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Abstract. The main purpose of this paper is to investigate characteriza-
tions of composition operators on Bloch and Hardy type spaces. Initially,
we use general doubling weights to study the composition operators from
harmonic Bloch type spaces on the unit disc D to pluriharmonic Hardy
spaces on the Euclidean unit ball B". Furthermore, we develop some new
methods to study the composition operators from harmonic Bloch type
spaces on D to pluriharmonic Bloch type spaces on D. Additionally, some
application to new characterizations of the composition operators between
pluriharmonic Lipschitz type spaces to be bounded or compact will be
presented. The obtained results of this paper provide the improvements
and extensions of the corresponding known results.
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1. Introduction

The study of composition operators on various Banach spaces of holomor-
phic functions and planar harmonic functions is currently a very active field of
complex and functional analysis (see [1,6,7,13,15,19,20,28,32,37]). This paper
continues the study of previous work of authors [6,7] and is mainly motivated
by the articles of Kwon [19], Pavlovi¢ [25], Wulan et al. [35] and Zhao [36].
First, we use general doubling weights to study the composition operators from
harmonic Bloch type spaces on the unit disc D to pluriharmonic Hardy spaces
on the Euclidean unit ball B". In addition, we develop some new methods
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to study the composition operators from harmonic Bloch type spaces on D to
pluriharmonic Bloch type spaces on D. At last, some application to new charac-
terizations of the composition operators between pluriharmonic Lipschitz type
spaces to be bounded or compact will be given. The obtained results of this
paper provide the improvements and extensions of the corresponding known
results. In particular, we improve and extend the main results of Chen et al. [7]
and Kwon [19], and we also establish a completely different characterization
from Pavlovié [25]. In order to state our main results, we need to recall some
basic definitions and introduce some necessary terminologies.

Let C" be the complex space of dimension n, and let C := C! be the
complex plane, where n is a positive integer. For z = (z1,...,2,) € C" and
w = (wi,...,w,) € C", we write (z,w) := > ,_, 2w and |z| := <z,z>1/2.
For a € C", we set B"(a,r) = {# € C"* : |z — a| < r}. In particular, let
B" := B"(0,1) and D := B!.

A twice continuously differentiable complex-valued function f defined on
a domain 2 C C" is called a pluriharmonic function if for each fixed z € Q
and 0 € 9B", the function f(z + ¢#) is harmonic in {¢ : |[¢| < dq(z)}, where
dq(z) is the distance from z to the boundary 92 of Q. Recently, pluriharmonic
functions have been widely studied (cf. [4,8,10,16,29-31,34]). If Q@ C C" is a
simply connected domain, then a function f : Q — C is pluriharmonic if and
only if f has a decomposition f = h 4+ g, where h and g are holomorphic in
Q (see [34]). This decomposition is unique up to an additive constant. From
this decomposition, it is easy to know that the class of pluriharmonic functions
is broader than that of holomorphic functions. Furthermore, a twice contin-
uously differentiable real-valued function in a simply connected domain 2 is
pluriharmonic if and only if it is the real part of some holomorphic function on
Q. Obviously, all pluriharmonic functions are harmonic. In particular, if n = 1,
then the converse holds (cf. [9]). Throughout this paper, we use () and
P () to denote the set of all holomorphic functions of a domain 2 C C™
into C and that of all pluriharmonic functions of €2 into C, respectively.

1.1. Hardy Spaces
For p € (0, 00|, the pluriharmonic Hardy space 2.7 (B™) consists of all those
functions f € L2 (B") such that, for p € (0, c0),

”f“P = Sup Mp(’ra f) < 007
rel0,1)

and, for p = oo,

||f||oo ‘= Ssup Moo(r7 f) < 00,
relo,1)

where

Mgy = ([ 1060Pan©) i) = sup 1760)

CeoBn
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and do denotes the normalized Lebesgue surface measure on B™. In particular,
we use P (B") = S (B") N PP (B") to denote the holomorphic Hardy
space. If f € 2P (B"™) for some p € (1,00), then the radial limits

f(©) = lim f(r()

exist for almost every ¢ € OB™ (see [3, Theorems 6.7, 6.13 and 6.39]). Moreover,
if p € [1,00), then 27 (B") is a normed space with respect to the norm || - ||,
and if p € (0,1), then 2P (B™) is a metric space with respect to the metric

d(f,9) = IIf = gllp-
1.2. Bloch Type Spaces

For a pluriharmonic function f of B™ into C, let

_(9f O\ o, _(9f of
Vf._< ),Vf._<azl,... )

0z 0z, " 0%
and
As(2) = s [(V£(2).8) + (V F(2).6)
for z = (z1,...,2,) € B™

A continuous non-decreasing function w : [0,1) — (0,00) is called a
weight if w is unbounded (see [1]). Moreover, a weight w is called doubling if
there is a constant C' > 1 such that

w(l—s/2) < Cw(l—s)

for s € (0, 1].

For a weight w, we use %, (B™) to denote the pluriharmonic Bloch type
space consisting of all complex-valued pluriharmonic functions defined in B"
with the norm

1fll2. @) =17 (O)] + sup B (2) < oo,
Ze n

where %/(2) = Ap(2)/w(|z]). Tt is easy to know that %, (B") is a complex
Banach space. Furthermore, let

£l @n).s = sup BL(2) < o0
zeB™

be the semi-norm. If f € %,,(B"), then we call f a pluriharmonic Bloch func-
tion.

1.3. Composition Operators

Given a holomorphic function ¢ of B" into DD, the composition operator Cy :

PAH (D) — P A (B") is defined by

Co(f) =foo,
where f € (D).
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Shapiro [32] gave a complete characterization of compact composition
operators on #2(ID), with a number of interesting consequences for peak sets,
essential norm of composition operators, and so on. Recently, the studies of
composition operators on holomorphic function spaces have been attracted
much attention of many mathematicians (see [1,6,7,13,15,19,20,28,37]). In
particular, Kwon [19] investigated some characterizations of composition op-
erators from the holomorphic Bloch spaces to the holomorphic Hardy spaces
to be bounded or compact. Let us recall the main result in [19] as follows.

For ¢ € 0B™ and a € (1,00), we use D7(¢) to denote the Koranyi ap-
proach domain defined by

n _ no.1 X112
Da(Q) = {ze B [1- (20| < S - 2P}
For ¢ : B™ — DD holomorphic, let

1
Moo(C :sup{log:ze D (¢ }
© T TGP ©
be the maximal function (see [17]). Let Aut(B") denote the group of holomor-
phic automorphisms of B”.

Theorem A [19, Theorems 5.1 and 5.10]. Let p € (0,0), 1 < a, 8 < o0 and
w(t) = 1/(1 — ) fort € [0,1). If ¢ : B — D is holomorphic, then the
followings are equivalent:

g
(1) sup,e(0,1) fomn (% log i‘ligg;) do(¢) < oo;
2) Jopn (Mpé(C))? do(C) < oo;
1 |V (¢pop, 2 N .
3) Jomn (f W ) do(¢) < oo, where prc € Aut(B™) with
SOT‘C( ) - TC7

o 2 5
faB" (fDn © |V1(¢|¢4223‘(§))£ (kd“z/‘(j))wl) : do(¢) < oo, where dV denotes the

Lebesgue volume measure of C™, and ¢, € Aut(B™) with ¢,(0) = z;
(5) Cp : B,(D)N A (D) — HP(B") is a bounded operator;
(6) Cy : B,(D)N A (D) — HP(B") is compact.

Also, the study of composition operators and linear operators on holo-
morphic function spaces by using weight has aroused great interest of many
mathematicians (cf. [7,13,22,27]). However, there are few literatures on the
theory of composition operators of harmonic functions. In the following, by
using general doubling weights, we will establish the characterizations of com-
position operators from harmonic Bloch type spaces on ID to pluriharmonic
Hardy spaces on B™ to be bounded or compact.

Theorem 1.1. Let p € (0,00), € (1,00) and w be a doubling function. If
¢ : B™ — D is holomorphic, then the followings are equivalent:

(1) Cp : Bo(D) — PAP(B™) is a bounded operator;
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@) fpor (2 IV0GQORR 16N~ r)ar) do(Q) < oo
) Jose (Jopo IV 26N ~ a7V (2)) do(€) < oo
(4) Cy : Bo(D) — P AP (B") is compact.

If we take w(t) = 1/(1 —¢2) for t € [0,1) in Theorem 1.1, then we extend
Theorem A into the following form.

Corollary 1.2. Let p € (0,00) and 1 < «a, 8 < co. If ¢ : B" — D is holomor-
phic, then the followings are equivalent:

N 2
(1) SuprG(O,l) fa]]gn (% IOg 14:;22748\') dO’(C) < 005
2) [opn (M9(C))? do(C) < oo;
P
3) J[ogn (f&% _7,>2 do(() < oo, where p,c € Aut(B") with
@7‘(( ) - TC7
[V (dop:)(0)* _ d
) Jowe (Joz0) TERB o=
with ¢,(0) = z;
(1—7) g
5 fBB” (fO |V¢ 'I"C ‘2wd7‘> dU(C) < 005
s . :
Jor (Jogc) ez (1= 12DV (2))” do(€) < oo

Cy: #B,D) — 9%’)(]133”) is a bounded operator;
Cy: B,(D) — PAHPB") is compact.

In the case ¢ maps D into D, Chen et al. [6] proved the following result.

‘(2))"“)5 do(¢) < oo, where ¢, € Aut(B")

8
Theorem B [6, Theorem 6]. Let w(t) = 1/ ((1 — ) <log ﬁ) ) and ¢ :

D — D be an analytic function, where a € (0,00) and B < «. Then the
followings are equivalent:

(1) Cy: B,(D) N A (D) — PAH*D) is a bounded operator;

1 g2 ol ¢’ (re*®)|? 1—7)drdf < oo
0 fO (17|¢(T6i9)‘)20(10gw> B( )

A continuous increasing function 4 : [0,00) — [0,00) with (0) = 0 is
called a majorant if ¢ (¢)/¢ is non-increasing for ¢ > 0 (see [11,24]). By using

B
a special doubling function w(t) = 1/¢ ((1 — t2) (log ﬁ) ) for t € [0,1),

the characterization of composition operators from %, (D) to 22" (D) to be
bounded or compact was established in [7] as follows, which is the improvement
of Theorem B, where p € (0,00), a € (0,00) and € (—o0, a] are constants.

Theorem C [7, Theorem 2.4]. Let p € (0,00), o € (0,00), 8 € (—o00,a] and
B
w(t) =1/¢ ((1 — t2)« <log ﬁ) > fort € [0,1), where 1 is a majorant. If

¢ : D — D is a holomorphic function, then the followings are equivalent:
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(1) Cp : Bu(D) — P#P(D) is a bounded operator;

27 1 ; ; %
@) Jo~ (Jy 16/ tre) Pes(o(re) (1 = r)dr)” 2 < oo
(3) Cyp : Bu(D) — PP (D) is compact.
In the following, by using a general doubling weight, we give the char-
acterizations of composition operators from harmonic Bloch type spaces on
D to harmonic Hardy spaces on I to be bounded or compact, which is an

improvement of Theorem C.
Also, the characterizations (3), (4) and (5) are new.

Theorem 1.3. Let p € (0,00), w be a doubling function and ¢ : D — D be a
holomorphic function. Then the followings are equivalent:

(1) Cy : Bu(D) — PAP(D) is a bounded operator;

)03 (B e ot ) £ <

3) 277 (Zzo02_2k|¢/(Tkei9)|2w2(‘¢(7"k6i9)|))2 do < o0, where 1y = 1—2- k
) I (10— ) subgc e, (19 () P2 (600 ) ar) 42 < oo

)

O7T (fDl(C) |V¢(z)|2w2(|¢(z)|)dA(z)) 40 < oo, where dA denotes the
Lebesgue area measure of C;
(6) Cy : B,(D) — PHP(D) is compact.

sy

Recently, the studies of composition operators between the classical ana-
lytic Bloch spaces have attracted much attention of many mathematicians (cf.
[20-22,35,36]). In particular, Zhao [36] gave characterizations of composition
operators from the analytic a-Bloch space %, (D) N2 (D) to the analytic -
Bloch space 4,,,(D) N5 (D) to be bounded or compact, where a, 8 € (0, 00),
wi(t) = 1/(1 —t2)® and wy(t) = 1/(1 — %) for t € [0,1). Pavlovié [25] gave
some derivative-free characterizations of bounded composition operators be-
tween analytic Lipschitz spaces. In the following, we will develop some new
methods to give new characterizations of the composition operators between
the Bloch type spaces with weights to be bounded or compact, and give some
application to new characterizations of the composition operators between the
Lipschitz spaces to be bounded or compact.

For k € {1,2,...} and a weight w, let

60 = {or moaen) = mx pan(o)}.

where p, (z) = 271 Jw(x),z € [0,1).

Proposition 1.4. Let 11 = 0 € &,(1) and let r, € &,(k), k € {2,3,...}, be
arbitrarily chosen. Then {ry} is a non-decreasing sequence.
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Theorem 1.5. For k € {1,2,...}, suppose that wy is a weight so that a point
r can be selected from each set &,, (k) with r1 =0 and

klin;o r,’i_l =v>0.
Let wy be a weight, and let ¢ be a holomorphic function of B™ into D. Then
(1) Cy : By, (D) — B, (B™) is bounded if and only if
wi(r)
k

(2) Cp : Bo, (D) — B, (B™) is compact if and only if

16" |5, @) < oc. (1.1)

lim wi(ry)

Jm Tl|¢k“%w2(ﬁn) =0. (1.2)

For a € (0, 1], the Lipschitz space .Z,(B") consists of all those functions
f € C(B™) satisfying

Hf”fa(]ﬁm)’s = sup M

< 00,
Z,WEB™ z# w |Z - w‘a

where C(B"™) is a set of all continuous functions defined in B™.

By using Theorem 1.5, we give a characterization of the composition op-
erators between pluriharmonic Lipschitz type spaces to be bounded or compact
which is completely different from Pavlovié [25] as follows.

Theorem 1.6. Suppose thatk € {1,2,...}, o, 8 € (0,1) andw(t) = 1/(1—t)*=8
fort €[0,1). Let ¢ be a holomorphic function of B"™ into D. Then,

(1) Cp: Zoa(D)N P (D) — ZL3(B™) N P A (B"™) is bounded if and only if
3 k_a k 17 n < 3
Z‘;Iz{ 16"[| 2., 8n) } < o0

(2) Cp: ZLa(D)N P (D) — L3(B™) N P A (B") is compact if and only if
Jim {k™¢" |l 2. @m } = 0.

The proofs of Theorems 1.1-1.6 and Proposition 1.4 will be presented in
Sect. 2.

2. The Proofs of the Main Results

Denote by LP(9B") (p € (0,00)) the set of all measurable functions F' of OB"
into C with

7l = ([ F<<>|pda<<>>‘1° < 0.



95 Page 8 of 24 S. Chen and H. Hamada Results Math

Given f € 5P (B"), the Littlewood—Paley type ¥-function is defined as follows

Y()C) = ( [ seora- r)dr)2 . CedB
Then
fe#P®B") ifandonlyif %(f) e LP(OB") (2.1)

for p € (0,00) (see [2,18,33]). The conclusion of (2.1) also can be rewritten in
the following form. There exists a positive constant C, depending only on p,
such that

S <isor [ @nore@cisy e
for p € (0,00) (see [2,18,33]). For a € (1,00) and p € (0, 00), it follows from [2,

Theorem 3.1] (or [18, Theorem 1.1]) that there is a positive constant C' such
that

1 . )
& [ @0y < [ (@) o)

OB"

<C [ (9(N)Q)"do(0), (2.3)

oBn
where f € #P(B") and

1/2
Sl () = ( | wrera- z|>1-”dv<z>> .
Dz (O
It follows from (2.2) and (2.3) that there is a positive constant C' such that
1
Sl < 1F(0)P +/ (o f(Q))" do(C) < CIIfIp- (2.4)
C 8BTL

The following result easily follows from [1, Lemma 1] and [1, Theorem 2].

Lemma 2.1. Let w be a doubling function. Then there exist functions f; €
B,(D)NA (D) (j €{1,2}) such that, for z € D,

2
Z 2)| = w([z])-

The following result is well-known.

Lemma D cf. [6, Lemma 5]. Suppose that a,b € [0,00) and g € (0,00). Then

(a+b)7 < QmaX{tI*LO}(aq +b9).
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2.1. The Proof of Theorem 1.1

We first prove (1) = (2). By Lemma 2.1, there exist functions f; € 4, (D) N
(D) (j € {1,2}) such that, for z € D,

2)| > w(|z]). (2.5)

H'Mm

Since Cy : A, (D) — P#"(B") is a bounded operator, by (2.1), we see
that

o > / (Z(Co(£))(Q) do (C)
OB™

-/ (] ROV SR~ rar) ‘oo o

for j € {1,2}. It follows from (2.5), (2.6) and Lemma D that

o0 > Z / G(Cy(£))(0)) do(C)

s [ [ (Z ) ) VOO - ndr | do¢)

>//z/ (/ |<z>r<>|)W(rc)l?(l—r)dr)gdo(o,

where 4, = 9—p/2—max{p/2—1,0}
Next, we prove (2) = (1). We split the proof of this case into two steps.

Step 1. We first prove Cy(f) € P#P(B"). Since D is a simply connected
domain, we see that f admits the canonical decomposition f = fi+ fo, where f;
and fy are analytic in D with f5(0) = 0. For j € {1, 2}, elementary calculations
lead to

IVCs(fi)(2)] = [F5(e(DIIV ¢(2)] < I fill2.m)|V S(2)|w(lé(2)])
< fllz. @V o(2)|w((8(2)])- (2.7)

For j € {1,2}, let

%= [ (@Cu1))(0)dac).
oBn
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Consequently, there is a constant C' = || f HZ%(D) such that

= [ ([ 1506e0rw o - ) o0

P
2

1
= C/SBH (/O w2(¢(r<)l)lv¢(ro|2(1T)dr) do(¢)
- (2.8)

which, together with (2.1), implies that Cy(f;) € sP(B") for j € {1,2}. Hence
Colf) € PAV(B).

Step 2. In this step, we will show that C is a bounded operator. Without loss
of generality, we assume that || f||_mp) # 0, and f; are not constant functions
for j € {1,2}. Since, for j € {1, 2},

IColF)(O0)] < 1£50)] + 1£3(6(0)) — F;(0)
< 1£(0)] + 6(0) |/ £ (0 dt

< [£;0) + ||fj\|g3w(m)|¢(0)|/0 w(l¢(0)[t)dt
< [Ifjll#.m) (1 +[6(0)|w(|£(0)]) , (2.9)
by (2.2) and (2.8), we see that there is a positive constant C' such that
ICatipll < € Ik + [ @(Cati)©)aotc))
< OIS, ) C(). (2.10)

where

C(¢) = (1+18(0)w(|p(0)]))"
+/3B" (/O w([¢(rO)IV é(rd)| (1—r)dr> do (¢).

Combining (2.10) and Lemma D gives
ICs (N < 221 (ICy (£ 15 + [1Co(f2)II7)
< 21 () (A1 o) + 1217 o)
< 21+mlr=L0 OO )| £, o).

Therefore, Cy : B,(D) — PP (B™) is a bounded operator.
Now, we prove (1) = (3). By Lemma 2.1, there exist functions f; €
B,(D)N A (D) (5 € {1,2}) such that, for z € D,

Z 115 (2)] = w(|z])- (2.11)
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Since Cy : A, (D) — P#7(B") is a bounded operator, by (2.3), we see
that

o > / (aCis(£;)(C)) dor(C)
oB"

2

-/ (/ |f;<¢<z>>2|w<z>|2<1—|z|>1-"dv<z>> o (¢)
o \/Dr(¢)

for j € {1,2}. It follows from (2.11), (2.12) and Lemma D that

(2.12)

0 >Z/ (o Cy(£;)(C)) do(C)
2 2 g
S . (2_; ) V()AV(2) | do()

P
2

> 4, (/ w2<¢<z>|w<z>dv<z>> do(0),
aBn \JDn(¢)

where 7 (2) = |V é(2)[2(1 — |z])t ™.
The proof of (3) = (1) is similar to the proof of (2) = (1). We only need
to replace “(2.2)” and “fam%n (%(C¢(fj))(g))pda(g)” by “(2.4)” and

[ (ACalt Q) (),
OB™

respectively, in the proof of (2) = (1), where j € {1,2}.

At last, we prove (1) < (4). Since (4) = (1) is obvious, we only need to
prove (1) = (4). Let Cy : B, (D) — P#"(B") be a bounded operator. Then
fope PAPB") for all f € B,(D), and

[6(Q)] =] lim o(r()] <1

exists for almost every ¢ € dB™. Suppose that {fx = hx + gr} is a sequence
of %,(D) such that || fx|/%, @) < 1, where hy and g are analytic in D with
g1(0) = 0. Next, we will show that {Cy(fr)} has a convergent subsequence in
PP (B™). Since

max{|hx(2)], [gr(2)[} < [f2(0)] + ||fk\|l@w<m>/0 w(t]z])]|dt

1
< 1+/ w(t|z|)|z|dt
0

<14+ w(z]) < oo,
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{h} and {gi} are normal families. Then there are subsequences of {h;} and
{gx} that converge uniformly on compact subsets of D to holomorphic func-
tions h ang g, respectively. Without loss of generality, we assume that the
sequences {hy} and {g} themselves converge to h and g, respectively. Then
the sequence fr = hi + g itself converges uniformly on compact subsets of D
to the harmonic function f = h + g with g(0) = 0. Consequently,

1> lim {|£i(0)] + 2L (2)} = 1£(0)] + BL().

which gives that f € %, (D) with | f|lz,m < 1. It follows from (1) = (2)
that

/0 W2(lo(rONIVO(rO))>(1 — r)dr < oo, a.e. ¢ € OB" (2.13)

and

1 3
T 2w2 T —7r)ar g . .
L ([ woeapeoeona - i) dso) <. (214
Also, we have
|(hi, = B) 0 $(rO)[* [V(rO) (1 — 1)
< e = hl% )2 (6 DV o (r¢) 2(1 — 1)
< 4w (|p(rO)) Ve (r¢)*(1 - r) (2.15)

for ¢ € OB™.
Applying (2.13), (2.14), (2.15) and the control convergence theorem twice,
we have

2

1
i — W) o d(ro)? rO)|2(1 — r)dr o
lim (/ (i = B 0 ()% [V Q)1 >d> do ()

k—oo oBn

- /w (/01 Jim |(hy — h)' 0 6(rQ)[* [V 6(rQ)P(1 - r)dr) o) =0,

which, together with (2.2), implies that
klim |hiwod—hoo|,=0.

Consequently,
Cy(h) — Cy(h) in P (B") (2.16)
as k — oco. By using similar reasoning as in the proof of (2.16), we have
Colgr) = Culg) in PH7(B") (2.17)

as k — oo. Therefore, by (2.16) and (2.17), we conclude that Cy(f) = Cy(h)+

Cylg) € PP (B"), and Cy(fr) — Cy(f) in PP (B") as k — oo. The proof
of this theorem is finished. 0
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Theorem E [26, Theorem 1.1]. Let p € (0,00) and f be a holomorphic function
in . Then the followings are equivalent:

(1) f e P (D);
(2) G[f] € LP(T),where

N

glrlQ) = (/01(1—7")|f’(7'C)I2d7’> ; CeT;

(3) G.[f] € LP(T), where

N

G.11(0) = (/0 (1—r) sup If’(pC)IQdT> ;e

p€E(0,r)

(4) Gqlf] € LP(T), where

1
2

—<Z22’“|f’(rk<)2> , CEeT
k=0

and rp, =1—27%,

Furthermore, there are constants Cy, Co, Cs and Cy independent of f such
that

If = FO)lp < CollG1fllp < CallGxlFllp < CallGalf1llp < Callf = F(O)lp-

2.2. The Proof of Theorem 1.3

Since (1) & (2) < (5) < (6) easily follows from Theorem 1.1, we only need
to prove (1) & (3) < (4). We first prove (1) = (3). By Lemma 2.1, there are
two analytic functions f; € 4,,(D) N2 (D) (j € {1,2}) such that, for z € D,

2

Z )| Z w(|z)). (2.18)

Since Cy : B,(D) — PP (D) is a bounded operator, by Theorem E,
we see that

1 27 o0 B ; ,2 g
oo > %/0 <I;)2 Zk’(fj(qb(rke 9)) ’ ) do

<22 2" |f (re'® (rkew)’2> de (2.19)
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for j € {1,2}. It follows from (2.18), (2.19) and Lemma D that

°O>Z/ ( > 2 2k (fz(éf’(rke ))/2> %

o 4 e do
z///p/ D 27 ()P Y 1 (ke =
0 k=0

- 2
=1

S g o)
>, | (;_02_%¢(7"k69)|2w2(|¢(m69))) “

where ., is defined in the proof of Theorem 1.1.

Next, we prove (3) = (1). We first show Cy(f) € P AP (D). Let f €
P, (D). Since D is a simply connected domain, we see that f admits the
canonical decomposition f = fi + f2, where f; and f» are analytic in I with
f2(0) = 0. For j € {1,2}, let

Wk

2
2n [ = |(fi(d(ree®®))’

Then, by (2.7), we see that there is a constant C' = ||fHZ%(D) such that

o (SR )P\ Fag
"@pj _A (I;) ’ 92k %
2 w(|o(rre’®))) e’ (r ew)2 gd@
<o [7 (3 e i)

< o0,

which, together with Theorem E, implies that Cy(f;) € £ (D). Hence
Co(f) = Cs(f1) + Cy(f2) € A (D).

Now we come to prove Cy is a bounded operator. By (2.9) and Theorem

E, we see that there is a positive constant C', depending only on p, such that,
for j € {1, 2},

2\ %
or [ 2 |(f5(o(rie™))’
ICatiplly < € | 150 + [ 2’22'1‘ ad

2
k=0

< Clfill%, @)C™ (), (2.20)
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where

w(|o(rre??)|) ¢’ (rre? 5
C*(6) = 1+ 6Ol + [ (Z' (RN M) o

2m
It follows from (2.20) and Lemma D that

1Cs (F)IIE < 27108 (| Cy (f1)lI + ICs (£2)1[5)
< 21O @) (A1l 0 + 1217 )
< P 00 (6) |1 oy
which implies that Cy is a bounded operator.

Now we prove (1) = (4). By Lemma 2.1, there are two analytic functions
fj € Bo.(D)N A (D) (j € {1,2}) such that, for z € D,

2

Z 2)| > w(|z]). (2.21)

Since Cy is a bounded operator, by (2.21), Theorem E and Lemma D, we see

that
2 5 do
d =
7") 2

27
oo>—2/ /5 sup
pe(0,r)

2 5
| ' ZQ : do
/ 60 / i0
ZA ; d(r) sup | |¢'(pe )|2( FACGICE )|) dr o

pe(0,r) j=1

Fi(o(pe®))’

P
2

2m 1 - } ia
2/0 (/O o(r )p:&pr)(lcb(pe Pw?(p(pe )|))dr> =,

where 6(r) =1 —r and ., is defined in the proof of Theorem 1.1.

At last, we prove (4) = (1). Let f € %, (D). It is not difficult to know
that, for z € D, f has the canonical decomposition f(z) = f1(z)+ f2(z), where
f1 and fo are analytic in D with f5(0) = 0. Then, by (2.7), we see that

oo > M / i (/ (5 sup |¢/(p619)|2w2(|¢(p619)‘)) dr) %

pe(0,r)

b2

/(/a sup (16! (p )L} (0(pe >|2)dr> d
pe(0,r) s

2m 2 5
/ (/ d(r) sup dr) d6 (2.22)
pe(0,r)

fi(o(pe®)) 5
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where j € {1,2} and M; = ||f;||}, - It follows from (2.22) and Theorem E
that Cy(f;) € ZH#7(D) (j =1 2) Wthh implies that

Co(f) = Cy(f1) + Cy(f2) € Z#7(D).

Next, we prove C is also a bounded operator. By (2.9) and Theorem E,
we see that there is a positive constant C, depending only on p, such that, for

jef{1,2},
n o2\ ao
. . 0 “wv
1Cs(FDIH < C<|fy( 0)F + / </ 5(r p:}lopr) (fi(o(pe)) dr) 27r>
< OMM;, (2.23)
where

M = (1 +[6(0)|w(|6(0)))"

/ </ (1-r) sup <|<z>’<pew>|w<|¢<pe"9>|>)2d’“) o
0 pe(0,r)

It follows from (2.23) and Lemma D that

ICs(HIIE < 27108 (|Cy (fo)lIE + 1Cs (£2))
< 2maxtr=LOYON (M) + M)
21+max{p 10}”](-”/9 D) M

which implies that Cy : %, (D) — Z.#7* (D) is a bounded operator. The proof
of this theorem is finished. O

2.3. The Proof of Proposition 1.4
If k = 1, then we can take ry = 0. Since, for k € {2,3,...},

im gy k() = lim. foe(2) = 0,

z—0t

we see that &, (k) is not an empty set. Consequently, for k € {2,3,...}, we
can choose points 7, > 0 and 741 > 0 from the sets &, (k) and &,(k + 1),
respectively, such that fi, (%) > fiw,k(rk+1) Which is equivalent to

k—1
W(Tk+1) > Tk?+1 (224)

w(rk) - 7']1; 1

On the other hand, for k € {2,3,...}, we have gy g+1(Tkt1) > okt (r%)
which implies that

w(rkr) TR
U< ML (2.25)
w(rg) Y

Combining (2.24) and (2.25) gives ri < rgi1. O
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2.4. The Proof of Theorem 1.5
(1) We first prove the sufficiency. By (1.1), we have

¢z, @) < oo (2.26)
For f € A,, (D), we have

ColF)O)] < 170)] + 1£(6(0)) — £(0)]
1
< 1F(O)] + 6(0) / A (B(0)t)dt

<O+ [l @)|6(0)] / w1 (|6(0) )t
2o @ (14 160)w1 ([60)])

So, it suffices to show that there exists a constant independent of f such that

1fodllz.,®.s <Clfllz.,®,.s [fEBu D).

We split the remaining proof into two cases.

Case 1. If
sup |¢(2)] < 1,
z€B™

then there is a constant py € (0,1) such that
sup [p(2)| < po. (2.27)
z€B™

For f € A, (D), it follows from (2.26) and (2.27) that

Af(0(2))[| Do (2)]] } _ { £(0(2)) [ Do(2)| }
s AT b P T T e (R

< ||fHZwl (D),s wl(po) sup {”D¢( )|}

zeBn | wa(lz])
< 00,
which implies that Cy : A, (D) — ., (B") is bounded.
Case 2. If
sup [¢(2)| = 1, (2.28)
z€Bn

then, for k € {1,2,...}, let
Qp ={2 €B" : rp < |d(2)] < risa},
where 71 = 0. Since {ry} is a non-decreasing sequence satisfying

khrn 7"]1: L=~>0, (2.29)

we see that
klim rip = 1. (2.30)
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Let m be the smallest positive integer such that 2, is not an empty set. By
(2.28) and (2.30), we see that €2 is not empty for every integer k € {m, m +
1,...}, and B" = U2, Q. Then, for k € {m,m +1,...}, we have

. {wl<rk>|¢<z>|k-1 } . {wl(m)rfl } | (231)

2€Q, wi(lo(2)]) w1 (Tk41)

It follows from pie, k(") > flwy & (The1) and fiy, k41 (The1) > po k1 (7r) that

k k—1
k< wilre) E (2.32)

rhpr . @r(resn) o)

which, together with (2.29) and (2.30), yields that
lim —0%) g (2.33)

k—oo W1 (Tk+1)

Combining (2.31) and (2.33) gives

i mm{w}> - {”}:w

ozt | wi(6()) S T koo | wi(rern)

Hence there is a positive integer mg > m such that, for all & € {mg,mo +

1,...},
L [@leE Y |y
me (S 2 5 (234
which implies that, for f € A, (D),
Il < g {24505
o [ AGEDIDOR)]
kz%zes%’k{ EA(ED) }
= max{J1(f,mo), J2(f,m0)}, (2.35)
where
_ Ap(@(2)IDo(2)l
Alfymo) = sup eup { wn(l2]) }
and

Jo(f,mo) = sup sup{

mo—1>k>m z€Qy,

As(0(2)[IDe(A) } _

wa(z)
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By (2.34), we see that
A (@DIDS(2)llwr (ri)|$(2)]* "

w1 (|o(z
Ji(f,mo) = sup sup wz(IZI)wll((lTk()‘zllzz)lk_1
k> mo 2€Q w1 ([o(2)])

2w [D@H()A(9(2)
S M T (62 wa(]2)

2 w1 (rg)
—su T||¢k||%w2(13n)||f

IN

By (D),
< 0
and
J2(f,m0) < wi(rmo)l|ll 2., @) | fllz., ®),s:

which imply that Cy : A, (D) — 4., (B") is bounded.
Next, we begin to prove the necessity. For k € {2,3,...}, let f(w) =

w”, w € D. Since
i W
P = su = ’
I1fll2., @) sup { wi(jw]) | wilre)

we see that

. N fllz., @wi(re)
hm R m—

Jim. 3 = lim it =5 >0. (2.36)

oo
From (2.36), we see that there is a positive constant, independent of k, such
that

k
7 < C
||fHﬁw1(]D)) = Wl(rk)

which is equivalent to

1 w1 (rg)
1fllz,, @ — kC

For w € D, let F(w) = wk/||wk||(@ul(m)). Then [|F[|,, vy = 1. Therefore,

19* 5., _ w1(r)ll9¥ |5, B

> F)l 4 ny =
o0 > 1ol 2 106y om) = s 2 S,

which implies (1.1) is true.

(2) Assume that Cy is compact. For k € {1,2,...} and w € D, let F(w) =
wk/Hwnggw1 @) Then [[Fillz, ) =1. For k € {2,3,...} and m € {1,2,...},
it follows from (2.32) that

w1 (rk) TR L1 Thm—1

w1 (Tk—i-m) o TI]:-—::z_l ’
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which implies that

Wi (Pl T™ wi (rE)ry r’,jiﬁ 1 (Tk)TkT]]:iz ! (2.37)
k+m “(k4+m)rest Theme1 k+m '

For k € {2,3,...} and w € D, elementary calculations lead to

w1 (rk)wk

E—1
kry

which, together with (2.29), (2.30) and (2.37), yields that Fj, — 0 locally
uniformly in D as k — oo. Since Cy is compact, we deduce that

Fk(w) =

)

- wi(re)
Jim e 16" |5, B = A [|Co(E)ll.,, @) = 0.
Consequently, (1.2) follows from
khm 7",1: L=y >0

Conversely, assume that (1.2) holds. Suppose that {f; = h; +g;} is a
sequence of %, (D) such that || f;[|z,, ) < 1, where h; and g; are analytic
in D with g;(0) = 0. Then there are subsequences of {h;} and {g;} that
converge uniformly on compact subsets of I to holomorphic functions h ang
g, respectively. Without loss of generality, we assume that the sequences {h;}
and {g;} themselves converge to h and g, respectively. Then the sequence
f; = h;+gj itself converges uniformly on compact subsets of D to the harmonic
function f = h + g with ¢g(0) = 0. Consequently,

12> lim n {]£5(0)] + BL; (w)} = |£(0)] + B, (w),

which gives that f € Z,,(D) with | f[lz, ) < 1. Let ¢ > 0 be arbitrarily

fixed. Since (1.2) holds, there exists a positive integer N > mg such that, for
ke {N,N+1,...}

4dwi(re), %
*TW’ |2.,@ <&,
which implies that, for j > 1,
Ji(fi — f,N) <e. (2.38)

Since the sequence {Ay, _;} converges to 0 locally uniformly in I, there exists
an integer jo such that, for j > jo,

Jo(fi = f,N) <e. (2.39)
Combining (2.35), (2.38) and (2.39) gives that, for j > jo,

1Cs(fi — Pz, @nys < &

which implies that Cy4 is compact. The proof of this theorem is finished. [
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2.5. The Proof of Theorem 1.6

For o, 8 € (0,1), let f € 22 (B") N %, (B"), where @ = « or (3. Since B" is
a simply connected domain, we see that f admits the canonical decomposition
f = fi + f2, where f; and f, are analytic in B" with f»(0) = 0. Next, we
prove fi,fo € Lo(B"). Let f = f1 + fo = u + iv, where fi = uy + iv;
and fo = ug + tve. Then f € Z,(B") if and only if u, v € Z5(B™). Let
F = fi + fo and v = Im(F), where “Im” is the imaginary part of a complex
number. Then ¢F is holomorphic in B". Since Re(iF') = —v, where “Re” is
the real part of a complex number, and Im(iF) = Im(if) = u, v and v satisfy
div(Vu) = div(Vo) = 0 and |Vu| = |V0|. Then by [23, Corollary 3.11], we see
that

IRe(iF)|l 2, @n),s = [0ll2, @r).s < Clm(iF) ||z, @), = Cllull 2, @n).s-

(2.40)
By (2.40), we have
v = 2 ; U 2B (2.41)
and
vy = 5; U e 2. (B"). (2.42)
Applying [23, Corollary 3.11] to f1 and f2 again, we see that
u; € Lo(B") (2.43)
and
us € £ (B™). (2.44)

Consequently, fi € Z(B") follows from (2.41) and (2.43), and f2 € Z-(B")
follows from (2.42) and (2.44). It follows from [31, Section 6.4] that f1, fo €
B.,(B"), where w(t) = 1/(1 — )= for t € [0,1). Hence f € P (B") N
Z(B") is equivalent to f € %, (B"). Hence we only need to show that C :
By, (D) — A, (B") is bounded if and only if

sup {k_a||¢k||gau2(w)} < 0o,
k>1
and Cy is compact if and only if
: —« k _
Tim {5216, ) | = 0,
where wy (t) = 1/(1 — )= and wo(t) = 1/(1 — t)'=F for t € [0,1). By taking

rp = (k—1)/(k — «) in Theorem 1.5, we can obtain the desired result. The
proof of this theorem is finished. O
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