2. Let 7 : D — SL3;RY be the normalized frame and m;(i =
1,2,3), 7;,7s,:(i = 1,2) be the projections given in (6.2). Then the maps
Gi=mioF:D—FL! (j=1,2,3),

Hi =7 om oF : D — SLE(3,C),

Hy=fgomoF : D — FII, (6.4)
Hsz1=mg10mgoF :D— S/Eg(?), C’g),
H3,2:7~T3,2O7T30}-1DH1*:E{,

will be called the Gauss maps of f.

We finally arrive at Ruh—Vilms type theorems, which is an exact analogue
to Theorem 3.6 in [9].

Theorem 6.3 (Ruh-Vilms theorems for oy,0% and o%;). With the notation
used above we consider any liftable immersion into C' P% and the Gauss maps
defined in (6.4). Then the following statements hold:

(1) G; (j = 1,2,3) is primitive harmonic map into FLf if and only if F is
primitive harmonic relative to o if and only if the corresponding surface
is a minimal Lagrangian immersion into C' P2, -

(2) Ha or Hszo is primitive harmonic in FI or FIH if and only if F is
primitive harmonic relative to 0% if and only if the corresponding surface
is a minimal immersion into C' P2, o

(3) H1 or Hs1 is primitive harmonic map into SLIér(3,(C’3) or SLg (3, c?)
if and only if F is primitive harmonic relative to o3 if and only if the
corresponding surface is either a minimal Lagrangian immersion or a flat
homogeneous immersion into C'P2.

Proof. The first equivalence in (1) is a consequence of the definition of primitive

harmonicity into a k-symmetric space, and the second equivalence in (1) has
been stated in Theorem 5.3. The proofs for (2) and (3) are similar. O
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7 Appendix
A. Basic Results for C’P™ and SZT{I

A.1. The Manifold 527"
A.1.1. Para-Complex Vector Space. Let us briefly recall the n-dimensional
para-complex vector space (C')™, see [16,17]: First define a commutative and

associative multiplication “” on R? by

(z,y) - (%,9) = (22 + yy, 2y + y), (A.1)
for (x,v), (%,9) € R%. Then (1,0) =: 1 is the unit element. Choosing i’ = (0,1),
(i")? = 1 follows, and it is called the para-imaginary unit. Then the para-
complex numbers C' are defined by

C=R+iR={z+iy|z,yeR}, (A.2)
and the multiplication on C’ is given by

w=axT+yy+i(xg+yz), z=x+iy, w=z+1i7. (A.3)
Note that i’ corresponds to the para-complex structure J' on R? given by
J :(z,y) € R? — (y,z) € R

Then the para-complex conjugation z* of z = x +i'y € C' is defined by

z* = xz — 'y € C, the real and imaginary parts of z are defined by = and
y, respectively. Note that (zw)* = z*w*. The natural scalar product of C' is

defined by
(z,w)p = z*w. (A4)

This is a para-Hermitian form, that is, it is C’'-antilinear in the first component
and C'-linear in the second component, respectively, and (w, z), = (z,w)}
holds. Note that (z,z)p takes values in R and (z,z)p, = 0 if and only if z =
a+1i'a for some a € R. The set of invertible elements will be denoted by (C’)*
and any element z € C’ such that (z, z), # 0 is obviously invertible, and we
have 271 = 2% /(z, 2)p.

The n-dimensional para-complex vector space (C')™ is the n-fold direct
product of C'. The para-Hermitian form of (C')" is defined by

(u,v)p, = uwTv, wu,ve (CH. (A.5)
It is invariant under the transformation
nn 1+ 14 -T nn
Cs>ur— 5 A+ 5 A ue (CH", AeGL,R.
It induces the pseudo-Riemannian metric g with signature (n,n) and the
para-Hermitian form w on (C')" as
glu,v) = R{u,v)p, and w(u,v) = —S(u, v)p, (A.6)

respectively. The (extension of the) para-complex structure J' (to (C')™) is
clearly parallel with respect to the Levi-Civita connection (relative to g), and
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it is also clear that g(i'u,v) = w(u,v) and g(i'u,i'v) = —g(u,v) hold. Thus
(C)™ is a para-Hermitian manifold. Moreover, w is closed and thus it is a
symplectic form and (C’')™ is a para-Kahler manifold. For more details on
para-complex manifolds see [17].

A.1.2. The Geometry of S2n+1 From Sect.2.2 we recall the definition of

n+1
S2n+1
n+1 »

§2mH = L(z,x) € R™ X Ry | (2, x) = 1},

where R"*! denotes the usual n+1-dimensional Euclidean space, R,, ;1 its dual
vector space and (-, -) the natural pairing. Since the function h(z, x) = (z, x)—1

has only regular values, we obtain that SELTII is an embedded submanifold of

R x R
n+1-
It is straightforward to verify that the tangent space T(xyx)SZT{l of Sir_ﬁl

can be realized by pairs of vectors (X, X) € R"*! x R, satisfying

(%, x) + (z, X) = 0. (A7)
To rephrase SZTl'l by the para complex number (z), we now introduce the
natural standard inner product on R"*! ie. (z,y) = E?jll z;y; for x =
Z?:ll i€,y = Z?:Jrll yie; € R"1 and using it we identify R**! with R,, ;.
This identification then also induces the standard inner product on R, 1. As
a consequence of this we will replace “R,, 1" by R"™! from here on. But to
indicate to which space a vector belongs we will continue to use latin letters
z,y, ... for the first component and Greek letters for the second component.
Then the real coordinates (z,x) and the para-complex coordinates (z)

can be identified by
x+x ,x—x 1+7 1—4
= . A8
5 i 5 &t —5X (A.8)
It is easy to see that (x,x) = (z,z), under the above identification. More
generally, the para-Hermitian form (A.5) for the vectors z = 1 (z+x+i'(z—x))

and w = (& + X + /(& — X)) can be computed as

(z,x) &= 2=

(2w = 5 %)+ )+ (o 8+ (500}

Using the para-complex numbers C’ for the description of Sif{l we obtain

Spidt ={z e (@) [{z,2)n =1}

and the tangent space T.S2"1" to S2tH! at the point z € (C)"*! can be

realized by the vectors @ € (C')"*! satisfying
R(w, z)p, = 0. (A.9)
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Proposition A.1. Retaining the notation introduced above we have the following:

(1) The set Siiﬁl is an embedded 2n+1-dimensional submanifold of (C')"*+1 =
R2n+2 .

(2) The manifold S,QLTII is a contact manifold defined by the contact 1-form

on SZTl'l :

¢(z) = (2, . (A.10)
(3) The Reeb vector field R for the contact manifold Sflf{l with contact 1-
form ( is given by
R(z) =i’z

We also have the following properties on SiTl'l.

Lemma A.2. Let § be the pseudo-Riemannian metric on S?lTl'l induced from
g defined by (A.6) on (C')"*1. Then the following statements hold:

(1) For two tangent vectors 9,1 € T.S27", we have

In real coordinates (x, x), for tangent vectors (X, X),(D,Y) € Ty St

~

HED),D.9) = 3(7)+ D7) (A12)

(2) For an arbitrary vector w € TZS,QL:L_J{l, the para-complex structure J' of

(CY™* naturally acts on W as
Jrb = i, (A.13)

For a real tangent vector (X, X) € Tlap)SEm?, J' acts as

JI(X,X) = (&, -X). (A.14)

A.2. The Space C’P™ and the Fibration 74 : Sflj_"l'l — C'P™
A.2.1. The Basic Fibration. We recall the para-Kéahler complex projective
space

C'P™ ={([z],[x]) € RP" x RP, | {x,x) > 0},
defined in (2.1),* where RP"™ is the n-dimensional real projective space, RP,
is the projective space of the dual space R, of R"*!, sometimes also called

the “dual real projective space”. Note that the equivalence class of an element
in C'P™ can be defined as follows: Set

(R X Rpp1)t = {(z,x) | (z,x) > 0}.

4The original definition is [z] £ [x].
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Then the quotient is defined as follows: (R™™ x R,,.1)" 2 (z,x) ~ (%,X) €
(R x R, 41)T iff there exists a pair (p,q) € Ry x Ry or (p,q) € R_ x R_
such that (Z,X) = (pz, ¢x). Thus

CP" = (R x R,yq)t/ ~.

By using the correspondence between real and para-complex coordinates as
stated in (A.8), we can write C'P™ in the form

C'P" ={[z] | = € (C')"™, (2, 2)n > O}, (A.15)

where [z] denotes an equivalence class defined as follows. Two elements w, z €
(C")™+1 satisfying (z, 2), > 0, (w,w), > 0 are equivalent, z ~ w, if and only if
there exists A € C’ such that z = Aw. Note that then automatically (A, ), > 0.
It is easy to verify that the elements [z] € C'P™ in (A.15) and ([z],[x]) € C'P"
in the original definition in (2.1), respectively, are bijectively related by the
equivalence:

(el ) = B = |52+ v 2.
In fact, if (Z, %) = (pz, gx) € (R"T! xR,,1)T for some (p,q) € RT x R*, then
Z = Az by choosing

pt+q p—q 14i 1-7

A=y Ty E
Vice versa, decomposing A € C’ satisfying (A, A), > 0 as in (A.16), we get
(p,q) € R* x R*, and Z = Az implies (7, %) = (px, ¢x). Finally, from Sect. 2.2
we recall the projection map 7y : SZTI'I — CP™, (x,x) — (]z],[x]). By
using the para-complex coordinates (z) and the correspondence in (A.8), we
easily see that

q. (A.16)

Tt St > CPT, 2 [2] (A.17)
holds.

A.2.2. The Horizontal and Vertical Distributions. Recall that the tangent
space of S21! at z is given by T.S2MH! = {w € (CT)"* | R(wb, z), = 0}.
Since the fiber at [z] € C'P™ of the fibration my : So7 1" — C'P™ is

{e"2 e S |t e R},

where e/t = cosht + i sinht and (ef'f,eit), = 1, the kernel of dmy is the
direction of the Reeb vector field R(z), that is i’z. Therefore it is natural to

decompose a tangent vector w € T, SZT{I as
W= (0 — (W, 2)pz) + (W, 2) 2, (A.18)

where (i, z)j, takes imaginary values since R(w, 2}, = 0, and (W — (W, 2)pz, 2)p,
= 0. We define the horizontal distribution by

H. = {w € (C)"* | (,2)n = 0},
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and on the other hand the wvertical distribution by
V. =R(i'2). (A.19)

Thus we have W € TZSfLT{l = 7'A(z @ 172.
In particular, the vertical distribution is integrable (since it is 1-
dimensional), while the horizontal distribution is not integrable. In real co-

ordinates (z,x) the horizontal and the vertical distribution in the tangent

space T(I,X)SZT{I can be given by

ﬁ(r,x) = {(%, 2?) eR"™ xR, | <f¥,x> =0 and <x,.5€\> =0},
V(x,x) = R(m, _X)v

which are the same equations as in Sect. 2.2.

Finally we consider a finer decomposition of the tangent space of SZT{ls

In view of (A.9) one verifies easily that the horizontal distribution can be
decomposed in the form

H,=HIeH:,
where HE = {i + i | w € H.}. In fact, for every & € T.S2%4", that is
R(z,w), = 0, we have the decomposition

W= (71] - <1f},Z>hZ) + <1IJ,Z>hZ S 7:zz ® 92
= (W — (W, 2)p2) 4 + (0, 2)pz + (0 — (0, 2)pn2)- € HF @V, & H,
(A.20)

where (0 — (W, 2)p2)+ = hsi, (0 — (0, 2)p2).

In real coordinates (z,x), any tangent vector (X, X) € Tlon)S2it!, that

is, {(x, /ﬂ = —(%, X), can be decomposed as
(:/%7 f) = (:% - <%7 X>J?, ‘%\ - <J), ;Y\>X) + <§t7 X)(J?, _X) € ﬁ(z,x) S2) 9(9:,)()7
= (X — (X, x)z,0) + (X, x)(z, —x) + (0, X
— (&, X)x) € Hi, ) @ Vian) @ H, ) (A.21)
Let us summarize the above discussion as the following proposition.

Proposition A.3. Retaining the notation introduced above we obtain:

(1) The projection map w3, : St — C'P",  (z,x) — ([2],[X]) is a pseudo-
Riemannian submersion with vertical distribution V, = R(i'z) and hori-
zontal distribution H., z € (C')"*1. Moreover, the horizontal distribution
has the following property:

For w € TZSZT{l we have W € H, if and only if J'b € H,.
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(2) There are natural decompositions for TZSZ’f{l

.8 =H. 0V, =HI o V. 0 H;. (A.22)

The distributions H* are n-dimensional distributions in TSZiﬁl. The
subspaces 7—(i are ezgenspaces of J' with eitgenvalues 1 and —1, respec-
twely Moreover, Hi are isotropic and orthogonal to the vertical subspace
V with respect to the symmetric bilinear form §. The restriction of § to
H. 7'Al+ & 7-A{ is non-degenerate with signature (n,m).

(3) The distributions HT, V., and HS are integrable.

Proof. (1): We need to introduce a pseudo-Riemannian metric on C'’P"™. The
manifold 5’31‘{1 has a pseudo-Riemannian metric with signature (n,n + 1)
induced from a natural para-Hermitian form on (C’)"*! of constant curvature.
Then it is straightforward to introduce a pseudo-Riemannian metric on C'P"
through the fibration 7. Namely, it is induced from the horizontal part ’HZ
of T.S2"1". In fact, the pseudo-Riemannian metric on C’P" is an indefinite
version of the Fubini-Study metric of the projective space CP".

Let 2,2 € S2%1" be such that Z = Az for some A € C', and let & €

TZSZZ_T. Then dmy maps \b € TgSZT{l to the same vector in TC'P" as .

Moreover, for arbitrary 0, € TszlT{l we have g, (0, @) = §z(AD, ), because

(\,A), = 1. The orthogonal complement (ker drs)* is exactly the horizontal
distribution H, since for 0 = ¢’z € kerdny =V, and W € H,,

Qz(fuﬁ)) = §R<'IA),'UA)>}—L = —S<Z,UA)>}1 =0.

Therefore dry : (kerdmy)t — TC'P™ is an isometry and 73 is a pseudo-
Riemannian submersion. The second statement is a straightforward computa-
tion.

(2): The second statement (2) follows from (A.20) and from the orthog-
onality relation deduced above.

(3): For V. this is clear, since the distribution is 1-dimensional. For 7:\[2i
we obtain as integral manifolds ZF through z the sets

={pesit | zxiz=pFip}. (A.23)
In real coordinates (z,x),
T ={mesti In=x}, I, ={@mesi ly=1}.
(A.24)
This completes the proof. O
2n+1

On the other hand, the contact structure on Sn 1 induces a natural
symplectic structure on the horizontal distribution H.
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Proposition A.4. (1) The differential of the contact form ¢ in (A.10) defines
a symplectic 2-form on the horizontal distribution H :

&, (0,0) = dC(0,0) = (0,0, 0, € H,
For real horizontal vectors (.’%7 .56\), (f), JAJ) € ﬁ(m7x),

(R D),D.9) = 5 (&) - D, 2)). (4.25)

The form @ is closed and its kernel is given by the vertical subspace IA)Z.
(2) The covariant derivative with respect to the Levi-Civita connection of § of
the tensor J', and hence also the form @, in the direction of the vertical

subspace vanishes. The same holds for the vector field i’z generating the
vertical subspace.

Proof. The proposition is proven by direct calculation. O

A.3. Homogeneous Structures of Szrfl'l and C'P™

A.3.1. The Action of SL,, 1R on 55141'1. It is clear that the group SL, 1R
acts naturally by matrix multiplication on R”*!. Then the contragredient rep-
resentation of SL,, 1R is given by g € SL,, 1R, x € R, 41, u € R* L

(9" X)(u) = x(g~ "w). (A.26)

Using these definitions we obtain the following.

Proposition A.5. Denoting by e, . ..en.1 the natural basis of R" ™1 and by 05,
gwen by 0;(er) = i, its dual basis, we have the following:
(1) The manifold SZT{I is a connected homogeneous space under the action
of SL,11R given by

g(u, x) = (gu, 9" x), (A.27)

where u, X, g are as above.
e isotropy group at (e1,01) of the action just stated is isomorphic to
(2) The isotropy group at (e1,01) of th tion just stated is i phic t
SL,R = {1} x SL,R and thus S21" can be written as the homogeneous
space

Szt = SL, 1 R/SL,R. (A.28)

(3) The group SLZHR acts on SZT{I by isometries and leaves the horizontal
distributions H* and the vertical distribution invariant.

Proof. (1): First we note that (A.26) implies that SL,41R leaves S2%1" in-
variant. Let (u,x) € Sflfffl, then one can take an element g € SL,,11R
such that gu = e;. Then one can take another g such that ge; = e; and
g*x = 61. Thus the action is transitive.

(2): By the action, the pair (eq,d;) is stabilized exactly by diag(1,.S) with
S € SL,R. Therefore the stabilizer is SL,R = {1} x SL,R.
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(3): Since the action of SL, 1R is linear, it acts on the tangent vectors by
the same formulas as on Si’}:l'l. Thus the claim follows.
O

Recall that the actions of SL, 1R on S271", on (C/)"*! and all other
geometric objects investigated in this paper, are induced naturally from the
basic matrix action on R"*! and the “diagonal action” (g,g*), where g*
denotes the contragredient action, see (A.26). Moreover, all natural isomor-
phisms/diffeomorphisms/isometries occurring in this paper are trivially equi-
variant relative to the corresponding actions of SL,;R. Further, wherever
applicable, all these actions of SL, 1R commute.

Remark A.6. The center C,,41 of SL, 1R is +1, if n is even and it is I, if n is

odd. Moreover, C,,+1 acts freely and properly on Sﬁ’}:{l.

To discuss the geometry of C'P", we will use what was already discussed
for SZT{I in the previous sections. As an application of these remarks we show:

Proposition A.7. Retaining the notation introduced so far, the following state-
ments hold:
(1) The projection map w3 = Sttt — C'P™, (2, x) — ([2], [X]), s equivari-
ant relative to the natural action of SL,11R on S2%4" and the natural
action of PSL, 1R = SL,, 1 R/C,, 11 on C'P™.

(2) Similar to equation (A.28) one can represent C'P™ in the form

CP* = SL,1R/ | ({a} x (a*)"'SL,R) (A.29)
a€RX

(2) The following diagram commutes:

{1} x SL,R % |, g~ ({a} x (a*)"'SL,R)

incl incl

SL,41R id SL,41R pred PSL, 1R

proj proj proj
Sii—il_l TH (C/Pn id (C/Pn

Moreover, the fiber of ([], [x]) under 7y is () "1 ([z], [x]) = {(az,a"1&) |
a € R*}.
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A.3.2. The Induced Geometry on C’P™. The discussion about the geometry

of Sfliﬁl induces quite directly the basic objects of the geometry of C'P". We

collect these results in the following theorem.

Theorem A.8. We retain the assumptions and the notation of the previous
subsections. Then we obtain:

(1) The differential dmryy induces an isomorphism from the distributions Ht
and H~ to the image distributions HY and H~, where

HE = {dmp (i £ i'0) | b € TS24}
The distributions H™ and H™ are integrable.

(2) The projection Ty, induces naturally a non-degenerate pseudo-Riemannian
metric g on C'P™ with signature (n,n) such that for all v,w € T, C'P"
with 0, € H, C T,82"%Y and (drw (), dmy (@) = (v, w) :

g(vv w) = g(@v UA})
(3) There exists a para-complex structure J' on C'P™ satisfying

dry o J' = J odmy.

It has the spaces H™ and H™ as eigenspaces with eigenvalues +1 and —1
respectively.

(4) The projection Ty induces naturally a (non-degenerate, closed) symplectic
form w on C'P™ such that for all v,w € T C'P" with 0,% € H. C
TS24 and (dmy(9), dmy (0)) = (v, w)

wv,w) = o(v,w).
In particular, we have for all v,w € Tp,jC'P"

wv,w) =g(J'v,w) and gv,w)=w(J v,w).

(5) The tensor J', and hence also w, are parallel with respect to the Levi-
Civita connection of g, and thus C'P™ is a para-Kahler manifold of di-
mension 2n.

Proof of Proposition 2.2. The first statement is just (1) in Proposition A.3.
For the second statement, note ‘QlatA the _preimages of the tangent vectors
XY € T((a),x)C'P" are (X, X),(D,Y) € H(z,y), respectively. Then from (4)
in Theorem A.8, (A.12), and (A.25) we get
(9+w)(X,Y) =3((X,X),(D,))) +@((X,X),(D, D))
= (X,)).
This completes the proof. O
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A.4. Immersions into C’P" and Lifts to Sﬁ’r{l

A.4.1. Immersions and Lifts. In this paper we investigate immersions f :

M™ — C'P™ via immersions f : M™ — Si’_flrl. To make this precise we need

Definition A.9. Let f: M™ — C'’P™ be any immersion. Then
(1) A smooth map f: M"™ — Sfl’ﬂ'l is called a lift of f iff f = my  of.
(2) If U € M™ is an open subset of M", then a lift of f);; is called a “local
lift” (of f with respect to U).

It is easy to see that a lift is unique up to “scalings” of the form (z, x) —
(cx,cty) for never vanishing scalar functions c.

Theorem A.10. If M™ is a connected, simply connected manifold and f :
M™ — C'P™ is an immersion, then there exists a lift f : M™ — Sfffl'l, i.e.
satisfying f = my o f.

Proof. We shall show that the projection my can be restricted to a double
covering of C’P™. Introduce arbitrary Euclidean norms in the spaces R™t!,
R,,+1. Consider the set

Son = {(z,x) € P | &, 2) = (6,0} (A.30)

Clearly Say, is a smooth manifold. For every point ([z], [x]) € C'P™ there exist

exactly two representatives (z,x) € Sa,, related by a sign change in both
components. Thus the restriction of 7 to Sa, is a double covering of C'P™.

Now M™ is simply connected, path connected, and locally path con-

nected. By the unique homotopy lifting property there exists a smooth lift (in

fact, exactly two of them) of f to Sa,, and hence to S’?]_ﬁl. O

Before going on we formalize the obtained results about Ss,.

Proposition A.11. For the subset Sa, defined in (A.30) the following state-
ments hold:

1. The set Sa, is an embedded submanifold of Si’r{l.

2. S, 15 a double cover of C'P™ under the restriction of my to Say,.

Corollary A.12. With the notation above we have:

(1) If f : M™ — C'P™ is an immersion and U any simply connected subset
of M™, then fly : U — C'P™ has a global lift. In other words, each
immersion [ : M™ — C'P™ has local lifts around each point of M™.

(2) Let f: M™ — C'P™ be an immersion, (Ug)gey an open covering of M"
by simply connected charts, and g : Us — SZZ_J{I a local lift of f on Ug.
Then on the intersection Ug NU, of two such charts the lifts 3 and
are transformed into each other by a scaling by a uniquely determined
never vanishing function cg : UsNU, — R\{0}. These functions form a
cocycle with values in R\ {0}, i.e. they satisfy capcsy = Cay. Moreover,
the triviality of this cocycle is equivalent to the existence of a global lift

of f.
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(3) If f : M™ — C'P"™ is an immersion, then there exists a two-fold cover M
of M™ such that the natural lift f of f has a global lift f: M™ — SZT{l.

Proof. (1) and (2) follow from Theorem A.10. Let us prove (3). Recall from

Proposition A.11 that Sy, C Sir_ﬁl is a two-fold cover of C'P™. Pulling back

this covering p along f we obtain the commuting diagram

’ f
M ———— S5, C 24!

P p
M —L o
Thus f op: M™ — C'P" has a global lift into SZTl'l. O

In general, a given f : M™ — C'P™ cannot be lifted:

Proposition A.13. Let f : M™ — C'P™ be the injective immersion from M™ =
RP™ to C'P", given by f([z]) = ([z],[z]). Then f does not have any lift | :
M"™ — 531"’1'1.

Proof. Assume there exists a lift f : RP™ — 5121141-1 of f. Since f is injective, it
is easy to verify that f is injective. Therefore, since RP"™ is compact, f actually
is an embedding. Let m; denote the natural projection m : Siiﬁl — R Tt
is easy to show that the map 7 of : RP™ — R"*! also is an embedding. Thus
f would define a compact non-orientable submanifold of R**!. But this is a
contradiction, since there does not exist any closed non-orientable submanifold

of R"1 by see, e.g. [18]. This contradiction proves the claim. O

As a consequence of the last result we restrict our consideration in this
paper to liftable immersions f : M™ — C'P"™.

A.4.2. Horizontal Lifts. In other cases, like minimal Lagrangian surfaces in
CP2, one can show that certain finite coverings for a given minimal Lagrangian
immersion into CP? have a global horizontal lift. Below we consider similar
questions for the situation considered in this paper.

The notion of “horizontal lift” has been defined in Definition 2.3. Whether
f is locally horizontally liftable can be decided by virtue of the following result.

Lemma A.14. Let f : M™ — CP™ be an immersion. Then locally around
every point y € M™ there exists a horizontal lift f : U — S’Tzfﬁl of f from a
neighbourhood U C M™ of y if and only if the immersion f is Lagrangian with

respect to the symplectic form w on C'P™.
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Proof. Let y € M™ be arbitrary, let U C M™ be a simply connected neigh-
bourhood of y, and let f : U — Sfff{l be a lift of f. By Proposition 2.4 the

lift f can be scaled to a horizontal lift f. : U — S if and only if the form
1 = (dyx, x) is exact on U. Since U is simply connected, this is equivalent to
the vanishing of the exterior derivative of 1. We have ¢ = 2?2-5-11 X'dyx?, and
hence dy) = — Z?:ll dz® A dyt.

Let now Z,Z’ € T, M™ be arbitrary tangent vectors, and d,(Z) = (U,U),
dy(Z") = (V, V) their images in the tangent space to S2"1" at §(y) = (z, x). By
the above we have dy)(Z,Z") = —(U, V) + (V.U) = =200, (U, U),(V,V)). Tt
follows that di vanishes if and only if the degenerate form @ vanishes on the
image of df. However, this condition is equivalent to the vanishing of the sym-
plectic form w on the image of df, or to the condition that f is Lagrangian. O

Combining the lemma just above with Corollary A.12 we obtain

Proposition A.15. If f : M™ — C'P™ is a Lagrangian immersion, then there
exists a two-fold cover m: M™ — M™ such that the natural lift f = fow of f

to M has a global horizontal lift f M — Sfﬂ’;l.

Progf. It suffices to apply the construction in the proof of Lemma A.14 to the
lift § in (3) of Corollary A.12. O

It would be interesting to understand, what manifolds M™ have hori-
zontal lifts for all immersions into C'P™. At least locally it is the Lagrangian
immersions. The lift is horizontal if and only if (d,z, x) = 0. A horizontal lift
of a immersion has a close relation to centro-affine immersions, that is, the
position vector of an immersion transverses to the tangent plane.

Proposition A.16. Assume f : M™ — C'P"™ has a horizontal lift § : M,, —
S,QLTil, f:y— (z,x). Then the following holds:
(1) z is a centro-affine immersion of M into R" ™1 such that x is its co-
normal map.
(2) x is a centro-affine immersion of M into R, 11 such that x is its co-
normal map.
(3) f: M™ — C'P™ is Lagrangian, i.e., for every two vector fields X,Y on
M, we have w(f. X, f.Y)=0.

Proof. By (2.11) f is horizontal if and only if (d,x(Z), x) = (z,dyx(Z)) = 0 for
all Z. Hence the tangent space of the immersion = : M™ — R"*! is orthogonal
to x. But (x,x) = 1, and the first assertion follows. The second assertion is
proven similarly.

Let us prove the third assertion. Consider the 2-form h(Z,W) = (d,
x2(Z),dyx(W)) on M™. By [13, Proposition IL.5.1] this form is proportional
to the affine fundamental form induced by the centro-affine immersion z, and
hence symmetric. Therefore its skew-symmetric part vanishes. In particular, if
df(Z) = (X, X), df(W) = (9, ) are tangent vector fields to the lift §, then the
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form &(Z, W) = L((X,Y) — (9, X)) vanishes. But &(Z, W) = w(f.Z, f.W),
and hence f is Lagrangian. O

Remark A.17. Centro-affine immersions in affine space R**! are important in
affine differential geometry, see [13] for example.

B. k-Symmetric Spaces and Primitive Harmonic Maps

In [9,14], k-symmetric spaces and primitive harmonic maps have been consid-
ered. We will recall basic results for our case.

B.1. The Automorphism oy and k-Symmetric Spaces

Let us counsider the order 6 automorphism oy on g = sl3C given in (5.6),

and also consider the order 6 automorphism ag on the connected Lie group

G = SL3C defined by
ai(9) = P (g") " Py (B.1)

By abuse of notation we will also denote afl by or. We then associate the
order 3 and 2 autmorphisms ¢% and o3, as

04 (X)=P,XP;', with P, =diag(e!, ¢, 1), (B.2)
0 1 0

o3 (X) =-P3XT'P;, with Ps=|1 0 0]. (B.3)
00 —H

Note that ¢% is an inner automorphism and ¢%, is an outer automorphism,
respectively. A straightforward computation shows that the eigen-spaces of oy
can be computed as

a 0 b 0

go = —a aceCy, g1= 0 0 a a,beC},

0 —Ha 0 O

0 0 a a

go = 0 0 O0]]laeC,, g3= a aeC,,
0 Ha 0 —2a
0 0 0 0 0 —Ha

g4 = 0 0 a acCp, g5= b 0 0 a,beC
Ha 0 0 0 a 0

The eigen-spaces of 0% are given by g1 + g4 for the eigenvalue €2, go + g5 for
the eigenvalue €* and g3 + go for the eigenvalue 1. Similarly the eigen-spaces
for o3, are g4 + g2 + go for the eigenvalue 1 and g; + g3 + g5 for the eigenvalue
€3 = —1. It is important that the real form involution 7 in (5.4) and the order
6 automorphism oy in (5.6) commute, i.e., 7 0o o = oy o 7 holds. Therefore

7 and the eigen-spaces of oy obey the relation
7(g;) =9-;, J=0,1,....5 (B.4)
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In particular, gg and go ® g3 are subalgebras of sl3RH with the obvious com-
plexifications.

Since oy and 7 commute, we can give a definition of k-symmetric spaces
as follows.

Definition B.1. Let G®/G§ be a real homogeneous space such that G¥ is a
real form of a complex Lie group G given by a real form involution 7, that
is, G® = Fix(G, 7). Moreover, let o be an order k (k > 2) automorphism
of G, leaving G® invariant and commuting with 7. Then G®/G¥ is called a
k-symmetric space if the following condition is satisfied

Fix(G®,0)° C G§ C Fix(G®,0), (B.5)
where Fix(G®, 0)° denotes the identity component of Fix(G®, 7).

B.2. Primitive Maps and the Extended Frames

We now consider a complex Lie group as before and let 7 denote an anti-
holomorphic involution of G, and set

G® = Fix(G,7) and LieG® = g~

Definition B.2. Let x be any automorphism of g of finite order k > 2. Let g,,
denote the eigen-spaces of x, where we choose m € Z and actually work with
m mod k. Let 7 : D — G be a smooth map. Then F will be called primitive
relative to k if

FUF = a_ydz + afydz + afdz + aydz € g_1 + go + g1,
where a,,, oy and «f take values in an eigen-space g,, of .
By abuse of notation we will also write ag = af,dz + afjdz.

Lemma B.3. Let F be primitive relative to k and let us write F~1dF = a_1dz+
ag + aydz. Then A ta_idz + ag + Aoy dZ is integrable for all A € C*.

Proof. Together with a straightforward computation one needs to use that
because of £ > 2 the sum g_; + go + g1 of eigen-spaces is direct. 0

The importance of this observation has been elaborated on and explained
in [19, Section 3.2] and [20].

Theorem B.4 [19,20]. Let G be a complex Lie group, o an automorphism of
G of finite order k > 2 and T an anti-holomorphic involution of G which com-
mutes with og. Let G be any Lie subgroup of G® satisfying Fix(G®,og)° C
G¥ C Fix(G®, o). Then we consider the k-symmetric space G® /GY together
with the (pseudo-)Riemannian structure induced by some bi-invariant (pseudo-
)Riemannian structure on G®. Let h : D — G®/GE be a smooth map and
F:D — G® a frame for h, i.e., h = 7o F, where m : G® — G®/GE denotes
the canonical projection.
Then the following statements hold:
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(1) If k = 2, then h is harmonic if and only if \"ta_1dz + ag + Aa1dz is
integrable for all X € C*.
(2) If k > 2, then h is harmonic if F is primitive relative to op.

From the above theorem, we have the following definition.

Definition B.5. Retain the notation in Theorem B.4.

(1) The frame F is called primitive harmonic, if F~1dF = a_1dz+ap+a1dz
such that A'a_1dz 4+ ag + A1 dZ is integrable for all A € C*.

(2) The map h is called primitive harmonic map, if the frame F is primitive
harmonic.

This admits a direct application of the loop group method, see [21]. Since
T maps g, to g_,,, we can assume that F is contained in G® for all A € S!.
We will usually also assume F(zp, A\) = I for a once and for all fixed base point
20-

Then it follows from the above that also hy = F, mod G]§ is a primitive
harmonic map with frame F,. Usually F, is called an extended frame for h.

C. Various Bundles

This section is an adaption of Section 3 in [9] to our case, see also [25]. In [9,
Section 3], three 6-symmetric spaces of dimension 7 which are bundles over S°
were defined. We analogously define three 6-symmetric spaces of dimension 7
which are bundles over S5, FL¥, FLY and FLY.

Recall the para-hermitian inner product of C’ 3 with a para-Hermitian
form

0 1 0
(w,v)p, =uTPyv, Py=1|1 0 0 |, (C.1)
0 0 -—-H
where H = 1 (resp. H = —1) for the ellipic (resp. hyperbolic) case and x*

denotes the para-complex conjugate of a paracomplex vector in C’ 3 Tt is in-
variant under the transformation

N3 144 1—d 7 N3 H
(€ 5urm (—p-A+-—"AT)ue (C), AeGLRL (C2)

We first choose a natural basis of C’>:
€1 = (17 0’ 0)T7 €2 = (07 ]-7 O)T, €3 = (0707 ]-)T

(1) FLY : For the real 6-dimensional symplectic vector space C’ % given
by the symplectic form w = —3( , )y, the family of (real) oriented Lagrangian
subspaces of C’ 3 forms a submanifold of the manifold of real Grassmannian
3-spaces of C'°. They are the Grassmannian manifold LE (3,C’%) of oriented
Lagrangian subspaces. It is easy to see that LE (3,C’ 3) can be represented as
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the homogeneous space GL3RY /O The special orthogonal matrix group SO?
as the connected subgroup of SL3zRY corresponding to the sub-Lie-algebra of
sl3RY given by

ia 0 V—Hb
sofl = 0 —ia V=Hb| |aeR,beC} CslsRY,
—V-H ' —V=H b 0
where H = 1 (resp. H = —1) for the ellipic (resp. hyperbolic) case, which is
isomorphic to the standard soz by the automorphism X +— Ad(Rg)(X) with

1 1 0
V2 V2
0 0 v—H

The orbit of SLsRY in LY (3,C’%) through the point e € SOY will be called
the special Lagrangian Grassmannian and it will be denoted by SLE (3, (C'3).
The elements in this orbit will be called oriented special Lagrangian subspaces
of C"*. Thus we have the following:

Proposition C.1. SL3RY acts transitively on SLE (3, C’3), and we obtain
SLE (3,C"%) = SLsR" /SO,

The base point e € SO? corresponds to the real Lagrangian subspace of c?
given by Ry;'R3.

We now define a bundle
FLE = {(v,V)|ve SE, veV, VeSLE (3,C%).

It is easy to verify that SL3R™ acts (diagonally) on FL{. Note that the natural
projection from FLH to C'P" is a pseudo-Riemannian submersion which is

equivariant under the natural group actions. Since S5 = SL3R" /SLoRH | where
SLoRY means SLoRY x {1}, the stabilizer at

(e3,spangie;, es, e3}) € FLY
is clearly given by SLoRY N SO?, that is
SO, = {(a,a™*,1) | a € S*}.
Therefore
FL = SL3RY/S0,.

(2) FLy : To define F L we consider certain special regular para-complex
flags in C’ 3 A regular para-complex flag Q is a sequence of four para-complex
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subspaces, Qy = {0} C Q1 C Q2 C Qs = C”* of C'*, where Q; has para-
complex dimension j. We then define the notion of a special reqular para-
complez flag in C' 3 over q € S by requiring that we have a regular complex
flag in C'*, where the space Q; satisfies Q; = C’q. Thus we define

FLy = {(w,m

w € S5, W is a special regular para-complex
flag over w in C"* satisfying Wy = C'w

The definition of a special flag means that for a given vector g # 0 in C’ % one
can find three pairwise orthogonal vectors ¢1, ¢2,q3 € C’ % with q3 = & such
that the vectors q1, ¢ and g3 represent the same orientation as eq, es, e3. By an
argument similar to the previous case we conclude that SLsRH acts transitively
on the family of special flags. Moreover, the stabilizer of the action at the point
(e3,0 C Cleg C ClegdCleg C ClegdCea @ Cleq) is again given by SOglﬂdiag,
where diag denotes the set of all diagonal matrices in SL3R™. Thus it is again
SO, and we have altogether shown

Proposition C.2. SL3RY acts transitively on FLY, and FLY can be repre-
sented as

FLY = SL3RY/S0,.

Note that the natural projection from FLE to C’'P? is a pseudo-Riemannian
submersion which is equivariant under the natural group actions.

(3) FLI : Finally, using the isometry group SL3R™ of S5, we can directly
define a homogeneous space FLL as

0 € 0
FL? = UP5; UT | U e SLsRY and Py = et 0 0 , (C.3)
0 0 -—-H

where € = ¢™/3 and H = +1.
Theorem C.3. We retain the assumptions and the notion above. Then the fol-
lowing statements hold:

(1) The spaces FLf (j = 1,2,3) are homogeneous under the natural action
Of SL3RH
(2) The homogeneous space FLJH (j =1,2,3) can be represented as

FL;I = SL3R% /S0y,  where SO = {diag(a,a™*,1) | a € S*}.
In particular they are all 7-dimensional.

Proof. The statements clearly follow from Proposition C.1, Proposition C.2
and the definition of FLY in (C.3), where the stabilizer at Pg is easily com-
puted as SOs. O
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Corollary C.4. The homogeneous spaces FL;I (j = 1,2,3) are 6-symmetric
spaces. Furthermore, they are naturally equivariantly diffeomorphic.

Proof. First we note that the group G® = SL3zRH has the complexification
G = SL3C and is the fixed point set group of the real form involution 7 given
in (5.5).

We show that F'Ls is a 6-symmetric space. First note that the stabilizer

Stabp = {X € SLsR" | XP X7 = P} (C.4)

at the point P of F'L3 is SO;. We already know that the order 6-automorphism
op of SL3RY given in (B.1) and the real form involution 7 commute. More-
over, a direct computation shows that the fixed point set of oy in SLsRH
is SO5. Thus Stabp satisfies the condition in Definition B.1. Hence FLgI is
6-symmetric space in the sense of Definition B.1. Furthermore, since all the
spaces F' Lf are SLzRH-orbits with the same stabilizer, the identity homomor-

phism of SLsRH descends for any pair of homogeneous spaces F' Lf and FLHY
to a diffeomorphism

Gjm : FLY — FLY
such that for any g € SLsRY and p € FLX we have
Gjm(9-p) = 9-0jm(p)-

As a consequence, also FL and FLY are 6-symmetric spaces. O

We have seen that the homogeneous spaces F' Lf (j =1,2,3) are 7 di-
mensional 6-symmetric spaces. In this section we define natural projections
from F Lf to several homogeneous spaces.

First from FLY, we have a projection to SL{ (3, (C’S) given by

FLT 5 (v,V) — V € SLE_(3,C").

It is easy to see that SLE (3,C") is a symmetric space with the involution o3,

defined in (B.3).
Next from FLL, we have a projection to a full flag manifold:

FLY 5 (w, W) — W € FIff|
where FI& is defined as
FI¥ = {W | W is a regular para-complex flag in (C’S}.

It is easy to see that FI4 is a 3-symmetric space with the involution 0% stated
in (B.2).
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Finally from FLI we have two projections. We first let k& € Stab pg as
in (C.4) with

0 € 0 _
Pi=1|e 0 0], €= e/,
0 0 1

then a straightforward computation shows that
KPg (PR Tk = kP KT (P)T = Py(Pi)”,
kP (Ph)" Pk® = P (k") ™ (Py) Tk~ Py = Py (Pg)" Ph.
Therefore we have two projections
FLY s UPLUT — U(PG(PS)T)U™ € FIH
FLE 5 UPLUT —— U(PS(PS)  PL)UT € SLE (3,C%),

where FI4 and S/Ij/gr(?), C’®) are defined as

FUiil = {U(Pg(Pg)")U | U € SLsR"},
SLE (3,C"%) = (U(Pg(P)TPg)UT | U € SLsRY}.

Note that it is easy to compute

et 0 0 0 1 0
PPt =10 €0 |, PyP)'P;=Pyg|1 0 0 |,
0 0 1 0 0 —-H

and the stabilizer in SLsRY at Pg(P5)T of FI¥ and the stabilizer in SLyRY
at Pg(Pg)TPg of SLE (3,C"°) are

Sta.bpil(p;{)T = D3, Stabpfsl(P;I)Tp;{ = SO?,
where
D3 = {diag(as,az,a3) € SLsR"},

and where Stabp pr p is exactly the same group as the stabilizer of SLE (3,C’ 3).
Thus SLE (3,C’ 3) and SL§ (3,C’ 3) are natur;aﬂy equivariantly diffeomog)/hic.
An analogous argument applies to FI4 and FIE . Now the stabilizer of FII is

determined by the matrix characterizing 0%, whence FI4 (and thus FIZ) is
the 3-symmetric space associated with o%. Similarly, SLE (3,C’ %) (and thus

SLE (3,C)) is the symmetric space associated with o¥;.
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