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Abstract. In this paper, we introduce Riemannian warped product map as
a generalization of warped product isometric immersion and Riemannian
warped product submersion with examples and obtain some characteriza-
tions. First, we define Riemannian warped product map and find condi-
tions for a Riemannian map to be Riemannian warped product map. We
show that Riemannian warped product map is a composition of Riemann-
ian warped product submersion followed by warped product isometric
immersion locally. In addition, we show that Riemannian warped prod-
uct map satisfies the generalized eikonal equation which is a well known
bridge between geometrical and physical optics. We also find necessary
and sufficient conditions for the fibers, range space of the derivative map
of Riemannian warped product map and horizontal distributions to be
totally geodesic and minimal. Further, we give some fundamental geomet-
ric properties for the study of such smooth maps. Precisely, we construct
Gauss formula (second fundamental form), Weingarten formula and ten-
sion field. We obtain necessary and sufficient conditions for a Riemann-
ian warped product map to be totally geodesic, harmonic and umbilical.
Comparatively, we analyse the obtained results with the existing results
for a Riemannian map between Riemannian manifolds.
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1. Introduction

The notion of warped product manifolds is a generalization of the Riemann-
ian product manifolds [3]. In general relativity, warped product manifolds
have been used to construct Schwarzschild and Robertson—Walker cosmolog-
ical models [24]. In addition, warped product manifolds were used to obtain
new families of Hamiltonian-stationary Lagrangian submanifolds [11]. Moore
gave sufficient conditions for an isometric immersion into Euclidean space to
decompose into a product immersion [19]. Nash concluded that every Rie-
mannian manifold hence warped product manifold can be embedded to some
Euclidean space [20]. For the differential geometry of submanifolds of warped
product manifolds, we refer to [6,12,13].

Let ¢; : M; — N; be isometric immersions between Riemannian mani-
folds for s = 1,2,...,k. Suppose p; : N; — RY and f; := p;op; : M; — RT
fori=1,2,...,k — 1 be smooth functions. Then the smooth map ¢ : M; x ¢,
My xp, -+ Xp_ My — Ny X, No X, -+ X, N between warped prod-
uct manifolds such that ¢(p1,pa,...,pr) = (p1(p1), 2(p2), .- -, vr(pr)) is also
an isometric immersion, called warped product isometric immersion. For the
fundamental studies of warped product immersions we refer to [5-10,22,31].

The geometry of Riemannian submersions and their applications have
been discussed widely by Falcitelli et al. [16]. It is known that Riemannian
submersions have been used to construct some Riemannian manifolds with
positive or non-negative sectional curvature and Einstein manifolds. In addi-
tion, Riemannian submersions have many applications in physics, Yang-Mills
theory, Kaluza-Klein theory, supergravity and superstring theories etc. Re-
cently, warped product Riemannian submersions were studied by Erken et al.
[14,15]. Let ¢; : M; — N; be Riemannian submersions between Riemann-
ian manifolds for i = 1,2,...,k. Suppose p; : N; — RT and f; := p; o @, :
M; — Rt fori = 1,2,...,k — 1 be smooth functions. Then the smooth map
@My Xy MyXg, - Xp My — Ny X, NoXp, - X, Ni between warped
product manifolds such that ¢(p1,pa,...,pk) = (©1(p1), v2(P2), - - ., wr(pK)) is
also a Riemannian submersion, called Riemannian warped product submersion.

In 1992, a generalization of the notions of an isometric immersion and
Riemannian submersion namely “Riemannian map” was introduced by Fischer
[17] satisfying the generalized eikonal equation whose applications are well
studied in geometry and physics. Importantly, Fischer proposed an approach
to build a quantum model of nature using Riemannian maps. He pointed out
an interesting relationship between Riemannian maps, harmonic maps and
Lagrangian field theory on the mathematical side, and Maxwell’s equation,
Shrodinger’s equation and their proposed generalization on the physical side.
In the last decade, Sahin investigated the geometry of Riemannian maps widely
[29].
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Now, it will be interesting to introduce the new area of research namely
“Riemannian warped product map” as a generalization of warped product iso-
metric immersion and Riemannian warped product submersion. In Sect. 2, we
recall some basic geometric concepts about the Riemannian maps and Rie-
mannian warped product manifolds. In Sect. 3, we define Riemannian warped
product map with examples and obtain some characterizations. We show that
Riemannian warped product map satisfies the generalized eikonal equation.
We also find necessary and sufficient conditions for the fibers, range space of
the derivative map of Riemannian warped product map and horizontal distri-
butions to be totally geodesic and minimal. In Sect. 4, we calculate the second
fundamental form (Gauss formula) followed by a necessary and sufficient con-
dition for a Riemannian warped product map to be totally geodesic. In Sect. 5,
we calculate tension field followed by a necessary and sufficient condition for
a Riemannian warped product map to be harmonic. In the last section, we
construct Weingarten formula followed by a necessary and sufficient condition
for a Riemannian warped product map to be umbilical.

2. Preliminaries

In this section, we survey the notion of Riemannian map between Riemannian
manifolds and its fundamental geometric properties. Later on we recall the
notion of Riemannian warped product manifolds.

2.1. Riemannian maps

Let o : (M™,ga) — (N™, gn) be a smooth map between Riemannian mani-
folds such that 0 < ranke < min{m,n} and let @, be its differential map. We
denote the kernel space of ¢, at p € M by V, = kery,, and its orthogonal
complement space in the tangent space T,M by H, = (ker¢.,)*:. Thus we
have

T,M = (kerg.,) ® (kernp*p)L =V, ®H,.

Similarly, we denote the range space of ¢, at p(p) € N by rangep., and its
orthogonal complement space in the tangent space T,,(,) N by (rangego*p)l-. If
ranky < min{m,n}, we have (rangep,)* # {0} and hence

Tp)N = (rangep.p) @ (rangep.,)™
We say ¢ is a Riemannian map at p € M if @.p|p : (kerap) ™, gap) | (kerp.,)x)
— (rangep.p, N (o(p)) | (rangee.,)) is a linear isometry, i.e.

In (X, 0. Y) = gu(X,Y) forall X\Y € F(kergp*p)l. (1)

Clearly, it is an isometric immersion if kerp, = {0} and a Riemannian sub-
mersion if (rangep,)t = {0}.
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For all vector fields X,Y on M, the O’Neill tensors A and T" were defined in
[23]

AxY = HVY VY + VVY HY, (2)
TxY = HVI VY + VL HY, (3)

where VM is the Levi-Civita connection of ¢p;. Here ¥V and H denote the
projections to vertical and horizontal subbundles, respectively. For any X €
['(T'M) the operators Tx and Ax are skew-symmetric reversing the horizontal
and vertical distributions. In addition, Tx = Tyx,Ax = Axx and TyW =
TwU for all U W € T'(kerey).

Now, from (2) and (3), we have

VYW =Ty W + Vy W,
VAV = AxV + VWiV
and
VY = AxY + HVYY

for all X,Y € T'(kerg,)*™ and V,W € T'(kere.) with Vy W = VY.

The map ¢, can be viewed as a section of bundle Hom (T M, p~'TN) —
M, where ¢~ 'TN is the pullback bundle whose fibers at p € M is (¢ 'T'N), =
Ty N. The bundle Hom(T M, ¢ !TN) has a connection V induced from the

N
Levi-Civita connection VM and the pullback connection V¥. Then the second
fundamental form of ¢ is given by [21]

(Vo) (X.Y) = (Vo) (Y, X) = V.Y — pu (VYY) (1)

N
for all X,Y € T'(T'M), where V%@, Y o = Vg*XQD*Y.

2.2. Riemannian warped product manifolds

Let (M{"',gnr,) and (M3, gar,) be two Riemannian manifolds and f be a
positive smooth function on M;. The warped product M := M; Xy My of M;
and M, is the Cartesian product M; x M, with the metric gas = gar, + f290,
defined by

gu(X,Y) = gary (o (X), ma (V) + f2(m(p1))gar, (0(X), 0 (Y)),

where X,Y are vector fields on M; x My. In addition, 7 : My xy My —
M, such that (z,y) — « and o : My x5 My — M, such that (z,y) — y
are the projection maps which become submersions. Moreover, we can see
that the fibers {z} x My = 7~ !(z) and the leaves M; x {y} = o~ 1(y) are
Riemannian submanifolds of M = M; x; M,. The vectors tangent to the
leaves are called horizontal and the vectors tangent to the fibers are called
vertical. If v € T, My, € My and y € Ms, then the lift © of v to (z,y) is
the unique vector of T{, )My x My = T(, ,yM such that 7.(v) = v, and lift
of a vector field X € I'(T'M;) to M = M; x s M, is the vector field X such
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that w*(x,y)(X(%y)) = X,. Thus the lift of X € I'(T'M7) to My x My is the
unique element X of I'(T'(M; x Msy)) which is 7-related to X. Now, the set
of all such horizontal lifts X is denoted by L£3,(M;) and the set of all vertical
lifts by Ly (M) (for details we refer to [23] and [6]). Thus a vector field £ of
M x Mj can be written as £ = X +U, where X € Ly (M;) and U € Ly (My).
We can easily prove that m.(Ly(My)) = T(T'M;) and 0, (Ly(Mz)) = T(T'My).
Clearly, 7.(X) = X € I'(TM;) and 0.(U) = U € I'(T'M>). In this paper, we
use the same notation for a vector field and for its lift to the product manifold.
Now, we recall some basic results on warped product manifolds:

Lemma 1 (Chapter 7, Lemma 34, [24, p. 206]). If f € F(M,), then the gradient
of the lift fo T off to M = M,y x ¢ My is the lift of the gradient off on M.
Lemma 2 [24]. Let M = My x y M be a Riemannian warped product manifold.
Then

(i) VX Y1 is the lift of VI Y7,

(“) V%XZ = V%Xl = (Xl(f)/f)X2;
(i1i) nor (VA Y2) = —gn (X2, Y2)(VMIn f),
(iv) tan (VAL Y3) is the lift of (Vy2Ya),
where X;,Y; € L(M;). In addition, VM and VM are Levi-Civita connections
on M and M; respectively for i =1,2.

Proposition 3 [4]. Let p; : M; — N; for i = 1,2 be smooth functions. Then

(P1 X p2)s = (P1a21, P2u2),
where x = (21, 72) € Ty, p,) (M1 x My).

Proposition 4 [4]. Let m and o be the projections of My x My onto My and
My respectively. Then X : Ty, p,)(My x Ma) — T, My @ T,,, My such that
x> (Te, 04)x 18 an isomorphism.

By above Proposition for X = (X1,X3) € T'(T'(M; x Ms)) we can write
X = Xq + X5 where X7 € E(Ml) and Xy € E(M2)

3. Characterizations of Riemannian Warped Product Maps

In this section, we introduce Riemannian warped product map between Rie-
mannian warped product manifolds with examples and obtain some charac-
terizations.

Proposition 5. Let ¢; : (M;, gn,) — (Niygn,) be Riemannian maps between
Riemannian manifolds for i = 1,2. Suppose p : Ny — RT and f = po
w1 : My — RT be smooth functions. Then the map ¢ = p1 X @3 : (M =
My x¢ My, gn) — (N = N1 X, No,gn) between Riemannian warped product
manifolds such that (o1 X ©2)(p1,p2) = (¥1(p1), p2(p2)) is a Riemannian map.
Here f is called lift of p.
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Proof. Let ¢; : M; — N; be two Riemannian maps between Riemannian
manifolds for ¢ = 1,2. For p = (p1,p2) € M1 x Ms we have

T(p1,pz)(M1 X MZ) = T(PlvPZ)(Ml X {pg}) D T(m,pz)({pl} X M2)
= (kergo*p)L & (kery.p),
where
Tipy o) (M1 x {p2}) = ((ker@rap, )™ x {p2}) & ((ker@1ap,) % {p2})
and
Tipy o) ({P1} X M2) = ({p1} X (ker@aup,)™) ® ({p1} X (kerozup,)) -
Clearly,
(kergap)t = ((ker@rap, )™ x {p2}) ® ({p1} X (kergau,) ™)
and
(kerp.p) = ((kerpisp,) X {p2}) & ({p1} X (kerpasp,)) -
Similarly, we have
Tlo1(p1) o2 (p2)) (N1 X N2) =T, (1) 2 (2)) (N1 X {2(p2) })
® T(<P1(P1)a902(:02))({(pl(pl)} X N2)
:(7“cmge<,0*p)l @ (rangep.p),

where
Tor(p1)p2(p2)) (N1 X {02(p2)})
= ((range@iup, )™ x {@2(p2)}) ® ((rangepisp, ) x {@2(p2)})
and
T (1) pa(p2) {P1(P1)} X Na)
= ({e1(p1)} x (rangepaup,)™) ® ({@1(p1)} X (rangepa.y,)) -
Clearly,

(rangep.p)™ = ((rangeprup, )™ x {p2(p2)}) & ({p1(p1)} x (range@zip,)™)
and
(rangep.p) = ((rangepisp,) X {p2(p2)}) © ({e1(p1)} x (rangepasy,)) -

Now, lift of a horizontal vector 2™ € (kergiu,, )t to (kerp.,)t is #' and
lift of a vertical tangent vector vV € (keryisp,) to (kerp.,) is ©¥. Then for
X = (X1,X2),Y = (Y1,Y2) € (kerpup)t = (kergrup, )= x (kerpaug,)*, we
have

IN (X, 0.Y) =gn (9« (X1, X2), 04(Y1,Y2))
=gn, (01:X1, 01:Y1) + p*(01(p1)) g, (P26 X2, 02, Y2).
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Since 1 and @y are Riemannian maps and we are denoting same notation for
a vector field and its lift, using (1) in above equation, we get

gn (0 X, 0.Y) =gar, (X1, Y1) + 2 (p1)gas, (X2, Ya)

This implies there is an isometry between horizontal space (kery,)* and range
space rangep,. This completes the proof. O

Definition 1. Let ¢; : M; — N; be Riemannian maps between Riemannian
manifolds for ¢ = 1,2. Then the map ¢ = @1 X o : (M = My X5 Ma, gm) —
(N = N1 x, Na,gn) between Riemannian warped product manifolds such

that (¢1 X @2)(p1,p2) = (v1(p1), P2(p2)) is also a Riemannian map, called
Riemannian warped product map.

Ezxample 1. Let ¢ = @1 X o : (M = My Xy Mo, grm) — (N = N1 %, No,gn)
be a smooth map between Riemannian warped product manifolds.
(i) If ¢ is a warped product isometric immersion then ¢ is a Riemannian
warped product map with kerp. = {0}.
(79) If ¢ is a Riemannian warped product submersion then ¢ is a Riemannian
warped product map with (rangeg,)* = {0}.

By [25] we know that distance functions are Riemannian submersions, hence
Riemannian maps. Now, we give examples of special class of Riemannian
warped product maps in the category of distance functions.

Ezample 2. Let (M;, gn,) be Riemannian manifolds for ¢ = 1,2,... k. Let
p; € M; be a fixed point, and d; denote the distance functions of M; from the
fixed point p;. Then ¢ : (M = My Xy, My Xy, -+ X5, My, gu) — (N =
Rt x,, Rt x,, -+ X,,_, RT, gy) such that

o(q1,q2, -, qr) = (di(p1, 1), d2(p2,42), - - - dic (D> Q)

is a Riemannian warped product map, where f; is the lift of p; for i =
1,2, k—1.

Ezample 3. Let (M, gn) be a complete, non-compact Riemannian manifold
without conjugate points. Then every geodesic of M is a line that is it is
isometric to R. If , is a line in M, then the Busemann function b, : M — R
for ~, is defined as [25]

by(p) = lim (d(p,7,(t)) —1)-

It is known that b, € C'(M) and ||Vb,|| = 1, therefore Busemann function is a
distance function. Hence clearly any Busemann function is a Riemannian map.
Now let (M;, gar,) be simply connected, complete manifolds without conjugate
points for i = 1,2,..., k. Then for geodesic lines y; of M;, the map ¢ : M7 x ¢,
My Xy oo Xpo o My — R X, R xp, -+ X, R defined by

(P(plap% ce- 7p/€) = (b’h (p1>7b72 (pQ)v ve - 7b’Y1 (pk))
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is a Riemannian warped product map, where f; is the lift of p; for i =
1,2,...,k—1.

Example 4. Let (My = {(x1,79,73) € R3 : @1 # 0,29 # 0,23 # 0}, 90, =
e?@3dr1? + e2*3dxo? + dxz?), (N1 = {(y1,v2,y3) € R3},gn, = e**3dy ? +
e?@3dys? + dyz?), (May = {(r1,72) € R? : 11 # 0,79 # 0}, gar, = dri? + dr2?)
and (Na = {(s1, s2) € R?}, gn, = ds1? + ds2?) be four Riemannian manifolds.
Let ¢1 : Mj — Nj such that

(21,19 x(),_)<x1+x2 T1 — T2 0)
1, s &3 \/i ) \/§ )

and ¢s : My — N5 such that
1+
ey
be Riemannian maps. Then the map ¢ = @1 X @a : (M x¢ My, gpr = gur, +
f?9m,) — (N1 X, No,gn = gn, + pgn,) such that
021, T2, T3, 71, 72) = <$1 +9327 Ty — xQ’O7 T +7”270>
V2 V2 V2
is a Riemannian warped product map, where p: Ny — R* and f: M; — RT
be smooth functions with f = po ;.

Let ¢; : M; — N; be smooth maps between Riemannian manifolds for
i=1,2and let ¢ : (M = My X Ms,gprr) — (N = Ny X Na, gn) be a smooth
map between Riemannian warped product manifolds. Define linear transfor-
mations
Plprps) + Tiprpo) (M1 X Ma) — Ty po) (M1 X Ma); Py po) = “Pa(pr,pa) ©
Px(p1,p2) and Q(PLPz) : T(<P1(P1>,<P2(P2)>(N1><N2) - T(<P1(P1)1<P2(P2))(N1><N2); Q(plsPQ) =
*Ou(propa) © Pr(p1.pe) Where p; € M; for i = 1,2. In addition, *¢, denotes the
adjoint of ¢, (see [29]). Using these linear transformations, we obtain the fol-
lowing characterizations of Riemannian warped product maps:

Theorem 6. Let ¢ = 1 X @9 : (M = My x5 My, gp) — (N = Ny X, Na,gn)
be a smooth map between Riemannian warped product manifolds. Then the
following statements are equivalent:

(i) ¢ is Riemannian warped product map at (p1,p2) € M.

(1) Ppy.,ps) 5 @ projection, i.e. Py 1,y © Pipy pa) = Ppr.pe)-
(ii1) Q(py.,ps) 15 @ projection, i.e. Qp, py) © Lpyps) = Lpiope)-

Proof. Since the proof is similar to Theorem 80 of [29], we are omitting it. O

Now, we recall that a map ¢ : (M, gr) — (N, gn) between Riemannian
manifolds is called subimmersion at p € M if there is an open neighborhood
U of p, a manifold M’, a submersion pg : 4 — M’', and an immersion ¢y :
M’ — N such that |y = oy = props [17,29]. We say ¢ is a subimmersion if
it is subimmersion at each p € M. It is known that ¢ : (M, gy ) — (N, gn) is
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a subimmersion if and only if the rank function is locally constant, and hence
constant on the connected components of M [1,27].

Definition 2. A map ¢ = @1 X 2 : (M = My x5 My, gm) — (N = N1 %,
N3, gn) between Riemannian warped product manifolds is called warped prod-
uct subimmersion at p = (p1,p2) € My x My if there is an open neighborhood
U =Uy XUy of p = (p1,p2), a warped product manifold M7 x p» Mj, a warped
product submersion ¢g : Uy X s Uy — M| Xy M5, and a warped product im-
mersion o7 : M| x g Mj — Ny x, Ny such that ¢y = ¢y = @1 0 pg, where
M and M} are Riemannian manifolds and f’ is warping function on M. We
say ¢ is a warped product subimmersion if it is warped product subimmersion
at each p € My x Ms.

Theorem 7. Let o = 1 X o : (M = My x¢ Ms,gn) — (N = N1 X, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then, locally, ¢ is the composition of a Riemannian warped product
submersion followed by a warped product isometric immersion.

Proof. Let U = Uy X s Uy be an open neighborhood of p = (p1,p2) € M7 X My,
g Uy XUy — M{ x p» M be a warped product submersion and ¢y : M{ X ¢
M3 — Nix,N; be a warped product immersion such that ¢y = oy = props.
From Lemma 4.3.1 of [18], it follows that (M] x ¢ MJ, gasv) is also a Riemannian
warped product manifold and ¢r : (M] xp My, g5) — (N1 X, Na,gn) is
a warped product isometric immersion. Therefore it is enough to show that
horizontal restriction of ¢g is a warped product submersion. As in [27], for
each p = (p1,p2) € Uy X Us define

(PS*pIH : (k'er@l*ln)l X (k:eT()OQ*Pz)L - T%S(p)(M{ X Mé)
as 95,p|HX = ps,,X and

Pripli + Tpgyy (My x My) — (rangepisp,) x (rangepz.p, )
as r.,lnZ = ¢r.,Z. Thus we have gup|n = (@1.,|H © Psapln) = (Pra, ©
Psup)lrt  kerpuy = (kerprup, )™ x (kerpap, )t — rangep., = (rangepiup, ) X
(rangepasp,). Then for X = (X1, Xz) and Y = (Y1,Ya) € (kergiup, )™ X
(kergaup,)*, we get

IN (Pap| 1 X Pap| 1Y) = gN (T plH © P54p| X, P4 © P54 HY)-

Since ¢ : (M = My x5 Mo, gnm) — (N = Ny X, Na,gn) is a Riemannian
warped product map and ¢y : (M X ¢ M3, gh) — (N1 X, N2, gn) is a warped
product isometric immersion, we get ga;r = ¢7gn. Then

IN (Pap (X1, X2), 0up|n (Y1, Y2))

= gN(PriplH © Ps.p 1 (X1, X2), @113 © P54 1 (Y1, Y2)),

which implies

Im (X1, Xo), (Y1, Y2)) = garr (054 11 (X1, X2), 05411 (Y1, Y2))-
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Thus ps : (U X Us, garlu) — (M x g M5, gar) is a Riemannian warped
product submersion. Hence we finish the required proof. O

Remark 1. Note that a Riemannian map between Riemannian manifolds is
a composition of a Riemannian submersion followed by an isometric immer-
sion [17] locally. It is also true that a Riemannian warped product map is a
composition of a Riemannian warped product submersion followed by warped
product isometric immersion locally.

Now, we give the following examples of Riemannian warped product maps
as an application of the above Theorem 7:

Ezample 5. Consider the immersions ¢; : R — E? = {(z,y) € R? : y > 0}
such that

p1(t) = (1)
and @5 : S' — S! such that
va(s) = s.
Then by [22], ¢ = ¢1 X @o : RT x; S! — E? x ¢ S defined by
o(t,s) = (t,t,s)

is a warped product isometric immersion with (f' o p1)(t) =t = f(t). Also,
consider the Riemannian submersions ¢ : F2 = {(¢t;,t2) € R? : t; > 0} — RT
such that

Yi(ty,te) =t
and 1o : S' — S! such that
Pa(s) = s.

Then by [14], ¢ = 1 X g : F? x/ St — RT x, S! defined by

Pty ta, s) = (t1, )
is a Riemannian warped product submersion with (p o ¥1)(t1,t2) = t1 =
f'(t1,t2). Thus p o 1p : R? xp R? — R? xp R? is a Riemannian warped
product map.
Example 6. Consider the immersions ¢; : R — R? for i = 1,2 such that

wi(t) = (cost,sint).
Then by [22], ¢ = ¢1 X @2 : R x§ R — R? x ¢ R? defined by

©(t1,t2) = (costy,sinty, costs, sints)

is a warped product isometric immersion with f’ o p; = f. Also, consider the
Riemannian submersions 1; : R — R for ¢ = 1,2 such that

hi(x1, x2) = 1.
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Then by [14], ¢ = 1 X ¢hg : R? x ps R? — R x, R defined by

Y(21, 22,y1,92) = (71, Y1)
is a Riemannian warped product submersion with po; = f'. Thus p o9 :
R? X pr R? — R? X fr R? is a Riemannian warped product map.
Theorem 8. Let ¢ = 1 X @o : (M = My x5 My, gp) — (N = Ny x, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then
x| = rankey + p*rankes.

Proof. Define a linear transformation G : ((kerg.,)*: (kergrap, )t X
(keroap, )", grp) — ((kergap) ™ = (kergrap, )* x (kerpaup, ), guyp) such that
G = *Qup 0 Pup, where *,, is the adjoint of p.,. Then for X = (X1,X5),Y =
(Y1,Y2) € (kerp.,)t, we have
g]V[(GXa Y) :gM(*SD*p o <P*pX7 Y) = gN(SD*pX> Sp*py)
=gn, (P12 X1, 91.X2) + p*(01(1)) 9N, (92, Y1, 2. Y2).

Since ¢; and @9 are Riemannian maps, using (1) in above equation, we get
g (GX,Y) = gu, (X1, Xa) + f2(p1)gar, (Y1, Y2).

~ ymitmo—r1—7T m mi1—rit+me—r
Now let {; ;""" 7" {a;}0 ) and {a 2 772" denote orthonor-

mal bases of (kerg.p,)®, (kergi, )*, and (kerpa.,,)*, respectively, and ; =
(z;,77) € (kerp.,)t. Then we have

'_

mi+ma—ri—ra

lecllP) = X n(pupdi, pupi)
mlz:l
= > 9N (P1ezj, pray)
j=1+r1

ma—rat+mi—ry

+0° (p1(p1)) > IN, (P2: 2, P2.77,)
k=mji—ri+1

= (m1 —r1) + p*(e1(p1)) (M2 — 12),
where my +mg —71 — 79 = dim(kery,)t, 71 = dim(kerp.), 2 = dim(kerpa,),
my = dim(M;) and mg = dim(Ms). This completes the proof. O

Remark 2. We can observe that a Riemannian map ¢ between Riemannian
manifolds satisfies |¢.||? = rankep [17], while a Riemannian warped product
map ¢ = @1 X @2 : My Xy My — Ny X, My between Riemannian warped
product manifolds satisfies ||.||? = ranke; + p*rankes. Hence Riemannian
warped product map satisfies the generalized eikonal equation.

Lemma 9. Let ¢ = 1 X @9 : (M = My Xy Ma,gm) — (N = N1 x, Na,gn) be
a smooth map between Riemannian warped product manifolds. Then

(Z) Vgl*xl (,01*Y1 is the llft Of ng*xl 901*Y1,

(i1) VI x,02:X0= VI %, 01.X1= (p1.X1(p)/p) 2+ X2,
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(#i1) tan VgQ*XZgDQ*YQ is the lift of Vg;xchg*Yg,

(i) nor VI x,02.Ya = —gn(p2. X2, 02.Y2) (VN In p),

where i Xi, pixY; € L(N;). In addition, VN and Vi are the Levi-Civita
connections on N and N; respectively for i =1,2.

Proof. Since N = N x,Nj is a Riemannian warped product manifold, by using
Lemma 2 we can easily see that (i) and (i¢) are hold. Now for ¢1,X1,¢1,.Y1 €
L(N7) and 1. X2, 01.Y2 € L(N3), we write
vgz*Xz(pQ*}/z = norvg%& 302*}/2 + tanvgz*xz(p%‘yz'
Using Lemma 2, we get
Vo x,02: Y2 = =g (02 X2, 02.Y2) (VN Inp) + V2 00,5

Thus (i4¢) and (iv) also hold. O
Proposition 10. Let o = @1} : (M = My x Mo, grr) — (N = N1 xX,Na, gn)

be a Riemannian warped product map between Riemannian warped product
manifolds. Then

p1:X1(Inp) = Xy (In f) = X1 (f)/(f),
where X1 € T(kergy,)*.

Proof. For X, € I'(keryy.)*, we have
1. X1(In p) = gn, (1. X1, V' (In p)).

Since f is lift of p, using Lemma 1 in above equation, we get
P1.X1(In p) = gn, (1. X1, 01.(V (In f))).

Since ¢ is a Riemannian map, we can write

1. X1 (0 p) = gar, (X1, V1 (In f)).
This completes the proof. O

Theorem 11. Let ¢ = 1 X o : (M = My X Ma, gar) — (N = N1 X, Na, gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then the following statements are hold:
(i) The distribution kero, is totally geodesic if and only if the distributions
kergi. and kergs, are totally geodesic, and H(VM In f) = 0,
(i) The distribution kerp, is minimal if and only if either the distribution
kerpy. is minimal and Hy = H(VMln f) or the distribution keryo, is

minimal and Hy = (%’) H(VMIn f),
(iii) The distribution (kery.)* is totally geodesic if and only if the distribu-
tions (keryp1.)t and (kerga, )t are totally geodesic, and V(VM In f) = 0,
(iv) The distribution rangep, is minimal if and only if either the distribution
rangepy, is minimal and Hy = VN 1np or the distribution rangeps. is
minimal and Hs = (%) V¥ Inp,
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(v) The distribution (kery,)’ is minimal if and only if either the distribu-
tion (kergy, )t is minimal and Hy = V(VMIn f) or the distribution

(k‘eﬂpm)l is minimal and Hf = (w) V(VM In f),

mi1—T1
(vi) The distribution (rangep.)® is minimal if and only if either the distri-
bution (rangepi,)* is minimal and Hi- = VN Inp or the distribution

(rangeps. )t is minimal and Hy = (Z—‘;) V¥ 1np,

where VM and VN are Levi-Civita connections on M and N respectively. In
addition Hy, Hy, H3, Hy, Hi-, Hy-, H3- and Hj- are the mean curvature vector
fields of keroi., kerpa., rangepi., rangeps., (kergi.)t, (kergo.)t,
(rangep1.)t and (rangeps.)* respectively. Also here ry = dim(keryi,),rs =
dim(kerpa.),my — r1 = dim(rangepi), ma — ro = dim(rangepss), nz =
dim((rangep1.)*) and ny = dim((rangepa.)*).

Proof. Let {u;}71, and {u}}7:4"% | be orthonormal bases of kerg1, and kerpa.,
respectively. Then

r1+7r2
IT||” = ZgM (wiruy), T(usw)) + > gar(T(uf,up), Tug,ug))
4,j=1 a,b=r1+1
1
= > gm(Tr(ui u), T (us, uy))
i,j=1
ri1+r2
+ Y gu(Ta(uf, up) — gur (ug,up ) (HVM In f), Ty (g, ui)
a,b=r;+1

= gu (ug, up) (VY In f)),

where T',77 and Ty are O’Neill tensors on kerp,, keryi. and kerps, respec-
tively [14]. Thus

|12 = T3] + 1 T2lf* + 72 [H(V I ). (5)
In addition the mean curvature vector field of keryp, is given by
1 r1+7r2
H = T(ui,us) + T(ur, uy
s (Bt 5 i)
7 a=r1+1

r1+7r2
1
= (Z Ty (ug, ui) + Z To(ul,ul) — gar (i, ul) (HVM lnf)> .

e} + 2 =1 a=r1+1
(6)
We know that [29]

R
== Ti(usw) (7)
"3
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and
1 r1+72

Hy=— % To(u,u), 8)

r
2 a=r1+1

where H; and Hs denote the mean curvature vector fields of the distributions
kerpi. and kerpa,, respectively. Using (7) and (8) in (6), we get

H = (riHy +ro(Hy — HVM In f)) . (9)
1472
Further, let {x;}7". | and {a}}2t """ be orthonormal bases of (kergr,)*
and (kerys. )", respectively. Then
my mi—rit+ma—ra
AP = > gu(Alwizg), Alwiyz)) + Y gu(Ale,2;), Ale), z7))
i,j=r1+1 a,b=mi—ri+1
= Y gu(Ai(wi)), Ar(wi, x5))
ij=ri+1

mi—rit+me—r2
Y am(Aa(al @) — gm(ag, 2p) (VY In f), A (), 77)
a,b=mi—ri+1
—gu (g, zp)(VVH n f)),
where A, A and Ay are O’Neill tensors on (kerp, )L, (kerei.)® and (kerga. )t
respectively [14]. Thus

IAIZ = 1 Av]* + ([ A2]|* + (m2 = r2) [V(VH In )] (10)

In addition the mean curvature vector field of rangeyp, is given by

m1—ri+ma—rz

1 -
H = ( Z Ve o1z + Z ng*wz*me) )
my—r + Mz — T2 1=r1+1 a=mi—r1+1 ‘
(11)

Using Lemma 9 in (11), we get

mi

1

/
i = > Vil
mp—T1+mg —7Tg .
i=r1+1
1 mi—7ri+ma—ra
s\ N
+ Z fo@z*wi —gm (), )V Inp.

mi1— 1T+ mg — 1o a=rmy 1

(12)
We know that [29]

1 <
Hy = — Velp.x; 13
ST - i:;rl ¥ (13)
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and
1 mi—ri+ma—ra
H=— P2 0o 14
4 Mo — 19 Z vza(p2 Las ( )
a=my1—r1+1
where H3 and Hy denote the mean curvature vector fields of the distributions
rangepr, and rangeps,, respectively. Using (13) and (14) in (12), we get
1

H' = my — 11 +mg — T2 ((m1 = r1)Hs + (ma —ra)(Hy = V¥ 1np)) . (15)

Also, the mean curvature vector field of (kerp,)* is given by

1 mi mi—rit+me—ra
H+ = Ay, m; Ay, x,,
s (3 S )

i=r1+1 a=mi—r1+1

mi—rit+mg—rz

1 “
Aq(zi,x;) + Ag(x),
el PR CRI A M

1=r1+1 a=mi1—ri+1

—gm (g, 2;) VY In f)) . (16)

We know that [29]

1 -
Hf = ——— A (4, 2 17
fo oy L ) (17)
and
1 mi—rit+me—ra

1—12l = - Z As(zg,2q), (18)

mo — T
2 2 a=mi—r1+1

where Hi- and Hs- denote the mean curvature vector fields of the distributions
(kergr.)t and (kerya.)t, respectively. Using (17) and (18) in (16), we get
1

m17T1+m27T2

Ht =

((m1 - Tl)HlL + (ma — 7"2)(Hgl —VYVMin f)) .
(19)

)+ and

Finally, let {¢;}]%; and {¢,}727", be orthonormal bases of (rangep:,
(rangepss )*, respectively. Then the mean curvature vector field of (rangep,)*

1S

1 ns N ns+mna N
/L [ Y«
oo (S Sera) e
=1

s=1+4ns

Using Lemma 9 in (20), we get

1 ns B nz+nag B
H'L = — <va; a+ Y Vi, —gN(éS,és)VNlnp> . (21)
3 4 =1 s=1+ng
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We know that [29]

1 &t
Hyf = —% Vie (22)
s
and
1 n3+ng N
Hf=— Y Ve, (23)
Uz s=14+ns

where H3 and Hj- denote the mean curvature vector fields of the distributions
(rangepr.)t and (rangeps. ), respectively. Using (22) and (23) in (21), we
get

1
H'* = o, (ns Hy +na(Hi — VN 1np)). (24)

Then proof follows by (5), (9), (10), (15), (19) and (24). O

4. Totally Geodesic Riemannian Warped Product Maps

In this section, we construct the Gauss formula (second fundamental form)
for a Riemannian warped product map between Riemannian warped product
manifolds and discuss totally geodesicity [32].

Theorem 12. Let ¢ = 1 X o : (M = My x¢ Ma,gpr) — (N = N1 X, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then the second fundamental form of ¢ is

(Ve )(X,Y) =(V'e1.)(X1, Y1) + (V202.) (X2, Y2)
+ (p1:Y1(In p) ) 2. Xo + (1. X1 (In p))p2. Yo (25)
— (X1(In f))p2.Y2 — (Yi(In f))pa. Xo,
where X = (X1,X2), Y = (Y1,Y2) € T(T(M; x Ms)) and ¢; : M; — N; are
Riemannian maps between Riemannian manifolds for i = 1,2. In addition,

the bundle TM} ® (pi_l(TNi) has connection V' induced from the Levi-Civita
connection VMi of M; for i = 1,2. This is known as Gauss formula also.

Proof. Let ¢; : M; — N; be Riemannian maps between Riemannian manifolds
and T'N; be bundle over N; for i = 1, 2. Now, the pullback bundle w;l (TN;) —
M; has the fibers (¢ (TN;)),, = Ty (pi)Ni for p; € M;. We shall use this
identification without comment. The Levi-Civita connection V¥ on N; and
the pullback connection V¥i are the unique linear connections on the pullback

bundle ¢; '(TN;) such that for each Z; € T(TN;)
VR(0iZi) =V x,Z,

where ¢ Z; = Zjop; € F(goi_lNi) and ¢y, is section of Hom/(T M;, gpi_l(TNi)) =
TM; @ ¢; Y(TN;) — M; = TM; @ ;' (TN;). In addition, the bundle TM} ®
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~Y(TN;) has connection V* induced from the Levi-Civita connection Vi of
M; and the pull back connection V¥i. The covariant derivative of ¢;, called
the second fundamental form of ¢;, i.e. Vig;, € I(T*M; @ T*M; @ ¢~ *(TN;))
such that

(Vigin) (X3, Vi) = VE (i (V7)) = 0in(VAIY;), (26)

where X;,Y; € T'(T'M;). Here the map ¢, = (1 X p2), is section of Hom (T (M,
X Mg),(p_l(T(Nl X Ng))) — My x Ms. Let the bundle T*(Ml X MQ) &
@ (T (N1 x N3)) has connection V induced from the Levi-Civita connec-
tion VM of M = M, x ¢ Mz and the pull back connection V¥. The covariant
derivative Vi, is the second fundamental form of ¢, i.e.

V. € T(T*(My x My) @ T*(M; x Ma) @ o~ (T(Ny x No))).
Now for X = (X;,X5) and Y = (Y1, Y2), we have
(Ve )(X,Y) =VEp.Y — 0. (VXY)
:vfxl,xz)ﬁé’*(YlaYﬁ - %(V&,Xz)(yl,yz))-
Now by using Proposition 4, we get
(Vo)X Y) =V8, ) (01:Y1 + 02.Y2) — 0o (VI ) (Vi + 12)
=V5,01:(Y1) + VE, 01:(Y1) + V& 2. (Y2)

+ V%, 02:(Y2) — 0u (VX Y1 + VY Yo + VI Y + VY, V2.
(27)

Using Lemma 2 in (27), we get
(Ve )(X,Y) =V 01.(Y1) + V5, 01.(Y1) + VE 902.(Y2) + V%, 02.(Y2)
— e (VXYL + (X1(f)/)Ye
+(Yi(f)/ ) X2 + nor(VY,Ys) + tan(VY, Y2))
ZV%*XI P1+Y1 + ng*XzSOl*}/l + Vgl*xlwz*yz + V%*XQQOQ*Y&
— @1(VX, Y1) = (X1 (1)) Np2eYa = V() /) p2e Xo
+ g0 (X2, Y2)pu (VIn f) — 02.(VY2Y3).
Using Lemma 9 in above equation, we get
(Vo) (X,Y) =V, @1Y1 + (91.Y1(0) /)¢ Xz + (1:X1(p)/p)p2: Yo
— gn(92: X2, 02.Y2) (VN Inp) + vgixgw*yz - <P1*(VAX411Y1)
— (X1(f)/ fpaYa — (Y1(f)/ )2 X2 (28)
+ g0 (X2, Y2) o (VM In f) — 00, (V2Y5).

This is the second fundamental form (Gauss formula) for a smooth map be-
tween Riemannian warped product manifolds. Since ¢ is Riemannian warped
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product map, (28) implies

(V. )(X,Y) =V ¢ 01.Y1 + (01.Y1(p) /p) @2 X2 + (1. X1(p) / p)p2. Y2
— g (X2, Y2) (VN Inp) + V32 00.Ya — 01, (VR V1)
= (X1 (1)) HpaiYa = (Yi(f)/ [)p2: X2 (29)
901 (X2, Y2)pu (VM I f) = 02, (VA2 Y2).
We know that f is lift of p then by Lemma 1, we have
0. (VM1In f) = V¥ Inp. (30)
Using (26) and (30) in (29), we get the required proof. O

Now, from Proposition 10, Theorem 12 and Lemma 4 of [14] we have following
consequences:

Corollary 13. Let o = 1 X o : (M = My X Mo, gnr) — (N = Ny x, Na, gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then

(i) (Ve )(X,Y) = —p1.(HiV{ Vi) = o1 (T1 (U1, V1)) € T(rangeys.) for
X = (U1,0), Y =(V1,0) e T(T(M; x Ms)), where Uy, Vi € T'(kerp1y).

(i) (Ve )(X.Y) = V)1 yon¥i — e (VAIY) = (Vien)(X1,11) € T
(rangep1.)t for X = (X1,0), Y = (Y1,0) € I'(T(M; x M>)), where
X1,Y) € T(kerg.)*.

(ii1) (V) (X, Y) = (V1) (X1, Y1) =02 (To(Us, V2)) for X = (X1,0s), Y =
(Y1,Vo) € T(T(My x My)), where X1,Y; € T'(kergi.)t and Uy, Va €
I(kergas).

(iv) (Ve )(X,Y) = (VZp2.) (X2, Y2) — ¢1:(T1 (U1, V1)) — Ur(In fgpa.Yo —
Vl(ln f)(pQ*XQ fOT X = (Ul,XQ), Y = (V17Y2) S F(T(Ml X Mg)), where
Uy, Vi € T(kerpyy) and Xo,Ys € T'(kerga,)*.

(v) (Vo) (X,Y) = =02, (HaV (12 Va) = —pa.(Ta(Uz, V2)) € T'(ranges.) for
X =(0,U3),Y =(0,Va) € I'(T(M;y x Ms)), where Usa, Vo € T'(kerpay).

(Ui) (VQD*)(X>Y) = (v2@2*)(x27YQ) € 1—‘(71(“7196902*)L Jor X = (07X2)7 Y =
(0,Y3) € D(T(My x My)), where Xa,Ys € T'(kerpa,)*:.

(vii) (Vo )(X,Y) = —p1.(T1(U1, V1)) — 02.(T2(U2, V2)) € T'(rangep.) for

(U1,0:),Y = (V1, Vo) e T(T(My x My)), where U;, V; € T'(kergix).

(vidd) (V) (X,Y) = (Vo) (X1, Y1) + (V20.) (X2, Y3) € T(rangew.) ! for

(X1,X2)7 Y = (Yl,ng) S F(T(Ml XMQ)), where X;,Y; € F(kergpi*)J—.

(iz) (Vo) (X,Y) = (V1) (X1, Y1) —pa. (Ha V2 Ya) for X = (X1,Us), Y =
(Y1,Ys) € T(T (M x My)), where X1,Y; € T(kergy,)*, Ya € T(kerga. )t
and Uz € T'(kerpa.).

() (Ve )(X,Y) = (V'p1.) (X1, Y1) — ¢ou(A2(X2, V2)) for X = (X1, Xa),
Y = (Y1,Va) € T(T(M; x My)), where X1,Y, € T'(kerpi)t, Xo €
[(kerga.)t and Va € T'(kerpa.).
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(21) (Ve )(X,Y) = (VPp2.)(X2,Y2) — 1:(H1V, Y1) — Ui(In f)ga.Y> for
X = (Ul,XQ), Y = (Y17Y2) S F(T(Ml X Mg)), where Yl S F(kercpl*)l,
Xo,Ys € T(kergs.)t and Uy € T(kergy.).

(2ii) (Vo) (X.Y) = (V2p5.)(Xa, Ya) — Vi(In f)pn. Xz — 1. (As(X1, V) for
X = (X1, Xs), Y = (W,Ys) € I(T(M; x My)), where X1 € T'(kergy.)*,
Xo,Ys € T'(kerpa, )t and Vi € T'(kergy.).

Remark 3. In Lemma 3.1 of [26], Sahin showed that for a Riemannian map
¢ between Riemannian manifolds (V. )(X,Y) € [(rangep.)t if X,Y €
['(kere,)*. Similarly in the (viii) statement of Corollary 13, we get that for a
Riemannian warped product map between Riemannian warped product man-
ifolds (V) (X,Y) € T(rangep,)t for X = (X1,X2), Y = (¥1,Ya), where
Xi, Yy € D(kergg) ™

Now, we give the definition of totally geodesic map between Riemannian
warped product manifolds.

Definition 3. Let ¢ = 1 X 2 : (M = My x§ M2, gnr) — (N = N1 X, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then ¢ is called totally geodesic if (V. )(X,Y) = 0 for all X =
(X17X2), Y = (H,Yg) S F(T(Ml X Mg))

Theorem 14. Let © = p1 X Py : (M = M1 X MQ,gM) — (N = N1 XpNQ,gN)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then ¢ is totally geodesic if and only if

(i) @1 is totally geodesic, and
(it) g is totally geodesic, and
111 is constant on kerpq,.
(ii1) f ®

Proof. The proof follows by Theorem 12 and Corollary 13. O

5. Harmonic Riemannian Warped Product Maps

In this section, we calculate the tension field for a Riemannian warped product
map between Riemannian warped product manifolds and discuss harmonicity
[2,29].

First, we give the definition of the tension field for a smooth map between
Riemannian warped product manifolds [2].

Definition 4. Let ¢ = 1 X 2 : (M = My Xy Ma,gm) — (N = Ny X, Na,gn)
be a smooth map between Riemannian warped product manifolds. Then the
tension field 7(¢) of ¢ is trace of the second fundamental form of ¢ with
respect to gus, i.e.

m1 mi+mo

T(p) = trace(Veps) = trace(Veu) (X1, X2), (Y1, Y2)) = > > (Vi) ((eis a), (ei; €a)),

i=1la=mq+1
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where (X1, X3),(Y1,Y2) € I'(T(M; x Ms)) and {e;}/™, {ea}u2,\7"2, are or-

thonormal bases of T},, My and T}, My, respectively. The tension field of ¢ is a
vector field along ¢, i.e. 7(¢) € Ty, (T (N1 x N3)).

Lemma 15. Let o = @1 X o : (M = My Xy Mo, gn) — (N = N1 X, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then

T(p) = =11 p1(H1) — 12 w2 (H2) + (my — r1)Hs + (mg — 72) Ha,

where 11 = dim(kerpi), s = dim(keryss),m; — r; = dim(rangepi.) and
my — ro = dim(rangepss). In addition Hy, Hy, Hs and Hy are the mean cur-
vature vector fields of keryis, kerpa., rangepi. and rangeps,, respectively.

* * *
Proof. Let {u1,ua, ..., tr, s {%r 41, Try g2y ooy Ty by {07 U oy Uy 1 )
and {1 T, a2 Ty —ry tma—rp ) D€ orthonormal bases of

)+, respectively. We know that

(). (31)

keroiy, (kerp1,)®, kerpa, and (kerpa,
7(ip) = 7T () 4 rlheren)
Now

ri T1+T2

) =30 D0 (Ve (i), (s ) (32)

=1 a=r;+1

where (u;,u}) € kerpi, X kerga, = kerg,, and {u;};1,, {u} let:il are or-

thonormal bases of keryi, and kergs,, respectively. Using (25) in (32), we
get

1 r1+r2
T () =) (Vi) (wiw) + Y (Vi2u)(uf, 1)
i=1 a=r1+1

T Ti1+T2 T T1+7T2

+y > (prew(np)pocuy + Y Y (preuillnp))pzu

i=1 a=r;1+1 i=1 a=ri+1

T T1+T2

- Z Z {(ul(ln f))@?*u: + (Ui(ln f))(PQ*'LL:} .

i=1 a=ri+1

Using (26) in above equation, we get

1 1472
(o) =~ S (Vo)) = Y (Por)(uiul).  (33)
i=1 a=r1+1

Using (7) and (8) in (33), we get

TR = —ry @1 (Hy) — 12 92.(Hz), (34)
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where H; and Hs are the mean curvature vector fields of keryi,. and kerps,
respectively. On the other hand

mi—ri+me—ra
ko) Z S (Ve (@ ap) (@, ), (35)
i=ri+1 a=mi—r1+1

Ami * M1 —T1+Mm2—T2
where {xl}i:rlJrl and {‘ra a=my—ri+1

and (kerys.)*, respectively. Using (viii) statement of Corollary 13 in (35), we
get

are orthonormal bases of (kerpi. )t

. mi mi1—T1+ma—r2
e (o) = S (Vew@ne) + Y. (Veu) ().
i=r1+1 a=mi—7r1+1
Equivalently
ni
(ke’rtp* Z ZgN V 4,01* xz;xz) ZP)ZP
i=ri+1p=1

mi—ri+mz—rz N2
+ Z Z gN((v2@2*)(x27'T’2)aZ;)Z;a
a=mi—r1+1 q=n1+1

where {z,}71, and {z/}721"%, are orthonormal bases of TNy and T'N, respec-

tively. On decomposition

mi mi
N N
T(kemp*) ((,0) — Z Z gNl((v1<p1*)(xi"ri)’ek)ek

1=r1+1 k=ri+1

+ Z ZgNl 901* (ziazi>;él),él)

1=r1+11=1
mi1—Ti+ma—r2 mi—ri+ma—rz
2 2 * * A\ A
+ E P E gNz((v L)02*‘)(‘,170,7xa)?‘et)et
a=mi—ri1+1 t=mjij—ri1+1
mi—ri+ma—r2 ( n3z+ng
2 2 * * v\
+ E E P gNz((v @2*)(xa’xa)’65)es )
a=mi—r1+1 s=14+ns

where {ex 12,y {@}i2y, {6l " and {61020

bases of rangep., (rangepi.)*, rangeps. and (rangeps.)*, respectively. Us-
ing (26) in above equation, we get

mi ns
1
F(kere.) (p) = Z ZgNl(Vﬁjgol*(xi),éz)él

i=r1+1 =1

are orthonormal

mi—rit+ma—rz nz+tng

+ Z Z PPgn, (vf(*fSD?*(xZ)v €s)Es. (36)

a=mi1—ri1+1 s=1l4ng
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Using (13) and (14) in (36), we get

n3 ng+ng
€1
TRere )T (o) = (m1 — 1) Y gn, (Hs,@)er + (ma —712) > pPgn, (Ha, é5)és,
=1 s=14ng

where Hs and H, are the mean curvature vector fields of rangep;,. and
rangeps, respectively. Thus
T(kemp*)i

((,0) = (m1 — Tl)H;), + (mg - TQ)H4. (37)
Then we get required proof by using (31), (34) and (37). O

Remark 4. In Lemma 4.2 of [27], Sahin showed that for a Riemannian map
¢ between Riemannian manifolds 7(p) = —rp.(H) + (m — r)H', where r =
dim(kerp,) and m —r = dim(rangep,). Also, H and H’ denote the mean cur-
vature vector fields of kery, and rangep,, respectively. While in Lemma 15, we
get that for a Riemannian warped product map between Riemannian warped
product manifolds 7(¢) = —r1p14(H1)—ro@a. (Ha)+(mi—r1) Hz+(mo—rg) Hy,
where 1 = dim(kerpi.),re = dim(kergs,),my — ry = dim(rangep;.) and
mg — 1o = dim(rangeys.). Here Hy, Hy, H3 and H, are the mean curvature
vector fields of kerpi., kerpa., rangepr. and rangeps,, respectively.

Now, we give the definition of harmonic map between Riemannian warped
product manifolds.

Definition 5. Let ¢ = 1 X @2 : (M = My X Ma, grr) — (N = Ny X, Na, gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then ¢ is harmonic if its tension field 7(¢) vanishes.

Theorem 16. Let p = @1 X : (M = My x My, grr) — (N = N1x,Na, gn) be
a non-constant Riemannian warped product map between Riemannian warped
product manifolds. Then any four conditions imply fifth:

(1) ¢ is harmonic.

(i) The distribution kerpi. is minimal.
(7i1) The distribution kerpa, is minimal.
(iv) The distribution rangeprs is minimal.
(v) The distribution rangepss is minimal.

Proof. We know that a distribution is minimal if and only if its mean curvature
vector field vanishes. Then the proof follows by Lemma 15. O

Remark 5. The harmonicity conditions for a Riemannian map between Rie-
mannian manifolds were given in Theorem 6.1 of [30] by Sahin. Similarly, we
obtain the harmonicity conditions for a Riemannian warped product map be-
tween Riemannian warped product manifolds in Theorem 16.
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6. Umbilical Riemannian Warped Product Maps

In this section, we construct Weingarten formula for a Riemannian warped
product map between Riemannian warped product manifolds and discuss um-
bilicity.

Let ¢ = 1 X @2 : M = My Xy My — N = Ny x, N3 be a Riemannian
warped product map between Riemannian warped product manifolds and V¥
be the Levi-Civita connection on N = N; x, N,. From now on wards, for the
sake of simplicity we denote both the Levi-Civita connection on (N, gn) and
its pullback along ¢ by V. Here we denote (rangep,): = (rangeapl*)
(rangeps, )t is subbundle of ¢~ 1(T(Ny x Ng)) with fiber 1.(T), M1)~+
ou(Tp, M)+ the orthogonal complement of ¢1.(T,, M7) X cpg*(szMg)
gN = gn, + 0? gn, over p = (p1,p2) € My Xy My. For any vector field X =
(X1,X2) on M = M; x; My and any section V = (V1, V) of (rangep,)*t =
(rangepis)t x (rangeps.)t, we define Vf(J‘V = Vﬁi‘JrXQVl + V3, which is
orthogonal projection of V)]\(’1+X2V1 +V, on (rangep.)t = (rangepi.)t x
(rangepa,)t. Then V¥ is a linear connection on (rangey, ) such that V¥+gx
=0 [21].

Now we construct Weingarten formula for Riemannian warped product
map. Define shape operator Sy on rangep, = rangepi. X rangepa,. Since @ is
a Riemannian map, for X = (X1, X3) € D'(keryy.) x D(kerga,) = I'(kerp.)*
and V = (Vi,Vs) € I'(rangepi.)* x T(rangeps.)* = I'(rangep,)*, we have
[29]

VI axa) (Vi Vo) = =S vy 0 (X1, Xo) + Vi, ) (Vi V).

Since Ty, My x T, Moy = T, My © T}, M,, above equation can be written as

VE xiro (Vi +V2) = =S v (9 X1 + 0. X0) + Vi, ) (Vi + 10).

Since V is a linear connection and Sy, is a shape operator on rangey; ., there is
no meaning of Sy, 2. Xo. Similarly we treat for Sy,. Then by above equation,
we have

thuxlvl +VW1*X1V2 +V W1
+ vtpz X2 = _SVI()D]_*X]_ - SV2<)02*X2

+v§m+vﬁ%+vgm+v%%.

p2x X2

Using Lemma 9 in above equation, we get

« X Vi
Vgll*X1V1+ (1 pl(p))VQJr( 1F()p)) « X2 +V — Sy, p1+ X1 — Sy, 2+ X2

+ VI + Ve,
(38)
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where Sy, ;. X; is tangential component (vector fields along ¢;) of VZ;C ' x, Vi

Observe that Vg; x, Vi is pullback connection of Vi, Here (38) is known as
Weingarten formula for Riemannian warped product map.

Since (rangeg, )= is subbundle of =1 (T(N x N3)) and o~ (T (N1 x N3))
is bundle on M = M; X ¢ Ma, (rangep.)* is also bundle on M. Thus

¢ HT(N1 x Np)) = (rangep.)* @ (rangep..).

Lemma 17. Let ¢ = @1 X o : (M = My x5 Mo, gn) — (N = Ny X, Na,gn)
be a Riemannian warped product map between Riemannian warped product
manifolds. Then p is a constant function on (rangep.)*
Proof. For V = (V1,Va) € T'(rangep,)*, we have
V(Inp) =gn (V. VY In p)
=g, (Vi, V¥ Inp) + p* g, (Vo, V¥ Inp).
Using Lemma 1, we get
V(Inp) = gn, (Vi, 01.(V*1 ).
Since 1, (VM1 f) € T'(rangep,), V(In p) = 0. This implies the proof. O
Proposition 18. Let ¢ = 1 X o : (M = My x5 Mo, gn) — (N = N1 %,

Na, gn) be a non-constant Riemannian warped product map between Riemann-
ian warped product manifolds. Then

IN(Sevi,va) s (X1, X2), 04 (Y1, Y2)) = gn (Vi) (X1, X2), (Y1, Y2)), (V1,V2)),
where X = (X1,X32), Y = (Y1,Ya) € T(kergr)t x D(kerpa)® and V =
(V1, V) € T(rangepr.)* x T(rangeps.)*
Proof. By Weingarten formula for X = (X1, X5),Y = (Y1,Ys) € I'(kerpy.)*
[(kerga,)® and V = (Vi, Vo) € I'(rangep.)*, we have
IN (Svy01: X1 + Svy 02+ X2, ©1.Y1 + ©2.Y2)
=gn(VEVI+ VL Ve = VY Vi =V (Vo (39)
- (wl*Xl(lnP))Vz — (Vi(In p))p2. X2, ¢1.Y1 + ¢2.Y2),

which implies
ch Vi, p1aY1)

V x, V2, p2.Y2)
(4,01*X1)(1HP)V2, P1+Y1 + p24Y2)
—gn(Vi(Inp)p2« X2, @1:Y1 + ¢2.Y2)

=—gn, (VY 4 Vi, 91.Y1)

—p%gn, (VW*;Q Va, ¢2+Y2)

gN(Sv, 015 X1 + Sv, 02+ X2, 01.Y1 + p2.Y2) = — gn
—9gnN

— 9N

/\/\/\/\

P1. X1

= {Vi(lnp)gn, (p2+ X2, p2.Y2)} .
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Using metric compatibility condition and Lemma 17 in above equation, we get
IN(Sv, 01+ X1 + Sy 2. X2, 014Y1 + 02.Y2) =gn, (Vgll*xl@l*yl, Vi)
+ 0% 9N (V32 x,02:Y2, Va).
(40)
Using (4) in (40), we get
IN (Svi 1. X1 + Svy 2. Xa, 01 Y1 + 92.Y2) =gn, (VE ¢1.(Y1), V1)
+ 079N, (V024 (Y2), Va).
Using (26) in above equation, we get
IN(Svip1: X1 + Sy, 2. X, 01.Y1 + p2.Ya) =gn, (V1) (X1, Y1), Vi)
+ 07 gn, (V22.) (X, V), Vo).
(41)
This implies the proof. 0
Remark 6. For a Riemannian map between Riemannian manifolds Sahin ob-
tained that gn(Sv@.X,».Y) = gy (V) (X,Y),V) for X|Y € T'(kerp.)*

and V € T'(rangey.)* [29]. While in Proposition 18, for a Riemannian warped
product map between Riemannian warped product manifolds we obtain that
IN(Svy vy 0+ (X1, X2), 0.(Y1,Y2)) = gn (V) (X1, X2), (Y1,Y2)), (V1, V2))
for X = (X1,X2), Y = (YV1,Y2) € T(kerpr.)* x D(kerpa )t and V. =
(V1,Va) € T(rangepr.)* x T'(rangeps.)*. Now, since the second fundamental
form (V.)((X1,X2), (Y1,Y3)) of ¢ is symmetric, we conclude that Sy is a
symmetric linear transformation of (rangep.).

Now we give definition of umbilical map between Riemannian warped
product manifolds.
Definition 6. Let ¢ = 1 X 3 : M = M; Xy My — N = N; x, Ny be a
Riemannian warped product map between Riemannian warped product man-
ifolds. Then we say that ¢ is an umbilical Riemannian warped product map
at p = (p1,p2) € My x5 My if

S, Vo) Pr(X1,5) = M (X1, X2)).

Equivalently

Svi+v2) (01 X1 4 2. X2) = M1 X1 + 2. X2),
where A : N = N; X, No — R is a smooth function such that A = (A1, A2) and
A; is smooth function on N;. We say ¢ is an umbilical map if it is umbilical at
allpe M.
Theorem 19. Let ¢ = @1 X 3 : M = My xy My — N = Ny x, Ny be a Rie-
mannian warped product map between Riemannian warped product manifolds.
Then o is umbilical if and only if

(v<)0*)((X13X2)7 (Yla Y2)) = (HSa H4)9M((X17 Yl)v (X27Y2))v
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where X = (X1,X2),Y = (Y1,Y2) € T(kergr.)t x T(kerga.)t and V =
(V1,Va) € T(rangepi.)* x T(rangeps.). In addition, Hs and Hy are the
mean curvature vector fields of rangep,. and rangeps, respectively.

* * *

Proof. Let {U]_,UQ, o Uy b AT 1, e 2y Ty b U U s U )
* .

and {z}, _ T1+1, 420> T r tma—re D€ orthonormal bases of

keroiy, (kerp1,)®, kergs, and (kerps,)*, respectively. Then the Riemannian
warped product map ¢ = @1 X o implies {Q14(2r,41), P1e(Tr42),. .., P14

(Tm,)} and {@ou (25, 1)+ 5 P2+(T3, — 4my—ry )} are orthonormal bases
of rangepi, and rangeps., respectively. Then

mi—rit+me—ra
Z Z (S(V1+V2)(p*(xi,$;),(,0*(731',73;))
i=ri+1 j=mi—ri+1

mi—ri+ma—rz

Z D v (@) + pau ()}, 014(x) + pan (@)

i=ri1+1 j=mi—ri+1
On solving above equation, we get
mip—rit+mao—ra2
Z > gn(Svi(rami) + Sv (02:25), P14(wi) + P2.(27))
i=ri+1 j=mi—-ri+1
mi1—rit+mo—ra2
Z > A (g, (P, P1et) + P g, (91227, 1477)).

i=r1+1 j=mi—ri1+1

(42)
Using (41) in (42), we get
m1 m1—"T1+ma—"r2
Yo am((Vier)@ie) Vi) + Y 0 gm((Vie)(a],a]), Va)
i=r1+1 j=mi—r1+1

= Ai(m1 —71) + Xa p? (g —73).
Using (13) and (14) in above equation, we get
(m1—r1) gn, (Hs, Vi) + p* (ma — 12) g, (Ha, Vo)
=\ (m1—71)+ A2 p* (ma —ra),

where H3 and H, are the mean curvature vector fields of rangep;, and
rangeps, respectively. On comparison, we get

A = gn, (H3, V1) and Ao = gn, (Ha, V2),
By (41) and Definition 6, we get
gn: (V1) (X1, Y1), V1) + 02 g, (VEpa.) (X, Ya), Va)
= gn, (Hs, Vi) gar, (X1, Y1) + p* gn, (Ha, V) gar, (X2, Y2),

which implies NV ) (X1, X2)(Y1, Y2)), (Vi, Va))
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= gn((Hs, Ha), (V1,V2))gm (X1, Y1), (X2, Y2)).
This implies the required proof. O

Remark 7. In Lemma 4.1 of [28], Sahin showed that a Riemannian map ¢
between Riemannian manifolds is umbilical if and only if (Ve )(X,Y) =
H'gy(X,Y) for X,Y € T'(kerg,)t and H' mean curvature vector field of
rangep,. While in Theorem 19, we show that a Riemannian warped prod-
uct map between Riemannian warped product manifolds is umbilical if and
only if (V. )((X1, X2), (Y1,Y2)) = (Hs, Hi)gn (X1, Y1), (X2, Y2)) for X =
(X1, X2),Y = (Y1,Y2) € T'(kerpy,)* x I'(kergs, )L, and Hs and Hy the mean
curvature vector fields of rangeps, and rangeyps, respectively.
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