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Abstract. We show that along the almost Hermitian curvature flow, the
non-positivity of the first Chern–Ricci curvature can be preserved if the
initial almost Hermitian metric has the Griffiths non-positive Chern cur-
vature. If additionally, the first Chern–Ricci curvature of the initial metric
is negative at some point, then we show that the almost complex struc-
ture of a compact non-quasi-Kähler almost Hermitian manifold equipped
with such a metric cannot be integrable.
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1. Introduction

It is known that the Ricci flow can be used to give an alternative proof of the
uniformization theorem of Riemann surfaces. Likewise, it can be questioned
whether a geometric flow is able to be applied for classifying non-Kähler com-
plex surfaces. These flows should preserve Hermitianness and some additional
structures such as pluriclosedness, and should be close to the Ricci flow as
much as possible. From this point of view, J. Streets and G. Tian introduced
a parabolic evolution equation of pluriclosed metrics with a pluriclosed initial
metric ω0 on a compact Hermitian manifold,

This work was supported by JSPS KAKENHI Grant Number JP19K14543.

http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-022-01662-z&domain=pdf


162 Page 2 of 38 M. Kawamura Results Math

⎧
⎪⎨

⎪⎩

∂

∂t
ω(t) = ∂∂∗

g(t)ω(t) + ∂̄∂̄∗
g(t)ω(t) − P (g(t)),

ω(0) = ω0,

which is called the pluriclosed flow, where ∂∗
g(t) and ∂̄∗

g(t) are decompositions
of the L2-adjoint operator of the exterior differential operator and P (g(t)) is
the Ricci-type curvature of the Chern connection with respect to metrics g(t)
(cf. [9]). Their studies motivated us to generalize their results to almost Her-
mitian geometry. In [4], the author defined two parabolic flows; the almost
Hermitian flow (AHF) and the almost Hermitian curvature flow (AHCF) on
almost complex manifolds, which coincide with the pluriclosed flow and the
Hermitian curvature flow respectively on complex manifolds, and studied the
relationship between these parabolic evolution equations on a compact almost
Hermitian manifold. In [5], we derived higher order derivative etimates in the
presence of a curvature bound. And moreover, we exibited a long-time ex-
istence obstruction for solutions to the almost Hermitian curvature flow by
showing smoothing estimates for the curvature and torsion.

In the present paper, we investigate the AHCF, which coincides with the
AHF (cf. [4, Theorem 1.2]), on a compact almost Hermitian manifold and we
show that if the initial metric has the non-positive first Chern–Ricci curvature,
then this positivity can be preserved along the AHCF. We mimic the argument
in the proof of the positivity preservation properties of the Hermitian curvature
flow (cf. [7]). Such an argument was initiated by G. Liu in order to prove that
the Kähler–Ricci flow preserves the non-positivity of Ricci curvature if the
initial metric has non-positive bisectional curvature (cf. [8]).

Let (M,J) be a compact almost complex manifold and let g be an almost
Hermitian metric on M . Let {Zr} be an arbitrary local (1, 0)-frame around a
fixed point p ∈ M and let {ζr} be the associated coframe. Then the associated
real (1, 1)-form ω with respect to g takes the local expression ω =

√−1grk̄ζr ∧
ζ k̄. We will also refer to ω as to an almost Hermitian metric. Let Ω be the
curvature of the Chern connection and Ω splits in Ω = H + R + H̄, where
R ∈ Γ(Λ1,1M ⊗ Λ1,1M), H ∈ Γ(Λ2,0M ⊗ Λ1,1M) (see Sect. 2 in detail). The
almost Hermitian flow (AHF) with an almost Hermitian initial metric ω0 on
(M,J) is as follows:

⎧
⎪⎨

⎪⎩

∂

∂t
ω(t) = ∂∂∗

g(t)ω(t) + ∂̄∂̄∗
g(t)ω(t) − P (ω(t)),

ω(0) = ω0,

where ∂∗
g(t) and ∂̄∗

g(t) are the L2-adjoint operators with respect to metrics g(t),
and P (ω) is one of the Ricci-type curvatures of the Chern curvature, which is
callaed the first Chern–Ricci curvature and locally given by Pij̄ = gkl̄Rij̄kl̄.
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We have proven the following short-time existence result for the AHF.

Proposition 1.1. (cf. [4, Theorem 1.1]) Given a compact almost Hermitian
manifold (M,ω0, J), there exists a unique solution to the AHF with initial
condition ω0 on [0, ε) for some ε > 0.

We denote by S one of the Ricci-type curvatures of the Chern curvature,
which is called the second Chern–Ricci curvature and is locally given by Sij̄ =
gkl̄Rkl̄ij̄ .

It has been proved that a solution of the almost Hermitian flow with
initial condition g0 is equivalent to a solution of the following parabolic flow
on a compact almost complex manifold with an almost Hermitian metric, we
call it the almost Hermitian curvature flow (AHCF):

⎧
⎪⎨

⎪⎩

∂

∂t
g(t) = −S(g(t)) − Q7(g(t)) − Q8(g(t)) + BT ′(g(t)) + Z̄(T ′)(g(t)),

g(0) = g0,

where Q1, Q7, Q8 are quadratics in the torsion of the Chern connection (cf.
[11, pg. 712])

Q1
ij̄ := Tikr̄Tj̄k̄r, Q7

ij̄ := TirkTr̄k̄j̄ , Q8
ij̄ := TirkTj̄k̄r̄, wi := Tirr̄,

BT ′
ij̄ := Bj

r̄pTirp̄ + Br
p̄iTprj̄ + Bp

r̄rTpij̄ + Br
j̄iwr,

and

Z̄(T ′)ij̄ := −Zr̄(T s
ri)gsj̄ − Zj̄(wi) − gpq̄T r

piZj̄(grq̄).

These components are defined using an arbitrary unitary frame. In all this
paper, we assume the Einstein convention omitting the symbol of sum over
repeated indexes.

Note that P = S + div∇T ′ − ∇w̄ + Q7 + Q8 for any almost Hermitian
metric g (cf. [11, Lemma 3.5]), where T ′ is the torsion of the Chern connection
∇ associated to g, (div∇T ′)ij̄ = gkl̄∇l̄Tkij̄ , (∇w̄)ij̄ = gkl̄∇iTj̄l̄k.

We say that a Hermitian metric g is pluriclosed if its associated real
(1, 1) form ω satisfies ∂∂̄ω = 0. We often write ω as a metric and say that ω is
pluriclosed as well. In this paper, we will call the following parabolic flow on
a compact complex manifold the Hermitian curvature flow (HCFQ1):

⎧
⎪⎨

⎪⎩

∂

∂t
g(t) = −S(g(t)) + Q1(g(t)),

g(0) = g0,

where g0 is a pluriclosed metric. We can obtain the following equivalence be-
tween the AHCF and the HCFQ1 when the almost complex structure J is
integrable.
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Proposition 1.2. (cf. [4, Proposition 1.1]) The AHCF coincides with the HCFQ1

starting at a pluriclosed metric if J is integrable.

It is known that the HCFQ1 coincides with the pluriclosed flow starting
at the same initial metric, which is called Streets–Tian identifiability theorem
(cf. [9, Proposition 3.3]). The following result is the generalized version of
Streets–Tian identifiability theorem.

Proposition 1.3. (cf. [4, Theorem 1.2]) Let (M, g0, J) be a compact almost Her-
mitian manifold with the associated real (1, 1)-form ω0. Then a solution to the
AHCF with initial condition g0 is equivalent to a solution to the AHF starting
at the initial condition ω0.

As in [10, Theorem 1.1], we have developed some regurarity results for
the AHCF. And also, we obtained the long-time existence obstruction for the
AHCF in [5]. The long-time existence obstruction will be used for estimating
the evolution equation of the Chern curvature R along the AHCF in order to
prove our main theorem.

Proposition 1.4. (cf. [5, Theorem 1.1]) Let (M2n, J, g(t)) be a solution to the
AHCF for a maximal time interval [0, τmax) on a compact almost Hermitian
manifold which starts at the initial almost Hermitian metric g0. The following
statements (i), (ii) and (iii) hold.
(i) We choose arbitrary 0 < τ < τmax. Assume that, for a positive constants

α with α/τ > 1, the following inequalities hold:

sup
M×[0,τ)

|R|g(t) ≤ α

τ
, sup

M×[0,τ)

|T ′|2g(t) ≤ α

τ
, sup

M×[0,τ)

|∇T ′|g(t) ≤ α

τ
.

Then, for any m ∈ N, the following inequalities hold:

|∇mR|g(t) ≤ Cm,n,α

τ · t
m
2

, |∇m+1T ′|g(t) ≤ Cm,n,α

τ · t
m
2

for any t ∈ (0, τ ], where Cm,n,α is some positive constant depending only
on m, n and α.

(ii) If τmax < ∞, then

lim sup
t→τmax

max
{

max
M

|R|g(t),max
M

|T ′|2g(t),max
M

|∇T ′|g(t)

}
= ∞.

(iii) If J is integrable and g0 is pluriclosed, then g(t) is pluriclosed for all
time in the existence interval and g(t) is a solution to the HCFQ1 . If
furthermore g0 is Kähler, then g(t) is Kähler for all time and g(t) solves
the Kähler–Ricci flow.

Remark 1.1. Notice the fact that for any C∞-family of C∞-functions
{ρt}t∈[0,τmax) such that lim supt→τmax

maxM |ρt| = ∞ and for any 0 < τ <
τmax < ∞,

sup
t∈[0,τ)

max
M

|ρt| ≤ max
t∈[0,τ ]

max
M

|ρt| < ∞
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holds because M × [0, τ ] is compact. We may apply this for maxM |T ′|2g(t),
maxM |∇T ′|g(t) and maxM |R|g(t) since we have the long-time existence ob-
struction in Proposition 1.4 (ii). Hence, we may assume that the quantities
|T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are uniformly bounded on [0, τ), where
| · |C0(g(t)) = maxM | · |g(t).

Note that we have shown that the uniform equivalence between almost
Hermitian metrics and the solution to the AHF (equivalently, the AHCF) in
[6]. By applying the strong maximum principle (see Sect. 5), we have the
following main result.

Theorem 1.1. Suppose (M,J, g0) is a compact almost Hermitian manifold with
the Griffiths non-positive Chern curvature (see Definition 2.1). Let g(t), t ∈
[0, τmax) be a solution to the AHCF starting from the initial metric g(0) = g0,
where τmax is the finite explosion time of the AHCF. Then there exists 0 <
τ < τmax such that the first Chern–Ricci curvature P (g(t)) is non-positive on
[0, τ ]. Moreover, if the metric g0 has the first Chern–Ricci curvature which
is negative at some point, then there exists 0 < τ < τmax such that for any
t ∈ (0, τ ], P (g(t)) < 0 everywhere on M .

Note that if the initial metric g0 has the Griffiths non-positive Chern
curvature and the first Chern–Ricci curvature which is negative at some point,
then g0 has the quasi-negative first Chern–Ricci curvature (see Definition 2.2).

A quasi-Kähler structure is an almost Hermitian structure whose real
(1, 1)-form ω satisfies (dω)(1,2) = ∂̄ω = 0, which is equivalent to the original
definition of quasi-Kählerianity: DXJ(Y )+DJXJ(JY ) = 0 for all vector fields
X,Y , where D is the Levi-Civita connection with respect to the metric ω. By
letting K, QK, and H denote the class of Kähler manifolds, the class of quasi-
Kähler manifolds, and the class of Hermitian manifolds respectively, we have
that K = H ∩ QK (cf. [2]).

Notice that in [7], M.-C. Lee has proven that the canonical line bundle
of a compact Hermitian manifold with nonpositive curvature in the sense of
Griffiths and quasi-negative Ricci curvature must be ample. The following
result can be easily given by applying this Lee’s result. We introduce another
proof by applying Theorem 1.1. The condition “non-quasi-Kähler” means that
the almost complex structure J admits no quasi-Kähler metric.

Corollary 1.1. Suppose (M,J, g0) is a compact non-quasi-Kähler almost Her-
mitian manifold with Griffiths non-positive Chern curvature. Moreover, if the
metric g0 has the first Chern–Ricci curvature which is negative at some point,
then J cannot be integrable.

Proof. By the short-time existence result in [4], there exists a shot-time so-
lution g(t) to the AHCF starting from the metric g0. By Theorem 1.1, there
exists τ > 0 such that P (g(τ)) < 0 on M . Now, let us assume that the almost
complex structure J is integrable. Then the manifold becomes Hermitian and
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the assumption “non-quasi-Kähler” implies that the complex structure J ad-
mits no Kähler metric from the fact that K = H ∩ QK. Since we obtain that
c1(KM ) > 0 from that P (g(τ)) < 0 on M and the assumption that J is inte-
grable, then the manifold M must be Kähler, which is contradictory to that J
does not admit any Kähler metrics. Therefore, the almost complex structure
J cannot be integrable under these assumptions. �

Note that if M ⊂ R
7, M is almost-Kähler if and only if M is Kähler, i.e.,

M is non-almost-Kähler if and only if M is non-Kähler (cf. [3]). This tells us
that we may change the condition “non-quasi-Kähler” to “non-almost-Kähler”,
which means that the almost complex structure J admits no almost-Kähler
metric, for a compact almost Hermitian manifold M ⊂ R

7 in Corollary 1.1.
This paper is organized as follows: in Sect. 2, we recall some basic def-

initions and computations. In Sect. 3, we show some estimates for torsions
and the term Z̄(T ′) and the curvature H. And also we compute the evolution
equation of the curvature R and the first Chern–Ricci curvature P . In Sect. 4,
we show the preservation of non-positivity of the first Chern–Ricci curvature
on a compact almost Hermitian manifold with non-positive bisectional cur-
vature. In the last section, we prove if moreover, the initial metric has the
first Chern–Ricci curvature which is negative at some point, then there ex-
ists τ > 0 such that the first Chern–Ricci curvature is negative on (0, τ ] by
applying the strong maximal principle. Notice that we assume the Einstein
convention omitting the symbol of sum over repeated indexes in all this paper.

2. Preliminaries

2.1. The Nijenhuis Tensor of the Almost Complex Structure

Let M be a 2n-dimensional smooth differentiable manifold. An almost complex
structure on M is an endomorphism J of TM , J ∈ Γ(End(TM)), satisfying
J2 = −IdTM , where TM is the real tangent vector bundle of M . The pair
(M,J) is called an almost complex manifold. Let (M,J) be an almost complex
manifold. We define a bilinear map on C∞(M) for X,Y ∈ Γ(TM) by

4N(X,Y ) := [JX, JY ] − J [JX, Y ] − J [X,JY ] − [X,Y ],

which is the Nijenhuis tensor of J . The Nijenhuis tensor N satisfies N(X,Y ) =
−N(Y,X), N(JX, Y ) = −JN(X,Y ), N(X,JY ) = −JN(X,Y ), N(JX, JY ) =
−N(X,Y ). For any (1, 0)-vector fields W and V , N(V,W ) = −[V,W ](0,1),
N(V, W̄ ) = N(V̄ ,W ) = 0 and N(V̄ , W̄ ) = −[V̄ , W̄ ](1,0) since we have
4N(V,W ) = −2([V,W ]+

√−1J [V,W ]), 4N(V̄ , W̄ ) = −2([V̄ , W̄ ]−√−1J [V̄ , W̄ ]).
An almost complex structure J is called integrable if N = 0 on M . There are
several equivalent conditions for integrability: as we just mentioned that the
Nijenhuis tensor N i

jk of J vanishes, which is equivalent to that there exist
holomorphic coordinates compatible with J , and also equivalent to that the
space of (1, 0)-vector fields related to J is closed under Lie bracket. Giving a
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complex structure to a differentiable manifold M is equivalent to giving an
integrable almost complex structure to M . Let (M,J) be an almost complex
manifold. A Riemannian metric g on M is called J-invariant if J is compatible
with g, i.e., for any X,Y ∈ Γ(TM), g(X,Y ) = g(JX, JY ). In this case, the
pair (g, J) is called an almost Hermitian structure. The fundamental 2-form
ω associated to a J-invariant Riemannian metric g, i.e., an almost Hermitian
metric, is determined by, for X,Y ∈ Γ(TM), ω(X,Y ) = g(JX, Y ). Indeed we
have, for any X,Y ∈ Γ(TM),

ω(Y,X) = g(JY,X) = g(J2Y, JX) = −g(JX, Y ) = −ω(X,Y )

and ω ∈ Γ(
∧2

T ∗M). We will also refer to the associated real fundamental
(1, 1)-form ω as an almost Hermitian metric. The form ω is related to the
volume form dVg by n!dVg = ωn.

The complexified tangent vector bundle is given by TCM = TM ⊗R C

for the real tangent vector bundle TM . By extending J C-linearly and g, ω
C-bilinearly to TCM , they are also defined on TCM and we observe that the
complexified tangent vector bundle TCM can be decomposed as

TCM = T 1,0M ⊕ T 0,1M,

where T 1,0M , T 0,1M are the eigenspaces of J corresponding to eigenvalues√−1 and −√−1, respectively:

T 1,0M = {X − √−1JX
∣
∣X ∈ TM}, T 0,1M = {X +

√−1JX
∣
∣X ∈ TM}.

Let ΛrM =
⊕

p+q=r Λp,qM for 0 ≤ r ≤ 2n denote the decomposition of
complex differential r-forms into (p, q)-forms, where Λp,qM = Λp(Λ1,0M) ⊗
Λq(Λ0,1M),

Λ1,0M = {η +
√−1Jη

∣
∣η ∈ Λ1M}, Λ0,1M = {η − √−1Jη

∣
∣η ∈ Λ1M}

and Λ1M denotes the dual of TCM .
Let {Zr} be a local (1, 0)-frame on (M,J) with an almost Hermitian

metric g and let {ζr} be a local associated coframe with respect to {Zr}, i.e.,

ζi(Zj) = δi
j , i, j = 1, . . . , n.

Since g is almost Hermitian, its components satsfy gij = gīj̄ = 0 and gij̄ =
gj̄i = ḡīj . By using these local frame {Zr} and coframe {ζr}, we have

N(Zī, Zj̄) = −[Zī, Zj̄ ]
(1,0) =: Nk

īj̄Zk, N(Zi, Zj) = −[Zi, Zj ](0,1) = Nk
īj̄

Zk̄,

and

N =
1
2
Nk

īj̄
Zk̄ ⊗ (ζi ∧ ζj) +

1
2
Nk

īj̄Zk ⊗ (ζ ī ∧ ζ j̄).

Let (M, g, J) be an almost Hermitian manifold with dimR M = 2n. An
affine connection D on TCM is called almost Hermitian connection if Dg =
DJ = 0. For the almost Hermitian connection, we have the following Lemma
(cf. [1]).
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Lemma 2.1. Let (M,J, g) be an almost Hermitian manifold with dimR M = 2n.
Then for any given vector valued (1, 1)-form Θ = (Θi)1≤i≤n, there exists a
unique almost Hermitian connection ∇ on (M,J, g) such that the (1, 1)-part
of the torsion is equal to the given Θ.

If the (1, 1)-part of the torsion of an almost Hermitian connection vanishes
everywhere, then the connction is called the second canonical connection or
the Chern connection. We will refer the connection as the Chern connection
and denote it by ∇.

Now let ∇ be the Chern connection on M . We can write

[Zi, Zj ] = Br
ijZr + Br̄

ijZr̄, [Zi, Zj̄ ] = Br
ij̄Zr + Br̄

ij̄Zr̄,

[Zī, Zj̄ ] = Br
īj̄Zr + Br̄

īj̄Zr̄

and also we here note that for instance, [Zi, Zj̄ ] = [Zi, Zj̄ ](1,0) + [Zi, Zj̄ ](0,1),
where

[Zi, Zj̄ ]
(1,0) =

1
2
([Zi, Zj̄ ] − √−1J [Zi, Zj̄ ]),

[Zi, Zj̄ ]
(0,1) =

1
2
([Zi, Zj̄ ] +

√−1J [Zi, Zj̄ ]).

For any p-form ψ, there holds that

dψ(X1, . . . , Xp+1) =
p+1∑

i=1

(−1)i+1Xi(ψ(X1, . . . , X̂i, . . . , Xp+1))

+
∑

i<j

(−1)i+jψ([Xi,Xj ],X1, . . . , X̂i, . . . , X̂j , . . . , Xp+1)

for any vector fields X1, . . . , Xp+1 on M (cf. [13]). We directly compute that

dζs = −1
2
Bs

klζ
k ∧ ζl − Bs

kl̄ζ
k ∧ ζ l̄ − 1

2
Bs

k̄l̄ζ
k̄ ∧ ζ l̄.

For any real (1, 1)-form η =
√−1ηij̄ζ

i ∧ ζ j̄ , we have

∂η =
√−1

2

(
Zi(ηjk̄) − Zj(ηik̄) − Bs

ijηsk̄ − Bs̄
ik̄ηjs̄ + Bs̄

jk̄ηis̄

)
ζi ∧ ζj ∧ ζ k̄,

∂̄η =
√−1

2

(
Zj̄(ηkī) − Zī(ηkj̄) − Bs

kīηsj̄ + Bs
kj̄ηs̄i + Bs̄

īj̄ηks̄

)
ζk ∧ ζ ī ∧ ζ j̄ .

From these computations above, we have

∂ω =
√−1

2

(
Zi(gjk̄) − Zj(gik̄) − Bs

ijgsk̄ − Bs̄
ik̄gjs̄ + Bs̄

jk̄gis̄

)
ζi ∧ ζj ∧ ζ k̄

=
√−1

2
Tijk̄ζi ∧ ζj ∧ ζ k̄

and
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∂̄ω =
√−1

2

(
Zj̄(gkī) − Zī(gkj̄) − Bs

kīgsj̄ + Bs
kj̄gs̄i + Bs̄

īj̄gks̄

)
ζk ∧ ζ ī ∧ ζ j̄

=
√−1

2
Tj̄īkζk ∧ ζ ī ∧ ζ j̄ .

And in this sense, we also obtain for any (0, 1)-form β,

(∂β)kj̄ = Zk(βj̄) − Bm̄
kj̄βm̄ = ∇kβj̄ .

2.2. The Torsion and the Curvature on Almost Complex Manifolds

Since the Chern connection ∇ preserves J , we have

∇iZj = Γr
ijZr, ∇iZj̄ = Γr̄

ij̄Zr̄,

where

Γr
ij = grs̄Zi(gjs̄) − grs̄gjl̄B

l̄
is̄, Γp

ip = Zi(log det g) − Bs̄
is̄.

We can obtain that

Γr̄
ij̄ = Br̄

ij̄

since the (1, 1)-part of the torsion of the Chern connection vanishes everywhere
(cf. [4]). For any (0, 1)-form β, we have β = βj̄ζ

j̄ ,

∇kβj̄ = Zk(βj̄) − Γl̄
kj̄βl̄ = Zk(βj̄) − B l̄

kj̄βl̄.

Note that the mixed derivatives ∇iZj̄ do not depend on g (cf. [11]). Let
{γi

j} be the connection form, which is defined by γi
j = Γi

sjζ
s + Γi

s̄jζ
s̄. The

torsion T of the Chern connection ∇ is given by T i = dζi − ζp ∧ γi
p, T ī =

dζ ī − ζ p̄ ∧ γ ī
p̄, which has no (1, 1)-part and the only non-vanishing components

are as follows:

T s
ij = Γs

ij − Γs
ji − Bs

ij T s̄
ij = −Bs̄

ij .

These tell us that T = (T i) splits into T = T ′ + T ′′, where T ′ ∈ Γ(Λ2,0M ⊗
T 1,0M), T ′′ ∈ Γ(Λ0,2M ⊗ T 1,0M). We also lower the index of torsion and
denote it by

Tijk̄ = T s
ijgsk̄ = Zi(gjk̄) − Zj(gik̄) + Bq̄

k̄i
gjq̄ − Bq̄

k̄j
giq̄ − Bs

ijgsk̄.

Note that T ′′ depends only on J and it can be regarded as the Nijenhuis tensor
of J , that is, J is integrable if and only if T ′′ vanishes.

We denote by Ω the curvature of the Chern connection ∇. We can regard
Ω as a section of Λ2M ⊗ Λ1,1M , Ω ∈ Γ(Λ2M ⊗ Λ1,1M) and Ω splits in Ω =
H + R + H̄, where R ∈ Γ(Λ1,1M ⊗ Λ1,1M), H ∈ Γ(Λ2,0M ⊗ Λ1,1M). The
curvature form can be expressed by Ωi

j = dγi
j + γi

s ∧ γs
j .

In terms of Zr’s, we have

R r
ij̄k = Ωr

k(Zi, Zj̄) = Zi(Γr
j̄k) − Zj̄(Γ

r
ik)

+Γr
isΓ

s
j̄k − Γr

j̄sΓ
s
ik − Bs

ij̄Γ
r
sk + Bs̄

j̄iΓ
r
s̄k = −R r

j̄ik ,
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H r
ijk = Ωr

k(Zi, Zj) = Zi(Γr
jk) − Zj(Γr

ik) + Γr
isΓ

s
jk − Γr

jsΓ
s
ik − Bs

ijΓ
r
sk

−Bs̄
ijΓ

r
s̄k = −H r

jik ,

H r
īj̄k = Ωr

k(Zī, Zj̄) = Zī(Γ
r
j̄k) − Zj̄(Γ

r
īk) + Γr

īsΓ
s
j̄k − Γr

j̄sΓ
s
īk − Bs

īj̄Γ
r
sk

−Bs̄
īj̄Γ

r
s̄k = −H r

j̄īk .

We can write Ω = (Ωi
j) = Ω(2,0) + Ω(1,1) + Ω(0,2) = H + R + H̄, with

Ω(2,0) =
(1

2
H r

ijk ζi ∧ ζj
)
, Ω(1,1) =

(
R r

ij̄k ζi ∧ ζ j̄
)
,

Ω(0,2) =
(1

2
H r

īj̄k ζ ī ∧ ζ j̄
)
.

Then the Chern–Ricci form is (
√−1Ωi

i) ∈ c1(M,J) ∈ H2(M,R), where c1(M,J)
is the first Chern class of (M,J).

We deduce that by using Γp
kp = Zk(log det g) − Bp̄

kp̄,

Pij̄ = R r
ij̄r

= Zi(Γ
r
j̄r) − Zj̄(Γ

r
ir) − Bs

ij̄Γ
r
sr − Bs̄

ij̄Γ
r
s̄r

= Zi(Γ
r
j̄r) − Zj̄Zi(log det g) + Zj̄(B

r̄
ir̄) − Bs

ij̄Zs(log det g) + Bs
ij̄B

r̄
sr̄ − Bs̄

ij̄Γ
r
s̄r

= Zi(Γ
r
j̄r) + [Zi, Zj̄ ](log det g) − ZiZj̄(log det g) + Zj̄(B

r̄
ir̄)

−[Zi, Zj̄ ]
(1,0)(log det g) + Bs

ij̄B
r̄
sr̄ − Bs̄

ij̄Γ
r
s̄r

= −(ZiZj̄ − [Zi, Zj̄ ]
(0,1))(log det g) + Zj̄(B

r̄
ir̄) + Zi(B

r
j̄r) + Bs

ij̄B
r̄
sr̄ − Bs̄

ij̄B
r
s̄r

Rij = H r
ijr

= Zi(Γ
r
jr) − Zj(Γ

r
ir) − Bs

ijΓ
r
sr − Bs̄

ijΓ
r
s̄r

= ZiZj(log det g) − Zi(B
r̄
jr̄) − ZjZi(log det g) + Zj(B

r̄
ir̄)

−Bs
ijZs(log det g) + Bs

ijB
r̄
sr̄ − Bs̄

ijB
r
s̄r

= ([Zi, Zj ] − [Zi, Zj ]
(1,0))(log det g) − Zi(B

r̄
jr̄) + Zj(B

r̄
ir̄) + Bs

ijB
r̄
sr̄ − Bs̄

ijB
r
s̄r

= [Zi, Zj ]
(0,1)(log det g) − Zi(B

r̄
jr̄) + Zj(B

r̄
ir̄) + Bs

ijB
r̄
sr̄ − Bs̄

ijB
r
s̄r

and

Rīj̄ = H r
īj̄r

= Zī(Γ
r
j̄r) − Zj̄(Γ

r
īr) − Bs

īj̄Γ
r
sr − Bs̄

īj̄Γ
r
s̄r

= Zī(B
r
j̄r) − Zj̄(B

r
īr) − Bs

īj̄Zs(log det g) + Bs
īj̄B

r̄
sr̄ − Bs̄

īj̄B
r
s̄r

= −[Zī, Zj̄ ]
(1,0)(log det g) + Zī(B

r
j̄r) − Zj̄(B

r
īr) + Bs

īj̄B
r̄
sr̄ − Bs̄

īj̄B
r
s̄r.

The Chern–Ricci form Ric(ω) is defined by

Ric(ω) :=
√−1

2
Rklζ

k ∧ ζl +
√−1Pkl̄ζ

k ∧ ζ l̄ +
√−1

2
Rk̄l̄ζ

k̄ ∧ ζ l̄.

It is a closed real 2-form. If J is integrable, it is a closed real (1, 1)-form. If
furthermore, J is integrable and dω = 0, then the Chern–Ricci form coincides
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with the Ricci form defined by the Levi-Civita connection of ω. Assume that
ω̃ =

√−1g̃ij̄ζ
i ∧ ζ j̄ is another almost Hermitian metric. Then we have

Ric(ω̃) − Ric(ω) = −1
2
dJd log

ω̃n

ωn
,

with Ric(ω) ∈ 2πc1(M,J) ∈ H2(M,R) (cf. [13]).

Lemma 2.2. (The first Bianchi identity for the Chern curvature) For any
X,Y,Z ∈ TCM ,

∑
Ω(X,Y )Z =

∑ (
T (T (X,Y ), Z) + ∇XT (Y,Z)

)
,

where the sum is taken over all cyclic permutations.

This identity induces the following formulae:

R l
ij̄k = R l

kj̄i − T r̄
ikT l

r̄j̄ + ∇j̄T
l
ki = R l

kj̄i − Br̄
ikBl

r̄j̄ + ∇j̄T
l
ki, (2.1)

H l
ijk = T r̄

jiT
k̄
r̄l̄ + ∇l̄T

k̄
ji = −Br̄

jiT
k̄
r̄l̄ − ∇l̄B

k̄
ji, (2.2)

where used that Rijk̄l̄ = Rīj̄kl = Hjl̄ik = Hj̄l̄ik̄ = Hl̄ijk = Hl̄ij̄k̄ = 0.

Lemma 2.3. (The second Bianchi identity for the Chern curvature) For any
X,Y,Z ∈ TCM ,

∑
∇XΩ(Y,Z) = −

∑
Ω(T (X,Y ), Z),

where the sum is taken over all cyclic permutations.

This identity induces the following formulae:

∇iR
l

rs̄k = ∇rR
l

is̄k + ∇s̄H
l

rik + Tm
ri R l

ms̄k + T m̄
ri H l

m̄s̄k , (2.3)

∇īH
l

rsk = ∇sR
l

rīk + ∇rR
l

īsk + T q
rsR

l
qīk + T q̄

rsH
l

q̄īk . (2.4)

Taking into account the Bianchi identities, we have the following lemma:

Lemma 2.4. ([11, Lemma 3.5]) The following formula holds

P = S + div∇T ′ − ∇w̄ + Q7 + Q8 (2.5)

for any almost Hermitian metric g , where T ′ is the torsion of the Chern
connection ∇ associated to g,

(div∇T ′)ij̄ = gkl̄∇l̄Tkij̄ , (∇w̄)ij̄ = gkl̄∇iTj̄l̄k.

We define the curvature condition as follows:

Definition 2.1. We say that an almost Hermitian manifold (M,J, g) has the
Griffiths non-positive Chern curvature if there is non-positive function κ such
that for any p ∈ M , X,Y ∈ T 1,0

p M ,

R(X, X̄, Y, Ȳ ) ≤ κ(p)B(X, X̄, Y, Ȳ ),

where Bij̄kl̄ := gij̄gkl̄ + gil̄gkj̄ .
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Definition 2.2. We say that an almost Hermitian manifold (M,J, g) has the
first Chern–Ricci curvature bounded above by a function κ if for any p ∈ M ,
X ∈ T 1,0

p M ,

P (X, X̄) ≤ κ(p)g(X, X̄).

If the function κ is non-positive (resp. negative), then we say that g has the
non-positive (resp. negative) first Chern–Ricci curvature. If the function κ is
non-positive and negative at some point, then we say that g has the quasi-
negative first Chern–Ricci curvature.

3. Evolution Equations Along the Almost Hermitian Curvature
Flow

Let (M2n, g, J) be a compact almost Hermitian manifold. Let ∇ be the Chern
connection on (M2n, g, J). Let {Zr} be a local unitary (1, 0)-frame with respect
to g around a fixed point p ∈ M . Note that unitary frames always exist locally
since we can take any frame and apply the Gram-Schmidt process. Then with
respect to a local g-unitary frame, we have gij̄ = δij , Zk(gij̄) = 0 for any
i, j, k = 1, . . . , n, and the Christoffel symbols satisfy

Γk
ij = −Γj̄

ik̄
, Γk̄

īj̄ = −Γj
īk

,

since we have

Γk
ij = g(∇iZj , Zk̄) = Zi(gjk̄) − g(Zj ,∇iZk̄) = −Γj̄

ik̄
,

Γk̄
īj̄ = g(Zk,∇īZj̄) = Zī(gkj̄) − g(∇īZk, Zj̄) = −Γj

īk
.

With respect to such a frame, the components of the torsion can be written
as

T k
ij = −B j̄

ik̄
+ B ī

jk̄ − Bk
ij

and the components of w can be written as

wj = −Br
jr − Br̄

jr̄ + B j̄
rr̄.

And also we have

R r
ij̄k = Zi(Γr

j̄k) − Zj̄(Γ
r
ik) + Γr

isΓ
s
j̄k − Γr

j̄sΓ
s
ik − Bs

ij̄Γ
r
sk + Bs̄

j̄iΓ
r
s̄k

= −Zi(Γk̄
j̄r̄) + Zj̄(Γ

k̄
ir̄) + Γs̄

ir̄Γ
k̄
j̄s̄ − Γs̄

j̄r̄Γ
k̄
is̄ + Bs

ij̄Γ
k̄
sr̄ − Bs̄

j̄iΓ
k̄
s̄r̄

= −R k̄
ij̄r̄ ,

H r
ijk = Zi(Γr

jk) − Zj(Γr
ik) + Γr

isΓ
s
jk − Γr

jsΓ
s
ik − Bs

ijΓ
r
sk − Bs̄

ijΓ
r
s̄k

= −Zi(Γk̄
jr̄) − Zj(Γk̄

ir̄) + Γs̄
ir̄Γ

k̄
js̄ − Γs̄

jr̄Γ
k̄
is̄ + Bs

ijΓ
k̄
sr̄ + Bs̄

ijΓ
k̄
s̄r̄

= −H k̄
ijr̄
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and

R r
ij̄k

= Zī(Γ
r̄
jk̄) − Zj(Γr̄

īk̄) + Γr̄
īs̄Γ

s̄
jk̄ − Γr̄

js̄Γ
s̄
īk̄ − Bs̄

ījΓ
r̄
s̄k̄ + Bs

jīΓ
r̄
sk̄

= Zj(Γk
īr) − Zī(Γ

k
jr) + Γs

īrΓ
k
js − Γs

jrΓ
k
īs − Bs

jīΓ
k
sr + Bs̄

ījΓ
k
s̄r

= R k
jīr ,

H r
ijk = Zī(Γ

r̄
j̄k̄) − Zj̄(Γ

r̄
īk̄) + Γr̄

īs̄Γ
s̄
j̄k̄ − Γr̄

j̄s̄Γ
s̄
īk̄ − Bs̄

īj̄Γ
r̄
s̄k̄ − Bs

īj̄Γ
r̄
sk̄

= −Zī(Γ
k
j̄r) + Zj̄(Γ

k
īr) + Γs

īrΓ
k
j̄s − Γs

j̄rΓ
k
īs − Bs̄

j̄īΓ
k
s̄r − Bs

j̄īΓ
k
sr

= H k
j̄īr .

Hence we obtain Rij̄kr̄ = −Rij̄r̄k, Hijkr̄ = −Hijr̄k and Rij̄kr̄ = Rjīrk̄, Hijkr̄ =
Hj̄īrk̄ by using a local unitary frame with respect to g.

Let B◦ be the terms of B’s depending only on J , which means that these
terms do not depend on t along with the solution to the AHCF. Note that Bq̄

jb̄
,

Bq
j̄b

’s do not depend on g, which depend only on J since the mixed derivatives
∇jZb̄, ∇j̄Zb do not depend on g. Since we have Bq

bj̄
= −Bq

j̄b
, we have that

Bq
bj̄

, Bq̄

b̄j
’s also do not depend on g. Also note that Bs̄

ri, Bs
r̄ī

do not depend on
g, depend only on J . These components Bq̄

jb̄
, Bq

j̄b
, Bq

bj̄
, Bq̄

b̄j
, Bs̄

ri and Bs
r̄ī

are
denoted by B◦.

Lemma 3.1. (cf. [4, Lemma 3.1], [5, Lemma 3.1]) Let (M,ω(t), J) be a solution
to the AHCF for t ∈ [0, τ) starting at the initial almost Hermitian metric ω0.
Then one has for all l = 0, 1, 2, . . . , for any fixed time t0 ∈ [0, τ),

|Zl(Γ(g(t0)))|g(t0) ≤ Cl

for some uniform constant Cl > 0.

Proof. Fix an arbitrary chosen time t0 ∈ [0, τ). By using a local unitary
frame with respect to g(t0), since we have g(t0)ij̄ = δij , and Γk

ij(g(t0)) =

−Γj̄

ik̄
(g(t0)) = −B j̄

ik̄
= −B◦, which means that these coefficients do not de-

pend on t0, we obtain on M ,

|Γk
ij(g(t0))|2g(t0)

= g(t0)kl̄g(t0)ir̄g(t0)js̄Γk
ij(g(t0))Γl̄

r̄s̄(g(t0))

= Γj̄

ik̄
(g(t0))Γ

j
īk

(g(t0))

= B j̄

ik̄
Bj

īk
≤ C0

for some uniform constant C > 0 since Bq̄

jb̄
, Bq

j̄b
’s do not depend on g, which

depend only on J because the mixed derivatives ∇jZb̄ do not depend on g (cf.
[11, Lemma 5.2]).

Likewise, using a local unitary frame with respect to g(t0), for all l =
0, 1, 2, . . . , we have

|Zl(Γk
ij(g(t0))|2g(t0)

= |Zl(Γj̄

ik̄
(g(t0))|2g(t0)

= |Zl(B j̄

ik̄
)|2g(t0)

= |Zl(B◦)|2g(t0)
≤ Cl

for some uniform constants Cl > 0. �
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We introduce some evolution equations in the following.

Lemma 3.2. (cf. [11, Lemma 5.1, 5.2 and 5.5]) Let g(t) be a smooth family of
metric on M compatible with J . We denote by h = ∂

∂tg the variation of g.
Then one has

∂

∂t
Γk

ij = gkl̄∇ihjl̄,
∂

∂t
Γk̄

ij = 0,
∂

∂t
Rij̄kl̄ = Rr

ij̄khrl̄ − ∇j̄∇ihkl̄

and
∂

∂t
Tijk̄ = ∇ihjk̄ − ∇jhik̄ + Tm

ij hmk̄.

The second formula follows from the fact that the Γk̄
ij ’s do not depend

on t.
We need the following computation for estimating components Z̄(T ′)ij̄ .
In order to avoid a notational quagmire, we adopte the following ∗-

convention A1 ∗A2 between two quantities A1 and A2 with respect to a metric
g:

(i) Summation over pairs of maching upper and lower indices.
(ii) Contraction on upper indices with respect to the metric.
(iii) Contraction on lower indices with respect to the dual metrics.

Lemma 3.3. Let (M2n, g, J) be a compact almost Hermitian manifold. Let
{Zr} be a local (1, 0)-frame with respect to g around a fixed point p ∈ M .
Then one has that

Z̄(T ′) = Z̄(Γ) + Z(B◦) + B◦ ∗ Γ
+T ′ ∗ Γ̄ + Γ ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′ + T ′ ∗ T̄ ′ + Γ ∗ T̄ ′

+B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g)). (3.1)

Moreover, we then have the estimate

Z̄(T ′) ≤ C(|∇Γ|g + |Γ|2g + |T ′|2g + 1)ω + O(Z(g)) + O(Z̄(g)),

where ω is the associated real (1, 1)-form with respect to g.

Proof. Let {Zr} be an arbitrary local (1, 0)-frame around a fixed point p ∈ M .
Now let D be the Levi-Civita connection with respect to g and let ∇ be the
Chern connection with respect to g. The relation between D and ∇ is as follows
(cf. [12, Lemma 3.1]):

g(DY X,Z) = g(∇Y X,Z) +
1
2
(g(T (X,Y ), Z) + g(T (Y,Z),X) − g(T (Z,X), Y ))

for any tangent vector fields X, Y and Z. Here notice that the torsion T of
the Chern connection ∇ is also defined as

T (X,Y ) = ∇XY − ∇Y X − [X,Y ],
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and in this sense, we compute as follows with a local (1, 0)-frame {Zr} with
respect to g:

Tij := T (Zi, Zj) = ∇Zi
Zj − ∇Zj

Zi − [Zi, Zj ]

= Γk
ijZk − Γk

jiZk − Bk
ijZk − Bk̄

ijZk̄ = T k
ijZk + T k̄

ijZk̄,

Tij̄ = T (Zi, Zj̄) = ∇Zi
Zj̄ − ∇Zj̄

Zi − [Zi, Zj̄ ]

= (Bk
j̄i − Γk

j̄i)Zk + (Γk̄
ij̄ − Bk̄

ij̄)Zk̄ = 0.

Then we have the following:

g(DrZi − DiZr, Zs̄) = g(∇rZi, Zs̄) +
1
2
(g(Tir, Zs̄) + g(Trs̄, Zi) − g(Ts̄i, Zr))

−g(∇iZr, Zs̄) − 1
2
(g(Tri, Zs̄) + g(Tis̄, Zr) − g(Ts̄r, Zi))

= Γk
rigks̄ − Γk

irgks̄ + T k
irgks̄

= Bk
rigks̄

= g([Zr, Zi], Zs̄),

g(Dr̄Zi − DiZr̄, Zs̄) = g(∇r̄Zi, Zs̄) +
1
2
(g(Tir̄, Zs̄) + g(Tr̄s̄, Zi) − g(Ts̄i, Zr̄))

−g(∇iZr̄, Zs̄) − 1
2
(g(Tr̄i, Zs̄) + g(Tis̄, Zr̄) − g(Ts̄r̄, Zi))

= Γk
r̄igks̄

= Bk
r̄igks̄

= g([Zr̄, Zi], Zs̄).

We compute

Zr̄(g([Zr, Zi], Zj̄)) = g(Dr̄[Zr, Zi], Zj̄) + g([Zr, Zi],Dr̄Zj̄),Dr̄[Zr, Zi]
= Dr̄(DrZi − DiZr)
= [Zr̄, Zr]Zi + Dr[Zr̄, Zi] − [Zr̄, Zi]Zr − Di[Zr̄, Zr] + [Zr, Zi]Zr̄

and

Zr̄(g([Zr, Zi], Zj̄))

= g([Zr̄, Zr]Zi, Zj̄) + g(Dr[Zr̄, Zi], Zj̄)

−g([Zr̄, Zi]Zr, Zj̄) − g(Di[Zr̄, Zr], Zj̄) + g([Zr, Zi]Zr̄, Zj̄) + g([Zr, Zi], Dr̄Zj̄)

= g([Zr̄, Zr]Zi, Zj̄) + Zr(g([Zr̄, Zi], Zj̄)) − g([Zr̄, Zi], DrZj̄) − g([Zr̄, Zi]Zr, Zj̄)

−Zi(g([Zr̄, Zr], Zj̄)) + g([Zr̄, Zr], DiZj̄) + g([Zr, Zi]Zr̄, Zj̄) + g([Zr, Zi], Dr̄Zj̄)

= g([Zr̄, Zr]Zi, Zj̄) − g([Zr̄, Zi], DrZj̄) − g([Zr̄, Zi]Zr, Zj̄) + g([Zr̄, Zr], DiZj̄)

+g([Zr, Zi]Zr̄, Zj̄) + g([Zr, Zi], Dr̄Zj̄) + Zr(B
s
r̄i)gsj̄ − Zi(B

s
r̄r)gsj̄ + O(Z(g)),

where we used that

Zr(g([Zr̄, Zi], Zj̄)) − Zi(g([Zr̄, Zr], Zj̄))

= Zr(g(Bs
r̄iZs + Bs̄

r̄iZs̄, Zj̄)) − Zi(g(Bs
r̄rZs + Bs̄

r̄rZs̄, Zj̄))
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= Zr(Bs
r̄i)gsj̄ − Zi(Bs

r̄r)gsj̄ + O(Z(g)).

We compute by using that [Zr, Zi] = Bs
riZs + Bs̄

riZs̄,

Zr̄(Bs
ri)gsj̄ = g(∇r̄(Bs

ri)Zs, Zj̄)
= g(∇r̄(Bs

riZs) − Bs
ri∇r̄Zs, Zj̄)

= Zr̄(g(Bs
riZs, Zj̄)) − g(Bs

riZs,∇r̄Zj̄) − Bs
rig(∇r̄Zs, Zj̄)

= Zr̄(g([Zr, Zi] − Bs̄
riZs̄, Zj̄)) − g(Bs

riZs,Γk̄
r̄j̄Zk̄) − Bs

rig(Γk
r̄sZk, Zj̄)

= g([Zr̄, Zr]Zi, Zj̄) − g([Zr̄, Zi],DrZj̄) − g([Zr̄, Zi]Zr, Zj̄)
+g([Zr̄, Zr],DiZj̄) + g([Zr, Zi]Zr̄, Zj̄) + g([Zr, Zi],Dr̄Zj̄)

+Zr(Bs
r̄i)gsj̄ − Zi(Bs

r̄r)gsj̄ − Bs
riΓ

k̄
r̄j̄gsk̄ − Bs

riΓ
k
r̄sgkj̄ + O(Z(g)).

We also compute

g([Zr̄, Zr]Zi, Zj̄) = g(Bk
r̄rDkZi + Bk̄

r̄rDk̄Zi, Zj̄)

= Bk
r̄r(g(∇kZi, Zj̄) +

1

2
(g(Tik, Zj̄) + g(Tkj̄ , Zi) − g(Tj̄i, Zk)))

+Bk̄
r̄r(g(∇k̄Zi, Zj̄) +

1

2
(g(Tik̄, Zj̄) + g(Tk̄j̄ , Zi) − g(Tj̄i, Zk̄)))

= Bk
r̄rΓ

s
kigsj̄ +

1

2
Bk

r̄rT
s
ikgsj̄ + Bk̄

r̄rΓ
s
k̄igsj̄ +

1

2
Bk̄

r̄rT
s
kjgis̄

= B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′,

g([Zr̄, Zi], DrZj̄) = g(Bs
r̄iZs + Bs̄

r̄iZs̄, DrZj̄)

= Bs
r̄i(g(∇rZj̄ , Zs) +

1

2
(g(Tj̄r, Zs) + g(Trs, Zj̄) − g(Tsj̄ , Zr)))

+Bs̄
r̄i(g(∇rZj̄ , Zs̄) +

1

2
(g(Tj̄r, Zs̄) + g(Trs̄, Zj̄) − g(Ts̄j̄ , Zr)))

= Bs
r̄iΓ

k̄
rj̄gsk̄ +

1

2
Bs

r̄iT
k
rsgkj̄ +

1

2
Bs̄

r̄iT
k
jsgrk̄

= B◦ ∗ B◦ + B◦ ∗ T ′ + B◦ ∗ T̄ ′,

g([Zr̄, Zi]Zr, Zj̄) = g(Bs
r̄iDsZr + Bs̄

r̄iDs̄Zr, Zj̄)

= Bs
r̄i(g(∇sZr, Zj̄) +

1

2
(g(Trs, Zj̄) + g(Tsj̄ , Zr) − g(Tj̄r, Zs)))

+Bs̄
r̄i(g(∇s̄Zr, Zj̄) +

1

2
(g(Trs̄, Zj̄) + g(Ts̄j̄ , Zr) − g(Tj̄r, Zs̄)))

= Bs
r̄iΓ

k
srgkj̄ +

1

2
Bs

r̄iT
k
rsgkj̄ + Bs̄

r̄iΓ
k
s̄rgkj̄ +

1

2
Bs̄

r̄iT
k
sjgrk̄

= B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′,

g([Zr̄, Zr], DiZj̄) = g(Bs
r̄rZs + Bs̄

r̄rZs̄, DiZj̄)

= Bs
r̄r(g(∇iZj̄ , Zs) +

1

2
(g(Tj̄i, Zs) + g(Tis, Zj̄) − g(Tsj̄ , Zi)))

+Bs̄
r̄r(g(∇iZj̄ , Zs̄) +

1

2
(g(Tj̄i, Zs̄) + g(Tis̄, Zj̄) − g(Ts̄j̄ , Zi)))

= Bs
r̄rΓ

l̄
ij̄gsl̄ +

1

2
Bs

r̄rT
l
isglj̄ +

1

2
Bs̄

r̄rT
l
jsgil̄
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= B◦ ∗ B◦ + B◦ ∗ T ′ + B◦ ∗ T̄ ′,

g([Zr, Zi]Zr̄, Zj̄) = g(Bs
riDsZr̄ + Bs̄

riDs̄Zr̄, Zj̄)

= Bs
ri(g(∇sZr̄, Zj̄) +

1

2
(g(Tr̄s, Zj̄) + g(Tsj̄ , Zr̄) − g(Tj̄r̄, Zs)))

+Bs̄
r̄i(g(∇s̄Zr̄, Zj̄) +

1

2
(g(Tr̄s̄, Zj̄) + g(Ts̄j̄ , Zr̄) − g(Tj̄r̄, Zs̄)))

=
1

2
Bs

riT
l
rjgsl̄ +

1

2
Bs̄

riT
l
r̄s̄glj̄ +

1

2
Bs̄

riT
l
s̄j̄glr̄ +

1

2
Bs̄

riT
l
r̄j̄gls̄

= B ∗ T̄ ′ + B◦ ∗ B◦,

g([Zr, Zi], Dr̄Zj̄) = g(Bs
riZs + Bs̄

riZs̄, Dr̄Zj̄)

= Bs
ri(g(∇r̄Zj̄ , Zs) +

1

2
(g(Tj̄r̄, Zs) + g(Tr̄s, Zj̄) − g(Tsj̄ , Zr̄)))

+Bs̄
ri(g(∇r̄Zj̄ , Zs̄) +

1

2
(g(Tj̄r̄, Zs̄) + g(Tr̄s̄, Zj̄) − g(Ts̄j̄ , Zr̄)))

= Bs
riΓ

l̄
r̄j̄gsl̄ +

1

2
Bs

riT
l
jrgsl̄ +

1

2
Bs̄

riT
l
j̄r̄gls̄ +

1

2
Bs̄

riT
l
r̄s̄glj̄ +

1

2
Bs̄

riT
l
j̄s̄glr̄

= B ∗ Γ̄ + B ∗ T̄ ′ + B◦ ∗ B◦,

where we used that gl̄s̄ = 0, Γk̄
rj̄

= Bk̄
rj̄

, Γs
k̄i

= Γs̄
kī

= Bs̄
kī

= Bs
k̄i

, T l
r̄s̄ = T l̄

rs =

−B l̄
rs = −Bl

r̄s̄. Using these computations, we obtain

−Zr̄(T s
ri)gsj̄ = −Zr̄(Γs

ri − Γs
ir − Bs

ri)gsj̄

= −Zr̄(Γs
ri)gsj̄ + Zr̄(Γs

ir)gsj̄ + Zr̄(Bs
ri)gsj̄

= −Zr̄(Γs
ri)gsj̄ + Zr̄(Γs

ir)gsj̄ + g([Zr̄, Zr]Zi, Zj̄)
−g([Zr̄, Zi],DrZj̄)
−g([Zr̄, Zi]Zr, Zj̄) + g([Zr̄, Zr],DiZj̄)
+g([Zr, Zi]Zr̄, Zj̄) + g([Zr, Zi],Dr̄Zj̄)

+Zr(Bs
r̄i)gsj̄ − Zi(Bs

r̄r)gsj̄ − Bs
riΓ

k̄
r̄j̄gsk̄

−Bs
riΓ

k
r̄sgkj̄ + O(Z(g))

= −Zr̄(Γs
ri)gsj̄ + Zr̄(Γs

ir)gsj̄ + Zr(Bs
r̄i)gsj̄

−Zi(Bs
r̄r)gsj̄ − Bs

riΓ
k̄
r̄j̄gsk̄ − Bs

riΓ
k
r̄sgkj̄

+B◦ ∗ Γ + B ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′ + B ∗ T̄ ′ + B◦ ∗ B◦ + O(Z(g)).

Similarly, we have

−Zj̄(wi) = −Zj̄(Tirr̄)
= −Zj̄(T

s
irgsr̄)

= −Zj̄(T
s
ir)gsr̄ − T s

irZj̄(gsr̄)
= −Zj̄(Γ

s
ir)gsr̄ + Zj̄(Γ

s
ri)gsr̄

+Zj̄(B
s
ir)gsr̄ − T s

irZj̄(gsr̄)
= −Zj̄(Γ

s
ir)gsr̄ + Zj̄(Γ

s
ri)gsr̄
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+g([Zj̄ , Zi]Zr, Zr̄) + g(Di[Zj̄ , Zr], Zr̄)
−g([Zj̄ , Zr]Zi, Zr̄) − g(Dr[Zj̄ , Zi], Zr̄) + g([Zi, Zr]Zj̄ , Zr̄)

+g([Zi, Zr],Dj̄Zr̄) − Bs
irΓk

jrgsk̄ − Bs
irB

k
j̄sgkr̄ − T s

irZj̄(gsr̄)

= −Zj̄(Γ
s
ir)gsr̄ + Zj̄(Γ

s
ri)gsr̄

−Bs
irΓk

jrgsk̄ − Bs
irΓ

k
j̄sgkr̄ − T s

irZj̄(gsr̄)

+g([Zj̄ , Zi]Zr, Zr̄) + Zi(Bs
j̄r)gsr̄ + Bs

j̄rZi(gsr̄) − g([Zj̄ , Zr],DiZr̄)

−g([Zj̄ , Zr]Zi, Zr̄)
−Zr(Bs

j̄i)gsr̄ − Bs
j̄iZr(gsr̄) + g([Zj̄ , Zi],DrZr̄) + g([Zi, Zr]Zj̄ , Zr̄)

+g([Zi, Zr],Dj̄Zr̄)
= −Zj̄(Γ

s
ir)gsr̄ + Zj̄(Γ

s
ri)gsr̄

+Zi(Bs
j̄r)gsr̄ − Zr(Bs

j̄i)gsr̄

−Bs
irΓk

jrgsk̄ − Bs
irΓ

k
j̄sgkr̄

+B◦ ∗ Γ + B ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′ + B ∗ T̄ ′

+B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g)).

Combining these with the term −gpq̄T r
piZj̄(grq̄) = T s

irZj̄(gsr̄), we have

Z̄(T ′)ij̄ = −Zr̄(T s
ri)gsj̄ − Zj̄(wi) − gpq̄T r

piZj̄(grq̄)

= −Zr̄(Γs
ri)gsj̄ + Zr̄(Γs

ir)gsj̄ + Zr(Bs
r̄i)gsj̄

−Zi(Bs
r̄r)gsj̄ − Bs

riΓ
k̄
r̄j̄gsk̄ − Bs

riΓ
k
r̄sgkj̄

−Zj̄(Γ
s
ir)gsr̄ + Zj̄(Γ

s
ri)gsr̄ + Zi(Bs

j̄r)gsr̄

−Zr(Bs
j̄i)gsr̄ − Bs

irΓ
k̄
j̄r̄gsk̄ − Bs

irΓ
k
j̄sgkr̄

+B◦ ∗ Γ + B ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′

+B ∗ T̄ ′ + B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g))
= Z̄(Γ) + Z(B◦) + B ∗ B◦ + B ∗ Γ̄

+B◦ ∗ Γ + B ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′ + B ∗ T̄ ′

+B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g))
= Z̄(Γ) + Z(B◦) + B◦ ∗ Γ + T ′ ∗ Γ̄ + Γ ∗ Γ̄

+B◦ ∗ T ′ + B◦ ∗ T̄ ′ + T ′ ∗ T̄ ′ + Γ ∗ T̄ ′

+B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g)),

where we used that B = T ′ + Γ and then B ∗ B◦ = T ′ ∗ B◦ + Γ ∗ B◦, B ∗ Γ̄ =
T ′ ∗ Γ̄ + Γ ∗ Γ̄ B ∗ T̄ ′ = T ′ ∗ T̄ ′ + Γ ∗ T̄ ′ at the third equality. �
Lemma 3.4. Let (M, g(t), J) be a solution to the AHCF for t ∈ [0, τ) starting
at the initial almost Hermitian metric ω0. Suppose that there exist uniform
bounds for |T ′(g(t))|2C0(g(t)) and |∇T ′(g(t))|C0(g(t)). Then we have that for any
fixed time t0 ∈ [0, τ),
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|∇̄∇T ′(g(t0))|C0(g(t0)) ≤ C, |∇̄∇T̄ ′(g(t0))|C0(g(t0)) ≤ C,

|∇̄2T ′(g(t0))|C0(g(t0)) ≤ C, |∇2T̄ ′(g(t0))|C0(g(t0)) ≤ C

for some uniform constant C > 0.

Proof. We compute

∇ī∇m(Tjkr̄) = ∇ī∇m(T l
jk)glr̄

= ∇ī(Zm(T l
jk) − Γs

mjT
l
sk − Γs

mkT l
js + Γl

msT
s
jk)glr̄

= ∇ī(Zm(T l
jk)) + ∇̄Γ ∗ T ′ + Γ ∗ ∇̄T ′

and

∇ī(Zm(T l
jk)) = ZīZm(T l

jk) − Γs
īmZs(T

l
jk) − Γs

ījZm(T l
sk) − Γs

īkZm(T l
js) + Γl

īsZm(T s
jk)

= ZmZī(T
l
jk) + [Zī, Zm](T l

jk)

−Γs
īmZs(T

l
jk) − Γs

ījZm(T l
sk) − Γs

īkZm(T l
js) + Γl

īsZm(T s
jk).

= ZmZī(T
l
jk) + B◦ ∗ Z(T ′) + B◦ ∗ Z̄(T ′)

Using that [Zr, Zi] = Bs
riZs + Bs̄

riZs̄, we compute
Zī(B

l
jk)glr̄ = g(∇ī(B

l
jk)Zl, Zr̄)c

= g(∇ī(B
l
jkZl) − Bl

jk∇īZl, Zr̄)

= Zī(g(Bl
jkZl, Zr̄)) − g(Bl

jkZl, ∇īZr̄) − Bl
jkg(∇īZl, Zr̄)

= Zī(g([Zj , Zk] − Bl̄
jkZl̄, Zr̄)) − g(Bl

jkZl, Γ
s̄
īr̄Zs̄) − Bl

jkg(Γs
īlZs, Zr̄)

= g(Dī[Zj , Zk], Zr̄) + g([Zj , Zk], DīZr̄) − Bl
jkΓs̄

īr̄g(Zl, Zs̄) − Bl
jkΓs

īlg(Zs, Zr̄)

= g([Zī, Zj ]Zk, Zr̄) + g([Zk, Zī]Zj , Zr̄) + g(Dj [Zī, Zk], Zr̄)

+g(Dk[Zj , Zī], Zr̄) + g([Zj , Zk]Zī, Zr̄) + g([Zj , Zk], DīZr̄)

−Bl
jkΓs̄

īr̄gls̄ − Bl
jkΓs

īlgsr̄

= g([Zī, Zj ]Zk, Zr̄) + g([Zk, Zī]Zj , Zr̄) + Zj(g([Zī, Zk], Zr̄))

−g([Zī, Zk], DjZr̄)

+Zk(g([Zj , Zī], Zr̄)) − g([Zj , Zī], DkZr̄) + g([Zj , Zk]Zī, Zr̄)

+g([Zj , Zk], DīZr̄)

−Bl
jkΓs̄

īr̄gls̄ − Bl
jkΓs

īlgsr̄,

where we used that

Dī[Zj , Zk] = [Zī, Zj ]Zk + [Zk, Zī]Zj + Dj [Zī, Zk] + Dk[Zj , Zī] + [Zj , Zk]Zī.

We also compute
g([Zī, Zj ]Zk, Zr̄) = g(Bs

ījDsZk + Bs̄
ījDs̄Zk, Zr̄)

= Bs
īj(g(∇sZk, Zr̄) +

1

2
(g(Tks, Zr̄) + g(Tsr̄, Zk) − g(Tr̄k, Zs)))

+Bs̄
īj(g(∇s̄Zk, Zr̄) +

1

2
(g(Tks̄, Zr̄) + g(Ts̄r̄, Zk) − g(Tr̄k, Zs̄)))

= Bs
ījΓ

l
skglr̄ +

1

2
Bs

ījT l
ksglr̄ + Bs̄

ījΓ
l
s̄kglr̄ +

1

2
Bs̄

ījT l
srgkl̄

= B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′,
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g([Zk, Zī]Zj , Zr̄) = g(Bs
kīDsZj + Bs̄

kīDs̄Zj , Zr̄)

= Bs
kī(g(∇sZj , Zr̄) +

1

2
(g(Tjs, Zr̄) + g(Tsr̄, Zj) − g(Tr̄j , Zs)))

+Bs̄
kī(g(∇s̄Zj , Zr̄) +

1

2
(g(Tjs̄, Zr̄) + g(Ts̄r̄, Zj) − g(Tr̄j , Zs̄)))

= Bs
kīΓ

l
sjglr̄ +

1

2
Bs

kīT
l
jsglr̄ + Bs̄

kīΓ
l
s̄jglr̄ +

1

2
Bs̄

kīT
l
srgjl̄

= B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′,

g([Zī, Zk], DjZr̄) = g(Bs
īkZs + Bs̄

īkZs̄, DjZr̄)

= Bs
īk(g(∇jZr̄, Zs) +

1

2
(g(Tr̄j , Zs) + g(Tjs, Zr̄) − g(Tsr̄, Zj)))

+Bs̄
īk(g(∇jZr̄, Zs̄) +

1

2
(g(Tr̄j , Zs̄) + g(Tjs̄, Zr̄) − g(Ts̄r̄, Zj)))

= Bs
īkΓl̄

jr̄gsl̄ +
1

2
Bs

īkT l
jsglr̄ +

1

2
Bs̄

īkT l
rsgjl̄

= B◦ ∗ B◦ + B◦ ∗ T ′ + B◦ ∗ T̄ ′,

g([Zj , Zī], DkZr̄) = g(Bs
jīZs + Bs̄

jīZs̄, DkZr̄)

= Bs
jī(g(∇kZr̄, Zs) +

1

2
(g(Tr̄k, Zs) + g(Tks, Zr̄) − g(Tsr̄, Zk)))

+Bs̄
jī(g(∇kZr̄, Zs̄) +

1

2
(g(Tr̄k, Zs̄) + g(Tks̄, Zr̄) − g(Ts̄r̄, Zk)))

= Bs
jīΓ

l̄
kr̄gsl̄ +

1

2
Bs

jīT
l
ksglr̄ +

1

2
Bs̄

jīT
l
rsgkl̄

= B◦ ∗ B◦ + B◦ ∗ T ′ + B◦ ∗ T̄ ′,

g([Zj , Zk]Zī, Zr̄) = g(Bs
jkDsZī + Bs̄

jkDs̄Zī, Zr̄)

= Bs
jk(g(∇sZī, Zr̄) +

1

2
(g(Tīs, Zr̄) + g(Tsr̄, Zī) − g(Tr̄ī, Zs)))

+Bs̄
jk(g(∇s̄Zī, Zr̄) +

1

2
(g(Tīs̄, Zr̄) + g(Ts̄r̄, Zī) − g(Tr̄ī, Zs̄)))

=
1

2
Bs

jkT l
irgsl̄ +

1

2
Bs̄

jkT l
īs̄glr̄ +

1

2
Bs̄

jkT l
s̄r̄gl̄i +

1

2
Bs̄

jkT l
īr̄gls̄

= B ∗ T̄ ′ + B◦ ∗ B◦,

g([Zj , Zk], DīZr̄) = g(Bs
jkZs + Bs̄

jkZs̄, DīZr̄)

= Bs
jk(g(∇īZr̄, Zs) +

1

2
(g(Tr̄ī, Zs) + g(Tīs, Zr̄) − g(Tsr̄, Zī)))

+Bs̄
jk(g(∇īZr̄, Zs̄) +

1

2
(g(Tr̄ī, Zs̄) + g(Tīs̄, Zr̄) − g(Ts̄r̄, Zī)))

= Bs
jkΓl

irgsl̄ +
1

2
Bs

jkT l
rigsl̄ +

1

2
Bs̄

jkT l
r̄īgls̄ +

1

2
Bs̄

jkT l
īs̄glr̄ +

1

2
Bs̄

jkT l
r̄s̄gl̄i

= B ∗ Γ̄ + B ∗ T̄ ′ + B◦ ∗ B◦.

And we compute that

Zj(g([Zī, Zk], Zr̄])) = Zj(Bl
īkglr̄) = Zj(Bl

īk)glr̄ + O(Z(g)),

Zk(g([Zj , Zī], Zr̄])) = Zk(Bl
jīglr̄) = Zk(Bl

jī)glr̄ + O(Z(g)).

Therefore we have
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Zī(B
l
jk)glr̄ = B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′ + B ∗ T̄ ′ + B ∗ Γ̄

+Zj(Bs
īkgsr̄) + Zk(Bs

jīgsr̄) − Bl
jkΓs̄

īr̄gls̄ − Bl
jkΓs

īlgsr̄.

Using these computations, we obtain

ZmZī(T
l
jk)glr̄ = Zm(Zī(Γ

l
jk) − Zī(Γ

l
kj) − Zī(B

l
jk))glr̄

= ZmZī(Γ
l
jk)glr̄ − ZmZī(Γ

l
kj)glr̄ − Zm(Zī(B

l
jk)glr̄) + Zī(B

l
jk)Zm(glr̄)

= ZmZī(Γ
l
jk)glr̄ − ZmZī(Γ

l
kj)glr̄

−Zm(B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′ + B ∗ T̄ ′ + B ∗ Γ̄)

−ZmZj(B
l
īk)glr̄ − ZmZk(Bl

jī)glr̄ + Zm(Bl
jkΓs̄

īr̄)gls̄ + Zm(Bl
jkΓs

īl)gsr̄ + O(Z(g))

= ZZ̄(Γ) + ZZ(B◦) + Z(B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′ + T ′ ∗ Γ̄

+Γ ∗ Γ̄ + Γ ∗ T̄ ′ + T ′ ∗ T̄ ′) + O(Z(g)),

where we used that B = T ′ + Γ. Combining these computations, we obtain

∇ī∇m(Tjkr̄) = ZZ̄(Γ) + ZZ(B◦) + Z(B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦

+B◦ ∗ T̄ ′ + T ′ ∗ Γ̄ + Γ ∗ Γ̄ + Γ ∗ T̄ ′ + T ′ ∗ T̄ ′) + O(Z(g))
+B◦ ∗ Z(T ′) + B◦ ∗ Z̄(T ′) + ∇̄Γ ∗ T ′ + Γ ∗ ∇̄T ′.

Now fix an arbitrary chosen time t0 ∈ [0, τ) and using a local g(t0)-
unitary frame, we have that at t0, |ZiZī(Γl

jk)| ≤ C as in Lemma 3.1, and
we also have that O(Z(g)) = 0. By using Lemma 3.3, then we obtain that
|∇̄∇T ′(g(t0))|C0(g(t0)) ≤ C for some uniform constant C > 0 under our as-
sumptions that |T ′(g(t))|2C0(g(t)) and |∇T ′(g(t))|C0(g(t)) have uniform bounds.
Similarly, one can obtain the rest of uniform bounds, since we have

∇ī∇m̄(Tjkr̄) = ZīZm̄(T l
jk)glr̄ − Γs̄

īm̄Zs̄(T l
jk) − Γs

ījZm̄(T l
sk) − Γs

īkZm̄(T l
js) + Γl

īsZm̄(T s
jk)

−∇ī(B
s
m̄jT l

sk + Bs
m̄kT l

js − Bl
m̄sT s

jk)glr̄

= ZīZm̄(Γl
jk)glr̄ − ZīZm̄(Γl

kj)glr̄ − Zī(Zm̄(Bl
jk)glr̄) + Zm̄(Bl

jk)Zī(glr̄)

+Γ̄ ∗ Z̄(T ′) + B◦ ∗ Z̄(T ′) + ∇̄B◦ ∗ T ′ + B◦ ∗ ∇̄T ′

= Z̄Z̄(Γ) − Zī(B
◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′ + B ∗ T̄ ′ + B ∗ Γ̄)

−ZīZj(B
l
m̄kglr̄) − ZīZk(Bl

jm̄glr̄) + Zī(B
l
jkΓs̄

m̄r̄gls̄ + Bl
jkΓs

m̄lgsr̄)

+Zm̄(Bl
jk)Zī(glr̄) + Γ̄ ∗ Z̄(T ′) + B◦ ∗ Z̄(T ′) + ∇̄B◦ ∗ T ′ + B◦ ∗ ∇̄T ′

= Z̄Z̄(Γ) + Z̄(B◦ ∗ Γ + B◦ ∗ T ′ + B◦ ∗ B◦ + B◦ ∗ T̄ ′ + B ∗ T̄ ′ + B ∗ Γ̄)

+Z̄Z(B◦) + Z̄(B) ∗ Γ̄ + B ∗ Z̄(Γ̄) + Z̄(B) ∗ B◦ + B ∗ Z̄(B◦)

+Γ̄ ∗ Z̄(T ′) + B◦ ∗ Z̄(T ′) + ∇̄B◦ ∗ T ′ + B◦ ∗ ∇̄T ′ + O(Z(g)),

∇m∇i(Tj̄k̄r) = ZZ(Γ̄) + Γ ∗ Z(T̄ ′) + B◦ ∗ Z(T̄ ′) + ∇B◦ ∗ T̄ ′ + B◦ ∗ ∇T̄ ′

−Zm(Zī(B
l
jk)glr̄) + Zi(Bl

jk)Zm(grl̄)

= ZZ(Γ) + Γ ∗ Z(T̄ ′) + B◦ ∗ Z(T̄ ′) + ∇B◦ ∗ T̄ ′ + B◦ ∗ ∇T̄ ′

+Z(B◦ ∗ Γ̄ + B◦ ∗ T̄ ′ + B◦ ∗ B◦ + B◦ ∗ T ′ + B̄ ∗ T ′ + B̄ ∗ Γ)

−ZmZj̄(B
l̄
ik̄grl̄) − ZmZk̄(Bl̄

j̄igrl̄)

+Zm(Bl
jkΓs

irgsl̄ + Bl
jkΓs̄

il̄grs̄) + Zi(Bl
jk)Zm(grl̄)
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= ZZ(Γ) + Γ ∗ Z(T̄ ′) + B◦ ∗ Z(T̄ ′) + ∇B◦ ∗ T̄ ′ + B◦ ∗ ∇T̄ ′

+Z(B◦ ∗ Γ̄ + B◦ ∗ T̄ ′ + B◦ ∗ B◦ + B◦ ∗ T ′ + B̄ ∗ T ′ + B̄ ∗ Γ)

+ZZ̄(B◦) + Z(B̄) ∗ Γ + B̄ ∗ Z(Γ) + Z(B̄) ∗ B◦ + B̄ ∗ Z(B◦) + O(Z(g))

and

∇ī∇m(Tj̄k̄r) = Z̄Z(Γ̄) + B◦ ∗ Z(T̄ ′) + Γ̄ ∗ Z(T̄ ′) + ∇̄B◦ ∗ T̄ ′ + B◦ ∗ ∇̄T̄ ′

−Zī(Zm̄(Bl
jk)glr̄) + Zm(Bl

jk)Zī(grl̄)

= Z̄Z(Γ̄) + B◦ ∗ Z(T̄ ′) + Γ̄ ∗ Z(T̄ ′) + ∇̄B◦ ∗ T̄ ′ + B◦ ∗ ∇̄T̄ ′

−Zī(B
◦ ∗ Γ̄ + B◦ ∗ T̄ ′ + B◦ ∗ B◦ + B◦ ∗ T ′ + B̄ ∗ T ′ + B̄ ∗ Γ)

−ZīZj̄(B
l̄
mk̄grl̄) − ZīZk̄(B l̄

j̄mgrl̄) + Zī(B
l
jkΓs

mrgsl̄ + Bl
jkΓs̄

ml̄grs̄)

+Zm(Bl
jk)Zī(grl̄)

= Z̄Z(Γ̄) + Z̄Z̄(B◦) + B◦ ∗ Z(T̄ ′) + Γ̄ ∗ Z(T̄ ′) + ∇̄B◦ ∗ T̄ ′ + B◦ ∗ ∇̄T̄ ′

+Z̄(B◦ ∗ Γ̄ + B◦ ∗ T̄ ′ + B◦ ∗ B◦ + B◦ ∗ T ′ + B̄ ∗ T ′ + B̄ ∗ Γ)

+Z̄(B̄) ∗ Γ + B̄ ∗ Z̄(Γ) + Z̄(B̄) ∗ B◦ + B̄ ∗ Z̄(B◦) + O(Z̄(g))

Then, by applying the estimates in Lemmas 3.1, 3.3, we obtain the uniform
bound for |∇̄2T ′(g(t0))|2C0(g(t0))

, |∇̄∇T̄ ′(g(t0))|2C0(g(t0))
for any fixed time t0 ∈

[0, τ). �

Recall that we have

H = Hijkr̄

= H l
ijk glr̄

= (Zi(Γl
jk) − Zj(Γl

ik) + Γl
isΓ

s
jk − Γl

jsΓ
s
ik − Bs

ijΓ
l
sk − Bs̄

ijΓ
l
s̄k)glr̄

= Z(Γ) + Γ ∗ Γ + B ∗ Γ + B◦ ∗ B◦

= Z(Γ) + Γ ∗ Γ + T ′ ∗ Γ + B◦ ∗ B◦.

Note that we have for any j = 0, 1, 2 . . . ,

∇̄jH = ∇̄j(Z(Γ) + Γ ∗ Γ + T ′ ∗ Γ + B◦ ∗ B◦)

= ∇̄j(Z(Γ)) +
j∑

l=0

∇̄lΓ ∗ ∇̄j−lΓ +
j∑

l=0

∇̄lT ′ ∗ ∇̄j−lΓ +
j∑

l=0

∇̄lB◦ ∗ ∇̄j−lB◦.

From the equality above and Lemma 3.1, we have the following estimate.

Lemma 3.5. One can obtain the following estimate for any j = 0, 1, 2, . . . and
for a time t0 ∈ [0, τ),

|∇̄jH(g(t0))|C0(g(t0)) ≤ C

j∑

l=0

|∇̄j−lT ′(g(t0))|C0(g(t0)) + C.

Especially, from Lemmas 3.4 and 3.5, under the assumption that
|T ′(g(t))|2C0(g(t)), |∇T ′(g(t))|C0(g(t)) have uniform bounds, then we obtain for
any fixed time t0 ∈ [0, τ),
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|∇̄2H(g(t0))|C0(g(t0)) ≤ C, |∇2H̄(g(t0))|C0(g(t0)) ≤ C

for some uniform constant C > 0 independent t0.
From now on, we consider the solution g = g(t) of the AHCF starting at

the initial almost Hermitian metric g0 on a compact almost Hermitian manifold
M satisfying

⎧
⎪⎨

⎪⎩

∂

∂t
g(t) = −S(g(t)) − Q7(g(t)) − Q8(g(t)) + BT ′(g(t)) + Z̄(T ′)(g(t)),

g(0) = g0,

Lemma 3.6. For a solution to the AHCF, one has that

∂

∂t
Rij̄kl̄ = ΔRij̄kl̄ + grs̄(T q̄

s̄j̄
∇rRiq̄kl̄ + T p

ri∇s̄Rpj̄kl̄ + T p
riT

q̄
s̄j̄

Rpq̄kl̄ + R p
ij̄r

Rps̄kl̄

+R p
rj̄k

Ris̄pl̄ − Rrj̄pl̄R
p

is̄k )

−gmn̄R s̄
mj̄ n̄Ris̄kl̄ + gnm̄T s

mi(∇sHj̄n̄kl̄ + T p
n̄j̄

Hspkl̄)

+gmn̄(∇m∇iHj̄n̄kl̄ + ∇mT s̄
n̄j̄Ris̄kl̄ + ∇mT s

n̄j̄Hiskl̄ + T s
n̄j̄∇mHiskl̄

+Γs
j̄iΓ

p
msRpn̄kl̄ + Γs

j̄iΓ
p
mkRsn̄pl̄ + Γs

j̄iΓ
p̄

ml̄
Rsn̄kp̄ + Γs̄

j̄n̄Γp
mkRis̄pl̄ + Γs̄

j̄n̄Γp̄

ml̄
Ris̄kp̄

+Γs
j̄kΓp

miRpn̄sl̄ + Γs
j̄kΓp̄

mn̄Rip̄sl̄ + Γs
j̄kΓp

msRin̄pl̄ + Γs
j̄kΓp̄

ml̄
Rin̄sp̄ + Γs̄

j̄l̄Γ
p
miRpn̄ks̄

+Γs̄
j̄l̄Γ

p̄
mn̄Rip̄ks̄ + Γs̄

j̄l̄Γ
p
mkRin̄ps̄ + Γs̄

j̄l̄Γ
p̄
ms̄Rin̄kp̄ + Bs

j̄mΓp
siRpn̄kl̄ + Bs

j̄mΓp
skRin̄pl̄

+Bs
j̄mΓp̄

sl̄
Rin̄kp̄ + Bs̄

j̄mΓp
s̄iRpn̄kl̄ + Bs̄

j̄mΓp̄
s̄n̄Rip̄kl̄ + Bs̄

j̄mΓp
s̄kRin̄pl̄ + Bs̄

j̄mΓp̄

s̄l̄
Rin̄kp̄

−Γs
miΓ

p
j̄s

Rpn̄kl̄ − Γs
miΓ

p
j̄k

Rsn̄pl̄ − Γs
miΓ

p̄

j̄l̄
Rsn̄kp̄ − Γs̄

mn̄Γp̄
j̄s̄

Rip̄kl̄ − Γs̄
mn̄Γp

j̄k
Ris̄pl̄

−Γs̄
mn̄Γp̄

j̄l̄
Ris̄kp̄ − Γs

mkΓp
j̄i

Rpn̄sl̄ − Γs
mkΓp̄

j̄n̄
Rip̄sl̄ − Γs

mkΓp
j̄s

Rin̄pl̄ − Γs
mkΓp̄

j̄l̄
Rin̄sp̄

−Γs̄
ml̄Γ

p
j̄i

Rpn̄ks̄ − Γs̄
ml̄Γ

p̄
j̄n̄

Rip̄ks̄ − Γs̄
ml̄Γ

p
j̄k

Rin̄ps̄ − Γs̄
ml̄Γ

p̄
j̄s̄

Rin̄kp̄ + ∇j̄∇n̄Hmikl̄

+∇j̄T
s
miRsn̄kl̄ − ∇j̄B

s̄
miHs̄n̄kl̄ − Bs̄

mi∇j̄Hs̄n̄kl̄)

−gmn̄(Bq̄
miB

s
q̄j̄ − ∇j̄T

s
im + Γs

mpΓp
j̄i

− Γs
j̄pΓp

mi − Bp
mj̄

Γs
pi + Bp̄

j̄m
Γs

p̄i)Rsn̄kl̄

−gmn̄(Γs
mpΓp

j̄k
− Γs

j̄pΓp
mk − Bp

mj̄
Γs

pk + Bp̄
j̄m

Γs
p̄k)Rin̄sl̄

+gmn̄(Γs̄
j̄p̄Γp̄

mn̄ − Γs̄
mp̄Γp̄

j̄n̄
− Bp̄

j̄m
Γs̄

p̄n̄ + Bp
mj̄

Γs̄
pn̄)Ris̄kl̄

+gmn̄(Γs̄
j̄p̄Γp̄

ml̄
− Γs̄

mp̄Γp̄

j̄l̄
− Bp̄

j̄m
Γs̄

p̄l̄ + Bp
mj̄

Γs̄
pl̄)Rin̄ks̄

−R r
ij̄k (S + Q7 + Q8 − BT ′ − Z̄(T ′))rl̄ + ∇j̄∇i(Q

7 + Q8 − BT ′ − Z̄(T ′))kl̄

=: ΔRij̄kl̄ + grs̄(T q̄
s̄j̄

∇rRiq̄kl̄ + T p
ri∇s̄Rpj̄kl̄ + T p

riT
q̄
s̄j̄

Rpq̄kl̄

+R p
ij̄r

Rps̄kl̄ + R p
rj̄k

Ris̄pl̄ − Rrj̄pl̄R
p

is̄k )

−R r
ij̄k (S + Q7 + Q8 − BT ′ − Z̄(T ′))rl̄ + Eij̄kl̄. (3.2)

Proof. We consider the term −S in the evolution equation of g. Using Lemma 3.2,
the evolution ∂

∂tg = −S yields

∂

∂t
Rij̄kl̄ = −R r

ij̄k Srl̄ + ∇j̄∇iSkl̄.



162 Page 24 of 38 M. Kawamura Results Math

Applying the second Bianchi identity in Lemma 2.2, we have

∇j̄∇iSkl̄ = gmn̄∇j̄∇iRmn̄kl̄

= gmn̄∇j̄(∇mRin̄kl̄ + ∇n̄Hmikl̄ + T s
miRsn̄kl̄ − Bs̄

miHs̄n̄kl̄)

= gmn̄(∇j̄∇mRin̄kl̄ + ∇j̄∇n̄Hmikl̄ + ∇j̄T
s
miRsn̄kl̄ + T s

mi∇j̄Rsn̄kl̄

−∇j̄B
s̄
miHs̄n̄kl̄ − Bs̄

mi∇j̄Hs̄n̄kl̄).

We compute

∇j̄∇mRin̄kl̄ = ∇m∇j̄Rin̄kl̄ + Γs̄
mj̄∇s̄Rin̄kl̄ + Γs

mi∇j̄Rsn̄kl̄ + Γs̄
mn̄∇j̄Ris̄kl̄

+Γs
mk∇j̄Rin̄sl̄ + Γs̄

ml̄∇j̄Rin̄ks̄ + Zm(Γs
j̄iRsn̄kl̄ + Γs̄

j̄n̄Ris̄kl̄ + Γs
j̄kRin̄sl̄ + Γs̄

j̄l̄Rin̄ks̄)

+[Zj̄ , Zm]Rin̄kl̄ − Zj̄(Γ
s
miRsn̄kl̄ + Γs̄

mn̄Ris̄kl̄ + Γs
mkRin̄sl̄ + Γs̄

ml̄Rin̄ks̄)

−Γs
j̄i∇mRsn̄kl̄ − Γs̄

j̄n̄∇mRis̄kl̄ − Γs
j̄k∇mRin̄sl̄ − Γs̄

j̄l̄∇mRin̄ks̄ − Γs
j̄m∇sRin̄kl̄

and

∇m∇j̄Rin̄kl̄ = ∇m∇jRnīlk̄

= ∇m(∇nRjīlk̄ + ∇īHnjlk̄ + T s
njRs̄ilk̄ + T s̄

njHs̄̄ilk̄)

= ∇m∇n̄Rij̄kl̄ + ∇m∇iHj̄n̄kl̄ + ∇m(T s̄
n̄j̄Ris̄kl̄ + T s

n̄j̄Hiskl̄).

Hence, we obtain

∇j̄∇iSkl̄ = ΔRij̄kl̄ + gmn̄(∇m∇iHj̄n̄kl̄ + ∇m(T s̄
n̄j̄Ris̄kl̄ + T s

n̄j̄Hiskl̄))

+gmn̄(Γs̄
mj̄∇s̄Rin̄kl̄ + Γs

mi∇j̄Rsn̄kl̄ + Γs̄
mn̄∇j̄Ris̄kl̄ + Γs

mk∇j̄Rin̄sl̄

+Γs̄
ml̄∇j̄Rin̄ks̄) + gmn̄Zm(Γs

j̄iRsn̄kl̄ + Γs̄
j̄n̄Ris̄kl̄ + Γs

j̄kRin̄sl̄ + Γs̄
j̄l̄Rin̄ks̄)

+gmn̄[Zj̄ , Zm]Rin̄kl̄ − gmn̄Zj̄(Γ
s
miRsn̄kl̄ + Γs̄

mn̄Ris̄kl̄ + Γs
mkRin̄sl̄ + Γs̄

ml̄Rin̄ks̄)

−gmn̄(Γs
j̄i∇mRsn̄kl̄ + Γs̄

j̄n̄∇mRis̄kl̄ + Γs
j̄k∇mRin̄sl̄ + Γs̄

j̄l̄∇mRin̄ks̄

+Γs
j̄m∇sRin̄kl̄) + gmn̄(∇j̄∇n̄Hmikl̄ + ∇j̄(T

s
miRsn̄kl̄ − Bs̄

miHs̄n̄kl̄))

= ΔRij̄kl + gmn̄(∇m∇iHj̄n̄kl̄ + ∇mT s̄
n̄j̄Ris̄kl̄ + T s̄

n̄j̄∇mRis̄kl̄ + ∇mT s
n̄j̄Hiskl̄

+T s
n̄j̄∇mHiskl̄ + Γs̄

mj̄∇s̄Rin̄kl̄ + Γs
mi∇j̄Rsn̄kl̄ + Γs̄

mn̄∇j̄Ris̄kl̄ + Γs
mk∇j̄Rin̄sl̄

+Γs̄
ml̄∇j̄Rin̄ks̄ + Zm(Γs

j̄i)Rsn̄kl̄ + Γs
j̄i∇mRsn̄kl̄ + Γs

j̄iΓ
p
msRpn̄kl̄ + Γs

j̄iΓ
p̄
mn̄Rsp̄kl̄

+Γs
j̄iΓ

p
mkRsn̄pl̄ + Γs

j̄iΓ
p̄

ml̄
Rsn̄kp̄ + Zm(Γs̄

j̄n̄)Ris̄kl̄ + Γs̄
j̄n̄∇mRis̄kl̄ + Γs̄

j̄n̄Γp
miRps̄kl̄

+Γs̄
j̄n̄Γp̄

ms̄Rip̄kl̄ + Γs̄
j̄n̄Γp

mkRis̄pl̄ + Γs̄
j̄n̄Γp̄

ml̄
Ris̄kp̄ + Zm(Γs

j̄k)Rin̄sl̄ + Γs
j̄k∇mRin̄sl̄

+Γs
j̄kΓp

miRpn̄sl̄ + Γs
j̄kΓp̄

mn̄Rip̄sl̄ + Γs
j̄kΓp

msRin̄pl̄ + Γs
j̄kΓp̄

ml̄
Rin̄sp̄ + Zm(Γs̄

j̄l̄)Rin̄ks̄

+Γs̄
j̄l̄∇mRin̄ks̄ + Γs̄

j̄l̄Γ
p
miRpn̄ks̄ + Γs̄

j̄l̄Γ
p̄
mn̄Rip̄ks̄ + Γs̄

j̄l̄Γ
p
mkRin̄ps̄ + Γs̄

j̄l̄Γ
p̄
ms̄Rin̄kp̄

+Bs
j̄m∇sRin̄kl̄ + Bs

j̄mΓp
siRpn̄kl̄ + Bs

j̄mΓp̄
sn̄Rip̄kl̄ + Bs

j̄mΓp
skRin̄pl̄ + Bs

j̄mΓp̄

sl̄
Rin̄kp̄

+Bs̄
j̄m∇s̄Rin̄kl̄ + Bs̄

j̄mΓp
s̄iRpn̄kl̄ + Bs̄

j̄mΓp̄
s̄n̄Rip̄kl̄ + Bs̄

j̄mΓp
s̄kRin̄pl̄ + Bs̄

j̄mΓp̄

s̄l̄
Rin̄kp̄

−Zj̄(Γ
s
mi)Rsn̄kl̄ − Γs

mi∇j̄Rsn̄kl̄ − Γs
miΓ

p
j̄s

Rpn̄kl̄ − Γs
miΓ

p̄
j̄n̄

Rsp̄kl̄ − Γs
miΓ

p
j̄k

Rsn̄pl̄

−Γs
miΓ

p̄

j̄l̄
Rsn̄kp̄ − Zj̄(Γ

s̄
mn̄)Ris̄kl̄ − Γs̄

mn̄∇j̄Ris̄kl̄ − Γs̄
mn̄Γp

j̄i
Rps̄kl̄ − Γs̄

mn̄Γp̄
j̄s̄

Rip̄kl̄

−Γs̄
mn̄Γp

j̄k
Ris̄pl̄ − Γs̄

mn̄Γp̄

j̄l̄
Ris̄kp̄ − Zj̄(Γ

s
mk)Rin̄sl̄ − Γs

mk∇j̄Rin̄sl̄ − Γs
mkΓp

j̄i
Rpn̄sl̄

−Γs
mkΓp̄

j̄n̄
Rip̄sl̄ − Γs

mkΓp
j̄s

Rin̄pl̄ − Γs
mkΓp̄

j̄l̄
Rin̄sp̄ − Zj̄(Γ

s̄
ml̄)Rin̄ks̄ − Γs̄

ml̄∇j̄Rin̄ks̄
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−Γs̄
ml̄Γ

p
j̄i

Rpn̄ks̄ − Γs̄
ml̄Γ

p̄
j̄n̄

Rip̄ks̄ − Γs̄
ml̄Γ

p
j̄k

Rin̄ps̄ − Γs̄
ml̄Γ

p̄
j̄s̄

Rin̄kp̄

−Γs
j̄i∇mRsn̄kl̄ − Γs̄

j̄n̄∇mRis̄kl̄ − Γs
j̄k∇mRin̄sl̄ − Γs̄

j̄l̄∇mRin̄ks̄ − Γs
j̄m∇sRin̄kl̄

+∇j̄∇n̄Hmikl̄ + ∇j̄T
s
miRsn̄kl̄ + T s

mi∇j̄Rsn̄kl̄ − ∇j̄B
s̄
miHs̄n̄kl̄ − Bs̄

mi∇j̄Hs̄n̄kl̄),

where we used that Rp̄n̄kl̄ = Ripkl̄ = 0,

[Zj̄ , Zm](Rin̄kl̄) = Bs
j̄mZs(Rin̄kl̄) + Bs̄

j̄mZs̄(Rin̄kl̄).

Note that we have that Γs̄
mj̄

∇s̄Rin̄kl̄ + Bs̄
j̄m

∇s̄Rin̄kl̄ = 0 since Bs̄
j̄m

=
−Bs̄

mj̄
= −Γs̄

mj̄
.

Then we obtain the following equality:
∇j̄∇iSkl̄ = ΔRij̄kl̄ + T s̄

m̄j̄∇mRis̄kl̄ + T s
mi(∇j̄Rsm̄kl̄ + ∇sHj̄m̄kl̄ + T p̄

m̄j̄
Rsp̄kl̄

+Tp
m̄j̄

Hspkl̄) + gmn̄(∇m∇iHj̄n̄kl̄ + ∇mT s̄
n̄j̄Ris̄kl̄ + ∇mT s

n̄j̄Hiskl̄ + T s
n̄j̄∇mHiskl̄

+Zm(Γs
j̄i)Rsn̄kl̄ + Γs

j̄iΓ
p
msRpn̄kl̄ + Γs

j̄iΓ
p̄
mn̄Rsp̄kl̄ + Γs

j̄iΓ
p
mkRsn̄pl̄ + Γs

j̄iΓ
p̄

ml̄
Rsn̄kp̄

+Zm(Γs̄
j̄n̄)Ris̄kl̄ + Γs̄

j̄n̄Γp
miRps̄kl̄ + Γs̄

j̄n̄Γp̄
ms̄Rip̄kl̄ + Γs̄

j̄n̄Γp
mkRis̄pl̄ + Γs̄

j̄n̄Γp̄

ml̄
Ris̄kp̄

+Zm(Γs
j̄k)Rin̄sl̄ + Γs

j̄kΓp
miRpn̄sl̄ + Γs

j̄kΓp̄
mn̄Rip̄sl̄ + Γs

j̄kΓp
msRin̄pl̄ + Γs

j̄kΓp̄

ml̄
Rin̄sp̄

+Zm(Γs̄
j̄l̄)Rin̄ks̄ + Γs̄

j̄l̄Γ
p
miRpn̄ks̄ + Γs̄

j̄l̄Γ
p̄
mn̄Rip̄ks̄ + Γs̄

j̄l̄Γ
p
mkRin̄ps̄ + Γs̄

j̄l̄Γ
p̄
ms̄Rin̄kp̄

+Bs
j̄mΓp

siRpn̄kl̄ + Bs
j̄mΓp̄

sn̄Rip̄kl̄ + Bs
j̄mΓp

skRin̄pl̄ + Bs
j̄mΓp̄

sl̄
Rin̄kp̄ + Bs̄

j̄mΓp
s̄iRpn̄kl̄

+Bs̄
j̄mΓp̄

s̄n̄Rip̄kl̄ + Bs̄
j̄mΓp

s̄kRin̄pl̄ + Bs̄
j̄mΓp̄

s̄l̄
Rin̄kp̄ − Zj̄(Γ

s
mi)Rsn̄kl̄ − Γs

miΓ
p
j̄s

Rpn̄kl̄

−Γs
miΓ

p̄
j̄n̄

Rsp̄kl̄ − Γs
miΓ

p
j̄k

Rsn̄pl̄ − Γs
miΓ

p̄

j̄l̄
Rsn̄kp̄ − Zj̄(Γ

s̄
mn̄)Ris̄kl̄ − Γs̄

mn̄Γp
j̄i

Rps̄kl̄

−Γs̄
mn̄Γp̄

j̄s̄
Rip̄kl̄ − Γs̄

mn̄Γp
j̄k

Ris̄pl̄ − Γs̄
mn̄Γp̄

j̄l̄
Ris̄kp̄ − Zj̄(Γ

s
mk)Rin̄sl̄ − Γs

mkΓp
j̄i

Rpn̄sl̄

−Γs
mkΓp̄

j̄n̄
Rip̄sl̄ − Γs

mkΓp
j̄s

Rin̄pl̄ − Γs
mkΓp̄

j̄l̄
Rin̄sp̄ − Zj̄(Γ

s̄
ml̄)Rin̄ks̄ − Γs̄

ml̄Γ
p
j̄i

Rpn̄ks̄

−Γs̄
ml̄Γ

p̄
j̄n̄

Rip̄ks̄ − Γs̄
ml̄Γ

p
j̄k

Rin̄ps̄ − Γs̄
ml̄Γ

p̄
j̄s̄

Rin̄kp̄ + ∇j̄∇n̄Hmikl̄

+∇j̄T s
miRsn̄kl̄ − ∇j̄Bs̄

miHs̄n̄kl̄ − Bs̄
mi∇j̄Hs̄n̄kl̄),

where we have used that by applying (2.3),

∇j̄Rsm̄kl̄ = ∇jRms̄lk̄

= ∇mRjs̄lk̄ + ∇s̄Hmjlk̄ + T p
mjRps̄lk̄ + T p̄

mjHp̄s̄lk̄

= ∇m̄Rsj̄kl̄ + ∇sHj̄m̄kl̄ + T p̄
m̄j̄

Rsp̄kl̄ + T p
m̄j̄

Hspkl̄.

We have the following:

−(Zj̄(Γ
s̄
mn̄) − Zm(Γs̄

j̄n̄))Ris̄kl̄ = −(Zj(Γs
m̄n) − Zm̄(Γs

jn))Ris̄kl̄

= −(R s
jm̄n − Γs

jpΓ
p
m̄n + Γs

m̄pΓ
p
jn + Bp

jm̄Γs
pn − Bp̄

m̄jΓ
s
p̄n)Ris̄kl̄

= (−R s̄
mj̄ n̄ + Γs̄

j̄p̄Γ
p̄
mn̄ − Γs̄

mp̄Γ
p̄
j̄n̄

− Bp̄
j̄m

Γs̄
p̄n̄ + Bp

mj̄
Γs̄

pn̄)Ris̄kl̄,

and similarly,

−(Zj̄(Γ
s̄
ml̄) − Zm(Γs̄

j̄l̄))Rin̄ks̄

= (−R s̄
mj̄ l̄ + Γs̄

j̄p̄Γ
p̄

ml̄
− Γs̄

mp̄Γ
p̄

j̄l̄
− Bp̄

j̄m
Γs̄

p̄l̄ + Bp
mj̄

Γs̄
pl̄)Rin̄ks̄,

(Zm(Γs
j̄k) − Zj̄(Γ

s
mk))Rin̄sl̄
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= (R s
mj̄k − Γs

mpΓ
p
j̄k

+ Γs
j̄pΓ

p
mk + Bp

mj̄
Γs

pk − Bp̄
j̄m

Γs
p̄k)Rin̄sl̄,

(Zm(Γs
j̄i) − Zj̄(Γ

s
mi))Rsn̄kl̄

= (R s
mj̄i − Γs

mpΓ
p
j̄i

+ Γs
j̄pΓ

p
mi + Bp

mj̄
Γs

pi − Bp̄
j̄m

Γs
p̄i)Rsn̄kl̄

= (R s
ij̄m − Bq̄

miB
s
q̄j̄ + ∇j̄T

s
im − Γs

mpΓ
p
j̄i

+ Γs
j̄pΓ

p
mi + Bp

mj̄
Γs

pi − Bp̄
j̄m

Γs
p̄i)Rsn̄kl̄,

where we used that R s
mj̄i

= R s
ij̄m

− Bq̄
miB

s
q̄j̄

+ ∇j̄T
s
im.

Choosing t = t0 and a local unitary (1, 0)-frame {Zr} around a fixed
point p ∈ M with respect to g(t0). Then using the local g(t0)-unitary frame,
g(t0)mn̄ = δmn,

Γp̄
mj̄

= −Γj
mp, Γs̄

īj̄ = −Γj
īs

.

By combining these calculations, we compute for the evolution ∂
∂tg = −S,

with a local unitary frame,
∂

∂t
Rij̄kl̄ = −R r

ij̄k Srl̄ + ∇j̄∇iSkl̄

= −R r
ij̄k Srl̄ + ΔRij̄kl̄ + grs̄(T q̄

s̄j̄
∇rRiq̄kl̄ + T p

ri∇s̄Rpj̄kl̄)

+gnm̄T s
mi(∇sHj̄n̄kl̄ + T p̄

n̄j̄
Rsp̄kl̄ + T p

n̄j̄
Hspkl̄)

+gmn̄(R r
ij̄m Rrn̄kl̄ + R s

mj̄k Rin̄sl̄ − Rmj̄rl̄R
r

in̄k ) − gmn̄R s̄
mj̄ n̄Ris̄kl̄

+gmn̄(∇m∇iHj̄n̄kl̄ + ∇mT s̄
n̄j̄Ris̄kl̄ + ∇mT s

n̄j̄Hiskl̄ + T s
n̄j̄∇mHiskl̄

+Γs
j̄iΓ

p
msRpn̄kl̄ + Γs

j̄iΓ
p
mkRsn̄pl̄ + Γs

j̄iΓ
p̄

ml̄
Rsn̄kp̄ + Γs̄

j̄n̄Γp
mkRis̄pl̄

+Γs̄
j̄n̄Γp̄

ml̄
Ris̄kp̄ + Γs

j̄kΓp
miRpn̄sl̄ + Γs

j̄kΓp̄
mn̄Rip̄sl̄

+Γs
j̄kΓp

msRin̄pl̄ + Γs
j̄kΓp̄

ml̄
Rin̄sp̄ + Γs̄

j̄l̄Γ
p
miRpn̄ks̄ + Γs̄

j̄l̄Γ
p̄
mn̄Rip̄ks̄

+Γs̄
j̄l̄Γ

p
mkRin̄ps̄ + Γs̄

j̄l̄Γ
p̄
ms̄Rin̄kp̄ + Bs

j̄mΓp
siRpn̄kl̄ + Bs

j̄mΓp
skRin̄pl̄

+Bs
j̄mΓp̄

sl̄
Rin̄kp̄ + Bs̄

j̄mΓp
s̄iRpn̄kl̄ + Bs̄

j̄mΓp̄
s̄n̄Rip̄kl̄

+Bs̄
j̄mΓp

s̄kRin̄pl̄ + Bs̄
j̄mΓp̄

s̄l̄
Rin̄kp̄

−Γs
miΓ

p
j̄s

Rpn̄kl̄ − Γs
miΓ

p
j̄k

Rsn̄pl̄ − Γs
miΓ

p̄

j̄l̄
Rsn̄kp̄ − Γs̄

mn̄Γp̄
j̄s̄

Rip̄kl̄

−Γs̄
mn̄Γp

j̄k
Ris̄pl̄ − Γs̄

mn̄Γp̄

j̄l̄
Ris̄kp̄ − Γs

mkΓp
j̄i

Rpn̄sl̄ − Γs
mkΓp̄

j̄n̄
Rip̄sl̄

−Γs
mkΓp

j̄s
Rin̄pl̄ − Γs

mkΓp̄

j̄l̄
Rin̄sp̄ − Γs̄

ml̄Γ
p
j̄i

Rpn̄ks̄ − Γs̄
ml̄Γ

p̄
j̄n̄

Rip̄ks̄

−Γs̄
ml̄Γ

p
j̄k

Rin̄ps̄ − Γs̄
ml̄Γ

p̄
j̄s̄

Rin̄kp̄

+∇j̄∇n̄Hmikl̄ + ∇j̄T
s
miRsn̄kl̄ − ∇j̄B

s̄
miHs̄n̄kl̄ − Bs̄

mi∇j̄Hs̄n̄kl̄)

−gmn̄(Bq̄
miB

s
q̄j̄ − ∇j̄T

s
im + Γs

mpΓ
p
j̄i

− Γs
j̄pΓ

p
mi − Bp

mj̄
Γs

pi + Bp̄
j̄m

Γs
p̄i)Rsn̄kl̄

−gmn̄(Γs
mpΓ

p
j̄k

− Γs
j̄pΓ

p
mk − Bp

mj̄
Γs

pk + Bp̄
j̄m

Γs
p̄k)Rin̄sl̄

+gmn̄(Γs̄
j̄p̄Γ

p̄
mn̄ − Γs̄

mp̄Γ
p̄
j̄n̄

− Bp̄
j̄m

Γs̄
p̄n̄ + Bp

mj̄
Γs̄

pn̄)Ris̄kl̄

+gmn̄(Γs̄
j̄p̄Γ

p̄

ml̄
− Γs̄

mp̄Γ
p̄

j̄l̄
− Bp̄

j̄m
Γs̄

p̄l̄ + Bp
mj̄

Γs̄
pl̄)Rin̄ks̄,
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where we have used that

Γs̄
j̄n̄Γp

miRps̄kl̄ − Γs
miΓ

p̄
j̄n̄

Rsp̄kl̄ = 0,

Γs̄
j̄iΓ

p̄
mn̄Rsp̄kl̄ − Γs̄

mn̄Γp
j̄i

Rps̄kl̄ = 0,

and

gmn̄(Γs̄
j̄n̄Γp̄

ms̄Rip̄kl̄ + Bs
j̄mΓp̄

sn̄Rip̄kl̄)

= Γs̄
j̄m̄Γp̄

ms̄Rip̄kl̄ + Bs
j̄mΓp̄

sm̄Rip̄kl̄

= −Γm
j̄sΓ

p̄
ms̄Rip̄kl̄ + Bs

j̄mΓp̄
sm̄Rip̄kl̄ = 0.

Combining this formula and the terms from −Q7 − Q8 + BT ′ + Z̄(T ′)
gives the result. �

Lemma 3.7. Along the AHCF, we have the following evolution equation for the
first Chern–Ricci curvature.

∂

∂t
Pij̄ = ΔPij̄ + grs̄(T q̄

s̄j̄
∇rPiq̄ + T p

ri∇s̄Ppj̄ + T p
riT

q̄
s̄j̄

Ppq̄ + R p
ij̄r

Pps̄)

−grs̄gmn̄Rmj̄rn̄Pis̄ + gmn̄T s
mi(∇sRj̄n̄ + T p

n̄j̄
Rsp)

+gmn̄(∇m∇iRj̄n̄ + ∇mT s̄
n̄j̄ · Pis̄ + ∇mT s

n̄j̄ · Ris + T s
n̄j̄∇mRis

+Γs
j̄iΓ

p
msPpn̄ + Bs

j̄mΓp
siPpn̄ + Bs̄

j̄mΓp
s̄iPpn̄ + Bs̄

j̄mΓp̄
s̄n̄Pip̄ − Γs

miΓ
p
j̄s

Ppn̄

−Γs̄
mn̄Γp̄

j̄s̄
Pip̄ + ∇j̄∇n̄Rmi + ∇j̄T

s
mi · Psn̄ − ∇j̄B

s̄
mi · Rs̄n̄ − Bs̄

mi∇j̄Rs̄n̄

−gmn̄(Bq̄
miB

s
q̄j̄ − ∇j̄T

s
im + Γs

mpΓ
p
j̄i

− Γs
j̄pΓ

p
mi − Bp

mj̄
Γs

pi + Bp̄
j̄m

Γs
p̄i)Psn̄

−gmn̄gkl̄(Γs
mpΓ

p
j̄k

− Γs
j̄pΓ

p
mk − Bp

mj̄
Γs

pk + Bp̄
j̄m

Γs
p̄k)Rin̄sl̄

+gmn̄(Γs̄
j̄p̄Γ

p̄
mn̄ − Γs̄

mp̄Γ
p̄
j̄n̄

− Bp̄
j̄m

Γs̄
p̄n̄ + Bp

mj̄
Γs̄

pn̄)Pis̄

+gmn̄gkl̄(Γs̄
j̄p̄Γ

p̄

ml̄
− Γs̄

mp̄Γ
p̄

j̄l̄
− Bp̄

j̄m
Γs̄

p̄l̄ + Bp
mj̄

Γs̄
pl̄)Rin̄ks̄

+gkl̄∇j̄∇i(Q7 + Q8 − BT ′ − Z̄(T ′))kl̄

= ΔPij̄ + grs̄(T q̄
s̄j̄

∇rPiq̄ + T p
ri∇s̄Ppj̄ + T p

riT
q̄
s̄j̄

Ppq̄ + R p
ij̄r

Pps̄) + Eij̄ , (3.3)

where we put

Eij̄ := gkl̄Eij̄kl̄. (3.4)

Proof. We compute that

∂

∂t
Pij̄(g(t)) =

∂

∂t
(gkl̄Rij̄kl̄)

= (S + Q7 + Q8 − BT ′ − Z̄(T ′))kl̄Rij̄kl̄ + gkl̄ ∂

∂t
Rij̄kl̄.

Choosing t = t0 and a local unitary (1, 0)-frame {Zr} around a fixed point p ∈
M with respect to g(t0). Then using the local g(t0)-unitary frame, g(t0)mn̄ =
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δmn,

Γp̄
mj̄

= −Γj
mp, Γs̄

īj̄ = −Γj
īs

.

In the evolution equation in Lemma 3.6 (3.2), we see that

gkl̄grs̄(R p
rj̄k

Ris̄pl̄ − Rrj̄pl̄R
p

is̄k ) = 0,

gkl̄R r
ij̄k (S + Q7 + Q8 − BT ′ − Z̄(T ′))rl̄

= gkl̄grs̄Rij̄ks̄(S + Q7 + Q8 − BT ′ − Z̄(T ′))rl̄

= (S + Q7 + Q8 − BT ′ − Z̄(T ′))kl̄Rij̄kl̄,

Γs
j̄iΓ

p
mkRsm̄pk̄ + Γs

j̄iΓ
p̄

mk̄
Rsm̄kp̄ = Γs

j̄iΓ
p
mkRsm̄pk̄ − Γs

j̄iΓ
k
mpRsm̄kp̄ = 0,

Γs̄
j̄m̄Γp

mkRis̄pk̄ + Γs̄
j̄m̄Γp̄

mk̄
Ris̄kp̄ = Γs̄

j̄m̄Γp
mkRis̄pk̄ − Γs̄

j̄m̄Γk
mpRis̄kp̄ = 0,

Γs
j̄kΓp̄

mk̄
Rim̄sp̄ + Γs̄

j̄k̄Γp̄
ms̄Rim̄kp̄ = Γs

j̄kΓp̄

mk̄
Rim̄sp̄ − Γk

j̄sΓ
p̄
ms̄Rim̄kp̄ = 0,

Γs
j̄kΓp

miRpm̄sk̄ + Γs̄
j̄k̄Γp

miRpm̄ks̄ = Γs
j̄kΓp

miRpm̄sk̄ − Γk
j̄sΓ

p
miRpm̄ks̄ = 0,

Γs
j̄kΓp̄

mn̄Rip̄sk̄ + Γs̄
j̄k̄Γp̄

mn̄Rip̄ks̄ = Γs
j̄kΓp̄

mn̄Rip̄sk̄ − Γk
j̄sΓ

p̄
mn̄Rip̄ks̄ = 0,

Γs
j̄kΓp

msRim̄pk̄ + Γs̄
j̄k̄Γp

mkRim̄ps̄ = Γs
j̄kΓp

msRim̄pk̄ − Γk
j̄sΓ

p
mkRim̄ps̄ = 0,

Γs
j̄kΓp̄

mk̄
Rim̄sp̄ + Γs̄

j̄k̄Γp̄
ms̄Rim̄kp̄ = Γs

j̄kΓp̄

mk̄
Rim̄sp̄ − Γk

j̄sΓ
p̄
ms̄Rim̄kp̄ = 0,

Bs
j̄mΓp

skRim̄pk̄ + Bs
j̄mΓp̄

sk̄
Rim̄kp̄ = Bs

j̄mΓp
skRim̄pk̄ − Bs

j̄mΓk
spRim̄kp̄ = 0,

Bs̄
j̄mΓp

s̄kRim̄pk̄ + Bs̄
j̄mΓp̄

s̄k̄
Rim̄kp̄ = Bs̄

j̄mΓp
s̄kRim̄pk̄ − Bs̄

j̄mΓk
s̄pRim̄kp̄ = 0,

Γs
miΓ

p
j̄k

Rsm̄pk̄ + Γs
miΓ

p̄

j̄k̄
Rsm̄kp̄ = Γs

miΓ
p
j̄k

Rsm̄pk̄ − Γs
miΓ

k
j̄pRsm̄kp̄ = 0,

Γs̄
mm̄Γp

j̄k
Ris̄pk̄ + Γs̄

mm̄Γp̄

j̄k̄
Ris̄kp̄ = Γs̄

mm̄Γp
j̄k

Ris̄pk̄ − Γs̄
mm̄Γk

j̄pRis̄kp̄ = 0,

Γs
mkΓp

j̄i
Rpn̄sk̄ + Γs̄

mk̄Γp
j̄i

Rpm̄ks̄ = Γs
mkΓp

j̄i
Rpn̄sk̄ − Γk

msΓ
p
j̄i

Rpm̄ks̄ = 0,

Γs
mkΓp̄

j̄k̄
Rim̄sp̄ + Γs̄

mk̄Γp̄
j̄s̄

Rin̄kp̄ = Γs
mkΓp̄

j̄k̄
Rim̄sp̄ − Γk

msΓ
p̄
j̄s̄

Rin̄kp̄ = 0,

Γs
mkΓp

j̄s
Rim̄pk̄ + Γs̄

mk̄Γp
j̄k

Rim̄ps̄ = Γs
mkΓp

j̄s
Rim̄pk̄ − Γk

msΓ
p
j̄k

Rim̄ps̄ = 0,

Γs
mkΓp̄

j̄m̄
Rip̄sk̄ + Γs̄

mk̄Γp̄
j̄m̄

Rip̄ks̄ = Γs
mkΓp̄

j̄m̄
Rip̄sk̄ − Γk

msΓ
p̄
j̄m̄

Rip̄ks̄ = 0,

which leads the desired result. �

We need the estimate of the term ∇j̄∇i(Q7+Q8−BT ′−Z̄(T ′))kl̄ included
in the terms Eij̄kl̄ and Eij̄ for giving a proof of Theorem 1.1. From Lemma 3.3,
we have that

Z̄(T ′) = Z̄(Γ) + Z(B◦) + B◦ ∗ Γ + T ′ ∗ Γ̄ + Γ ∗ Γ̄ + B◦ ∗ T ′ + B◦ ∗ T̄ ′

+T ′ ∗ T̄ ′ + Γ ∗ T̄ ′ + B◦ ∗ B◦ + O(Z(g)) + O(Z̄(g))

From the definitions of BT ′, Z̄(T ′) and the equality above, we have

(−Q7 − Q8 + BT ′ + Z̄(T ′))ij̄

= −Bs̄
irB

l
r̄k̄gks̄glj̄ − Bs̄

irB
l
j̄k̄gks̄glr̄ + Bj

r̄pTirp̄ + Br
p̄iTprj̄ + Bp

r̄rTpij̄ + Br
j̄iwr
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−Zr̄(T s
ri)gsj̄ − Zj̄(wi) − gpq̄T r

piZj̄(grq̄)

= B◦ ∗ B◦ + B◦ ∗ T ′ + B◦ ∗ T̄ ′ + T ′ ∗ Γ̄ + T̄ ′ ∗ Γ + T ′ ∗ T̄ ′ + Γ ∗ Γ̄
+Γ ∗ B◦ + Z̄(Γ) + Z(B◦) + O(Z(g)) + O(Z̄(g))

and then we obtain

−∇j̄∇i(−Q7 − Q8 + BT ′ + Z̄(T ′))kl̄

= ∇̄∇B◦ ∗ B◦ + ∇B◦ ∗ ∇̄B◦ + ∇̄∇B◦ ∗ T ′ + ∇B◦ ∗ ∇̄T ′ + B◦ ∗ ∇̄∇T ′

+∇̄∇B◦ ∗ T̄ ′ + ∇B◦ ∗ ∇̄T̄ ′ + ∇̄B◦ ∗ ∇T̄ ′ + B◦ ∗ ∇̄∇T̄ ′ + ∇̄∇T ′ ∗ Γ̄
+∇T ′ ∗ ∇̄Γ̄ + ∇̄T ′ ∗ ∇Γ̄ + T ′ ∗ ∇̄∇Γ̄ + ∇̄∇T̄ ′ ∗ Γ + ∇T̄ ′ ∗ ∇̄Γ
+∇̄T̄ ′ ∗ ∇Γ + T̄ ′ ∗ ∇̄∇Γ + ∇̄∇T ′ ∗ T̄ ′ + ∇T ′ ∗ ∇̄T̄ ′ + ∇̄T ′ ∗ ∇T̄ ′

+T ′ ∗ ∇̄∇T̄ ′ + ∇̄∇Γ ∗ Γ̄ + ∇Γ ∗ ∇̄Γ̄ + ∇̄Γ ∗ ∇Γ̄ + Γ ∗ ∇̄∇Γ̄ + ∇̄∇Γ ∗ B◦

+∇Γ ∗ ∇̄B◦ + ∇̄Γ ∗ ∇B◦ + Γ ∗ ∇̄∇B◦

+∇̄∇Z̄(Γ) + ∇̄∇Z̄(B◦) + ∇̄∇O(Z(g)) + ∇̄∇O(Z̄(g)).

Hence, by applying Lemmas 3.1, 3.4, we have the following estimate since
we may assume that the quantities |T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are
uniformly bounded on [0, τ) for any 0 < τ < τmax < ∞ (see Remark 1.1),
∣
∣
∣∇j̄∇i(−Q7 − Q8 + BT ′ + Z̄(T ′))kl̄

∣
∣
∣
g(t)

=
∣
∣
∣∇̄∇B◦ ∗ B◦ + ∇B◦ ∗ ∇̄B◦ + ∇̄∇B◦ ∗ T ′ + ∇B◦ ∗ ∇̄T ′

+B◦ ∗ ∇̄∇T ′ + ∇̄∇B◦ ∗ T̄ ′ + ∇B◦ ∗ ∇̄T̄ ′ + ∇̄B◦ ∗ ∇T̄ ′ + B◦ ∗ ∇̄∇T̄ ′

+∇̄∇T ′ ∗ Γ̄ + ∇T ′ ∗ ∇̄Γ̄ + ∇̄T ′ ∗ ∇Γ̄ + T ′ ∗ ∇̄∇Γ̄ + ∇̄∇T̄ ′ ∗ Γ
+∇T̄ ′ ∗ ∇̄Γ + ∇̄T̄ ′ ∗ ∇Γ + T̄ ′ ∗ ∇̄∇Γ + ∇̄∇T ′ ∗ T̄ ′ + ∇T ′ ∗ ∇̄T̄ ′

+∇̄T ′ ∗ ∇T̄ ′ + T ′ ∗ ∇̄∇T̄ ′ + ∇̄∇Γ ∗ Γ̄ + ∇Γ ∗ ∇̄Γ̄ + ∇̄Γ ∗ ∇Γ̄ + Γ ∗ ∇̄∇Γ̄
+∇̄∇Γ ∗ B◦ + ∇Γ ∗ ∇̄B◦ + ∇̄Γ ∗ ∇B◦ + Γ ∗ ∇̄∇B◦ + ∇̄∇Z̄(Γ)

+∇̄∇Z̄(B◦) + ∇̄∇O(Z(g)) + ∇̄∇O(Z̄(g))
∣
∣
∣
g(t)

≤ C ′R′ +
∣
∣
∣∇̄∇O(Z(g)) + ∇̄∇O(Z̄(g))

∣
∣
∣
g(t)

(3.5)

for some uniform constant C ′ > 0, where R′ is the time dependent tensor field
defined by R′

ij̄kl̄
:= g(t)ij̄g(t)kl̄.

4. Preservation of Curvature Conditions

Remark 4.1. As we confirm in Remark 1.1, we may assume that the quantities
|T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are uniformly bounded on [0, τ) for any
0 < τ < τmax < ∞. We define

K0 := sup
M×{0}

(|R|g(0) + |T ′|2g(0) + |∇T ′|g(0))
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and choose sufficiently large K  K0 so that τ = K−1 < τmax < ∞ and

sup
M×[0,τ ]

(|R|g(t) + |T ′|2g(t) + |∇T ′|g(t)) ≤ 2K0. (4.1)

Proposition 4.1. Suppose that (M,J, g(t)) is a solution to the almost Hermit-
ian curvature flow such that the initial metric g(0) = g0 has the Griffiths
non-positive Chern curvature. There exist τ > 0 and K > 0 such that for all
t ∈ [0, τ ], R = R(g(t)) satisfies the following conditions:

(i) P ≤ 0;
(ii) |Ruv̄xx̄|2 ≤ (1 + Kt)PuūPvv̄ for all x, u, v ∈ T 1,0M , |x| = 1.

We consider Rε
ij̄kl̄

:= Rij̄kl̄ − εBij̄kl̄, where Bij̄kl̄ = gij̄gkl̄ +gil̄gkj̄ and ε is
a sufficiently small real number. The result of Proposition 4.1 follows directly
as a consequence of the following Lemma by letting ε → 0.

Lemma 4.1. Under the assumption of Proposition 4.1, there exist τ > 0 and
K > 0 such that for any sufficiently small ε > 0, and for any t ∈ [0, τ ], the
following hold.

(i) P ε
ij̄

< −εe−Ktgij̄, where we put P ε
ij̄

:= gkl̄Rε
ij̄kl̄

;
(ii) |Rε

uv̄xx̄|2 < (1 + Kt)P ε
uūP ε

vv̄ for all x, u, v ∈ T 1,0M , |x| = 1.

We firstly show that g(0) = g0 satisfies the assumptions in Lemma 4.1.

Lemma 4.2. Under the assumption of Proposition 4.1, Rε(g0) satisfies for any
sufficiently small ε > 0,

(i) P ε(g0)ij̄ < −ε(g0)ij̄ ;
(ii) |Rε(g0)uv̄xx̄|2g0

< P (g0)ε
uūP (g0)ε

vv̄ for all x, u, v ∈ T 1,0M , |x| = 1.

Proof. (i) follows from that P (g0) ≤ 0 and gkl̄
0 B(g0)ij̄kl̄ = (n + 1)(g0)ij̄ . Next

we show (ii). For a fixed x ∈ T 1,0M , since Rε(g0)ij̄xx̄ is almost Hermitian form,
we may choose eigenvectors {ei}n

i=1 such that Rε(g0)ij̄xx̄ = λiδij , where λi < 0
since we have assumed that the initial metric g0 has the Griffiths non-positive
Chern curvature. Hence, for u =

∑n
i=1 uiei and v =

∑n
i=1 viei,

|Rε(g0)uv̄xx̄|2g0
=

∣
∣
∣
∣
∣

n∑

i=1

λiu
ivī

∣
∣
∣
∣
∣

2

g0

≤
(

n∑

i=1

λi|ui|2g0

) (
n∑

i=1

λi|vi|2g0

)

= Rε(g0)uūxx̄Rε(g0)vv̄xx̄

< P ε(g0)uūP ε(g0)vv̄.

�
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Proof of Lemma 4.1. As in Remark 4.1, we choose sufficiently large K  K0

so that τ = K−1 < τmax and satisfying (4.1). If conditions (i), (ii) are true
on [0, τ ], then we are done. Let t0 ∈ (0, τ ] be the first time such that one of
conditions (i), (ii) fails. First, we assume that (i) is true on [0, t0) and fails
at t = t0. Then there exist p0 ∈ M and X0 ∈ T 1,0

p0
M with |X0|g(t0) = 1 such

that P ε(g(t0))X0X̄0
= −εe−Kt0g(t0)X0X̄0

= −εe−Kt0 . Moreover, for all p ∈ M ,
t ∈ [0, t0], Y,U, V ∈ T 1,0

p M with |Y | = 1,

P ε
Y Ȳ ≤ −εe−KtgY Ȳ = −εe−Kt, |Rε

UV̄ Y Ȳ |2 < (1 + Kt)P ε
UŪP ε

V V̄ .

Using polarization as in [7,8] and (4.1) to infer that for sufficiently small
ε > 0, any ek, el ∈ T 1,0

p M with unit 1 and ei, ej ∈ T 1,0
p M for all p ∈ M ,

|Rε
ij̄kl̄|2 ≤ CnP ε

īiP
ε
jj̄ , |Rε

ij̄kl̄|2 ≤ CnK0|P ε
īi|.

We consider

Aij̄ := Pij̄ + ε(e−Kt − (n + 1))gij̄ = P ε
ij̄ + εe−Ktgij̄ ,

which satisfies A(X0, X̄0) = 0 and A(Y, Ȳ ) ≤ 0 for all Y ∈ T 1,0
p M , p ∈ M . We

may assume that |X0|g(t0) = 1 by rescaling. We extend X0 locally to a vector
field around (p0, t0) such that at (p0, t0),

∇q̄X
p = 0, ∇pX

q = T q
plX

l.

Then A(X, X̄) locally defines a function and satisfies

�A(X, X̄) ≥ 0,

where � := ( ∂
∂t − Δ). At (p0, t0), we have

∂

∂t
A(X, X̄) =

( ∂

∂t
Aij̄

)
XiX j̄ + Aij̄

( ∂

∂t
Xi · X j̄ + Xi ∂

∂t
X j̄

)

=
( ∂

∂t
Pij̄ − ε(e−Kt − (n + 1))(S + Q7 + Q8 − BT ′ − Z̄(T ′))ij̄ − εKe−Ktgij̄

)
XiX j̄

+Aij̄

( ∂

∂t
XiX j̄ + Xi ∂

∂t
X j̄

)

≤
( ∂

∂t
Pij̄

)
XiX j̄ − 1

2
εKe−Kt, (4.2)

where we used (4.1) and the fact that for any Y ∈ T 1,0
p0

M , AX0Ȳ = 0. Choosing
a local unitary (1, 0)-frame with respect to g(t0) around a point p0, we have
gij̄(t0) = δij̄ , Zr(gij̄(t0)) = 0 at p0. Then we obtain

ΔA(X, X̄) =
1
2
grs̄(∇r∇s̄ + ∇s̄∇r)(Aij̄X

iX j̄)

= ΔAij̄ · XiX j̄ + Aij̄X
iΔX j̄ + Aij̄X

j̄ΔXi

+∇rAij̄∇r̄X
i · X j̄ + ∇r̄Aij̄∇rX

i · X j̄

+∇rAij̄ · Xi∇r̄X
j̄ + ∇r̄Aij̄ · Xi∇rX

j̄

+Aij̄∇rX
i∇r̄X

j̄ + Aij̄∇r̄X
i∇rX

j̄

= ΔPij̄ · XiX j̄ + ∇rPij̄∇r̄X
i · X j̄ + ∇r̄Pij̄∇rX

i · X j̄
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+∇rPij̄ · Xi∇r̄X
j̄ + ∇r̄Pij̄ · Xi∇rX

j̄

+Aij̄∇rX
i∇r̄X

j̄ + Aij̄∇r̄X
i∇rX

j̄ , (4.3)

where we used ∇g = 0 and the fact that for any Y ∈ T 1,0
p0

M , AX0Ȳ = 0 for
the terms involve A(ΔX, X̄) or its conjugate.

By combining them, we obtain by using the formula (3.3), and applying
(4.2), (4.3),

�A(X, X̄) ≤ XiX j̄�Pij̄ − 1

2
εKe−Kt

−grs̄(∇rPij̄∇s̄Xi · X j̄ + ∇s̄Pij̄∇rXi · X j̄ + ∇rPij̄Xi∇s̄X j̄ + ∇s̄Pij̄Xi∇rX j̄)

−grs̄(Pij̄∇rXi∇s̄X j̄ + Pij̄∇s̄Xi∇rX j̄)

−ε(e−Kt − (n + 1))grs̄(∇rXi∇s̄X j̄ + ∇s̄Xi∇rX j̄)

= XiX j̄grs̄(T q̄
s̄j̄

∇rPiq̄ + Tp
ri∇s̄Ppj̄ + Tp

riT
q̄
s̄j̄

Ppq̄ + R p
ij̄r

Pps̄) + Eij̄XiX j̄ − 1

2
εKe−Kt

−grs̄(∇s̄Pij̄ · T i
rkXkX j̄ + ∇rPij̄ · XiT j̄

s̄l̄
X l̄ + Pij̄T i

rkXkT j̄

s̄l̄
X l̄)

−ε(e−Kt − (n + 1))grs̄T i
rkXkT j̄

s̄l̄
X l̄

= grs̄R p
ij̄r

XiX j̄Pps̄ + Eij̄XiX j̄ − 1

2
εKe−Kt − ε(e−Kt − (n + 1))grs̄T i

rkXkT j̄

s̄l̄
X l̄.

We have the following estimate from the estiamte (3.5),
∣
∣
∣∇j̄∇i(−Q7 − Q8 + BT ′ + Z̄(T ′))kl̄

∣
∣
∣
g(t)

≤ C ′R′ (4.4)

for a uniform constant C ′ > 0, where we used that Z(g) = 0 with a local
unitary frame.

As K  K0 sufficiently large, since we may assume that the quantities
|T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are uniformly bounded on [0, τ ], we
have the estimates in Lemma 3.1, 3.4, 3.5, and the estimate (4.4),

0 ≤ �A(X, X̄) ≤ R p

XX̄k
P k

p − 1
4
εK ≤ −1

8
εK,

which is a contrsdiction.
Next, we suppose that (ii) is not true at t = t0. Then, there exist p0 ∈ M ,

X0, U0, V0 ∈ T 1,0
p0

M with |X0|g(t0) = 1 such that |Rε
U0V̄0X0X̄0

|2g(t0)
= (1 +

Kt0)P ε
U0Ū0

P ε
V0V̄0

. By rescaling, we may assume that |U0|g(t0) = |V0|g(t0) = 1.
For all (p, t) ∈ M × [0, t0], X,U, V ∈ T 1,0

p M with |X| = 1,

P ε
XX̄ < −εe−KtgXX̄ = −εe−Kt, |Rε

UV̄ XX̄ |2 ≤ (1 + Kt)P ε
UŪP ε

V V̄ . (4.5)

For sufficiently small ε > 0, and for any ek, el ∈ T 1,0
p M for all p ∈ M with unit

1,

|Rε
ij̄kl̄|2 ≤ CnP ε

īiP
ε
jj̄ , |Rε

ij̄kl̄|2 ≤ CnK0|P ε
īi|. (4.6)

As in the previous case, we extend X0, U0 to a local vector field X,U around
(p0, t0). We extend X0, U0, V0 to X, U and V around (p0, t0) such that at
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(p0, t0),

∇s̄U
r = 0, ∇pU

r = T r
pqU

q,

∇s̄V
r = 0, ∇pV

r = T r
pqV

q,

∇s̄X
r = 0, ∇pX

r = 0, �Xr = 0.

Notice that we have at (p0, t0),

�Ur =
∂

∂t
Ur − 1

2
gkl̄(∇k∇l̄ + ∇l̄∇k)Ur

=
∂

∂t
Ur − 1

2
gkl̄∇l̄(T

r
ksU

s)

=
∂

∂t
Ur − 1

2
gkl̄(∇l̄T

r
ks · Us + T r

ks∇l̄U
s)

=
∂

∂t
Ur − 1

2
∇k̄T r

ks · Us,

and note that we get

|�Ur|g(t0) ≤
∣
∣
∣
∂

∂t
Ur

∣
∣
∣
g(t0)

+
1
2
|∇k̄T r

ks|g(t0)|Us|g(t0) ≤ C

for some uniform constant C > 0, where we have used that (4.1) and Lemma 3.4.
In particular, |X|g(t0) = 1. Then the function

F (x, t) = g−2
XX̄

|Rε
UV̄ XX̄ |2 − (1 + Kt)P ε

UŪP ε
V V̄

attains its local maximum at (p0, t0) and therefore satisfies

�F |(p0,t0) ≥ 0.

We calculate by making use of (3.3),

�P ε
UŪ = �P ε

ij̄ · U iU j̄ + P ε
ij̄U

i�U j̄ + P ε
ij̄�U i · U j̄

−grs̄P ε
ij̄∇rU

i∇s̄U
j̄ − grs̄∇rPij̄ · U i∇s̄U

j̄ − grs̄∇s̄Pij̄∇rU
i · U j̄

= �Pij̄ · U iU j̄ + ε(n + 1)(S + Q7 + Q8 − BT ′ − Z̄(T ′))ij̄U
iU j̄

+P ε
ij̄U

i�U j̄ + P ε
ij̄U

j̄�U i + ε(n + 1)grs̄gij̄T
i
rpT

j̄
s̄q̄U

pU q̄

−grs̄Pij̄T
i
rpT

j̄
s̄q̄U

pU q̄ − grs̄∇rPij̄ · T j̄
s̄q̄U

iU q̄ − grs̄∇s̄Pij̄ · T i
rpU

pU j̄

= R p
ij̄k

U iU j̄P k
p + Pij̄U

j̄�U i + Pij̄U
i�U j̄ − 2ε(n + 1)U i�U ī

+Eij̄U
iU j̄ + ε(n + 1)grs̄gij̄T

i
rkUkT j̄

s̄l̄
U l̄

+ε(n + 1)(S + Q7 + Q8 − BT ′ − Z̄(T ′))ij̄U
iU j̄ . (4.7)

Similarly we have

�P ε
V V̄ = R p

ij̄k
V iV j̄P k

p + Pij̄V
j̄�V i + Pij̄V

i�V j̄ − 2ε(n + 1)V i�V ī

+Eij̄V
iV j̄ + ε(n + 1)grs̄gij̄T

i
rkV kT j̄

s̄l̄
V l̄

+ε(n + 1)(S + Q7 + Q8 − BT ′ − Z̄(T ′))ij̄V
iV j̄ . (4.8)



162 Page 34 of 38 M. Kawamura Results Math

By combining these and chossing K  K0 sufficiently large and τ = K−1, we
obtain by applying (4.1), (4.5)–(4.8),

�[(1 + Kt)P ε
UŪP ε

V V̄ ] ≥ (1 + Kt)P ε
UŪ (Rε p

V V̄ k
P k

p ) + (1 + Kt)P ε
V V̄ (Rε p

UŪk
P k

p )

−2(1 + Kt)Re(grs̄∇rP
ε
UŪ∇s̄P

ε
V V̄ ) +

1
2
KP ε

UŪP ε
V V̄

≥ −2(1 + Kt)Re(grs̄∇rP
ε
UŪ∇s̄P

ε
V V̄ ) +

1
4
KP ε

UŪP ε
V V̄ ,

(4.9)

where we used that the quantities |T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are
uniformly bounded on [0, τ ], and we applied Lemmas 3.1, 3.4, 3.5, the estiamte
(4.4).

We have by using (3.2),

�Rε
UV̄ XX̄ = �Rij̄kl̄ · U iV j̄XkX l̄ − ε�Bij̄kl̄ · U iV j̄XkX l̄

+Rε
ij̄kl̄�U i · V j̄XkX l̄ + Rε

ij̄kl̄U
i�V j̄ · XkX l̄

+Rε
ij̄kl̄U

iV j̄(�Xk · X l̄ + Xk�X l̄)

−grs̄∇rRij̄kl̄(U
i∇s̄V

j̄ · XkX l̄ + U iV j̄Xk∇s̄X
l̄)

−grs̄∇s̄Rij̄kl̄(∇rU
i · V j̄XkX l̄ + U iV j̄∇rX

k · X l̄)

−Rε
ij̄kl̄(∇rU

i∇s̄V
j̄ · XkX l̄ + U i∇s̄V

j̄∇rX
k · X l̄

+∇rU
i · V j̄Xk∇s̄X

l̄ + U iV j̄∇rX
k∇s̄X

l̄)
= grs̄(R p

UV̄ r
Rps̄XX̄ + R p

rV̄ X
RUs̄pX̄ − RrV̄ pX̄R p

Us̄X )

−R r
UV̄ X (S + Q7 + Q8 − BT ′ − Z̄(T ′))rX̄ + RiV̄ XX̄�U i

+RUj̄XX̄�V j̄ + ε((S + Q7 + Q8 − BT ′ − Z̄(T ′))UV̄ gXX̄

+gUV̄ (S + Q7 + Q8 − BT ′ − Z̄(T ′))XX̄

+(S + Q7 + Q8 − BT ′ − Z̄(T ′))UX̄gXV̄

+gUX̄(S + Q7 + Q8 − BT ′ − Z̄(T ′))XV̄ )

+εBij̄XX̄T i
rUT j̄

s̄V̄
− ε(BiV̄ XX̄�U i + BUj̄XX̄�V j̄) + EUV̄ XX̄ ,

(4.10)

where we have used that

Rε
ij̄kl̄∇rU

i∇s̄V
j̄ · XkX l̄ = T p

rUT q̄

s̄V̄
Rpq̄XX̄ − εBij̄XX̄T i

rUT j̄

s̄V̄
.

Similarly, we have

�Rε
V ŪXX̄ = grs̄(R p

V Ūr
Rps̄XX̄ + R p

rŪX
RV s̄pX̄ − RrŪpX̄R p

V s̄X )

−R r
V ŪX (S + Q7 + Q8 − BT ′ − Z̄(T ′))rX̄ + RiŪXX̄�V i + RV j̄XX̄�U j̄

+ε((S + Q7 + Q8 − BT ′ − Z̄(T ′))V ŪgXX̄ + gV Ū (S + Q7 + Q8 − BT ′

−Z̄(T ′))XX̄ + (S + Q7 + Q8 − BT ′ − Z̄(T ′))V X̄gXŪ
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+gV X̄(S + Q7 + Q8 − BT ′ − Z̄(T ′))XŪ ) + εBij̄XX̄T i
rV T j̄

s̄Ū

−ε(BiŪXX̄�V i + BV j̄XX̄�U j̄) + EV ŪXX̄ . (4.11)

By combining these, we obtain by applying (4.1), (4.4), (4.5), (4.9) and (4.10),

�(Rε
UV̄ XX̄Rε

V ŪXX̄) ≤ −|∇Rε
UV̄ XX̄ |2 − |∇̄Rε

UV̄ XX̄ |2 + CnK0P
ε
UŪP ε

V V̄ ,

where we used that the quantities |T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are
uniformly bounded on [0, τ ], and applied the estimates in Lemmas 3.1, 3.4,
3.5, the estimate (4.4).

Therefore, at (p0, t0),

�F ≤ 2(1 + Kt)Re(grs̄∇rP
ε
UŪ∇s̄P

ε
V V̄ )

−|∇Rε
UV̄ XX̄ |2 − |∇̄Rε

UV̄ XX̄ |2

−1
8
KP ε

UŪP ε
V V̄ + 2(S + Q7 + Q8 − BT ′ − Z̄(T ′))XX̄ |Rε

UV̄ XX̄ |2

By using that ∇F = 0 and F = 0 at (p0, t0), one may conclude that

2(1 + Kt)Re(grs̄∇rP
ε
UŪ∇s̄P

ε
V V̄ ) ≤ |∇Rε

UV̄ XX̄ |2 + |∇̄Rε
UV̄ XX̄ |2.

Using (4.1) and F (p0, t0) = 0, we deduce that

2(S + Q7 + Q8 − BT ′ − Z̄(T ′))XX̄ |Rε
UV̄ XX̄ |2 ≤ CnK0P

ε
UŪP ε

V V̄

and hence for sufficiently large K > C̃nK0 for some C̃n  1, at (p, t0),

0 ≤ �F < − 1
16

KP ε
UŪP ε

V V̄ ,

which is a contradiction. �

5. Strong Maximum Principle

Theorem 5.1. Suppose (M,J, g(t)) is a solution to the AHCF on t ∈ [0, τmax)
be a solution to the AHCF starting from the initial metric g(0) = g0, where
τmax is the finite explosion time of the AHCF. If the metric g0 has the Griffiths
non-positive Chern curvature and its first Chern–Ricci curvature is negative
at some p ∈ M , then there exists 0 < τ < τmax < ∞ such that P (g(t)) < 0 on
(0, τ ]. Note that under these assumptions, the metric g0 has the quasi-negative
first Chern–Ricci curvature.

Proof. Let τ be the constant obtained in Proposition 4.1. Let y ∈ M be a
point at which the first Chern–Ricci curvature is negative. Let φ0 be a smooth
non-negative function such that φ0(y) > 0, φ0 = 0 outside a neighbour of y
and

P (g0) + φ0g0 ≤ 0 on M .

Let φ(x, t) be the solution to the heat equation
( ∂

∂t
− Δg(t)

)
φ(x, t) = 0, on M × [0, τ ];
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φ(x, 0) = φ0.

By the strong maximum principle, it follows that φ(x, t) > 0 on M × (0, τ ]. By
rescaling, one may assume that φ(x, t) ≤ 1. Let k := cnK0 with cn  1. For
any ε > 0, we consider

Aε = Aε(g(t)) := P (g(t)) + e−ktφ2g(t) − εeΛtg(t),

where Λ is some sufficiently large constant which will be determined later. We
claim that Aε ≤ 0 on M × [0, τ ]. Then the result follows by letting ε → 0. Note
that Aε(g(0)) < 0 on M . Suppose not, there is t0 ∈ (0, τ ] such that for all
(p, t) ∈ M × [0, t0], U ∈ T 1,0

p M , Aε
UŪ

(p, t) ≤ 0. And there exists p0 ∈ M , V ∈
T 1,0

p0
M so that Aε

V V̄
(p0, t0) = 0. By rescaling, we may assume that |V |g(t0) = 1.

We extend V around (p0, t0) locally such that

∇j̄V
i = 0, ∇rV

i = T i
rkV k.

Then the function Aε
V V̄

attains local maximum at (p0, t0) and obeys

�Aε
V V̄ |(p0,t0) ≥ 0. (5.1)

Choosing a local unitary (1, 0)-frame with respect to g(t0) around p0 such that
gij̄(t0) = δij̄ , then we compute

�Aε
V V̄ = �Aε

ij̄ · V iV j̄ + Aε
ij̄(V

i�V j̄ + V j̄�V i)

−grs̄(Aε
ij̄∇rV

i∇s̄V
j̄ + ∇rA

ε
ij̄ · V i∇s̄V

j̄ + ∇s̄A
ε
ij̄∇rV

i · V j̄)

= �Aε
ij̄ · V iV j̄ − Aε

ij̄T
i
rkV kT j̄

r̄l̄
V l̄ − ∇rA

ε
ij̄ · T j̄

r̄l̄
V l̄V i − ∇r̄A

ε
ij̄ · T i

rkV kV j̄ ,

(5.2)

where we have used that Aε
V Ū

= 0 for all U ∈ T 1,0
p0

M , hence we get that

Aε(V,�V̄ ) = Aε(�V, V̄ ) = 0,

which can be seen by considering the first derivation of functions: Aε(V +
tU, V̄ + tŪ) and Aε(V + t

√−1U, V̄ − t
√−1Ū) at t = 0. From the formula (3.3),

we obtain at (p0, t0),

�Aε
ij̄ · V iV j̄ = Pij̄T

i
rsV

sT j̄

r̄l̄
V l̄ + ∇rPij̄ · T j̄

r̄l̄
V l̄V i + ∇r̄Pij̄ · T i

rsV
sV j̄

+R p
ij̄s

V iV j̄P s
p + Eij̄V

iV j̄

−ke−ktφ2 − 2|∇φ|2e−kt − φ2e−kt(S + Q7 + Q8 − BT ′

−Z̄(T ′))ij̄V
iV j̄ − εΛeΛt + εeΛt(S + Q7 + Q8 − BT ′

−Z̄(T ′))ij̄V
iV j̄ .

Combining them with Proposition 4.1 and the fact that Aε
V V̄

(p0, t0) = 0, which
gives us that PV V̄ |(p0,t0) = −e−ktφ2 + εeΛt, we have at (p0, t0), using (4.1),
(5.1) and (5.2),

0 ≤ �Aε
V V̄ = (−φ2e−kt + εeΛt)gij̄T

i
rsV

sT j̄

r̄l̄
V l̄ − 4φe−ktRe(φr̄Trpq̄V

pV q̄)
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+Rij̄pq̄V
iV j̄P q̄p + Eij̄V

iV j̄ − ke−ktφ2 − 2|∇φ|2e−kt

−εΛeΛt + Psl̄V
sV l̄(S + Q7 + Q8 − BT ′ − Z̄(T ′))ij̄V

iV j̄

≤ (−k + CnK0)φ2e−kt + εeΛt(−Λ + CnK0),

which leads a contradiction by choosing k and Λ sufficiently large, since the
quantities |T ′|2C0(g(t)), |∇T ′|C0(g(t)) and |R|C0(g(t)) are uniformly bounded on
[0, τ ], where we applied Lemmas 3.1, 3.4, 3.5, the estimate (4.4). As a result,
we have shown that there exist sufficiently large constants k > 0, Λ > 0 such
that for all ε > 0, (x, t) ∈ M × [0, τ ],

P (g(t)) ≤ (−e−ktφ(x, t) + εeΛt)g(t).

In particular, by letting ε → 0, we obtain P (g(t)) < 0 for t ∈ (0, τ ]. �
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