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1. Introduction and Main Results

A system {z,,},>1 in a separable infinite-dimensional Banach space X is said
to be a representing system for X if, for every element x € X, there exists a
sequence of complex numbers {c;, },>1 such that

T = E CnTn,

n>1

where the series converges in the norm of X. In contrast to the (probably better
known) notion of the Schauder basis we do not require that the coefficients in
this representation are unique.

Representing systems were much studied both in the general functional
analysis context and for some specific systems in functional spaces. E.g., there
exists a vast literature dealing with representing systems of exponentials in
various Frechét spaces of analytic functions (see surveys [6,7]). However, it
seems that representing systems of reproducing kernels in classical spaces of
analytic functions in the disk did not attract much attention until recently.
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1.1. Classical Hardy Spaces

In [5] Fricain, Khoi and Lefévre addressed the existence problem for the rep-
resenting and absolutely representing systems of reproducing kernels in repro-
ducing kernel Hilbert spaces and showed that many classical spaces do not
possess absolutely representing systems of reproducing kernels. The question
about existence of representing systems remained open. In particular, in [5],
the authors asked the following

Question. Do there exist sequences A = {A,},,>1 C D such that the system
K(A) = {kx, }n>1, where

1
DY
is the Cauchy (or Szegd) kernel at ), is representing for the Hardy space H?
in the unit disk D7

The positive answer to this question was given by Speranskii and Terekhin
[10]. Namely, it was shown in [10] that for the sequence

A:{/\,w»: (1—1)622” ;k21,j:0,1,...k—1}

kx(z)

k
the system K(A) is representing for H2. The sequence A is assumed to have
the standard alphabetical order: Aq g, A2,0,A2,1,A3,0,.... In what follows we

always assume that sequences with double (or triple) index will be ordered
in this way. In [11] Speranskii and Terekhin extended their result to a more
general class of sequences. Let ny € N and r, — 1—, k — oo. Define the
sequence A by

27ig
A={ws=me ™ ik =1,5=0,1,.m ~1}. (1)

As shown in [11], if there exist positive constants A and B such that A <
nk(1 —r,) < B for all k, then K(A) is a representing system for H?2.

The proofs in [10,11] are based on interesting abstract functional anal-
ysis methods from the papers [12,13] which relate representing systems with
coefficients from a given function space to a certain generalized notion of a
frame (see Sect. 3 for details).

The goal of the present work is to give a very simple elementary con-
struction of a representing system of the Cauchy kernels, which does not make
use of functional analysis. The idea is to use a discretization of the Cauchy
formula. This method applies to all Hardy spaces H?, 1 < p < oo, but does
not cover all systems of the form (1) with A < ng(1 —r,) < B: it is required
that the constant A is sufficiently large. However, an application of the frame
theory method by Speranskii and Terekhin allows us to prove the result for
any A > 0.
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Theorem 1.1. If A is given by (1) and there exists M > 0 such that ng(1—rg) >
M for any k, then K(A) is a representing system for HP for any p € (1,00).

We will give two proofs of Theorem 1.1. The first one is completely ele-
mentary and constructive, but applies only to the case M > 7, while the second
one works for any M > 0. Both of these proofs do not extend to the case p = 1.
The main obstacle for the first method is in the fact that the Cauchy trans-
form is not bounded in L'. However, one can construct representing systems
of the Cauchy kernels in H'! if we take the points uniformly distributed on the
circle {|z] = 1 — 1/nx} with certain logarithmic multiplicities. For a precise
formulation see Theorem 4.1.

It is obvious that there are no representing systems of the Cauchy kernels
in H*°, since the uniform limit of their finite linear combinations belongs to
the disk-algebra A(D) (the space of all functions continuous in D and analytic
in D equipped with the usual sup-norm). However, the systems of the Cauchy
kernels from Theorem 4.1 are representing also for the disk algebra A(DD).

1.2. Weighted Hardy Spaces

Our second result concerns the class of weighted Hardy spaces .73 in the disk.
Let the sequence 3 = {3,152, B, > 0, satisfy
lim GY/" =1. (2)

Consider the set of analytic functions

o0 o0
Hp = {f(z) = Zanz" : Z lan|? B, < —|—oo}.
n=0 n=0
It follows from (2) that .73 consists of functions analytic in the unit disk D
and contains functions which are not analytic in any larger disk. It is clear that
3 is a reproducing kernel Hilbert space with respect to the norm || f H% =

> o lan|?B, and its kernel at the point A € D is given by
o] Xn N
K/\'B(z) = Z ﬁ—z .
n=0""

Weighted Hardy spaces .73 include most of the classical spaces of analytic
functions in the unit disk: the Hardy space H? (3, = 1), Bergman spaces A2
with the weight (o + 1)(1 — [2[)%, @ > —1 (8, = freit2s), the Dirichlet
space (B, =n+1).

Recall that a sequence {z,} is said to be a frame in a Hilbert space H if
there exist constants A, B > 0 such that Al|z|? <Y, |(z,2,)* < B|z|? for
any x € H; if one has only the above estimate Y |(z,2,)|* < Blz|?, then
{z,} is said to be a Bessel sequence. Any frame is, in particular, a representing
system.

It is well known that in Bergman spaces A2 there exist frames of nor-
malized reproducing kernels; their complete description was given by Seip [§]
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(for general weighted Bergman spaces see [1,9]). Therefore, the existence of
representing sequences of reproducing kernels (but not their description) in
the Bergman space setting is trivial. On the other hand, H? has no frames of
normalized Cauchy kernels (and even complete Bessel sequences). Indeed, for
any Bessel sequence {k., /| k., || g2} one has >°, (1—|2,|?) < oo (simply apply-
ing the inequality with f = 1), whence {z,} is a Blaschke (=nonuniqueness)
sequence.

More generally, if inf,, 3, = 6 > 0, then /3 has no frames of normalized
reproducing kernels. Indeed, if {K? /||KZ |5} is a frame, then Y || K ||§2 <
0. Let By be the Blaschke product with the zeros z1,...,2zy. Then

> BN (z)PIEL (152 < YKL 157 =0

n>N n>N
as N — oo. On the other hand, since (3, > 8, we have || By |3 > 6| By |32 = 0,
and we come to a contradiction with the frame inequality.

Thus, weighted Hardy spaces which are smaller than H? (e.g., the Dirich-
let space) possess no frames of normalized reproducing kernels and the problem
about existence of representing systems of reproducing kernels becomes non-
trivial. We give a positive answer to this question.

Theorem 1.2. For any sequence B satisfying (2) in the space 3 there exist
representing systems of reproducing kernels.

2. Simple Proof of Theorem 1.1

Recall that the Hardy space H?, 1 < p < 0o, consists of all functions f analytic
in D and such that

1712 = sup / FrOP dm(C) < oo.
o<r<1JT

Here m denotes the normalized Lebesgue measure on the unit circle T. Since
HP? is a closed subspace of LP(T) in what follows we sometimes denote the
norm in H? and LP by || - ||,.

For any f € HP one has

i@ - [ F©
1) = [ 7ORam(©O = [ Ham(©). zem, )

In particular, k. is the reproducing kernel of H? at the point z € D and the
Cauchy transform

9(¢

(Cg)(z) = / IO ), zep,
T1—¢2

is the orthogonal projection of a function g € L?(T) to H?. The same is true

for any p € (1,00): there exists C, > 0 such that for any g € LP(T) one has

Cg € H? and |Cgll, < Cpllgllp-
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The idea of the proof of Theorem 1.1 is to replace the integral (3) by a
certain “discretization”.

Proof of Theorem 1.1. When we approximate a given function f € HP, the
points (or rather layers) of A given by (1) will be defined inductively. We first
explain one step of induction. Let f € HP be given. Put f.(z) = f(rz). It is
well known that ||f — fr|[, — 0,  — 1—. Therefore, for any positive § (to be
specified later) we can choose ry, such that ||f — frollp < OIS,

Let I; = Ii ;, 0 < j < nj —1, be the arcs of T defined as

QDT o (BT, (4)

=t oo
J k,j exp . .

and let (j = (p,; = exp (2””) At this step the index k is fixed, thus, we omit
it and write simply I}, ¢;. Then

fiy = [ L Z dm(Q).

T 1—TkCz 1—TkCZ

Now it is natural to approximate f,, (z) = f(rrz) by

lel

S(z>zzl—m€j /f )dm(¢).

j=0

Let us show that if ng(1l — rg) > M > m, then there exists a numeric
constant v € (0,1) such that for all sufficiently large k one has

[ fric = Slle < Al fllp- (5)

Hence, || f—S||a» < (v+9)]|f|l, and we need to choose § > 0 so that v+ < 1.

We have a

nE—1
1) =5 = 3 / G yamc).

1— rk@ )(1 —riC2)

Note that for any ¢ € I; we have IC — ¢ < 7771,;1 < 1 — r, and therefore
11 —71.Cz| < 2]1 — (2. Thus,

|f(riz) — Z/ |1*7"kcz‘2 /|17”kCz|2 m(Q).
(6)

By the Hoélder inequality (1/p+ 1/¢ = 1), we have

U= 10 < O [ ([ O i) ([ 229 amesy

% |17TkCZ|2 T |1 —rilz|?
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Since [ |1 — rpul"2dm(u) = (1 —r2)~', we conclude that

/1>

nk(L—7132) = M(1+rg)
Note that r, can be chosen as close to 1 as we wish. Hence, since M > m, we
have || fr, — Sllze < Y| fllze for some absolute numeric constant v € (0, 1).
Since § also can be chosen as small as we wish, we get ||f — S|lge < ¥ f|lue
with another numeric constant v € (0,1) and for all sufficiently large k.

Also, note that there exists a constant B, > 0 (depending only on p)
such that for any 0 < n < ny — 1 one has

[ fri = SllEr <21 | fll 2o

n

O el RG] A e ™

=0

Indeed, above we already showed that, for any n < nj — 1,

> s [ i

n
G=olj

< '7||fHHP7
Hp

while for the second term we use the boundedness of the Cauchy transform in

LP) 1 <p < oo:
[ Y

o 1 —riCz
Now, everything is ready to complete the proof. We start with an arbi-
trary function f € H? and choose ry, as described above to obtain a function

< Gyl -

’HP

nklfl
1
fi(z) = f(2) = ;J m . f(Q)dm(C)

with || filla» < || f|lze, where v € (0,1).
Next, we apply the same procedure to f; and find 74, such that || fa|| gr <
YIf1ll e, where

e =hE- Y —— [ Am(©).

j=0 lierCk%jZ Iiy .5

Proceeding in this way, we obtain a sequence k; and a sequence of coefficients
Cl,j = flkl,j fl_l(C)dm(C) SUCh that

N Mk, —
al
|fN||Hp=Hf 3 Z — | <.
=1 J =0 Tklckl]Z Hp

It remains to show that the series

oo Mk —1

2 : Cl,j

I=1 j=0 Tkzckz,jz
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converges to f in the norm of H”. Indeed, for any N € Nand 0 <n <nj,, —1
we have

N Mk — c n c
ay N+1;j
f— -
H ; JZO 17Tkl<kljz J;) 17TkN+1CkN+1ij HP
N "kl—l n
_ay ‘ N1,
<|f- =
H ZZ; JZO 11— Tkzckhjz HP JXZ:O 1- TkN+1<kN+17jZ HP
< (L4 Bp)llfnllme < A+ Bp)yNIf e — 0, N — oo
Here we used inequality (7). The proof is completed. O

Remark 2.1. The same proof shows that we need not take (; as the centers
of the arc I; and can choose them randomly in I;. Repeating the arguments
one immediately obtains that there exists M > 0 such that if ng(1—ry) > M,
then the sequence A = {7Ck; : Ckj € Ii,j, k €N, 0<j < ny — 1} generates
a system of Cauchy kernels which is representing in any HP, 1 < p < oo.

3. Frame Theory Proof of Theorem 1.1

In this section we give a proof of Theorem 1.1 based on the general methods
due to P. A. Terekhin.

Let F' be a Banach space, F'* be its dual and let X be a Banach space
of sequences where the canonical basis vectors e, = (0xn)r form a Schauder
basis. Then its dual X* also can be identified with a space of sequences. A
system {f,} in F is said to be a frame with respect to the space X if for any
@ € F* one has

Allellr- < l[(e(fa)nlx- < Bllel

for some A, B > 0 (here the sequence (¢(fy))n is considered as an element of
X*.

F*

We will use the following result of Terekhin [12, Theorem 4]: if {fn} is a
frame for F with respect to X, then { f,} is a representing system in F and any
f € F can be represented as the sum of the series f =", ¢ fn with (¢,) € X.

Now let n € N, ny, — oo, and r, € (0,1) be such that M < ng(1—ry) <
M for some M, M > 0 and for all k. Let

A= {A,w» = jle® i ik >1,5=0,1,.. .05 — 1},
where, for some a,b,c,d >0, all k and j =0,1,...np — 1,
c d
a(l—=rp) <1 —[Aej| < b(L—rp), o S kgL Ok S (8)

here, by definition, oy, = o0+ 27.
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~ Let F=HP where 1 <p <ocand1/p+1/qg=1. Then F* = L/2H% =
H4 with equivalence of norms, i.e., for any functional ¢ € (HP)* there ex-
ists g € HY such that o(f) = [, fgdm and ||¢|| < ||g||ge with constants

depending on p only. Define the sequence spaces X = (@iozl Eﬁk)el and

X' = (EBZL £%k>@m with the norms

fe%e] np—1 1/p ng—1 1/‘1
lees) ux—z(zmk,m) | ||<ck,J>uX*—sup(zck,m) |

k=1 7=0

Recall that ||k ||z =< (1 —|A])~'/9 and consider the system of (almost)
normalized kernels {(1 — rk)l/ql@\w}. Note that for any g € H? one has
Jr9(2)kx(2)dm(z) = g(\). Therefore, to verify that {(1 — )Yk, .} is a
frame for HP with respect to X we need to show that

nkfl

1/q
Algllne < smp ( Y- m>|g<xk,j>|q) < Bllgl s )

=0

for some A, B > 0 and any g € HY.

The above estimate follows from the basic facts about the Carleson em-
beddings of the Hardy spaces (see, e.g., [4]). Recall that a Borel measure y in
D is said to be a Carleson measure if there exists C'(1) > 0 such that for all
(=¢?eTandh e (0,1]

1(S(¢, h)) < C(u)h,

where S(¢,h) = {z =7re!? : 1—h <r <1,|p—0| < h} is a Carleson “square”.
If 1 is a Carleson measure, then, for any f € H?,

/D FEPdu(z) < AC) I,

where A is some absolute numeric constant.

Consider the measures py = Z?io_l(l —7%)0x, ;- From conditions (8) it
follows immediately that C(uy) < C for some constant C' depending only on

M, M, a, b, c,d, but not on k. This proves the right-hand side estimate in (9).

Note that, in view of the already established upper bound, it is sufficient
to prove the lower estimate in (9) for a dense subset of HY, e.g., for functions
continuous in D. Consider the arcs I; = [’ ei®ri+1], j =0,...,n; — 1, and
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note that |I;| <1 — 7. Then, by the Holder inequality,

S = (5 [ leean)
(> ) -(Z],
> <§_j / |g<rk<>qdm<<>)1/q
- (Z | oot - g(Ak,j»wm(o)w.

It is clear that the first term tends to ||g||m« as k — oo, while the second
tends to 0, since, by our assumption, g is uniformly continuous in D). Thus, the
left-hand estimate in (9) is established, which completes the proof. O

4. Representing Systems in H! and in A(D)

It is clear from the proof of Theorem 1.1 (see estimate (6)) that the function
S well approximates f even in the cases when p =1 or f € A(D). Note that,
in contrast to H> case, | fr — fllam) — 0, 7 — 1—, if f € A(D). The only
problem arises when we need to estimate the norm of a discretization of the
integral over an arc of the circle. Since the Cauchy transform is unbounded in
L' and in L®°, these norms can be large.

We can construct representing systems of Cauchy kernels in H'! or in
A(D) by considering more dense sets distributed over a circle with a certain
“multiplicity”. Let Ry € (0,1), Ng, My, € N. For any j, 1 < j < Ny, consider
the open arc I, ; = (exp(@j&i}?m),exp((zjj\r,ii)m)) C T and choose M, distinct
points (ri; € Iy j, L =1,..., My. Define the set

A={wii; =Ry keN, 1 <1< M, 1<j <N} (10)

The set A is assumed to be ordered alphabetically. We prefer to make the
points in A distinct even if the definition of a representing system does not
exclude repeating vectors.

Theorem 4.1. Let A be given by (10) with Ry — 1—, k — co. Then there exists
a numeric constant M > 0 such that if Ny(1 — R) > M and

log

then K(A) = {kx}rea is a representing system in H' and in A(D).

In what follows we write X <Y if there is a constant C' > 0 such that
X < CY for all admissible values of parameters.
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Proof. We start with a trivial formula

M,
f(Rgz) = Z/ 1 chz m(¢)
and its discretization
1 i 1
()= 3 33 ([, 10am©) 7=

First we consider the case of the space H'. Repeating the arguments from
the proof of Theorem 1.1 one easily shows that there exists M > 0 such that,
for any [,

Ny

Hf(Rm -3 < 5 f(<>dm<<)) 13,14,”] -~

j=1

- Wl
- 4

as soon as Ny(1 — Ri) > M. Thus, we have || f(Rrz) — Sk (2)|l g1 < || f]l /4
We need to estimate the norms of intermediate sums in Si. Note that
the outer summation goes over [. It follows from (6) that for 1 < M < M

M Ng

HM ZZ</ Je dm(()Tk” Z RkCZd (C)H 1_%’

=1j=1

while the second sum inside the norm is simply 4 My f (Ryz). Finally, we need
to estimate, for some fixed M and 1 < N < Ny, the norm

R .
M;, = Ii; 1-— Rk&k,]\],jz

or, equivalently, the norm

’ 1

Hl

. 1_Rk<2dm<<>H ,

H1

where [ = U&llkj. Since fT |1—p¢|~tdm(¢) < log 1%, 1/2 < p < 1, we have

Mk//|1—RkCz (C)dm@)ﬁMLI

by the hypothesis on Mj,.
In the case f € A(D) the estimate

— [ &) < — 1o
HMk 11— RiCz A~ M. P1-R

. I fllamy S I f1lam)

is immediate.
The rest of the proof is identical to the proof of Theorem 1.1. Let X be
one of the spaces H' or A(D). For a fixed f we choose Ry, so that | f(z) —
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f(Ri,2)|lx < || fllx/4. Then | f — Sk,[|x < [|f][x/2. Applying the procedure
to f1 = f — Sk, we choose Ry,, etc. O

5. Proof of Theorem 1.2
We start with the following integral representation of functions in .7¢3. In what

o0
follows for f(z) = > anz™ € 3 and p € (0,1) we put

n=0
o0
Fy(z) = Zanﬁnpnzn.
n=0
Note that F), is analytic in {|z| < p~'} and

/TIF,;(C)IQdm(C) = laal?Bp™ < () f13: (11)
n=0

where
wi(p) = sup p*" Bn.
n>0

Lemma 5.1. Let f(z) = > anz™ € 3. Then, for any 0 <r < R <1 and
n=0

z €D,

f(rz) = / Eyy (O KZ(RO)dm ().
T

Proof. By direct computations

T/ Fr/r(Q K2 (RC)dm(¢) = T/ (iﬁR<>(i R;fnf")dm@

n=0 n=0

oo
= E a,r’z".

n=0

O

We will introduce two more characteristics of the sequence (. For p €
(0,1) put

2 2n 2n
wip) =S T ) =S
? 22:1 B ’ B

n>0
Note that w3(p) is the square of the norm of the reproducing kernel K 5 in 3,
while wo(p) is essentially the squared norm of its derivative.
The key idea of a construction of a representing system is similar to
the case of H!. Assume that for any k& € N there are fixed Ry € (0,1) and
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N, My, € N and a collection of radii Ry; € (0,1), I = 1,..., My, such that
Rii1 < Rpg2--- < Rium, = Ry. Consider the set of points

27rz'j)

A={wy;;: 1 <1< M, 1<j<NgkeN} wk,z,j:Rk,zeXP(N
%

Theorem 5.2. Assume that R 1 — 1 and
wi(Ry)wa(Ry) = o(Ng),  wi(R)ws(Ry) = O(Mg) (12)
as k — oco. Then {Kf\j})\eA is a representing system in 3.

Proof. By Lemma 5.1 we have for any r < Ry 1

1 & —
102 = 5 3 /T Fyyiy (O K (B C)dmi(Q).
=1

The idea of the proof is to discretize this integral replacing it by

My Ny
59 = 22 ([ FomQ0im©)) K2, )

where Ij, ; = [exp(i@j;[i)m)ﬁxp(@j%?m)].
We consider in detail one step of approximation. For the moment we
assume that k is fixed and omit it, i.e., we write R, R;,w; ;, M, N in place of

Ry, Ry 1, wy 1,5, My, Ni. Recall that Ry < -+ < Ry = R. Assume that r < R%
Note that K2 (R;¢) = Kg ¢(2). Then we have

f(rz) - ZZ / (O (KD (2) — K (2 >>dm<<>=2cn;—:7

lljl

1 M N
:M;Z / (RiQ)™ = @) Fry, ()b ().

2mig

Since wy; = Ri(j, ¢; = e~ € I, we have for ¢ € I;

n—1

|(Rl<)n - wﬁ]' = R? . IC _ Cj ‘ chcn 1—s an

n pR"
< )
N - N

whence

nR’L
\cn\NMNZ [ 1B m (©lim(c)

Recall that r < R? and so r/R; < R. It follows from (11) that

/T\Fr/m(é)ldm(é) < (@i (BR)?| £l (13)
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We conclude that

nR™(w (R))Y/?
eal 5 I gy

Hence,
o lenl® ||f|| n2R2" Wi (R)ws(R)
If=8I5=> 5~ 5 Z = LR
n=1 n

By the first condition in (12), taking R = Ry and N = N} with a large k, one
can make this norm as small as we wish.

Let us show that any intermediate partial sum is uniformly bounded by
the norm of f. We need to estimate the norms of the sums

ZZ(/ Foym(Qdm(€) ) K, (2

=1 j5=1

and

N
1
Ty n(2 MZ (/ /R ( )dm(())Kﬁ,M (2),
j=1

where 1 < M < M and 1 < N < N.

First let us consider the sums over several complete circles. It follows from
the above estimates of the difference between the integral and its discretization
and from Lemma 5.1 that for any 1 < M < M one has

2
‘ Z/ /R (€ RzC)dm(C)
B
M * _ wi(R)wa(R)
- HTM(z) - 3709 s 2y
Hence, |Ty;[ls < | f][s- It remains to estimate the norm of the sum Ty 5 (2)
over some incomplete circle. Again, by the above estimates, we have
2
wi (R)w
T8 = 5 [ Forma ORZRgQam(c)| < 2y,
B

where [ = Uév;ll ;- Using the expansion of the kernel function we get

. ~
/IFv-/RM (OKZ (R Qdm(Q) = dy ﬁM o
n=0 n

where

dn = /1 Fyym (O)Zdm(C).
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Making use of (13) and the fact that r/Ry; < R we get
2

H]\14 /IFT/RM(C)mdm(C)

I
ARG S B wi(Rws(R)| o — 1 o
Sz 3 ZTHJCHBNHJCHﬁ
n=0 """
by the second condition in (12).
The rest of the proof is analogous to the proof of Theorem 1.1. O

Remark 5.3. Representing systems satisfying the condition (12) of Theorem
5.2 are, apparently, more dense than necessary and in special cases these con-
ditions can be substantially relaxed. Our goal was to give a qualitative answer
to the question about existence of representing systems. It is an interesting
problem for further research to find optimal density conditions.

6. Open Questions

Representing systems of reproducing kernels in spaces of analytic functions in
the disk are far from being well understood. While it does not seem reason-
able to expect a complete description of representing systems of reproducing
kernels even in H? setting, a natural question is how small (in some sense) a
representing system can be. Of course, the smaller the system is, the sharper is
the result. One way to measure the size of the system is to introduce a density.
E.g., for A C D, put
D, (A) =limsup (1 —7r)-#(AN{|z| <r}),
r—1—

where #FE denotes the cardinality of E. In all known examples of representing
systems of the Cauchy kernels in H? one has D4 (A) > 0.

Question 1. Do there exist representing systems IC(A) of the Cauchy kernels
in H? (or HP, 1 < p < 0), such that D, (A) =07?

We find it plausible that the answer is “no” and so the case when ny (1 —
7)) behaves like a constant is optimal for systems of the form (1). Of course, one
can ask similar questions about representing systems of reproducing kernels in
general spaces 3 considering appropriate densities.

Also, in all known examples the points of A accumulate (and, moreover,
nontangentially) to each point of the unit circle. On the other hand, there exist
complete systems of the Cauchy kernels which accumulate to a single point on
the boundary.

Question 2. Do there exist representing systems K(A) of the Cauchy kernels
in H? such that the closure Clos A does not contain T, i.e., omits some open
arc?
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As we have seen in Theorem 4.1, one can construct representing systems
of the Cauchy kernels in H' or in A(D) if one takes somewhat (logarithmically)
denser sets, than for HP, p > 1. The question about sharp density remains
open.

Question 3. Do the sequences (1) with ng(l —r,) > M > 0 generate repre-
senting systems in H' or in A(D)? If not, then what is the correct optimal
density?

In an interesting paper [3] (see also [2]) Cima and Stessin studied the
problem of the constructive recovery of a function in a Banach space of analytic
functions from its values on a uniqueness set. For a class of spaces in the disk
they constructed a sequence of approximating functions which are finite sums
of reproducing kernels. In particular, such a recovery is possible in H? with
2 < p < oo for any uniqueness (i.e., non-Blaschke) set A = {\,,} and for any
p > 1 under some additional density conditions on the set (see [3, Theorems
2 and 4]). The approximants are finite linear combinations of the Cauchy
kernels. Applying the approximation method iteratively (as in the proof of
Theorem 1.1) one can, apparently, construct, for any f € HP, a series of the
form ) cnky, such that some subsequence of its partial sums converges to
f. These results seem to be essentially different from our setting since for a
representing system the whole sequence of partial sums must converge in the
norm. This need not be true unless the set A has some additional symmetry
(a simple example of a uniqueness set which does not generate a representing
system of the Cauchy kernels can be found in [5, Theorem 3.3]). It seems
however to be an interesting question, whether for a representing system K(A)
of the Cauchy kernels one can find an explicit expression of the coefficients in
an expansion of f in terms of the values of f on A.
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