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Abstract. We show generic existence of functions f in the Hardy space
H?(0 < p < 1) on the open unit disc whose primitive F(f) satisfies the

fp and every A, B € R, A < B it holds

following. For every a > 1

B .
sup / |F(f)(re')|*df = +o0.

o<r<lJA
Results of similar nature are valid when the space H? is replaced by
localized versions of it, 0 < p < 1, or intersections of such spaces.
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1. Introduction

If there exists an object with a “bad” property, then a general principle is that
there are many such objects and their set is big in various senses. For instance
the set of irrational real numbers is uncountable while the set of rationals Q is
countable. Also R \ Q is bigger than Q with respect to measure or category.
A classical result in the theory of Hardy spaces in the unit disc states
that if 0 < p < 1 and f € HP then its primitive F(f) belongs to H? where

q= 1L Furthermore, if a > ¢, then there exists g € H? such that F(g) ¢
H®. According to the previously mentioned general principle we show that
there are a lot of functions g € H? with F(g) ¢ H® and that their set is a

G5 and dense subset of HP. Furthermore we show that the function g may be
chosen independently of a (a > ¢) and that generically their primitives do not
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belong, even not locally, to Hardy spaces of higher order a > ¢q. We also obtain
similar results when HP, 0 < p < 1, is replaced by localized versions of it, or
intersections of such spaces.

In order to prove the above results we use a result of M. Siskaki which
roughly speaking states that under some assumptions, if an unbounded func-
tion exists, then their set is G5 and dense in a topological vector space, not
necessarily complete. Thus, our first result does not use the completeness of
the Hardy spaces. However, more advanced results make use of Baire’s theo-
rem and we need the completeness of the space. Those results are results of

topological genericity. We also prove a result of algebraic genericity; that is we
show that the set of g € HP (0 < p < 1) such that for a precise a > g = %

-P
the primitive F'(g) does not belong to H®, contains a vector subspace except
0 dense in HP. We have not been able to obtain spaceability; that is whether

the set of ¢ € HP, 0 < p < 1 such that for a precise a > ¢ = 1L the
-P

primitive F'(a) does not belong to H®, contains a closed infinite dimensional
vector space except 0 in HP.
The organization of the paper is as follows, Sect. 2 contains all preliminary
results needed for the proofs of our results, which are contained in Sect. 3.
For the use of Baire’s theorem in mathematical analysis we refer to [4,6].
For algebraic genericity and spaceability we refer to [1,2].

2. Preliminaries
Let D ={z € C: |z| < 1} be the open unit disc. A holomorphic function f :
1 2 )
D — C belongs to the Hardy space H? (0 < p < 400) if sup —/ |f(re?)|P
&@<12ﬂ' 0

df < +oco. It belongs to the Hardy space H* if sup |f(z)| < +o0o. The space
|z|<1

H*® endowed with the supremum norm on D is a Banach space, but polyno-

mials are not dense in this space. For 1 < p < 400 the space HP endowed with

the norm
1 27 0 1/17
17 = s {50 [ Lretypan)
0 ™ Jo

<r<1

is also a Banach space. Then for f,g € HP their distance is

1 2 A ‘ 1/p
it = sw {5 [0 < gtretpan] L 1< p< o
o<r<1 L 4T Jo

For 0 < p < 1 we endow H? with the metric

1 2w

dp(f,9) = sup o [ |f(re’) —g(re®)[Pdd, f,g€ HP, 0<p<1
0<r<1 47 Jo
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and then HP becomes a topological vector space endowed with a metric invari-
ant by translation which is complete (F-space). For 0 < p < +o0 polynomials
are dense in HP. Also convergence in H?, 0 < p < 400 implies uniform conver-
gence on each compact subset of . All above is well known; see for example
[3,8].

For a,b € (0,4+00], a < b we have H* C H® and the injection map is
continuous. Jensen’s inequality implies that the map

1 2 ) 1/a
a — sup {—/0 |f(rele)|ad9}

o<r<1 \2m

is increasing. Obviously we also have

2 . /
sup {5 [ 1rreypan} " < sup 171

o<r<1 \2m 2|<1

Next for 0 < a < +00 we consider the intersection ﬂp<a HP.
Convergence in this space is equivalent with convergence in all spaces H?,
p < a. Equivalently, we consider a strictly increasing sequence p,, converging

to a and the metric in (,_, H? is defined by

o0

B 1 d, (f,9)
U0 =3 gty g Lo N

This space is also complete, in fact an F-space. Obviously convergence in
ﬂp <o H? implies uniform convergence on each compact subset of D.

Proposition 2.1. Polynomuals are dense in ﬂp<a H?,| for everya, 0 < a < +o00.

For the proof it suffices for f € (,_, H” to control d,,(f, P), for n =
1,...,N for any finite N. Because of the monotonicity of the map p —
I : , 1/p
sup {— / |f(ret?) — P(reza)|pd0} is suffices to control d,, (f, P). But
o<r<1 L2m Jg
this is possible, because polynomials are dense in HPN since py < +00. Thus
Proposition 2.1 holds.
Next we present localized versions of the previous spaces ( [9,10]).

Let 0 < p < 400 and A, B € R, A < B. Then a holomorphic function

B

; db

f:D — C belongs to H[”A pp if sup / |f(re’®) P —— < 400 and to
’ 0<r<1J/JA B-A

Hp§ g if sup  sup |[f (re'?)| < +o0. Because of the monotonicity of the
’ 0<r<l A<6<B

function a su { /B |f(re?)| a0 }l/a it follows H®, 5 C HY 5 for
— J—
02re1 U B-A (4,81 < Hia gy

0<a<b<+4oo.
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Convergence in H, [134) Bl of a sequence f, towards f where f,,f € H &7 Bl
is equivalent to uniform convergence on all compact subsets of D and

b L 1 do 1/p n — +0o
sup {/ | fr(re?®) — f(re’9)|pB A} 0 for 0<p<+4oo
0<r<1 A —

and  sup sup |fn(re’?) — f(re’?)] 22250 for p = +oo.

0<r<1 A<9<B

The metric giving this topology in H & Bl is defined by

B ) . 2 1/p
dp,[A,B](f,g) = sup {/ |fn(T€zG) —g(r619)|p . Bd_A}

o<r<1 A
- | |sup |f(2) — g(2)]
<1-1
— for 1<p< -+
Z 2n sup [ f(2) — g(2)|
IZISl—%

B 260 0\ |p do
dp,(a,5)(f,9) = sup |[f(re™) = g(re™)IF 5—

o<r<1J A
s 1) (o)
lz|<1-%
+ — for 0 <p<1 and
2 271+ sup [f(2) —g(2)]
l2|<1— %

w.[4,8](fr9) = sup sup [f(z) —g(2)]
0<r<1 A<6<B

sup [f(2) —g(2)|

1 Jz=1-2 ‘ n
— or p = +00.
— 2" 1+ sup |f(z) —g(2)]
" |z|<1—21

Obviously, convergence in H [114 B] implies uniform convergence on all compact
subsets of D. Also for 0 < a < b < 400 the injection map H}, g C H[‘f4 B 18
continuous. Finally these spaces are complete, in fact F-spaces and H? (A.B] =
H? when B — A > 27 and in general HP C H[A B’ prOVIded A< B.

Let 0 < a < +00. Convergence in the space ﬂp <a [ A,B] is equivalent to

convergence in all H? [ for p < a. A metric in [ compatible with

A,B]
this topology is given by

p<a [A,B]

ii p,“AB](fv )
o A 1+dp,, [AB](f7 )

where p,, is any strictly increasing sequence converging to a. This space is
complete, in fact an F-space. Obviously convergence in () __ H, fDA B implies
uniform convergence on all compact subsets of .

p<a
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1
Consider the function ﬁ It is well known that for p > 0, this
—z
function belongs to H? if and only if p < 1; see for example [3]. The same
1
holds for
e’LUJ

—z

for any w € R. If f is holomorphic on the open unit disc we

z
denote by F'(f) its primitive vanishing at 0; that is F'(f)(z) = / f(¢)d¢. The
0

1 )
primitive of the function is —log(e™ — z) which belongs to H? for all
e'LLU

p € (0, 400), but not to H>°. Consider the function =7 >0.1fp >0,

_
(e —2)

this function belongs to HP?, if and only if p < —. For v = 1 we mentioned
that the primitive belongs to all HP, 0 < p < —&-og but not to H*°. For v < 1
the function T belongs to H'; hence, according to Hardy’s inequality

(e — 2)

[3], its primitive has an absolutely convergent Taylor series on the closed unit

disc and therefore, it is in H*. For 1 < ~ the function o belongs to

v
(e —2)

1
H%(0 < 6) if and only if 0 < § < — and the essential part of its primitive is
Y

1
W. This primitive belongs to H” if and only if 3(y — 1) < 1, which
e — 2

1
is equivalent to f < —— =
Y 1-

Thus, if the function 1 < 7) belongs to an H? (which implies

S 1
1_6<11%.Thisisa

1
0 < § < —), its primitive belongs to HT>5 because
g

particular case of the following more general result.

Theorem 2.2. (/3] Theorem 5.12). Let 0 < p < 1 and f € HP. Then its

primitive F(f) belongs to H, where q = % Furthermore, for every a > q

there is a function g in HP so that F(g) ¢ H*. Moreover, for every A, B € R
and A < B we can choose g € HP so that F(g) ¢ HEy g

1

According to the previous discussion, it suffices to set g(z) = S
ew —z

11
with A < w < B and v € [1 + -, f); the last interval is non-void because
a p

a>q:1p and 0 <p < 1.

Theorem 2.2 implies easily the following.
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Proposition 23 a) Let 0 <p <1land f €5, HP. Then F(f) € ﬂ,KQH“f
where q = 1_ . Furthermore, if A < B, there is a function g € ﬂ5<p
such that F(g )géHAB]

b)Iff €N H thenF(f)€ﬂ7<+ooH7.

1
For part a) it suffices to set g(z) = R with A <w < B.
ew — z

In Section 3 we will show that the function g in Proposition 2.3 a) can
be chosen independently of A, B but it will depend on p, 0 < p < 1. In order
to show that the set of these functions g is big we will use a version of a result
of M. Siskaki ([11]).

Proposition 2.4. Let V' be a topological vector space over the field R or C. Let
X be a non void set and CX the set of complex functions defined on X .

LetT :V — CX be a linear map such that for every x € X the function
Vo f — T(f)(z) € Cis continuous. Let S = {f € V : T(f) is unbounded
on X}. Then, either S =0 or S is a Gs and dense subset of V.

In [5] it was noticed that the previous result holds even if 7" is not linear
but it satisfies

T(f +9)@)| < [T(f)(@)] +|T(g) ()| and [T(Af)(x)] = [A[T(f)(z)]
for every scalar A, every f,g € V and every x € X.
The version that we will use is the following.

Proposition 2.5. Let V' be a topological vector space over the field R or C. Let
X be a non empty set and CX the set of complex functions defined on X. Let
T:V — CX be such that

1) For every x € X the function V> f — T(f)(z) € C is continuous.

9) IT(f - )(@)] < [T(f)(@)| + [T(g)(@)| for all f.g€ V andx € X.

3) For every f € V, if T(f) is unbounded on X, then there is a sequence
(An)n of numbers in R or in C, respectively, with A, — 0 asn — oo such
that T( A\, f) is unbounded on X for every n > 1.

We set S ={f € V:T(f) is unbounded on X}. Then, either S =0 or S
is a G5 and dense subset of V.

Proof. The proof that S is a G is omitted, because it follows simply from 1)
and is similar to the proof in [11].
Suppose S # 0 and let f € S. Thus, T'(f) is unbounded on X. If S is not
dense, then there exist g € V so that g ¢ S. Then T(g) is bounded on X.
Since V is a topological vector space it holds g+ A\, f — gasn — +oc.
According to our assumptions we have

T ) (@) = |T(g + Anf = 9)(@)] < [T(g+ M f) (@) + [T(g)(x)]
<|T(g+ M f)(x)[+ M
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for all x € X where M < +o00 is independent of z.
Then for every n > 1 it follows that T(g + A, f) is unbounded on X. Then it
is deduced that g belongs to the closure of S, which is a contradiction. O

We close this section mentioning that a complex function defined on the
open unit disc D of C is called totally unbounded ( [5,7,9,10]) if it is unbounded
on DND(¢o, ) for every r > 0 and (o € ID where D((o,r) = {2 € C: [z—(o[<

r}. If ¢ is continuous on D), this is equivalent to sup sup |g(7’e“9)| = 400
0<r<10€[A,B]
for every A, B € R, A < B. If g is holomorphic on D and totally unbounded,

then g¢ is non-extendable ( [9,10]).

3. The Results

It is a general principle that if there exists an object with a “bad” property,
then most of the objects have this property. In Theorem 2.2 we saw that for

0O<p<landa>gq= % there exists a function g € HP such that its

primitive F'(g) does not belong to H*. We will show that the set of all such
functions g in H? is a G5 and dense subset of H?; that is, we have topological
genericity.

Proposition 3.1. Let0<p<1,a>q= % A< B and W <Y. Then the
p

set {f € H[I;/V’Y] 1 F(f) ¢ Hfy g} is a Gs and dense subject of H[WY]
Proof of Prop. 3.1. Let V = Hﬁ/V,YV X=(0,1)and T:V xX — C be given
by
B ova O
T(f,7) :/ P e =2 fev, reXx if 0<a<1
A B-A
and by

B 1/a
T(f,r):{/A |F(f)(rew)|aBd_9A} fev, reX, if a>1.

z

Let 0 < 7 < 1 and z € C with |z| = r. Then F(f)(z) = / f(¢)d¢, where

the integral is over the segment [0, z] which is subset of the cc())mpact disc {z €
C: |z| <7} C D. Because convergence in H, [pWy] implies uniform convergence
on each compact subset of D, one easily can check that the assumptions of
Proposition 2.5 are satisfied. Furthermore, according to Theorem 2.2 there
exists g € V, such that, sup |T(g,7)| = 4o0. It follows that the set {f € V :

sup |T(f,r)| =+oo}isa G5 and dense subset of V. The proof is completed.
reX
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p

Proposition 3.2. Let 0 < p < 1, ¢ = T—o W <Y and A < B. Then the

set {f € H[pWY]: for every a > q it holds F(f) ¢ H[‘%’B]} is a Gs and dense

subject of H[Z;MY] .

Proof. Because of the monotonicity of the function

s {/B “de }l/a
a — u _
ooy B_A

the assertion that for every a > ¢ it holds F(f) ¢ H (4.5 18 equivalent to the
1

assertion that for every n > 1 it holds F(f) ¢ Hﬁ:gl.

Thus, the set of Proposition 3.2 is equal to the denumerable intersection

for all n > 1 of the sets {f € H[%V)Y] CF(f) ¢ Hﬁ:’g’;}}. According to Propo-

sition 3.1 these sets are G5 and dense in Hﬁy Y] Baire’s theorem implies the
result. O

— and W < Y. Then the set {f €

p
HFW,Y]: for every a > q and every A,B € R, A < B it holds F(f) ¢ H[‘%’B]}
1s a Gs and dense subset of H[I;,V v

F(f)(re’)

Theorem 3.3. Let 0 < p < 1 and g = 1 P

Proof. The set of Theorem 3.3 is equal to the intersection of the sets of Propo-
sition 3.2 for all rational numbers A, B, A > B. Since these sets are G5 and
dense in the complete space H, [’{,V v] and the intersection is denumerable, Baire’s

theorem yields the result. O
If W —-Y > 27, then H{'WY] = HP. Thus, Theorem 3.3 implies the
following.

Theorem 3.4. Let 0 < p <1 and q = 1L Then there is a function f in H?

such that its primitive F(f) satisfies the following.
For every a > q and A, B € R, A < B it holds

B
sup / |F(f)(re?®)|?df = +oo0.
0<r<1JA

Furthermore, the set of such functions f is a Gs and dense subset of HP.

We remind that for every f € HP with 0 < p < 1 the primitive F(f)

2
satisfies sup / |F(f)(re?)|9df < +oo with ¢ = P
0<r<1.Jo 1—p

Next we replace the space H[’;/V,Y] by the space ﬂ5<p H[BVV,Y]’ 0<p<
1. Then, Theorem 2.2 implies that if f € (;_, H? then F(f) € N,y 27
with ¢ = % Let A,B,A < B be given and consider the function g =
1

B
e )i where A < w < B. Then g € ﬂﬁ<pHﬂ C ﬂﬁ<pH[W,Y] and
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F(g) ¢ H [({4 Bl Thus, all the previous results, extend to this case. The analogue
of Theorem 3.3 is the following.

Theorem 3.5. Let 0 <p <1, qg= 1 P ond W)Y € R with W <Y. Then the

set {f € MNp<p HﬁV,Y]: for every A < B it holds F(f) ¢ H[‘]A’B]} is a G5 and
dense subset of the space ﬂﬁ<p Hﬁ,v Y]

Remark 3.6. U W —Y > 27 and f € ﬂ H[‘i/v y] then automatically F(f) €

B<p
,<, H" according to Proposition 2.3.

Remark 3.7. If p=1and W —Y > 2x, then Theorem 3.5 takes the form “The
set {f € MNp<1 HP : F(f) is totally unbounded on the open unit disc} is a Gs

and dense subset of the space [ <1 H A7 This is in contrast with the situation

in H', where for every f € H' the primitive F(f) is bounded on the open unit
disc, as it follows from Hardy’s inequality ( [3], [8]).

We close with an algebraic genericity result.
and A < B. Then the set
{feHP:F(f) ¢ H{y B]} contains a dense vector subspace of HP except zero.

Theorem 3.8. Let 0 < p < 1, a > q = lp

Proof. Let f;, 7 = 1,2,... be an enumeration of all polynomials with coeffi-

cients with rational real and imaginary parts. The sequence f;, 7 = 1,2,...

A+ B
is dense in H? [3]. Let A < wj < wjq1 < %, be a sequence converging

A+ B
2
function of the form ¢; =
p; € H? and F(p;) ¢ H.
1
Let ¢; # 0 be close enough to 0, so that d(c;¢;,0) < — where d is the

. We also assume that
1

(eiw]‘ _ Z)"/

to

B
—2m < wp. Let ;, 5 =1,2,... be a

, where the exponent v > 0 is such that

metric in HP. Then the sequence c;p; + f;, j = 1,2,... is dense in H?, because
HP does not contain isolated points.

Let F' be the linear span of the sequence cjp; + f;, 7 =1,2,.... Then F'
is a dense vector subspace of HP. It remains to show that for every non zero
element f of F' we have F(f) ¢ Hy p)-

Let f = fi(cior + f1) + - + Bm(Cmpm + fm) with Gy, # 0. Let I be a
closed interval centered at w,, which is not a singleton and not containing any
other wj, j # m. Then for j # m we have sup /|F(cjcpj + i) (re'®)|*do <

1Jr1

o<r<

+oo while sup /|F(cm<pm + fm)(re??)|?df = 4-00. Tt follows that F(f) ¢
o<r<1Jr
H(l

(a,5]" This completes the proof. O
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In a similar way one can prove the following, because polynomials are
dense in H” (see Proposition 2.1).
M,., H# ( p )

Theorem 3.9. Let 0 < p < 1, ¢ = T P and A < B. Then the set {f €

Np<p HP . F(f) ¢ H['IAB]} contains a dense vector subspace of ﬂ5<pHﬁ
except zero.

Question. We have not be able to obtain any result of spaceability; that is,
whether the set of g € HP, 0 < p < 1 such that for a precise a > ¢ = % the
-D

primitive F'(g) does not belong to H®, contains a closed infinite dimensional
vector space except 0 in HP.
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