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Abstract. In this paper, by using variational methods we investigate the
existence of solutions for the following system of elliptic equations

—Agu+ a(z)u+ bz)v = %f(a;)u|u|a*2|v|ﬂ in M,

—Agv + b(x)u + c(z)v = QE* (z)v|v]?2|u|* in M,
where (M, g) is a smooth closed Riemannian manifold of dimension n >
3,y is the Laplace-Beltrami operator, a,b and c are functions Holder
continuous in M, f is a smooth function and o > 1,3 > 1 are two real
numbers such that a+ 8 = 2%, where 2* = 2n/(n — 2) denotes the critical
Sobolev exponent. We get these results by assuming sufficient conditions

on the function h = Jra + 2—3*"‘[’6 + ZE*C related to the linear geometric
potential 4(’;7*_21)Rg, where R, is the scalar curvature associated to the
metric g.

Mathematics Subject Classification. 35J47, 35J50, 35B33.
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1. Introduction

Let (M, g) be a smooth closed Riemannian manifold of dimension n > 3. We
are concerned with the existence of solutions of the following system:
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—Agu+ a(z)u + blx)v = %f(a:)u|u|a_2|v|5 in M,

B
2*

1.1
—Agv+b(z)u + c(z)v = (x)v[v|?~2|u|* in M, -
where Ay is the Laplace—Beltrami operator, a,b and c are functions Hélder
continuous in M, f is a smooth function, and o« > 1,3 > 1 are real constants
satisfying oo + 3 = 2%, where 2* = 2n/(n — 2) is the critical Sobolev exponent.

Coupled systems of nonlinear equations like (1.1) are now parts of several
important branches of mathematical physics. They appear in the Hartree-
Fock theory for Bose—Einstein double condensates, in fiber-optic theory, in the
theory of Langmuir waves in plasma physics, and in the behavior of deep water
waves and freak waves in the ocean. A general reference in book form on such
systems and their role in physics is by Ablowitz et al. [1].

Motivated by the varied applications the existence of solutions and their
qualitative properties have been the object of study by many researchers, see
for instance, [2,6,7,21] for problems in Euclidean domains and [10,11,18,20]
in Riemannian context.

Next, we would like to mention some works that are strongly related
to the system we propose to study. We begin with work due to Alves et al.
[2], which the authors looked for positive solutions of the elliptic differential
system

—Au+Tu+ov = %u|u|a*2|v|ﬁ in Q,
—Av+ou+pv = §v|v|ﬁ_2|u\a in Q,

where (2 is a bounded domain in R™, n > 3, with smooth boundary and Dirich-
let homogeneous boundary conditions. The main point is to compare the value
of a+ 3 with the Sobolev critical exponent. Depending on how the parameters
T, 1,0 € R relate to A1 (the first eigenvalue of the Laplacian operator), exis-
tence and nonexistence results are provided and compared with the classical
result of Brezis and Nirenberg concerning elliptic differential equations with
Sobolev critical exponent. The second paper is due to Hebey [18], which the
author considers elliptic systems of Yamabe-type equations

p
_Agui + ZA”(LU)U/J = ui|ui|2*_2 in M7 1= ]-7 D,

=1

where A = (A;;) : M — M, is a smooth function, p € Z,p > 1, and M;(R)
denotes the vector space of symmetric p x p real matrices. Assuming sufficient
conditions on the matrix A related to the linear geometric potential #fl)Rg,
the author studies the existence of minimizing solutions for this system, the
existence of high-energy solutions, blow-up theory and its compactness prop-

erties.
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The system (1.1) is strongly related to the equation
—Agu+a(z)u = f(@)|u* 2u in M,

which has been intensively studied in literature, see for instance, Druet [8] and
Vétois [27]. When we have a = 41(7;17121)]%9 in the equation above, we obtain the
prescribe scalar curvature equation

~ Agu+ JT_QURQU = f(@)ul "2u, in M, (1.2)
which is a generalization of the well-known Yamabe equation (when f is con-
stant) whose positive solutions are such that the scalar curvature of the con-
formal metric § = u® ~2g is constant. The Eq. (1.2) has been studied, for
example, by Aubin [3], Aubin and Hebey [5], Escobar and Schoen [13], Hebey
and Vaugon [16,17], Schoen [24], Trudinger [26] and Yamabe [28]. The study of
this equation both in the classical form as in the prescribed form, motivated us
in this research about the existence of solutions for system (1.1) in a compact
Riemannian manifold.

Before presenting our main results, we need to introduce some notations
and definitions. Throughout this work, we will denote by H'(M) the Sobolev
space of all functions in L?(M) with one derivative (in the weak sense) in

L*(M). We equip H'(M) with the standard | - || g1 —norm, that is, [|ul|%, =

Vul]3 + ||ul|3, where || - ||, denotes the norm of the Lebesgue space LI(M),

whenever ¢ > 1. The norm of LY(M) x L(M) will be defined by ||(u,v)|q =
1/

(llullg + llollg) ™"

We shall work with the space H = H'(M) x H'(M) endowed with the
norm

1/2

1, )l = (el + lloll )

In this context, we say that a pair of functions (u,v) € H is a weak
solution of (1.1), if for all (p,v) € H, it holds

[;(GNAV¢M‘FGhuvww‘FdxMW%%MrHWﬁ+vwk+dxﬁ¢)m@

o — — «a
= [ @l ol updu + [ D@l s,
]\/[2 M2

By elliptic regularity theory (for example, see Lee and Parker [23, Theo-
rem 4.1]), any weak solution (u,v) of (1.1), is in C? x C? when a,b and c are
Holder continuous, and is in C'*° x C'°° when a, b and ¢ are smooth functions.

An important relation obtained by Alves et al. [2] that we will use in this
work is the following:

B/a+p a/at+p
S(a,ﬁ) = l(g) + <§> ‘| Sa+8, (1.3)
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whenever a + 3 < 2%, where Su43 is the best Sobolev constant defined by

) Jrn |Vul?dz
11n£ 2/a+p3"
weH (B0} ( [. | |ufo+Pdx)

Satp =

and S, g is defined by

2 2
Sty = ot Jon (IV? +[V0]?) da 04

(o) el HE @D} ([ fulo|v|fda)? T

When a + 3 = 2%, we denote by Sz- = K2 and S(a,8) = Sk, where K, is the
sharp constant for the embedding of H'(R") into L  (R").

Throughout this work we assume some very general hypotheses on the
functions a, b, ¢ and f that will allow us to obtain some existence results for sys-

tem (1.1) through variational methods. Precisely, we assume that the function
f satisfies

ml\%xf >0 (1.5)

and the functions a,b and c¢ satisfy the following coercivity condition: there
exists Cy > 0 such that

/ (IVul? + |Vv|? + a(z)u? + 2b(z)uv + c(x)v?)dv,
M

> Co||(u,v)||?, V (u,v) € H. (1.6)
Our first result in this work can be stated as follows:

Theorem 1.1. Let (M, g) be a closed Riemannian manifold of dimensionn > 3.
Let a, 8 > 1 be two real numbers such that « + 3 = 2*, and let a,b and ¢ be
functions Hélder continuous in M, and f € C°°, with a,b and c satisfying
(1.6) and f satisfying (1.5), writing h = $-a + 2\ﬁb—l— L. Let xg be some
point in M such that f(xo) = maxy f. If, in addztzon we assume that

; n n n Ay f(x
(i) h(xo) < 552 Ry(wo) + Pl f(fsc )0 ,ifn >4, 7)

(i) h(wo) < §Ry(wo) and h < §Ry in M, if n = 3.

Then, system (1.1) has a nontrivial solution.

Theorem 1.1 will be proved using the Mountain Pass Theorem without
the Palais-Smale compactness condition. A delicate part is the estimating the
minimax level in order to overcome the lack of compactness of the functional
associated to system (1.1) caused by the critical growth of the nonlinearities.
We achieve this objective following some ideas developed in [3,4,9]. Here we
face some extra difficulties due to the tight coupling of the system.

As a consequence of Theorem 1.1, we prove the following results.
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Corollary 1.2. Suppose the same assumptions of Theorem 1.1. Let xo be some
point in M such that f(xo) = maxy f. If, in addition, we assume b < 0 and

. n— n—4)(n Ay f(z

(i) sra(wo) + Sre(w0) < 3825 Ry(wo) + gl Sal0) gpy > g,

(ii) s-a(zo) + 2@0(,@0) < tRy(z0) and L£a+ 2%0 < iRy in M, if n=3.
(1.8)

Then, system (1.1) has a pair of positive solutions.

Corollary 1.3. Suppose the same assumptions of Theorem 1.1 and that f is

constant and positive. Let xo be some point in M such that
(i) hzo) < 725 Ry(ao), if n > 4, )
(i) h(xo) < §Ry(wo) and h < tRy in M, if n = 3.

Then, system (1.1) has a nontrivial solution.

For the next results, consider the functional E} : H — R given by

Ep(u,v) = / (|Vu\3 + |V’u|3) dvg + / (au® + 2buv + cv?) dv, (1.10)
M M

and let
SJ(’:Ih’ﬁ) = inf {Eh<uav) tu,v € H' (M) and /M f(@)|u*v|’dv, = 1} .

(1.11)

Define

— 2 .
)\f(M7g) = inf{/ (|Vu|£2] + LRg’lﬂ)d’Ug . / f(a:)|u\2 dvg _ 1} .
M 4(n—1) "

(1.12)

Remark 1.4. When f is constant and equal to 1, \f (1, g) is called of Yamabe
invariant of the manifold (M, g), and is usually denoted by A(M,g). In the
particular case of the unit n—sphere S with the standard metric is denoted
by A(S™). It is well known that when A¢(M,g) < —AE) __ there exists

(maxpy f)2/27

¢ € C>(M) with ¢ > 0 and [, f¢? dvy = 1 such that

n+2
—Agp+ Rgp = X¢(M, g)fpr=2, (1.13)

n—2
4(n—1)
with A\¢(M,g) = [, (|V<p|2 + 1 1)Rg<p ) dvg. It is also known that A(S") =
K, 2, with

4
2/n’

Ky= |—
n(n — 2)wy,

where wy, is the volume of the unit n—sphere (see [3,8,9]).
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In the next results we deal with the case where the functions a,b and ¢
satisfy the condition:

a 2/ a8 8 n—2
ga(x) t— b(z) + QTC(x) < TEE))

Ry(x), Y € M. (1.14)

Remark 1.5. The coercivity condition (1.6) and (1.14) imply that given ¢ €
2
1 S _
H'(M) and &,¢ > 0 such that (Z) = 2, then

Col€ + il < (€ + ONVVIE+ [ (a8 + 206C +e)uan,
@+ {Ivul+ [ (ga+ 2500+ Zo) vtan, |

2*
<@+ {Ivel+ g [ R,

Therefore, —Ay + 4(n 1)R is also coercive. In particular we are dealing with

the case where the Yamabe invariant is positive.
We can state the following result.

Theorem 1.6. Let (M, g) be a closed Riemannian manifold of dimensionn > 3.
Let a, B > 1 be two real numbers such that o + = 2%, and let a,b and ¢ be
functions Hélder continuous in M, and f € C°°, with a,b and c satisfying
(1.6) and (1.14), and f satisfying (1.5). Let xo be some point in M such that
f(zo) = maxy f. If S ’B) W, where S, is defined in (1.4). Then,

system (1.1) has a nontrwzal solution.

Complementing Theorem 1.6 and inspired by [5,13,17], we prove the
following theorems:

Theorem 1.7. Let (M, g) be a closed Riemannian manifold of dimensionn > 3.
Let a,b and ¢ be functions Hoélder continuous in M satisfying (1.6) and (1.14).
Assume that n > 6 and M is not locally conformally flat. If at a point g
where f(xg) = maxys f is such that the Weyl tensor is nonvanishing (that is,
|[Wy(zo)| # 0). If we assume that

(1) if Agf(xo) =0 when n =6, or
(23) if Agf(xo) =0 and |A§f(:1:0)| /f(x0) is small enough, when n > 6.

Then, S}?‘,{ﬁ) < W Consequently, system (1.1) has a nontrivial solution.

Theorem 1.8. Let (M, g) be a closed Riemannian manifold of dimensionn > 3.
Let a,b and ¢ be functions Hoélder continuous in M satisfying (1.6) and (1.14).
Assume that n = 3,4 or 5, or M 1is locally conformally flat, when n > 6. Let
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xo € M be a point such that f(xg) = maxy f > 0. We have the following
cases:

(1) if n=3 or, if Agf(xo) =0 when n =4,5;
(1) if Agf(xo) = Aﬁf(aco) =0, when n = 6,7,
(iid) if Ay f(w0) = A2f(z0) = 0 and

Agf(xo) =0 or [VWy(xo)| =0, when n=38.

Then, S ’B) < 7@ 5)2/2* unless M is conformal to the standard S™. Conse-

quently, system (1.1) has a nontrivial solution. When n > 8 the same con-
clusion holds if [VWy(zo)| # 0 and A3 f(z0) = 0 or when [VWy(zo)| = 0 if
[V2Wy(20)| # 0 and A3 f(zo) = Aj f(x0) = 0, or when all derivatives of W,
vanish at x zfAmf(:co) =0foralll<m<2-—1.

Corollary 1.9. Suppose the same assumptions of Theorems 1.7 or 1.8. In ad-
dition, if b < 0 and the functions a and c satisfy

« Jé] n—

_ = < =
3 al@) + 5rele) < gy

Then, system (1.1) has a pair of positive solutions.

R,(z), Yz € M. (1.15)

Corollary 1.10. Suppose the same assumptions of Theorems 1.7 or 1.8. In ad-
dition, if we assume that f > 0,b =0 and a = ¢ = %Rg. Then, system
(1.1) has a nontrivial solution. Moreover, we have that

S(0) (1) = [(g)g/aw + (i)a/aﬂ Ap(M, g). (1.16)

Therefore, the pair (Ep, (@) (up to rescaling) is solution for the system, for any
. 1/2
positive solution ¢ € C* of (1.13), where fM fe* dvy =1 and % = (g) .

A special case is when we consider the unit n—sphere S™ with the stan-
dard metric go, that is, the scalar curvature is Ry, = n(n — 1). Note that this
case is included in Theorem 1.1 when we assume the same hypotheses. There-
fore the following theorem is a case special of Theorem 1.8, when M = S"/T.

Theorem 1.11. Let I' be a nontrivial finite group of isometries of S™ acting
without fized point on S™. Write M = S"™ /T, and let a,b,c and f be functions
wmvariant under T’ and satisfying the same assumptions of Theorem 1.8. Then

S;?‘,;ﬁ) (S"/T) < W’ and therefore, system (1.1) has a nontrivial solution

on S™.

Remark 1.12. Note that from [13], when f is invariant under I' and A ;(S™/T") <
)\(S'Vl)

Tonaar P there is a positive solution ¢ € C'°°(S"™) to the equation

—9 .
— Agut ”(”T)u = fu2 ~lin S", (1.17)
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where [, fo? dvg, = 1.

Corollary 1.13. Suppose the same assumptions of Theorem 1.11. In addition,
if we assume that b=0,a = c = % and f > 0. Then, system (1.1) has a
nontrival solution. Moreover, we have

a B/a+p ﬁ a/a+p
S‘fﬁﬁ)(gn) = [(5> + <a> ] Ar (8™, g0)- (1.18)

Therefore, the pair (o, Cp) (up to rescaling) is solution for system (1.1), where
p € C* is a positive solution of Eq. (1.17).

Corollary 1.14. Suppose the same assumptions of Theorem 1.11. In addition, if
we assume thatb=0,f =1 anda=c= @ then we get that S(®P)(S™) =
Si and system (1.1) has infinitely many pair of positive solutions. Moreover,
if (u,v) is a minimizer for SR (S™) with u,v > 0, then up to rescaling u and
v will have the following forms:

2— 2—n

u(z) = &1 (po — cosr) = and v(x) = (1(po — cosr) 2 (1.19)

1/2
where T € S”, r =dg,(¢,7),&1,61 > 0,p0 > 1 and % = (%) .
Corollary 1.15. Suppose the same assumptions of Theorem 1.11. In addition,
if b <0 and the functions a and c satisfy the following hypothesis

! B n(n — 2)

(@) + Seel@) <

2% -

Then, system (1.1) has a pair of positive solutions on S™.

, Ve e M. (1.20)

The paper is organized as follows. In Sect. 2 we prove an essential Sobolev
inequality to prove the main results. In Sect.3 we prove Theorem 1.1 and its
consequences. In Sect.4 we prove Theorems 1.6, 1.7 and 1.8. We dedicate
Sect. 5 for the case of the sphere S™.

2. Some Preliminary Results

n [19], Hebey and Vaugon have established that the best constant for the
Sobolev inequality is K2. Precisely, they proved that there is a positive con-
stant B such that

lull3. < K2 IVull + Blluli3, (2.1)

for all u € H'(M). Moreover, if ||u]|3. < K||Vul||3+ C|ul3 for all u € H'(M),
where K and C are positive constants, then K > K,%.

Initially, we establish an inequality that will be used in the proof of the
main results.
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Lemma 2.1. Let S, be the constant defined in (1.4) when o+ 3 = 2*. Then,
there is a positive constant By such that

2/2*
(/M|u|a|vf’dvg) < STVl VDI + Bollw o) 2 (2.2)

for all (u,v) € H. Moreover, (S,)”" is the best constant such that the inequality
holds.

Proof. Given u,v € H*(M), since 5+ 2£ =1, by Holder’s inequality,

) a/2* ) B/2*
/ |u|a|v|ﬁdvgs< [ dvg) ( [ o dvg) ,
M M M

that is,
a8 2 2 \a/2" B/2"
([ wietolPan,) " < ()" (1olg.)
On the other hand, by Young’s inequality,
/2"
a/2 arz (Io13-)”
(ell3)*" (lollg) ™ = (ellul3-)™"? (/)

/2" —a/g\P/T
= (elluli3)*"™ (loll3.e=/?)

o B
< Zefulf + Zemalo

2* HQ*'

B/2" /217,
Choosing ¢ = [(g) + (g) } %, by a straightforward calculation,

we get
. w211
o B [\ (B)
2% 2% 3 a ’

and consequently,

2/2* B/2* ay2r1 1
apyl8 0‘) (/B>
ul“lv|”dv < + U
([ uliottas,) [(5 5 (
(2.3)
Using (2.3) and the Sobolev inequality (2.1), we can find B > 0 such that

"
( [ |v|f’dvg)
1

- l(g)ﬁ/ + (ﬁ)/] (K21l [Fo)3 + Bll(u, )]1)

3+ llvli3-) -
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Therefore, we get that
2/2*
([ wletolan, ) < S0V 190D + Boll )l

for all (u,v) € H, where By = B Rg)ﬁ/z* N (§>a/2*]1.

Finally, if Sy is a positive constant such that

2/2*
(/M Iuo‘lvlﬁdvg> < Soll(IVul, [Vol)[13 + Bil|(u, v)[]3, (2.4)

for all (u,v) € H, where By is some positive constant. We claim that Sy > S, 1.
Indeed, given ¢ € H'(M) and writing u = a'/2¢ and v = $/2¢, by (2.4) we
have

2/2*

2/2* ; .
(a2 ([ 1oPany) <2 [0l 9l + BalolB).

which gives us

2/2* .
* 2
2 2 2
(/M | dvg) < /2 GATz [SollVell5 + Ballll3]
_ a B 9 9
o [aa/Z*ﬁﬂ/Z* + aa/g*ﬁﬁ/g*] (SOHVQD”zJFBl”Sﬁ”z)

B8/2* /2"
«
_ l(ﬂ) + (g) ] Sol|Vell3 + Ballell3,

for some By > 0. Since K, 2 is the best constant in the Sobolev embedding
theorem (see [4,19]), we reach that

8/2" /2"
()2 s

) 8/2* 5\ /%
and since S, = (%) + (7> K2, we conclude the proof of the

a n o’

Lemma. 0
An immediate consequence this result is the following inequality.

Corollary 2.2. Let C = max{S; !, By}, then we have

2/(a+8)
([ wetoran,) <l

Another result that will be important later on is the following Brezis-Lieb
type lemma.
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Lemma 2.3. Let u,, — u and v, — v in H*(M) and let £ € L>(M). Then
we have

/ )t | [0 Py = / ()l o] do,
M M
+/ (@) [t — ] [vm — v]?dvg + 0pm(1),
M

where 0y, (1) — 0 as m — oo.

Proof. The proof is similar to [6, Lemma 2.1] and we omit it. O

3. Proof of Theorem 1.1

We begin this section by introducing some notations and definitions. First,
consider the functional I : H — R associated to system (1.1) given by

1
I(u,v) = 3 /M [|Vu|3 + \Vv|§ + a(z)u® + 2b(z)uv + c(z)v?] dv,

1
e [ F@lap o,
M

Since the functions a,b and ¢ are Holder continuous and f is a smooth
function, we have that I is well defined and by standard arguments I €
C'(H,R) with

I(wo) () = [ (V. V), + (70, 90),
M
+a(z)up + b(x)[uy + ve] + c(z)vyp) dug
(&% a— ﬁ — a
- | (@0 + 1@l o ) do,
M
Hence, a critical point of I is a weak solution of system (1.1) and re-
ciprocally. Moreover, by the coercivity condition (1.6), it is easy to see that

I satisfies the geometry of the Mountain Pass Theorem, that is, there exist
p >0 and R > 0 such that

I(u,v) > p whenever |(u,v)| =R, (3.1)

and there exists some (4, 0) € H with ||(@,?)|| > R and such that I(@,9) < 0.

Now, for some pair (@, ?) satisfying the second condition above, we con-
sider the set T' = {y € C([0,1],H) : v(0) =0 and v(1) = (@, ?)}, and so we

can define the minimax level

c:=inf sup I(y(t)) > p. (3.2)
7€l p<i<1

Next, we will estimate the level ¢. This will be a very delicate result.
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Lemma 3.1. Suppose that (1.7) holds, then

Sn/Z

0<c< W, (33)

for some par (4,0) € H, where ¢ is defined in (3.2).

Proof. Initially, we will verify that there exists (u,7) € H such that

S
(max,y f)2/27

Qw,v) < (3.4)

where @ is defined by
Jor (IVul2 4 [V]2) dug + [, (a(z)u?® + 2b(x)uv + c(z)v?) du,
(S @)l ol o, )"

for (u,v) € H with [, f(z)[u|*|v|’dvy > 0.

The proof will be done considering the cases n > 4 and n = 3.

Let x9 € M be a point such that f(xg) = max{f(x) : € M}. We denote
by Bs(zo) the geodesic ball of center xy and radius ¢, with § € (0,4,), where
i4 is the injective radius of (M, g). We choose ¢ enough small if necessary such
that f(x) > 0 on Bas(zo). In normal coordinates we can write the following
expansions

Qu,v) :=

M@ )? = hzo) +r°0(1),
P = fleo) + 50l wo)e'ad + 000, (g

Vdet(g)do = wp—1 (1 - %72 + r4O(1)> )

where det(g) is the determinant of the components of the metric g and h =
2—*a—|—2rb+ ¢, with @ € (0, 1) such that h € C%?(M), and n € C§°([—24,26]),
withn=11in [-4,d] and 0 <n < 1.

Now, for n > 4 and € > 0, we consider the following sequence of functions

1(dy(, 70))
(e + dy(x, 20)2) (272

Sn—1

ue(x) =

(3.6)

For 0 < p,q < oo, we put I := / t?(1 + t)~dt, and then it holds that
0

n=2 0 rn-2)/2 wr




Vol. 78 (2023)  On Solutions for Strongly Coupled Critical Elliptic Systems Page 13 of 34 91
When n = 4, from [3,4], we get
/M [Vue(z)|2dvg = 2wse™ " (If + 2—14Rg(x0)elne + o(e lne)) ,
/ h(@)ue(z)?dv, = —?h(xo)lneJro(ln o), (3.8)
/ f(@)u(z)dv, = f( o)} (1 - —R g(x0)e+ 0(6)) .
Now considering &, > 0 such that % = ﬁ, we obtain

(& + ) [ [Vuelidvg + [y, [2a(z) + 26¢b(z) + (Pe(z)] ufdvg.
(£9¢P)2/2" ( [y Flw)u2 dvg) ™

_ (62 +¢H Jar [Vueldvg + [y h(@)uddug

(€ (fyy Sy dvg)™”

Then, by (3.8) and (3.7), it follows that (for ¢ enough small):

Q(&ue, Cue) =

Q(&ue, Cue)
_ (&2 +¢?) [w314 + elne( g(x0) — 6h(z0)) + o(elne)]
(€x¢P)/? [“;f@:o)fi(l — Ry (@)e+0(e))]"/?
(e, B) [2wsI?+ “2elne(Rg(zo) — 6h(x0)) + o(elne)]

- f(zo)/2 K32wsI? [1 — 5 Ry(x)e + o(e)]
_ k(a, B) K241 Z2elne (Rg(wo) — 6h(w0)) + o(elne) + 53 R g(x0)e+ o(e)
J(zo)t/? K322w3I3 [ — R g(x)e+ o(e)]

_ k(a, B) K724 Teelne(Rg(xo) — 6h(x0)) + o(eln €)
f(zo)t/? K32w3l3 [1 — L Rg(z)e + o(c)]

_ /‘C(Ot,ﬂ) _ K_2
= Fwo)1/? {K4 24 2412 elne(Ry(zo) — 6h(x0))

n elne)
K32w3l? [1 — L Rg(z)e +o(e)] |’

8/2* /2"
where s(a, 3) = [(g) + (g) } Consequently, as 17 = fo (1+t

% we reach
elne (Ry(zo) — 6h(z0)) + o(elne).

(3.9)

S* S*
Q(§ue, Cue) < F(20)1/2 * 8f(x0)'/?
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For n > 4, from [3,4], we have

—2)2 +2
/ Ve 2dv, = M]g/zwnfle(z_n)/z (1 _ LRg(xo)e + 0<€)) 7
M

2 6n(n —4)
2(n—2)(n—-1
| o, = DD 1)l o),
(w)uf*dvg _ Ynot f(acU)I,(l"_Q)ﬂe_"/2 (1
M 2
1 Agf(xo) Ry (1‘0)) )
- - + e+o(e) | .
oy (€
Thus, similarly to what we did above, we find that

S, S,
Q(Eue, Cue) < T n = Dnf oo™
" <0l4)Agf@m)
2 (20)
+ole). (3.10)

+ Ry(wo) — =2

Now, we recall, by (1.7), that

n—2 (n—4)(n—2) Ayf(zo)
—R
T R R VI ()
for n > 4. Then, by (3.9) and (3.10), it follows, for € sufficient small, that (3.4)
holds.
Now, we consider the case n = 3. As a,b and c satisfy the condition

(1.6), it follows that —A, + h is a coercive operator. Then we can consider
Gy M\{zo} — R the Green function this operator, that is,

—AyGyy + hGypy = day,

h(l’o) <

where d,, is the Dirac mass at zg. It is well known that for = close to z¢ we
can write

1
w2dg (1.7 1’0)

Gy () = + m(zo) + o(1).

Next, we will use Druet’s idea [9]. By using the cut-off function 7, we can
write G, as follows:

n(dy (2, 20))

wo Gy, () = 4, (. o)

+ wp (), (3.11)

where wy, € C72(M\{zo}). In M\Bj(zo), we have

n n
— A h =A —h . 12
gton I = Bg (dg@c,xo)) ay(@, 20) (3.12)
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And, in Bs(xg), we write in normal coordinates

Or(In(det(g))) 1
- A hwp = — —h . 3.13
gWh MO 2dg(z,20)? dg(x,zo) ( )
In particular, we have that the right side of the above equation is in L*(M)
for all 1 < s < 3, so by standard elliptic theory, w, € C°(M) N H'(M) and
moreover wy(xg) = wam(xzg) (for more details see Druet [9]).
As we have assumed that h < LR, (see (1.7)), there exists G, the Green

function of —A, + § Ry, and as above we can write

o oy M)
waGy, () = dy (z, 7o) + w(x). (3.14)

Now, note that

1 _ 1 _
7AQ(E - wh) + gRQ(@ - wh) - WQAQ(G% - Gro) + w2§R9(GIo - Gmo)

1
-~ <h - SRg) woGy < 0.

Green’s Formula and the hypothesis h < %Rg (but not equal) gives us

(W —wp)(y) = /M Gy () (h(w) - ;Rg(a:)> waGgy(x)dvg <0, (3.15)

so, W(y) < wp(y), for all y € M, in particular, as W(zg) = wemm(zg) > 0 it

follows that wp(zg) > 0 (here m(zg) is given by the expansion of G, in a
neighborhood of zg, and the positive mass theorem garantee that m(xzg) > 0,
see [24,25].

For € > 0 and = € M, we define the function

ve(x) = €/ (ue(x) +wn(2)),

where u, is the test-function defined as (3.6).
As we did in case n > 4, we estimate Q(&ve, (v, ). For this we will estimate
S (IVel2 + hoZ)dg and [, f(x)vldv,. First, note that

[ (90l + o2y = [ fod=Bg00 + hudd,
M M
e /M U20(~Ayn) — n(V, VU2)y + hiPU2]do,
+ €l/? / UQUE(—AgUe)dvg +€l/?
M

/ (—Agwp, + hwy) (wy, + 20U )dvg,
M
(3.16)

where UE(Z') = W.
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Note that we can write
1 €
U2(z) = - . 3.17
(@) dg(x,20)?  dg(z,20)?(e + dg(z,20)?) ( )

With that we calculate:

61/2/ U2n(—Agn)dv, = 61/2/ n(=Aqn dv + o(e'/?), (3.18)
M M q(x,x
61/2/ n(Vn, VUZ),dv, = ¢ 2/ 77<V77, ( 2>> dvg+0(el/2),
M M (2, x0) g
(3.19)
2
61/2/ h?U2dv, = 61/2/ h—dv, + o(e'/?). 3.20
o n € g M dg(l‘,l‘o)Q g ( ) ( )

Now, as in normal coordinates the Laplaaan of a radial function F' can be
: _ — 1 = 1
written as follows —AyF e \/W \/det(g)0,F), we have

— AU = —AU. — 0-(In/det(g))0, Uk, (3.21)

where —A is the Euclidian Laplacian. Since —AU, = 3eU?, and using (3.17),
we get that

/ nQUE(—AgUg)dvg
Bs(wo)
= / Uc(—AU, — 0-(In+/det(g))0,U.)+/det(g)dx
B;5(0)

(1 (U2
= 36/ dea:+0(51/2)_|_/ d-(Indet(g))0 (Ue)dvg
35(0) B(;(zo) 4

o 2 Or(Indet(g))
= 3¢ V2% / Sids—k/ o dv, + O(e'/?).
* Jo (1+s%)3 Bs(zo) 2dg(x,20)? I €

So,

/ DU~ A U.)dv,
Bs(zo)

3 /2 —1/2 / 9y (Indet(g)) 1/2

= —wyl;' € + —————2dv, + O(e /7). (3.22)
2 ’ Bg(mo) 2dg(xax0)3 J

Now, writing that

1

Uelw) = dg(z, o)

dg(xv 1'0)(6 + dg(.’E, x0)2)1/2[d9(x, (E()) + (6 + dg({E, m0)2)1/2] ’
(3.23)
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we have

/ U (AU, )dv,
M\Bs (o)

2

n 1 ) 1/2
A dv, + O(e /). 3.24
/M\B(;(xo) dy(z,z0) "’ (dg(ﬂfawo) yTOET). (3.24)

So, we get that

3 Or(In det
l/2 /M nQUe(—AgUe)dvg _ §w21§/2 +€1/2/ (Indet(g))

dv
Bs(xo) 2dg(x,20)% 7

2 1
_51/2/ n A ( )d’U —|—O(61/2). (325)
M\ Bs(x0) dg(l‘,xo) 7 dg(%xo) g

Finally, we calculate

/ (—Agwp + hwp)(wy, + 20U )dvg
M

21
= /]w(—Agwh + h’UJh) <’LUh + M) dUg
+/ (=Agwp + hwp)
M

2n
s dvg,
(“” T 8, (@ 20) (e + dy (2, 20)2) 2 [dy (2, 70) 1 (e dw,xo)lﬂ]) Yo

first, by (3.11), we have
n
—A h — ) d
/M( gWh + wh) <wh + d($,$0)> Vg
= / (—Agwp + hwp)waGaydvg = wawp (o). (3.26)
M

Second, we get from Eqs. (3.12) and (3.13) that

/M(ngwh + hwp,) (d(x"xo)) dv,
=~ o Carea? + o)
_ du,
(d(%%)) . i L D
+/M\B(s(:60) ( ! (%(%%)) dg(:v,xo)) (d(w,m@) 9
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so, we have

2

U] 1 Ul
+/ [ A ( ) + A n} dv
M\Bs(z0) Ldg(x,20) 7 \ d(z, z0) dy(x,10)2 7 I

1
+/ n <vn, v <) dv
M\Bs (z0) dg(z,x0)? 7

9
Now, using the obtained in (3.18), (3.19), (3.20), (3.25) and (3.27) in the
Eq. (3.16), gives us the following estimate

(3.27)

3
/ (\ngeﬁ, + hv?)dv, = 50.)2[:%/2 + wowp (z0)e? 4 o(e'/?).  (3.28)
M
Now, we estimate [, f(x)vldv,.
/ f(2)v8dv, = 63/2/ f(@)[ul 4+ 6ulwy, + 15utwi + 20udw; + 15u?w)
M M
+ 6ucw) + whldv,

= 63/2/ f(@)[ul + 6ulwy, + 15utw?]dv, + o(e'/?).
M

(3.29)
Using the expansion (3.5) in normal coordinate,
/ f(@)ubdv, = f(xo)/ dex—I—O(l)/ USr?dx
M B (zo) Bs(xo)
+/ f(a)uldu,
Bas(w0)\Bs (o)
= 2 ) I 4 0 + o),
so, we have
[ snitn, = 2zt o) (3.30)
M
Similarly, we get
/ 6f(z)ulwydv, = 3w2f(xo)wh(xo)e*11';//22 +o(e71/2). (3.31)
M

Also, we calculate

/ 15f (z)utwidv, = 15(,«12f(avo)wh(xo)2671/2121/2 +o(e71/?). (3.32)
M
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From what was obtained in (3.30)—(3.32) and the fact that WQI;//; =2 [;, Updx
=2 [ (AU )dz = 2w, we have that

F(a)wdv, = % F(2o)IY? + 2wawn (o) f(z0) €2 + o(e/?).  (3.33)

Now, we can calculate Q(&v,, (ve) for e enough small, by the Egs. (3.28)
and (3.33),

S (1Yol +hw?)dg %wgll/Q + wowp (w0)€/? + o(e'/?)

([ f(@)v8duy) /3 (%f( OV IY2 1 2uwp (20) f (2 )61/2+0(61/2))

%wﬂ;/z + wgwh(a:o)el/2 + o(e'/?)

1/3

1/3 J
Flao)/3 (2 17) 7 (14 2slde/z 4 o(e1/2)

3
1/3
as Il/2 = %Ig’/Q and ( w 13/2) = KTgwgfg/z (see (3.7)), we get that

I (|Vve|2 + hov?)dg B K;? wawp, (z9)e'/?

(far £ ”6d”9)1/3 RICORS 92 1372 + 2wywy (20)€/2 + o(el/2)

As wp(zg) > 0, then

Q(€ve, Cve) < [(g)m + (g)a/ﬁl f(i{j;/g (3.34)

Therefore, we obtain (3.4), when n = 3.
Now, in order to prove (3.3), we define for any ¢ > 0 the following func-
tional:

I (t€ue,tCu.), when n >4
B(t) ( )
I (t€ve,t¢v), when n =3

*

2 2
%Xus — %YHF, when n > 4

%XUE - t;—:YvE, when n = 3,
where X, = (62 + ¢?) [y, [Vul2dv, + [, [€%a +2£¢b + (Pc] u?dvy and Y, =
§aCﬁ fM f(l")UQ*dUg-

We want to find ¢ty > 0 such that ®'(¢g) = 0, that is, such that to X —
tg*le = 0. Hence,

X (n—2)/4
( ;) , when n >4

X, 1/4
(Yw) , when n = 3.

to =
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Therefore, ¢y is the only critical point of ® and since ®(t) — —oo0 as t — oo,
then ¢y is a maximum point for ®.
Note that, by the above calculations, we get

Blto) = L (Q(€uc(x), Cuc(2)))"?, when n > 4
v % (Q(gvev Cve))g/Q 5 when n =3
S/?
<

nf (o) =272

Choose t; > to large such that ®(¢;) < 0 and write @ = t1€uc(x) and 0 =
t1Cuc(z) when n > 4 (and @ = t1€v. and © = t;{v. when n = 3). So,

0<c=1inf sup I(y(t)) < sup I (tt1€uc(x),tt1Cuc(z)) (we use ve if n = 3)
t<1

vel ogt<1 0<t<
= sup P(tty).
0<t<1
< (I)(t0>7
which proves (3.3). This completes the proof. O

We now have the tools for the proof of Theorem 1.1.
Proof of the Theorem 1.1. By Ekeland Variational Principle, there is a se-
quence {(tm,vm)} in H such that
I (U, vm) — ¢ and I’ (U, vm) — 0. (3.35)
Now note that

I('U/m;vm) - I/(Um,’l)m) : (Um,’Um)

2%
1
== /M [|VUm|§ + \va|£27 + a(z)u?, + 20(2)Up v + C(z)vfn] dv,.

Thus, by the coercivity hypothesis (1.6), we obtain that {(t,, v.,)} is bounded
in H. Hence, there exists (ug,vo) in H such that, up to a subsequence,

(Ui, V) = (uo,v0) in H;

(U, Vm) — (ug,v0) in L2(M) x L*(M);

(um (), vm (z)) — (uo(z),v0(z)) a.e in M. (3.36)
It is easy to see that f(2)[tm|* 2ty |vym|? is an uniformly bounded sequence in
L?/(Z"=1(M) and converges pointwisely to f(z)|uo|*2uo|vo|?, from Lemma
4.8 in [22], we have

F @) * 2t om|” = f () ol uolvo|” in L*/E (1)
(3.37)

Similarly we obtain the same for the sequence f ()|t | Vm|vm|?~2. As I’ (tp,
Um) - (@, ) = om(1), for all (p,v) € H, by using (3.36), (3.37) and letting



Vol. 78 (2023) On Solutions for Strongly Coupled Critical Elliptic Systems Page 21 of 34 91

m — oo, we reach that I'(ug,vg) = 0, that is, (ug,vp) is a weak solution of
(1.1).

The next step is to prove that ug # 0 and vy # 0.

First, let us see that ug = 0, if and only if, vg = 0. Indeed, if ug = 0, then
—Agvg + ¢(x)vg =0 in M. So by coercivity hypothesis (1.6), we have that
Vo = 0.

If up = 0 and vy = 0, we write 7 = mh£1>0 y (IVum 2 + [Vom|2) dvg.
Since I’ (U, Um) * (Um, Vm) = 0 (1), then we get

lim F(@) |t |* o [P dvy, = lim / (IVum |2 + [Vop|2) dvg = 7.

On the other hand, since I(ty,, vym) = ¢ + 0, (1), then we get 7 = ne.
Now, by Lemma 2.1, we know that there is a positive constant By such

that
2/2*
( / f<z>|um|a|vm|ﬁdvg)
M

< f(xO)(n72)/n [8;1 (HVUmllg + ||va|\§) + BOH(unvam)Hg] .

Thus, passing to the limit in the inequality above and using (3.36), we get
(nc)?/?" < f(x0)"=2/"S nc. Hence,

S?
c2> (o) D2

But, this contradicts the estimate obtained for the level ¢ in Lemma 3.1. There-
fore, ug # 0 and vy # 0. Thus, we conclude the proof of Theorem 1.1. O

Proof of Corollary 1.2. Consider the functional J : H — R defined by

1
J(u,v) = 3 /M [|Vu|!2] + |Vv|3 + a(z)u® + 2b(z)uv + c(z)v?] dv,

5 [ S@hr ),

This functional satisfies the same properties of I. Using the same test functions
to estimate the minimax level and using the same steps as in the previous
proof, one obtains that there exists (ug,v9) € H a nontrivial critical point of
the functional J. Now, we will prove that ug and vy are positive solutions. First,
we denote by u™ = max{u,0} and v~ = min{u,0}. Then, since J'(ug,vo) -
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(ug,vy ) =0, we get
0= /M [[Vug [5 + Vg [ + a(@)(ug ) + b(z)[uovg + ug vo] + c(a)(vy )?] dug
= [ 1@ [ 0 g + B 0 i do
N /M [[Vug [ + Vg [ + al@)(ug)* + b(@)[uovg +ug vo] + c(@)(vg )?] dug
= /M [[Vug [ + Vg [ + a(2)(ug)? + 2b(z)ug vy + () (vg )?] dug
+ / b(z)[ug vy + ug vg]dvg.
M
As b <0 and uf vy +ugvg <0, we deduce that
[ 1905 41905 + o))+ 2b(a)uy v+ (o) )?] oy <0

and consequently by (1.6), we reach uy = 0 and v, = 0. Therefore, ug > 0
and vy > 0. By elliptic regularity theory and maximum principle follows that
up > 0 and vy > 0. O

4. Proof of Theorems 1.6, 1.7 and 1.8

In this section, we will study the case where the combination h = Jra +
2/aBy 1 £

notamons and definitions. Considering the functional Fj, : H — R given by

2= c is less than or equal to 4( )R We will begin by recalling some

Ep(u,v) = / (IVul2 + [Vv[2) dvg + / (au® 4 2buv + cv®) dvy.
M M

and constraint set Aa’ﬁ ={(u,v) € H : [, f(@)|u|*|v|?dvy =1} .

Note that Ej is bounded from below on A?’ﬁ . Indeed, by the coercivity
condition (1.6) and Corollary 2.2, we have

2/2" c
Ep(u,v) > Col|(u,v)||* > C / uo‘vﬁdv> >
o) = Collw )P =€ ([ il ) >
for all (u,v) € A;"B. Thus, we can consider
Sl = inf  Ey(u,v). (4.1)

a,pB
(u,v)EAT
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If there exists (u,v) € Aa”g which achieves the infimum S( ’ﬂ), it turns
out that (u,v) will be a weak solutlon of the following system

—Agu + a(z)u + b(z)v S}“,;ﬂ > 22 f@)ulul*=2w)? in M,

—Agv + b(x)u + c¢(x)v S(a’ﬂ 2? (z)v|v[P~2|u|* in M.

(4.2)

In order to achieve the existence result we need to recall some results
due to Escobar—Schoen [13], Aubin—Hebey [5] and Hebey—Vaugon [17] for Pre-
scribe scalar curvature problem, which prove that f is the scalar curvature of
a conformal metric (see also [4]).

Before, let us remember that, when maxy, f > 0 it is known that Ay (M, g)

) e, where Ap(M,g) is defined in (1.12), and if A;(M.g) <
&%7 then there is ¢ € C°° with ¢ > 0, fM 7)p? dvg = 1, and
such that

_ 2, N=2 B oo
Af(Mag) - /M <|V¢g + 4(77/— 1)R990 >d’l)g,

that is, ¢ is a positive solution of the equation —Agju + 4( )R U

= \s(M, g) fu® ~'. Therefore, § = ¢* ~2g is a conformal metric to g, where

f = R is the scalar curvature of the metric g, and moreover, \f(M,g) =
g f

Ar(M, g).

Theorem A (Escobar—Schoen [13]). Let f be a C™ function with maxy; f >0
on a compact riemannian manifold (M, g) not conformal to the sphere with
the standard metric. Then if n = 3,

A(S™)

Ar(M —_—
f( 7g) < (maXM f)2/2*7

and consequently f is the scalar curvature of a conformal metric. The same
conclusion holds for the locally conformally flat manifolds when n > 4 if at a
point xo where [ is maximal, all its derivatives up to order n — 2 vanish.

Theorem B (Aubin-Hebey [5]). Assume that n > 6 and (M, g) is not locally
conformally flat. Let f be a smooth function with maxys f > 0. If at a point

xo where f(xo) = maxys f is such that the Weyl tensor is nonvanishing (that
is, |[Wy(xo)| #0) and Ay f(xo) =0, then if n =6,

A(S™)

M -~ 7
)\f( 7g) < (maXM f)2/2x7

and consequently f is the scalar curvature of a conformal metric. When n > 6
the same conclusion holds. If in addition ‘Agf(xoﬂ / f(w0) is small enough.
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Theorem C (Hebey—Vaugon [17]). Let f be a C*° function satisfying maxys f >
0 and Ay f(xo) =0 at a point xo where f is mazimum. Then

A(S™)
(maxyy f)2/2
and consequently f is the scalar curvature of a conformal metric when n = 4
or 5, unless M is conformal to the standard S™. When n > 6 we suppose that
[Wy(x0)| = 0. The same conclusion holds if AZf(xg) = 0, when n = 6 or
n =17, and when n = 8 if in addition A} f(xo) = 0 or [VWy(xo)| # 0. When
n > 8 the same conclusion holds if [VWy(x0)| # 0 and A3 f(zo) = 0 or when
VW, (o) = 0 if [V2Wy(x0)| # 0 and A} f(xo) = A} f(2z0) = 0, or when all
derivatives of W, vanish at xq if A7 f(zo) =0 for all1 <m < 5 —

Ap(M,g) <

The next result is the first step to prove Theorems 1.7 and 1.8.
S

W! where S* 8
To

Lemma 4.1. If \;(M,g) < f/\(i then S}?Aﬁ) <

@7
given in (1.4).
Proof. Since Af(M,g) < %, from theorems A, B and C, there exists
@ € C>(M) with ¢ >0, [, f(z)¢* dvy = 1 and such that
n—2 A(S™)
(M, g) = Vo2 + —<Ryp? | dvy < ——5. 4.3
f( 7g) ,/M (| w|g+ 4(n_1) QSD > 'Ug f($0)2/2* ( )
Now, consider the following pair of functions (wy,ws) € A}”ﬂ , where wy =
£(€¢?) ™V g and wy = ¢ (€2¢7) 7%, with § =, /4, thus

S}?‘};B) < Eh(wl,wz)
(€ C) s IVl2dvg + i (€%a(@) + 260h(@) + CP(a)) pPdv,

(go¢m)/*
242 - 2
[ s [ (o P+ ) )
Ash=2a+ 22@() + 2ﬁ*c < 4(’;7’_21)}%_(], it follows that
B/2* a2
a, o B
s <[(5) () oo, ()
Consequently,
@o _ [ (" (8] s
Sf,h < ﬁ + o f(1‘0)2/2* )
hence S}%ﬂ ) < f(xfw as desired. Finishing the proof. O

We will now prove the second auxiliary result of this section.
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Sk

Lemma 4.2. ]f S}?};ﬂ) < W,

then there exists (u,v) in A‘;f’ﬁ such that

En(u,v) = S}?};B).
Proof. Let {(tm,vm)} C A?”g be a minimizing sequence for Sj(f,;ﬁ), that is,

Bn(tm, vm) = [([Vtm], [Vom|)I3
+/ (au2, + 2buy, vy, + cv2,)dv, = S ° ﬁ) + om (1), (4.5)
M
where 0,,(1) — 0 as m — oo. By the coercivity hypothesis (1.6), it follows that
{(tm,vm)} is bounded in H. Thus, there exists (u,v) in H such that, up to

a subsequence, (U, V) — (u,v) in H, (U, vm) — (u,v) in L2(M) x L*(M),
and (um (), vm(x)) — (u(z),v(z)) a.e in M. From Lemma 2.1 and (4.5), we

get
2/2*
( [ i@l |vmﬂdvq)
< il

0% STVl [VomDIIE + £ (20)* Bol(tm, vm) 13
< flao)?* S8 + f(w0) % Bull(tm, vm) |3

~ f(@0)?'S; / (@2, + 2b, 0, + 2, )dvy + om(L),
M

where By > 0. Letting m — oo, we obtain that
1< o)/ SIS + f (o) Boll(u, )3 — £ (o) 81
/ (au? + 2buv + cv?)dv,,.
M

Sk

= f(xo)z/z* ,

Then, since S;-?‘,;ﬁ ) we find that 0 < ||(u,v)||3, and consequently,

u #£ 0 or v # 0.
We claim that u # 0 and v # 0. Moreover, (u,v) € A?’ﬁ is a minimizing

for S}?‘A’B ) Indeed, rewriting (4.5), we have

En(u,0) + (I (tm — )], [V (v = 0))I3 = 857 + 0m(1). (4.6)

On the other hand, since 1 = [}, f(2)|tm|*|vy|’dvy, Lemma 2.3 gives us

2/2*
1= (/M f(x)\u|°‘|v|’3dvg + /M f(@) | — u|om, — v\ﬁdvg + om(1)> :
(4.7)
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Now, note that [, f(z)|u|*|v|?dvg > 0, otherwise, by (4.7) and Lemma 2.1,
we would have

2/2*
1< (/ f($)|um—u|avm—v|ﬂdvg> + om (1)
M
< F(20)** STV g (i — W), Vg (vm — v)I3 + 0m (1),

hence,
S < F @) SISV (wm = w)]s [V g (vm = 0))3 + 0m(1).
But, using the inequality above in (4.6), we get
Ep(u,0) = 8857~ (1Y (i — w)], |V (v = 0)])[13 + 0 (1)
< <f<x0>2/2 SIS — D)1V (um — )], [V (0 = 0) )3 + 0m (1),

again as S( B < W, we reach that Ej(u,v) <0, and so u = v = 0,

which is a contradiction. Therefore, [, f(z)[ul|*|v|’dvy > 0.
Now, returning to (4.7) we get

2/2*
1= ( / F@)]ul o] dv, + / F@ltm — 0l om — vl dvg + om(n)
JM J M
2/2" 2/2*
< (/M f(x)|u|a|v\ﬁdvg> + f(z0)?/* (/M [t — | v — U\deg> + om(1)
2/2* i
< (/M f<x>|u|a|v\"dvs) + F(@0)2/2 STV (tm — ), [V (@ — )N IE + 0m (1),

as S;)ah’ﬁ) > 0, then

2/2*
g0 555 ([ vt
+ S50 F (0) STV (i — w),
IV (v — v)])]I3 + 0om(1).
By using (4.6), it follows that
Ep(u,v) < S(aﬁ) </ F(@)|ul |v|ﬁdvg>
+ (S}?,;ﬁ)f(mo)z/z S = DIV (tm — u)|, [Vg(vm — )13 + 0m(1).

Since S}?};ﬁ)f(xo)WQ*S;l —1 <0, we have

2/2*
En(u,v) < S ( / f<x>|u|“|vﬁdvg) |

2/2*
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The lower semicontinuity of E}, implies Ej, (u,v) < liminf Ey (wy,, vm) = S}aﬁﬁ),

and hence 0 < 7 = [, f(2)|u|®[v[’dv, < 1, now writing ug = 77/?"u and
vo = 7 1/2"v, we have
Ep(u,v
Ep(ug,v0) = (w,v) < S} i

2/2+
(Jar F@)ul*lv]Pdug)
with (ug,vo) € A @F By definition of S(a’ﬁ) it follows that Ej, (ug,vo) = S}i’};ﬂ),
so we prove that Eh(u v) = SJ(c B 2/2*

Finally, we can check that 7 = [} f(2)|u|*|v|?dvy = 1, for this, we return
o (4.6) and (4.8). Then

s(/Mﬂx)\qu\deg)z/z + f(@0)?/* ST [S§57 = Bulu,v)

_ (/M f(x)\u]"lv‘gdvg)z/z*

. o 2/2*
+ flao)?/> ST184?) [1 - ( / f(:r)\u\a\v\ﬁdvg) } .
M

=(/ f(x)U|a|v|Bdug>2/2*]

2/2*
(o) 8715 [1—( / f<x>u|a|v|ﬁdvg) ]
M

2/2*
= (<14 f(@o)* s71857) [1 - ( / f<x>|u|%|ﬁdvg) ]
M

As f(xo)Q/Q*S( 28 < S, then Joy f@)ul® |v|5dvg =1.
Consequenlty, we get that (u,v) € Af , which proves that (u,v) is a

Hence,

0<—

minimizer for S h 2 [l
Now we can prove the main results of this section.

Proof of Theorem 1.6. Since S}a};ﬁ) f(‘sﬁ’ by Lemma 4.2 there exists

(up,vo) € Ao"’g such that Ej(ug,vg) = Sf hﬁ) Denote by G = [u f(
|u|*v|Pdv, — 1, where (u,v) € H. Then, there is a Lagrange multlpher A that
satisfies

Eh(u07UO) ( 1][)) AG (UOaUO) ’ (%T/J) - 07 for all (%T/’) € H. (49)
Taking ¢ = wp and 1 = vy above, we have that 2E} (ug,v9) = 2*\, hence
A= %S}%ﬂ) > 0. Therefore, by (4.9), we have that (ug,vo) is a weak solution
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of the following system

—Agu+tau+bv=2_5 ”B)QQf( Julu|*“2[v|? in M,

(4.10)
—Agv+bu+cv = ;?‘,;B)é—ff(x)v|v\5_2|u|a in M.

It is easy to see that the pair ((25}?};’8))1/(2*_2)%, (25;?‘,1’6))1/(2*_2)00) is a

weak solution of system 1.1. This completes the proof of the theorem. 0

Proof of Theorems 1.7 and 1.8. From Theorem B and Theorem C together
with Lemma 4.1, it follows that S}‘fh’ﬁ ) < W Thus the proof follows
similar to Theorem 1.6. O

Let us introduce some notations before of the proof of Corollary 1.9. Let

A?”f = {(u,v) €H: /M fl@)(uh)*(wT)Pduy = 1} and SJ(CO‘hBJ)r

= inf  Ep(u,v).
(u,v)GA(f!_’f

Then, if b < 0 in M, it is easy to see that Ej(|ul,|v]) < Ej(u,v), so if
(u,v) € Aa’ﬁ then (|ul, |v|) € A‘;’f, and therefore we deduce that thl <
S](ca};ﬁ Then, by Lemma 4.1, we have Sf h + en )2/2* . Moreover, we claim

that S;?;;g > 0, indeed,

2/2*
Be) 2 ol 2 ¢ ([ i) 2o [ wheetya,)
M
>_ ¢
= TG0
for all (u,v) € Aa’ﬁ

Proof of Corollary 1.9. Let {(tm,vm)} C Aa’ﬁ be a minimizing sequence for
Sj(co‘h’ﬂ - Arguing similarly to Lemma 4.2, we obtain a pair (u,v) € A buch
that Ep(u,v) = S}ahﬁ_e_, with v # 0 and v # 0, where u,, — w and v,, — v
in HI(M) Now, we clalm that v > 0 and v > 0 in M. Indeed, if we consider
G4 (u,v) fM ) (vF)Pdv, — 1, there is a Lagrange multiplier A such
that

By (u,v) - (p,%) = MG (u,v) - (¢,9) =0, for all (p,¢) € H.  (4.11)

Taking ¢ = u~ and ¥ = v~ as test functions above, we have
2Ep(u”,07) + 2/ buTv™ +u v")dv, = 0.
M

Since b < 0, it follows that Ej,(u",v~) < 0, hence v~ = v~ = 0. Thus, we
conclude that u > 0 and v > 0. Considering ¢ = u and 1) = v as test functions
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n (4.11), we get 2Ep(u,v) = 2*X > 0, and consequently A = S](CQA5+ > 0.

Therefore, ((25}?,;’2)1/(2*_2)11, (25}?,;’2)1/(2*_2)1)) is a weak positive solution
of system (1.1), because the elliptic regularity theory gives us « > 0 and v > 0
in M. g

Proof of Corollary 1.10. Here, we assume that b = 0,a = ¢ = (n—2) Ry and

4(n—1)
f > 0. We claim that
8/2" a/2*
a B
- — Me(M, q).
<ﬁ> +<a) ] sM-9)

Indeed, from of the proof of Lemma 4.1 (see (4.4)), it is sufficient to prove

that
B/2* a/2*
(a.8) o 5]
Stn 2 [(5) + (a) ] Ar(M, g).

In order to achieve this goal, let {(tp,, vm)} C A;"ﬁ be a minimizing sequence
for $1%7) that is,

n—2
[ (sl + gl + =Ry 442 )
=57 4 0 (1). (4.12)

Define w,, = t,, vy, where t,, > 0 is chosen so that

/ F (@) ? iy = / F(@) |l doy.
M M

By Young’s inequality, we get that
= [ @l v, < 5 [ g@lun oy + 5 [ f@hwnl v,
M M M

/ £ (@) m 2 dvy = / F(@) [wm 2 dv.
M M

(o) _
Sf(,lh -

(4.13)
Using (4.13) in (4.12), we have
Jor (IVuml + [Voml3) dvg + [, ﬁRg (u, + v3,) dvg
(Jar F@lum| || dvg)*™
Ty <|Vum|2 oo 1)R um> dvg
(Jar @)l | dog) >

\Vwm|2 n=2_p wfn) dvg

4(n—1)

(fM ‘me*dUg)z*

> (20727 42PN (M g).

S5+ om(1) = 127

> 20/

-_ "m

4+ p28/29)-2 fM (

m



91 Page 30 of 34 N. de O. Sousa and M. de Souza Results Math

. . 2p/2"
On the other hand, it is easy to see that ¢27/2" 4 ¢(26/27)-2 > (\/%> +

20/2"
< ﬁ) , for all ¢ > 0. Therefore,

8/2° a/2*
S}?ﬁﬁ)zl(;) +<§) 1)\f(M79)-

Thus, Corollary 1.10 follows by Lemma 4.2. O

5. Case S™

Let (S™, go) be the n—sphere, where go is standard metric of ™. Due to the
argument of Escobar and Schoen in [13] we can prove:

Lemma 5.1. Let I' be a nontrivial finite group of isometries of S™ acting with-
out a fized point on S™. Write (M = S™/T, g), where g is the metric induced by
7 :S" — S"/T covering map. Let @,b,¢ and f be functions in M satisfying
the same assumptions of Theorem 1.8. Then we have that

Proof. By hypotheses about T" it is known that M = S™/T" is a compact Rie-
mannian manifold locally conformally flat, which is not conformally diffeo-
morphic to S". From Theorem C, we have A\¢(M, g) < AS™)/f(x0)?/?", and
consequently

[CHEI S*
s (sm/1T) < T

as desired. O

Proof of Theorem 1.11. By Lemma 4.2 and Lemma 5.1, it follows that there
exists (Up,Tp) € H weak solution of system (1.1) for (M = S™/I',g). Since
a,b,c and f are invariant under I' (and recall that 7*¢g = go and Ay (uvom) =
(Agu) om, for u € C*(M)), then writing ug = U o w and vy = Ty o  we have
that (ug,vp) € HY(S™) x H'(S") is a weak solution of the system

—Agou+au+bv= gf(m)u\u|a*2\v|ﬁ in S™,

2*

(5.1)

—Agv+bu+cv= gf(x)v|v\ﬁ’2|u|a in S™,

which ends the proof of the theorem. O
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Proof of Corollary 1.14. As a consequence of the assumptions, from corollary
1.13 we immediately have that S(®#)(S") = S,. Let ¢ € C°(S") be a min-
imizer for A(S™), we can to see that (£p,Cy) is a minimizer for S(®%)(S™).
Indeed, notice that

Qép, ¢v) @+ ) (IVael3+ 2572 0l3)
2/2 «a 2/2% 2 = Ox.
(Jon elolCiplPdug ) > (€267 Tl
(5.2)
So, (£p,Cp) is a solution of the system
—Agyut "2y = SEA(S™) Zulul* 2ol in S,
(5.3)

ngoern(n Dy = §leh) (S”)6v|v|ﬁ 2u/* in S™.

Hence the rescaling ((S(@) (S?))1/ 2 =2¢p, (58 (§7))1/ 2" =2)¢ ) is solution
of system (1.1). Therefore, we have infinite positive solutions for system (1.1),
because for xg € S" fixed, and any p > 1, the functions

2—n

Pp.ao () = (p—cosr) 2 (5.4)

are minimizer for A(S™), with r = dg,(«, z¢) (for more details see Theorem 5.1
n [15]).

On the other hand, if (u, v) is a minimizer for $(*%)(S"), with u,v € C*,
u,v >0 and [, u*v?dgo = 1. Let o : S"\{Py} — R™ be the stereographic
projection, where Py is the north pole of S, since (¢71)*(gg) = Ut/ (n=2)4

where U(y) = ( 2 >(2in)/2

S and g is the Euclidian metric. So, we have

-2
S, = / [VUL%O + |V1}|ZO + %(u2 + v2) dvg,
s (5.5)

N / [¥](wo o™ YU +[V[(wo o™HUIP] du,
and
[ uvtav, = [ (oo (e s 0 dn, <1 (50)

Consequently, (u,) is a minimizer for S, where 7 = (v oo 1)U and v =
(voo 1)U, that is,

«
—Au =38, 2—*H°‘_165 in R”,

p (5.7)
—AT = 8*2—*5%5—1 in R”.
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From Theorem 1.3 in [12], it follows that

_ €0 (n=2)/2 _ o (n—=2)/2
-6 () vt ()

€5+ |y — yol? g5+ |y — yol?

where yg € R™, g > 0 and &1, > 0 satisfying

o _
fln(n—2) :S*§ il 1C1I6,

Gnln—2) = 8. D erd,

ad =[]

so, a simple calculation gives us

-0 =
oM

a=Sg (a);v
G1 B

Therefore, by definition of w and T we get that u = gl v. Then §1 u is positive

solution (up to a rescaling) of the equation —Ag w + % = w? " in

S™. From Theorem 5.1 in [15] then up to a constant scale factor, u is of the
following form, u(z) = & (py — cosr) =", so, v(z) = (1(po — cosr) 2", where
r = dg,(x,z0) and pg > 1. This complete the proof. 0
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