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Abstract. In this paper, we introduce the notion of large scale resemblance
structure as a new large scale structure by axiomatizing the concept of
being alike in large scale for a family of subsets of a set. We see that in a
particular case, large scale resemblances on a set can induce a nearness
on it, and as a consequence, we offer a relatively big class of examples
to show that not every near family is contained in a bunch. Besides, We
show how some large scale properties like asymptotic dimension can be
generalized to large scale resemblance spaces.
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1. Introduction

In 1951 Efremovic defined the concept of proximity as a small scale structure
on sets. He, in fact, tried to axiomatize the notion of being near for two subsets
A and B of a set X [3,4]. As a generalization for the concept of proximity,
Herrlich defined the notion of nearness [7]. Nearness, as a small scale structure,
tries to axiomatize the concept of being near for a family of subsets of a set X,
and it somehow unifies other small scale structures like uniformity, proximity
and contiguity:

‘The category of all nearness spaces and nearness maps contains cate-
gories of these small scale structures and their preserving maps as embedded
subcategories with some nice properties [7].’

It is worth mentioning that each small scale structure has its advantages
and difficulties, and our purposes and needs can lead us to use one of them.
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For more details about small scale structures and their relative applications,
we recommend the reader to see [2,10,11].

Recently investigating spaces in large scale has drawn a significant amount
of attention. Most large scale structures have been defined inspired by defini-
tions of well-known small scale structures. For example, Roe defined the con-
cept of coarse structures inspired by the definition of uniformity [13]. Another
example of a large scale structure is the concept of asymptotic resemblance
relation that has been defined influenced by the definition of proximity [9]. An
asymptotic resemblance relation on a set X tries to axiomatize the concept
of being alike in large scale for two subsets A and B of X. This paper is an
attempt for axiomatizing the concept of being alike in large scale for a fam-
ily of subsets of a set X. For this reason, we define the notion of large scale
resemblance and investigate some of its properties. Let us give an abbreviate
overview of what happens in this paper.

In § 2 we discuss briefly what is needed for understanding the rest of
the paper. We give basic definitions and properties about near structures and
proximities in small scale, and coarse structures and asymptotic resemblance
relations in large scale. We introduce large scale resemblance spaces in § 3.
Besides, basic definitions and properties about large scale resemblance spaces
together with some examples of large scale resemblance spaces can be found
in this section. In § 4 we show how in some cases, a large scale resemblance
structure on a set X can induce a nearness structure on X. In addition, we
show that the answer to the following question in ‘No’ for a relatively big class
of examples.

Question 1.1. Suppose that (X,N) is a near space and A € N. Is there any
bunch C in (X,MN) such that A C C?

We show how the concept of asymptotic dimension can be generalized
to large scale resemblance spaces in § 5. In this section, we also show that
large scale equivalent large scale resemblance spaces have the same asymptotic
dimension. Finally, in § 6 we define large scale reqular (LS-regular) large scale
resemblance spaces. We show in this section, the category of LS-regular large
scale resemblance spaces and large scale mappings contains the category of all
asymptotic resemblance spaces and AS.R mappings as an embedded reflective
full subcategory.

2. Preliminaries

2.1. Proximity and Nearness

Let us fix some notation first. For a nonempty set X, P(X) denotes the family
of all subsets of X, so P(P(X)) denotes the family of all subsets of P(X). For
two elements A and B of P(P(X)) we define

AVvB={AUB| A€ A BeB}
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In addition, assume that A, B C P(X). We write B < A, if for each A € A
there exists some B € B such that B C A.

Definition 2.1. Let X be a nonempty set. A near structure or a nearness on X
is a subset O of P(P(X)) such that it has the following additional properties.
(i) I Nyes A#0 then AcN
(ii) If A € 9t and A < B, then B € 9.
(iii) Each member of 91 does not contain (.
(iv) If A, B ¢ 9t then AV B ¢ M.
If 91 is a nearness on X, then the pair (X, M) is called a N-space.

Remark 2.2. Herrlich’s definition of nearness is slightly different from Defini-
tion 2.1 and it needs another additional property (see Definition 4.9).

Let (X,M) be a N-space. For A C X and x € X define z € A if {z, A} €
M. We say that the topology 7 on X is compatible with 0 if A is exactly
the closure of A in the topological space (X,T), for all A C X. It is easy
to show that if a topological space has a compatible nearness then it is a Ry
topological space. To make this paper more self-contained, let us recall some
more definitions here.

Definition 2.3. Let X be a set. Suppose that ¢ is a relation on P(X). For each
A, B C X, denote (A, B) ¢ § by AdB. Then the relation § is called a prozimity

on X if it satisfies the following properties.

(i) If A6B then BJOA.

(ii) A6(BUC) if and only if AdB or AC.

(iii) If ASB then A # () and B # {).

(iv) If ASB then there exists some D C X such that A6D and (X \ D)éB.
for all A, B,C C X. The pair (X,0) is called a prozimity space [3,4]. A prox-
imity space (X, ) is called separated if {x}dé{y} implies © = y, for all x,y € X.

Let (X,0) be a proximity space and A C X. Define v € A if {z}5A. If
we assume A C X is closed, if and only if, A = A then we have a topology on
X which is called the induced topology by § on X.

Definition 2.4. Suppose that (X, ) is a proximity space. A family C of subsets
of X is called a cluster in (X, 9) if it satisfies the following properties.

(i) AéB, for all A,B €.

(ii) (AUB)eCifand onlyif A€ Cor BeC.

(iii) AdB for all B € C implies A € C.

Suppose that (X, §) is separated proximity space. Let X denote the family
of all clusters in (X, ). For two subsets 2 and 9B of X, define 20*% if for all A
such that A is in all elements of 2 and for all B such that B is in all elements of
B we have A0B. It can be shown that (X, §*) is a compact Hausdorff proximity
space and it contains X as a dense subset. Thus X is a compactification of
(X,0) and it is called the Smirnov compactification of X. For more details
about proximity spaces and their Smirnov compactifications see [10] and [11].
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2.2. Coarse Structures and Asymptotic Resemblance Relations
Definition 2.5. Let X be a set and assume that E, F C X x X. We define

El'={(y,z) e X x X | (z,y) € E}
and
EoF = {(z,y) € X x X | there exists some z € X such that (x,z) € F
and (z,y) € E}

A subset £ of P(X x X) is called a coarse structure on the set X, if it satisfies
the following properties.

(i) H ECF, for some F € £, then E € £.

(ii) EoF,EUF,E~' €& foral E,F € €£.

(iii) A={(z,x) |z e X} €&.
If £ is a coarse structure on the set X then the pair (X, &) is called a coarse
space.

Ezample 2.6. Suppose that (X,d) is a metric space. Define £ € &, if there
exists some r > 0 such that d(z,y) < r, for all (z,y) € E. The family &; is a
coarse structure on X.

Suppose that X is a set and F C (X x X). Let
E(A)={be X | (a,b) € E for somea € A}
for all A C X.

Example 2.7. Let X be a compactification of the Hausdorff and locally com-
pact topological space X . Define £ C P(X x X) as follows.
‘E € £ if E(K) is relatively compact in X, for all relatively compact
K C X, and if (%4, Ya)aecr is anet in E and z, — w € (X \ X) then y, — w.’
Recall that a subset K of X is called relatively compact if K is compact.
The family £ defines a coarse structure on X and it is called the topological
coarse structure associated to the compactification X of X (see 2.2 of [13]).

A coarse structure £ on the topological space X is called compatible with
the topology if there exists an open E € £ in the product topology on X x X
such that A C FE, and it is called proper if each bounded subset of (X, €&) is
relatively compact. The following question arises naturally from Example 2.7.

‘Let X be a locally compact Hausdorff topological space with a compat-
ible and proper coarse structure £. Is there any compactification X of X such
that the topological coarse structure associated to X is equal to £7°.

This question has a partial answer.

Proposition 2.8. Let £ be a proper and compatible coarse structure on the
Hausdorff topological space X. Then there exists a compactification hX of
X such that the topological coarse structure associated to hX contains €. In
addition, if X is another compactification of X with this property, then the
identity map extends uniquely to a continuous map from hX to X.
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Proof. See Proposition 2.39 of [13]. O

The compactification hX in Proposition 2.8 is called the Higson compact-
ification of X. We denote the boundary hX\ X by vX and we call it the Higson
corona of X. For a way of constructing the Higson compactification of a topo-
logical space with a proper and compatible coarse structure, see §2.3 of [13].

Definition 2.9. Let X be a set. An equivalence relation A on P(X) is called an
asymptotic resemblance (an AS.R) if,

(i) A;AB; for i € {1,2} then (A; U B1)A(Az U Ba).

(ii) (A1UA2)AB for nonempty subsets Ay, As, B C X then there are By, By #

(¢ such that B = B1 U By and Ai/\Bi, for i € {1,2}

In this case the pair (X, \) is called an asymptotic resemblance space (AS.R
space). For two subsets A and B of an AS.R space (X, \) if AAB then we say
A and B are asymptotically alike.

Ezample 2.10. Suppose that X is a set and let £ denote a coarse structure
on X. Define A\¢B if there exists some E € & such that A C E(B) and
B C E(A). It can be easily seen that A¢ is an AS.R on X. If £ = &; for some
metric d on X then we denote Ag by Ay. In this case, if A, B C X then A\;B
means that A and B has finite Hausdorff distance.

Let (X, \) be an AS.R space. A subset D of X is called bounded if D = ()
or DA{x}, for some x € X. Two subsets A; and Ay of X are called asymp-
totically disjoint, if Ly is an unbounded subset of A; and Lo is an unbounded
subset of Ay then they are not asymptotically alike. The AS.R space (X, A) is
called to be asymptotically normal if for each two asymptotically disjoint sub-
sets A; and Ay of X there are subsets X7 and X5 of X such that X = X; UX5
and X; is asymptotically disjoint from A;, for ¢ € {1,2}. Let us recall that if
d is a metric on the set X, then D is bounded in the AS.R space (X, \g), if
and only if, D is bounded in the metric space (X, d). It can be shown that if
(X, d) is a metric space, then (X, A\y) is an asymptotically normal AS.R space
(Proposition 4.5 of [9]).

Definition 2.11. Let £ be a compatible and proper coarse structure on the
normal topological space X. Assume that (X, \¢) is an asymptotically normal
AS.R space. Define

‘ASB if ANB # 0 or A and B are not asymptotically disjoint in (X, \¢).’

It can be shown that the relation § defined in Definition 2.11 is a separated
proximity on the normal topological space X which is compatible with the
topology of X and the Smirnov compactification of (X,¢) is homeomorphic
to the Higson compactification of the coarse space (X, &) (for details see §5 of
9)).

We can end our preliminaries by the definition of asymptotic dimension.
The notion of asymptotic dimension of metric spaces has been introduced in [6].
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For more detailed information about this concept, we recommend the reader
to see [1]. First recall that a family U of subsets of the coarse space (X, &) is
called uniformly bounded if there exists some F € & such that U x U C F,
for all U € U. If & = &4, for some metric d on X, we can equivalently say
that U is uniformly bounded, if and only if, there exists some r > 0 such that
diam(U) < r, for all U € U. For the case of AS.R spaces, we have the following
definition.

Definition 2.12. Suppose that (X, \) is an AS.R space and U is a family of

subsets of X. Let
®=Uuxv
u Ueu

We call the family ¢/ uniformly bounded if A C &),,(B) and B € Q,,(A)
implies AAB, for all A, B C X.

It can be shown that if (X, d) is a metric space then a family U of subsets
of X is uniformly bounded in the AS.R space (X, \y), if and only if, U is
uniformly bounded it the coarse space (X, &q) (see Proposition 6.2 of [9]). Let
X be a set and assume that U,V C P(X). Recall that ‘U refines V’ means
that for each U € U there exists some V € V such that U C V. In addition,
recall that the multiplicity of a cover U of X is the smallest natural number n
(if such a n exists) such that each z € X belongs to at most n elements of U.
Several equivalent definitions can be found in the literature for the asymptotic
dimension of metric spaces and coarse spaces (see [1,5]). Since the following
definition can be applied to AS.R spaces too, it is our favourite one.

Definition 2.13. Let (X, d) be a metric space. We say that the asymptotic
dimension of X is less than or equal to n € N if for each uniformly bounded
cover U of X there exists a uniformly bounded cover V of X such that U refines
VY and the multiplicity of V is less than or equal to n 4 1. If the asymptotic
dimension of the metric space (X, d) is less than or equal to n, but it is not
less than n — 1, then we say that the asymptotic dimension of X is equal to n.

We have definitions of asymptotic dimensions of coarse spaces and AS.R
spaces if we substitute the word ‘metric space’ with ‘coarse space’ and ‘AS.R
space’, respectively.

3. Large Scale Resemblance
The following definition is the main definition of this paper.

Definition 3.1. Let X be a nonempty set. We call a subset € of P(P(X)) a
large scale resemblance (LS.R) on X if it has the following properties.

(i) {A} e ¢, forall AC X.

(ii) If B C A, for some A € €, then B € €.
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(iii) If A,Be € and ANB #0, then AUB € €.

(iv) If A,Be €, then AVBec.

If € denotes a LS.R on the set X, then we call the pair (X, ) a large scale
resemblance space (LS.R space).

Ezample 3.2. Let X = {a,b, c}. Assume that
¢={{A} | AC X}u{{{a},{a,b}}, {{a, ¢}, {a,b,c}}}

It is easy to see that € is a LS.R on X.

Ezample 3.3. Let d be a metric on the set X. Define the subset €, of P(P(X))
as follows.

‘A € €4 if there exists some k > 0 such that dy(A4, B) < k, for each
A,Be A’

This subset €; of P(P(X)) is a LS.R on X and we call it the LS.R
induced by the metric d on X. Instead of proving the claim of this example,
we prove a much more general result in Example 3.4.

Ezxample 3.4. Let € be a coarse structure on the nonempty set X. We define
the subset €¢ of P(P(X)) as follows.

‘A € &¢ if there exists some E € & such that for each A,B € A, A C
E(B).
Properties (i) and (ii) of Definition 3.1 hold evidently by using Defini-
tion 2.5. For the property (iii) of Definition 3.1 suppose that A, B € €¢ and
C € AN B. Suppose that E, F € & are such that A C E(A’) and B C F(B’),
for all A,A" € A and B,B’ € B. Since A C E(C) and C C E(A), for all
A e A and B C F(C) and C C F(B), for all B € B, we clearly have
AC(EocFUFoE)(B)foral A, B e (AUB). Thus AU B € €. Since the
union of two elements of £ is a member of £, it is straightforward to verify the
property iv) of Definition 3.1. Therefore €¢ is a large scale resemblance on X
and we call it the LS.R induced by the coarse structure £ on X.

Ezample 3.5. Let (X, &) be a coarse space. Define €¢ as follows.

‘A € &¢ if for each A, B € A there exists some E € € such that A C E(B)
and B C E(A).

Similar arguments to Example 3.4 can easily show that €¢ is a LS.R on
X.

Ezample 3.6. Let (X,)\) be an AS.R space. We define €, C P(P(X)) as fol-
lows.

‘Ae €, if AAB, forall A,B e A’

Properties (i), (ii) and (iii) of Definition 3.1 are straightforward conse-
quences of the fact that A\ is an equivalence relation on P(X). Since for all
A,B,A",B" C X, ANA" and BAB’ implies (A U A")A\(B U B’), property iv)
of Definition 3.1 easily holds. Thus €, is a LS.R on X. We call C, the LS.R
induced by .
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Recall that a coarse structure £ on the set X is called connected if for
each z,y € X there exists some E € £ such that (x,y) € E.

Corollary 3.7. Let £ be a coarse structure on the nonempty set X and let
A= Ae. Then

(i) € C Ce. If £ is a connected coarse structure, then Ce = Ce, if and only
if, X is bounded. Besides, if X is bounded then €¢ = P(P(X)).

(i) Ce = €.
Proof. 1t is straightforward. 0

Lemma 3.8. Suppose that U and V are two uniformly bounded families of sub-
sets of the AS.R space (X, \). Then

W={UUV|UeU,VEVandUNV #£0}
is a uniformly bounded family of subsets of (X, \).

Proof. Suppose that A, B C X and A C @, (B) and B € @), (A). So

AcC <®(B) U@ B)UR)(Cr) U ®(Cz>>
u % u v

where C' = Uy ey yep(UNV) and C1 = Q,,(B) N C and C2 = Q,(B)NC
Since U and V are uniformly bounded it can be easily shown that there are
subsets By, By, B3, By of B such that are asymptotically alike to ),,(B

®1,(B), Qy(C1), ®,,(Ca), respectively. Thus there exists a subset D of X
such that A C D and DAB’ where B’ = By U By U B3 U By. Therefore A is
asymptotically alike to a subset of B and one can similarly show that B is
asymptotically alike to a subset of A. The combination of these two facts can
easily show that A and B are asymptotically alike. 0

Ezample 3.9. Let X be an AS.R on the set X. Define €, as follows.

‘A € €, if there exists a uniformly bounded family U of subsets of X
such that A C @),,(B), for each A, B € A’

To see the first property of Definition 3.1 it suffices to notice that the
family ¢ = {{z} | € X'} is uniformly bounded. Property (ii) of Definition 3.1
is an evident consequence of the definition of €. Suppose that A, B € €.
Assume that U and V denote uniformly bounded families of subsets of X
such that they have the property mentioned above for A and B respectively. If
ANB # () one can easily see that the uniformly bounded family ¥V mentioned in
Lemma 3.8 shows (AUB) € €. Property iv) is a straightforward consequence
of the fact U UV is a uniformly bounded family of subsets of X.

Corollary 3.10. Let A be an AS.R on the set X. Then,
(Z) é)\ C ¢y, }
(i) If X\ is the AS.R induced by the metric d on X, then €\ = €.
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(iii) j:f)\ s the AS.R induced by the coarse structure £ on X, then &g C ¢, C
Ce =C,.

Proof. Parts (i) and (iii) are straightforward. Part (ii) is an immediate conse-
quence of Proposition 6.2 of [9]. O

Definition 3.11. Let (X, ) be a LS.R space. We call a subset B of X bounded,
if B = ) or there exists some x € X such that {B,{z}} € €. We call the LS.R
space (X, €) connected, if {{z},{y}} € €, for each z,y € X.

Lemma 3.12. Let (X,&) be a connected LS.R space. Then the union of two
bounded subsets of X is a bounded subset of X.

Proof. Assume that By, Bz C X are bounded. Let z,y € X be such that
{B1,{z}},{Ba2,{y}} € €. Since (X, €) is connected, {{z},{y}} € €. Thus by
property (iii) of Definition 3.1,

A= {Bh {‘T}v {y}},[)’ = {B27 {I}7 {y}} ed

Property iv) of Definition 3.1 shows that AV B € €. Thus property (ii) of
Definition 3.1 clearly implies that By U B is bounded. O

Lemma 3.13. Let (X, €) be a LS.R space and assume that L C X is unbounded.
IfI’ C X and L,L' € A, for some A € €, then L’ is also unbounded.

Proof. Suppose that, contrary to our claim, L’ is bounded. So there exists some
x € X such that B={L',{z}} € €. Since L’ € AN B, properties (ii) and (iii)
of Definition 3.1 show that {L,{z}} € €, which contradicts our assumption
that L is unbounded. O

Definition 3.14. Let (X, ¢€) and (Y, ¢’) be two LS.R spaces. We call the map
f:+ X =Y alarge scale resemblance mapping (LS.R mapping) if the inverse
image of each bounded subset of Y is a bounded subset of X and f(A) € ¢,
for all A € €, where

f(A) ={r(4) | Ae A}
We call a LS.R mapping f: X — Y a large scale equivalence if there exists a
LS.R mapping g : Y — X such that if go f(A) € € then go f(A)UA € € and
if fog(B) € @ then fog(B)UB e ¢, for all A C P(X)and BC P(Y). In
this case we call g a large scale inverse of f. Two LS.R spaces are called large
scale equivalent if there exists a large scale equivalence between them.

Lemma 3.15. Let (X, €) and (Y, ') be two LS.R spaces. Assume that f : X —
Y is a large scale equivalence between X andY and g : Y — X is a large scale
inverse of f.

(i) If fog(B) € & then B € & and if go f(A) € € then A € €, for all
ACP(X) and BCP(Y).
(is) If B e &, then fog(BYUB €€, and if A€ €, then go f(A)UA € €.
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Proof. Both parts are easy to verify. O

Proposition 3.16. Let (X, dy) and (Y,ds) be two metric spaces. Suppose that
€1 and € are LS. Rs associated to metrics di and dy on X and Y, respectively.
Then the map f: X — Y

(i) is a LS.R mapping, if and only if, it is a coarse map.

(ii) is a large scale equivalence, if and only if, it is a coarse equivalence.

Proof. The proof is straightforward by using Theorem 2.3 and Proposition
2.16 of [9]. O

Proposition 3.17. Let (X,€) and (Y,E’) be two coarse spaces and assume that
[+ X =Y is a coarse map. Then f is a LS.R mapping between LS.R spaces
(X,C¢) and (Y,Cg) (LS.R spaces (X,€¢) and (Y,€¢/)).

Proof. 1t is easy to verify. O

Proposition 3.18. Suppose that (X,\) and (Y, \') are two AS.R spaces and
f: X =Y. Then,
(i) f is a LS.R mapping from (X,€y) to (Y,€x), if and only if, it is an
AS.R mapping from (X, \) to (Y, \).
(ii) f is a large scale equivalence between LS.R spaces (X, €y) and (Y, €y/),
if and only if, it is an asymptotic equivalence between AS.R spaces (X, \)
and (Y, \).

Proof. 1t is straightforward. O

From now on we assume all LS.R spaces are connected.

4. Nearness Structures Induced from Large Scale Resemblances

Example 4.1. Assume that X is a dense subspace of the topological space Y.
Define the subset €y of P(P(X)) as follows.

‘Aeey if AN(Y\X)=Bn(Y\X), for each A,B € A

It is straightforward to show that €y is a LS.R on X. We call €y the
topological LS.R on X associated to Y.

Proposition 4.2. Let £ be a proper and compatible coarse structure on the topo-
logical space X and assume that hX denotes the Higson compactification of X .
Then

Ce,Ce C Chx

Proof. Let A,B C X and assume that A C E(B) and B C E(A), for some
E € & Let w € (ANvX). Then there exists a net (z4)aes in A such that
2o — w. Since A C E(B), there exists some y, € B such that (ya,z) € F,
for each o € I. By Proposition 2.8, F is a member of the topological coarse
structure associated to hX. Therefore y, — w by definition of the topological
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coarse structure. It shows that w € (BNvX). ThuiZﬂ vX Qfﬂ vX. Similarly
one can show that BNrvX C ANvX. Therefore ANvX = BNvX. By using
this fact, it is straightforward to show the claim of this proposition. O

Proposition 4.3. Let d be a metric on the set X and let A = \g. Then €y =
Crhx-

Proof. Tt is a direct consequence of Proposition 4.22 and Corollary 4.24
of [9]. O

Example 4.4. Let X = R be equipped with the discrete topology. Suppose
that Y is the one point compactification of X. Clearly A € €y, if and only
if, all members of A are finite or all members of A are infinite. We claim that
Cy # &g, for all coarse structure £ on X. Suppose that, contrary to our claim,
€ is a coarse structure on X and €y = €¢. Clearly {{z}, E(x)} € €y = C¢,
for all E € £ and x € X. Thus E(x) is finite for all £ € £ and z € X.
Since {N,R} € €y = &, there exists some E € £ such that R C F(N) and
N C E(R). So R C |,y E(n). Since E(n) is finite for all n € N, (U, £(n) is
countable and this contradicts the fact that R is uncountable. Therefore €y #
¢e as we claimed. A completely similar argument can show that €y # Ce, for
all coarse structure £ on X.

Example 4.5. Suppose that X = R and consider X with the discrete topology
as in Example 4.4. Define £ C X x X as follows.

‘E € & if E(x) is finite, for each z € X

It is straightforward to show that £ is a proper and compatible coarse
structure on the topological space X. Since two subsets A and B of X are
asymptotically disjoint, if and only if, one of them is finite, it is easy to see that
(X, A\g) is asymptotically normal. Assume that C and C’ are two clusters in hX'\
X and C # C' (Definition 2.11). Then there are infinite subsets A € C and B €
C’ such that are asymptotically disjoint, a contradiction. Therefore the Higson
compactification of X is the one point compactification. By Example 4.4 and
Proposition 4.2, €¢ and (;:5 are proper subsets of € x.

Definition 4.6. Suppose that € is a LS.R on the set X. Define the subset Mg
of P(P(X)) as follows.

‘A€ MNe if Nyen A # 0, or there exists some B € € such that B does not
contain any bounded subsets of X and B < A.’

Before going further let us set up a notation. Let £ be a coarse structure
on the set X and E € &. For a subset L of X, we denote the family of all
L' C X such that L C E(L') and L' C E(L), by Ng(L).

Corollary 4.7. Let (X, &) be a coarse space. Then Ng(L) € C¢, for each E € €
and L C X. If A € €¢ then there exists some E € & such that A C Ng(L),
forall L € A.
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Proof. Notice that if A, B € Ng(L), then A C Fo E(B) and B C F o E(A).
By using this fact the proof of this corollary is straightforward. O

Theorem 4.8. Let £ be a coarse structure on the Hausdorff topological space
X and let € = €. Then N is a nearness structure on X and it 1s compatible
with the topology of X.

Proof. Properties (i), (ii) and (iii) of Definition 2.1 are easy to prove. We are
going to prove the property iv) of Definition 2.1. Suppose that A, B ¢ N¢. Thus
NacaA =Npes B = 0 and this easily shows that (e 4,5 C = 0. Suppose
that there exists some C € € such that C <« AV B. Let L be an arbitrary
element of C. Assume that E € € is such that E = E~! and C C Ng(L). Let
A € Aand B € B. Since there exists some K C (AU B) such that L C E(K),
if a € L\E(A) then we can choose some b, € B such that (a,b,) € E. Let
L3 = {by | a € L\E(A)}. Let Lp = Uy 4 L3, for each B € B. We have
L4 C E(L\E(A)) and (L\E(A)) C E(LJ), for all A € A and B,C € B. Thus
L4 CEoE(LA), for all A € Aand B,C € B. It shows that Ly C Eo E(L¢),
for all B,C' € B. Therefore C = {Lp | B € B} € €. Since we assumed that
B ¢ Ne, Lemma 3.13 shows that C does not contain any unbounded subset of
(X, ). Thus Lg is bounded for each B € B. Now, fix B € B. Suppose that
A € A. Since AUB has a subset in Ng(L), if a € (L\E(Lg)) then we can choose
some ¢, € A such that (a,c,) € E. Let Ry = {c, |a € (L\ E(Lg))}. Clearly
Rsa C E(L\E(Lp)) and (L\E(Lgp)) C E(R¢) and thus R4 C E o E(R¢),
for all A,C € A. It implies that D = {R4 | A € A} € €. Since D < A and
A ¢ Ng, Ry is bounded for all A € A. Thus L\E(B) is bounded and hence
L=E(Lg)U(L\E(Lg))is bounded. We showed that if C € € and C < AV B,
then each member of C is bounded. Therefore AV B ¢ N¢. Now assume that
{{z}, A} € Ng, for some z € X and A C X. Since {z} is bounded in (X, €),
we clearly should have x € A. This can show that ¢ is compatible with the
original topology of X. O

Let A be a family of subsets of the topological space X. Define
A={A|Ac A}

Definition 4.9. Ai nearness Ot on the set X is said to be a Herrlich nearness
(H-nearness) if A € M implies that A € M.

Corollary 4.10. Let £ be a compatible and proper coarse structure on the topo-
logical space X. If € = &¢, then Ne is a H-nearness.

Proof. Assume that A € Ne. If ﬂAeAZ # () then A € N¢, by Definition 4.6.
Now assume that there exists some B € € such that each element of B is
unbounded and B < A. Choose an open E € &£ such that it contains the
diagonal and E = E~!. It can be easily seen that A C E(A), for all A C X.

Choose F € &£ such that By C F(Bs), for all By,Bs € B. For each A € A,
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choose B € B such that B C A and let Ly = E(B) N A. Thus L, contains
B and hence it is unbounded. Since B C E(A), clearly B C E(Ly) and
Ly C E(B).Let Ay, Ao € A. It is easy to see that L4, C E(F(E(La,))). Thus
EoFoF is the desired element in £ that can show that C = {L4 | A € A} € €.
Clearly C <« A and hence A € Ng. O

Ezxample 4.11. Let X and Y be as Example 4.4 and assume that € = €y. It
can be easily seen that A € Ne, if and only if, (4. 4 A # 0 or all elements of
A are infinite, for all A C P(X). Suppose that A,B ¢ Ne. So (e A =0
and (gep B = 0 and it clearly shows that () 45 C = 0. In addition, there
are A € A and B € B such that A and B are finite subsets of X. Thus
(AU B) € (AV B) is finite and hence AV B ¢ NM¢. Even though € # &¢, for
each coarse structure £ on X, we showed that M¢ is a nearness on X (in fact
Nc is a H-nearness).

Proposition 4.12. Let £ be a compatible and proper coarse structure on the
topological space X and denote Cg by €. Then A € Ng implies ()44 VA # 0,
where VA = ANvX and A is the closure of A in hX.

Proof. 1t is a straightforward consequence of Proposition 4.2. O
The inverse of Proposition 4.12 is not true in general.

Ezxample 4.13. Let X = N and consider X with the standard metric induced
from R. Let € = €4 and assume that ¢ is the proximity defined in Defini-
tion 2.11, where £ = &4. For each n € N suppose that

A, = {2" | k e N}

Let F denote the family of all B C X such that A, C B, for some n € N.
Clearly F is a filter in X. Let F be an ultrafilter containing F and let

C={AC X |ASBforall B <€ F}

The family C is a cluster in (X, §) (see Theorem 5.8 of [11]) and clearly C € vX.
In addition C € vA,, for all n € N. Therefore (), VA, # 0. Now suppose
that L C A; and m = min{a | a € L}. So m = 2*, for some k € N. Since
if n — 400 then | 2" — 2% |— 400, d(m, A,,) — +00, where n — +oo. This
clearly shows that {A,, | n € N} ¢ 9.

Definition 4.14. Let (X, 91) be a N-space. The nonempty subset C of P(X) is
called a bunch in (X, M) if it satisfies the following properties.

(i) Cem.

(il) AUBe(C,ifand only if, A€ Cor BeC, forall A,BC X.

(iii) if A € C then A € C.
It is worth mentioning that a bunch C in (X,M) is called a near cluster if
({{A}}UC) € M then A € C.
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It is known that if AdB for two subsets A and B of the proximity space
(X, 9) then there exists a cluster C in (X, ) such that A, B € C [14]. But this
result can not be generalized to all nearness spaces. A counter example for this
later fact is given in [12]. We are going to offer a relatively big class of counter
examples here.

Proposition 4.15. Let d be a metric on the set X and let € = &;. Assume

that A € Ng is such that (44 A = 0. Then each bunch in (X,N¢) does not
contain A.

Proof. Assume that, contrary to our claim, there exists some bunch C in
(X,91,) such that A C C. Since C € Mg, there exists some B € €, such
that B does not contain any bounded subset of X and B <« C. Let L € B.
By Lemma 4.2 of [8], there are unbounded and asymptotically disjoint subsets
L; and Lo of L in the AS.R space (X, A\g). Since (X, A\g) is an asymptotically
normal AS.R space, there exist X1, Xo C X such that X = X; U X5 and they
are asymptotically disjoint from L; and Lo in (X, \y), respectively. Thus X;
and X2 do not contain any subset with finite Hausdorff distance from L. Thus
X1, X2 ¢ C and hence X ¢ C, a contradiction. O

Suppose that X is a dense subspace of the topological space Y. Define,

‘Ae Ny if ﬂAeAZ# 0, for all A C P(X).

The nearness structure Ny is called the topological nearness on X asso-
ciated to Y.

Corollary 4.16. Let (X,d) be a metric space and assume that € = €4. Then
the nearness Mg is not the topological nearness associated to'Y, for each com-
pactification Y of X.

Proof. 1t is a straightforward consequence of Proposition 4.15. O

5. Asymptotic Dimension of LS.R Spaces

Definition 5.1. Let ¢ be a LS.R on the set X. We say the family U of subsets
of X is uniformly bounded in (X, ), if

AVZ{AQX|A§ U UandAﬁU#@forallUEV}E(‘l
Uev
for all nonempty V C U.

Corollary 5.2. Suppose that U is a uniformly bounded family of subsets of the
LS.R space (X, €), then each element of U is bounded.

Proof. Assume that U € Y and x € U. Let ¥V = {U}. Clearly z,U € Ay and
property (ii) of Definition 3.1 clearly shows that {{z},U} € €. O

Let us recall the following lemma from [9].
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Lemma 5.3. Suppose that (X,d) is a metric space. Let (an)nen and (bp)nen
are two sequences in X. If for each I C N the Hausdorff distance between
{a; | i € I} and {b; | i € I} is finite, then there exists some R > 0 such that
d(an,b,) < R, for alln € N.

Proof. 1t is Lemma 2.2 of [9]. O

Proposition 5.4. Let d be a metric on the set X. Then the family U of subsets
of (X, €q) is uniformly bounded, if and only if, there exists some R > 0 such
that diam(U) < R, for allU € U.

Proof. Suppose that there exists some R > 0 such that diam(U) < R, for all
U € U. Let V be a nonempty subset of U. Suppose that A, B € Ay. If a € A
there exists some U € V such that a € U. Since BN U # (), there exists some
b e (BNU). So d(a,b) < R. Similar argument holds for each element of B
and this shows that the Hausdorff distance between A and B is less than or
equal to R. Thus Ay, € €;. To prove the converse, suppose that contrary to the
claim of this proposition, for each n € N there exists some U,, € U such that
diam(U,,) > n. Thus there are a,,b, € U, such that d(a,,b,) > n, for each
n € N. Assume that I C N. Let V = {U; | i € I}. Suppose that A = {a; | i € I}
and B = {b; | i € I}. Clearly A, B € Ay. Since Ay, € €4, there exists some
K > 0 such that dg(A, B) < K. Now clearly Lemma 5.3 shows that there
exists some R > 0 such that d(a,,b,) < R, for all n € N, a contradiction. [

Let X be a set and assume U,V C P(X). Recall that ‘U refines V’ means
that for each U € U there exists some V € V such that U C V. In addition,
recall that the multiplicity of a cover U of X is the smallest natural number n
(if such a n exists) such that each € X belongs to at most n elements of U.

Definition 5.5. We say that the asymptotic dimension of the LS.R space (X, €)
is less than or equal to n (n € NU{0}) if each uniformly bounded cover i of X
refines a uniformly bounded cover V of X such that the multiplicity of V is less
than or equal to n + 1. In this case we write asdime X < n. If asdime X < n
and asdime X < n—1is not true, we say asdime X = n. If asdime X < n does
not hold for each n € N, we say that (X, €) has infinite asymptotic dimension.

Definition 5.6. Let (X, €) be a LS.R space and let Y be a nonempty subset of
X. We define

‘Ael|yif Aed, forall ACP(Y).’

The family € |y is a LS.R on Y and we call it the subspace LS.R induced
onY.

Proposition 5.7. Let Y be a nonempty subset of the LS.R space (X, €). Then

asdimg|, ¥ < asdime X
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Proof. Suppose that asdime X < n, for some n € NU {0}. Assume that U is
a uniformly bounded cover of Y. Let V =U U {{z} | z € X\Y'}. Suppose that
W C V. Let

B={reX\Y |{z}eW}

Assume that B={ANY | A€ Ay} andlet W ={U e U | U € W}. It
is easy to see that B = Ayy. Since U is a uniformly bounded cover of Y and
W CcU,BeC]|y. Thus B € C. Since A= (ANY)UB, for all A € Ay, clearly
Aw = BV {B} € C. So property iv) of Definition 3.1 shows that Ay, € €.
Thus V is a uniformly bounded cover of X. Since asdime X < n, there exist a
uniformly bounded cover V' of X such that V refines V' and the multiplicity
of V' is less than or equal to n + 1. Let

U ={UNY |UeV andV CU, forsomeV €U}

Clearly U refines U’ and the multiplicity of ¢’ is less than or equal to n+1. In
addition, it is straightforward to show that U’ is a uniformly bounded family
of subsets of the LS.R space (Y,€ |y). This shows that asdimg|, ¥ < n.
Therefore, asdimg|, ¥ < asdime X. O

Theorem 5.8. Assume that (X,€) and (Y,€") are two large scale equivalent
LS.R spaces. Then

asdime X = asdimg/ Y

Proof. Let f : X — Y be alarge scale equivalence between X and Y and let g :
Y — X be a large scale inverse of f. Assume that n € NU{0} and asdime X <
n. Suppose that U is a uniformly bounded cover of Y. Let V = {¢(U) | U € U}.
Suppose that W C V and let A € Ay. Let W = {U € U | g(U) € W}.
Assume that A" = g7 (A) N (Uyepr U). It is easy to verify that A" € Ay
and g(A’) = A. Thus there exists a subset B of Ay such that g(B) = Aw.
Since Ay € € property (ii) of Definition 3.1 shows that B € ¢’ and since
g is a LS.R mapping, Ay, = g(B) € €. Therefore V is a uniformly bounded
cover of Z, where Z = g(Y'). By Proposition 5.7, asdimg|, Z < n. Thus there
exists a uniformly bounded cover V' of Z such that the multiplicity of V' is
less than or equal to n + 1 and V refines V'. Let U’ = {g=*(V) |V € V'}. It is
straightforward to show that U refines U’ and the multiplicity of U’ is less than
or equal to n+ 1. It remains to show that U4’ is a uniformly bounded family of
subsets of (Y, €’). To do so, assume that O CU'. Let O’ ={V € V' | g1 (V) €
O}. It is easy to show that g(Ap) C Ap.. So by property (ii) of Definition 3.1
we have g(Ap) € € and since f is a LS.R mapping, f(g(An)) € C’. Thus
part (i) of Lemma 3.15 implies that Ao € @, as we desired. Therefore we
showed that asdimg/ Y < n. This shows that asdime Y < asdime X. Similar
arguments can verify the inequality asdime X < asdimer Y. 0

Ezxample 5.9. Let X = N and consider X with the discrete topology. Let Y
denote the one point compactification of X. Assume that U is a uniformly
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bounded cover of (X, €y ). First notice that since ¢ is uniformly bounded,
Corollary 5.2 shows that each element of U/ is bounded and hence finite. Let
i € N. Suppose that W = {U € U | i € U}. Since {i} € Ay and Ay €
€y, each element of Ay is bounded. So all elements of Ay, are finite. Thus
Uvew U € Aw is finite. It clearly implies that W is finite. Therefore we
showed that the set of all x € N such that z,i € U, for some U € U, has
maximum. Let a; = 1. Suppose that a,, is chosen, for some n € N. Let a, 11
be the largest x € N such that z,l € U, for some U € U and some [ < a,, + 1.
Assume that Vi = {1,...,a2} and V,,11 = {a, + 1,...,an42}, for each n € N.
Let ¥V = {V,, | n € N}. Assume that U € & and m = min{x | z € U}. If
m = 1 then clearly U C V;. Assume that m > 2. Choose n € N such that
an +1 <m < a,41 (notice that it is immediate that a,+1 > a, + 1, for each
n € N). It is easy to verify that U C V,, 1. Thus U refines V. Suppose that
V' C V. If V' is finite, then each element of Ay is finite and if V' is infinite,
then each element of Ay is infinite. Thus in both cases Ay € €y . This shows
that V is a uniformly bounded family of subsets of X. In addition, if n € N then
Vi NV, = 0, for each m > n + 2. It shows that the multiplicity of V is equal
to 2. Thus we showed that asdime, X < 1. Now let O = {{n,n+1} | n € N}.
It is easy to see that the family O is a uniformly bounded family of subsets
of X. Assume that @’ is a uniformly bounded cover of (X,Cy) such that O
refines it. Suppose that the multiplicity of @ is less than or equal to 1. Choose
O € O such that {1,2} C O. Suppose that n € N and n € O. Since the
multiplicity of @’ is less than 1, n ¢ O, for all O’ € O such that O’ # O.
Since {n,n+1} € O, n+1 € O. So O = N and this contradicts the fact O is
bounded. Thus the multiplicity of O’ is bigger than or equal to 2. Therefore
we showed that asdime, X > 1 and this leads to asdime, X = 1.

6. Large Scale Regular LS.R Spaces

Definition 6.1. We call the LS.R space (X, €) large scale reqular (LS-regular),
if A€ €and (A UAy) € A, for two nonempty subsets A; and As of X, then

there exist some Ay, Ay € € such that they contain A; and As, respectively
and A C (A; vV A3).

Corollary 6.2. Let X be a set and assume that € and X are denoting a coarse
structure and an AS.R on X, respectively. Then €¢, €¢, €y and €y are LS-
regular large scale resemblances on X.

Proof. 1t is straightforward. O
Example 6.3. Let X and € be as Example 3.2. Clearly € is not LS-regular.

Ezample 6.4. The LS.R €y defined in Example 4.4, is clearly LS-regular. Re-
call that €y # &€¢, C¢, for all coarse structure £ on X.
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Definition 6.5. Let € be a LS.regular LS.R on the set X. For two subsets A
and B of X, define

‘AN¢B if A, B € A, for some A € €.

It is easy to verify that A¢ is an AS.R on the set X.

Assume that A and ) are two AS.R relations on the set X. We say A < )\
if AAB implies AN B, for all A, B C X. The following two propositions are
easy to prove.

Proposition 6.6. Let A be an AS.R on the set X. Denote €y and N by € and
¢’, respectively. Then ¢ = X and Agr < \.

Proposition 6.7. Let € be a LS.reqular LS.R on the set X and denote A¢ by
A. Then € C €.

Proposition 6.8. Let (X,) be a LS-reqular LS.R space. If U is a uniformly
bounded family of subsets of the LS.R space (X,€), then it is a uniformly
bounded family of subsets of the AS.R space (X, A¢),

Proof. Assume that A and B are two subsets of X such that A C ),,(B) and
BC Qu(A).Let V={UeclUd | ANU # Pand BNU # 0}. Clearly A, B € Ay
and hence A\¢B. O

The converse of Proposition 6.8 is not true in general.

Example 6.9. Let X = N and assume that £ denotes the family of all £ C
X x X with the following property.

‘There exists some n € N such that F(z) and E~!(z) have at most n
members, for all z € X

The family € is a coarse structure on X (Example 2.44 of [13]). Let
¢ = &¢. For two subsets A and B of X we have A\¢B if and only if A and B
are both finite or both infinite (see Example 3.1 of [9]). Let U; = {i,i+1, ..., 2},
for each ¢ € N. Assume that & = {U; | i € N}. It is easy to verify that
U is a uniformly bounded family of subsets of the AS.R space (X, A¢). We
claim that Ay, ¢ €. Suppose that, contrary to our claim, E € £ is such that
A C E(B), for all A,B € Ay. Let N € N be such that E(z) and E~1(x)
has at most N members, for all x € X. Clearly X € Ay. Since for each
r € X, E(x) and E~!(z) have finite elements, we can choose m € N large
enough to have (E(m)U E~Y(m))NU; = 0, for each i < 2N. Let i > 2N.
Since U; has more then 2N + 1 elements, we can choose a; € U; such that
a; ¢ (E(m) U E~1(m)). Let A = (U¥,U;) U B, where B = {a; | i > 2N}.
Clearly A € Ay and (E(m)UE~1(m))NA = (). It shows that N is not a subset
of E(A), a contradiction. Therefore Ay ¢ € and hence U is not a uniformly
bounded family of subsets of the LS.R space (X, €).

Definition 6.10. We call the LS.R space (X, €) an A-LS.R space if,
(i) (X,¢€) is LS-regular.
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(i) ACP(X) and {A, B} € €, for each A, B € A, then A € €.
We denote the category of all LS.R spaces and LS.R mappings by L.

Theorem 6.11. Suppose that A and R denote full subcategories of L whose
objects are all A-LS.R spaces and all LS-reqular LS.R spaces, respectively.
Then,

(i) A is isomorphic to the category of all AS.R spaces and AS.R mappings.
(i1) A is a reflective full subcategory of R.

Proof. (i) Suppose that F' denotes the functor that associates each A-LS.R
space (X, @), to the AS.R space (X, \¢) and each LS.R mapping f : X —
Y between two A-LS.R spaces (X,€) and (Y, '), to the AS.R mapping f :
(X, Ae) — (Y, Aer). It is straightforward to show that F' defines an isomorphism
of categories.

(ii) Suppose that (X, ¢) is a LS-regular LS.R space. Define € to be the
set of all A C P(X) such that {4, B} € €, for all A,B € A. Clearly (X,¢)
is an A-LS.R space. In addition notice that if (Y,®) is an A-LS.R space and
f:(X,¢) — (V,®) is a LS.R mapping, then f : (X,¢) — (V,D) is a LS.R
mapping. Thus ((X,¢),4) is the A reflection of (X, €). O
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