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Generalized g-Bernoulli Polynomials
Generated by Jackson g-Bessel Functions
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Abstract. In this paper, we introduce the polynomials B,(J“L(a:, q) gener-
ated by a function including Jackson g-Bessel functions J(gk)(:r; q) (k=
1,2,3), « > —1. The cases a = i% are the g-analogs of Bernoulli and
Euler’s polynomials introduced by Ismail and Mansour for (k = 1,2),
Mansour and Al-Towalib for (kK = 3). We study the main properties of
these polynomials, their large n degree asymptotics and give their con-
nection coefficients with the ¢g-Laguerre polynomials and little ¢-Legendre
polynomials.
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1. Introduction and Preliminaries

The Bernoulli polynomials (B,(x)),, are defined by the generating function

tewt o t’n
1= ;OBH(:E)E, | t|< 2m.

In a series of papers, Frappier [9-11] studied the generalized Bernoulli polyno-
mials B, o(z), defined by the generating function

x—1)t e n

S Bl i< (L.1)
R = n,x R 1, .
goz(?t) n=0 n!
where
Jo(t
Ja(t) =2°T(a + 1) (g),
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Jao(t) is the Bessel function of the first kind of order «, and j; 4 is the smallest
positive zero of J,(t). Ismail and Mansour, see [19], introduced a pair of ¢-
analogs of the Bernoulli polynomials by the generating functions

teg(xt)
€q (%)Eq
tE,(
eq( % )Eq
They also defined a pair of g-analogs of the Euler polynomials by the generating
functions

(1.2)

2eq(xt) S o (x "
By, 71~ 2 g .
2E,(1t) o gy '
Eq(Deq(D) +1 *;E”( R
where
(@:0) 1, n = 0;
q;9 n—1
[ }q' - (1 _ q)n ( € N)7 (avq)n -

H(l _aqk)v n e Na

k=0

and a € C, see [12]. The functions E,(x) and e,(x) are the g-analogs of the
exponential functions defined by

gt (L g)”
Eg(w) = (=2(1 = @);@)oc = ) @a , z€C,
" o (1.4)

1 (1—gq)"a™ 1
eq() = ——— = —_—, |z |< —,
e P 2 D
see [12].
In [22], Mansour and Al-Towalib introduced g-analogs of Bernoulli and
Euler polynomials by the generating functions

exp(5) — exp,

texp, (xt) exp,(F) .
N Bn {E q
S
s (1.5)

2exp,(at) exp,(5) P "
—t - Z n(x7Q) |’

by (D) T oxpg(F) 2= ol

where
exp,(r) = Z qn(Tl) < x € C,
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is a g-analog of the exponential function. This g-exponential function has the
property lim, . exp,(x) = e for x € C. It is an entire function of x of order
zero, see [12, Eq. (1.3.27), p. 12].

In this paper, we use N to denote the set of positive integers and Ny to
denote the set of non-negative integers. Throughout this paper, unless other-
wise is stated, ¢ is a positive number that is less than one. We follow Gasper
and Rahman [12] to define the g¢-shifted factorial, the ¢g-binomial coefficients,
and the ¢g-gamma function. The g-integer number [n], is defined by

[n]q = , nec No.

Jackson in [20] defined the g-difference operator by

flgz) — f(2)

D,f(z) = =1 z # 0.

The symmetric g-difference operator is defined by, see [8,12],

6q,2f(z) =

The g-trigonometric functions sing z, cos, z, Singz and Cosyz are defined by

sing z = —eq(iz) ;Z?q(_iz), Co8q 2 = —eq(iz) +26‘I(_iz), | z |< 1,
E, (iz) — E, (=1 E, (1 E, (—1
Singz = a(i2) 5 a ZZ), Cosqz = a(12) +2 a ZZ), 2 €C,
i

see [5,12]. The g-sine and cosine functions S,(z), C,(z) are defined by the
g-Euler formula

exp,(iz) 1= Cy(2) +iS¢(2),

where
& n(n—13) & n(n+3)
o nq 2 2n o n q 2 2n—+1
Cy(z) =) _(-1) 2 Se(2) =) (=)' /52,
! T;J [2n],! a ; [2n + 1],!

cf. [8, p. 2]. The hyperbolic functions Shy(z) and Chgy(z) are defined for z € C
by

exp,(z) — exp,(—2)
2 )
exp, (2) + exp, (=)
5 :

Shy(z) == —18,(iz) =

Chy(z) == Cyliz) =
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There are three known g-analogs of the Bessel function that are due to Jackson
[20]. These are denoted by J(gk)(t; q) (k=1,2,3) and defined by

L a+1 q o ( )2n+a
IV (t;q) = Z W (It]<2),
n(aJrn) 2n+a

,q o (5)

IO (t5q) = z P o),

"("'H) 2n+a

,q oo t

TPt q) = Z g, €0

For convenience, we set

(9 1t
(qa“;q)m(Q)

@ (p ) e G Doo —a 1(3) ;.
j()c (t7Q) T (qa+17q)oot Ja (taq)

T (t;q) = JM(tq) (k=1,2),

(1.7)

The functions Jék)(t;q) (k =1,2,3) are called the modified Jackson g-Bessel
functions. From now on, we use (jy(,lf?a);’f:l to denote the positive zeros of

(k) is the

J((Xk) (-; %) arranged in increasing order of magnitude. Consequently, Jia
smallest positive zero of J&k)(q ) (k=1,2,3).

This paper is organized as follows. In Sect. 2, we introduce three g-analogs
of the generalized Bernoulli polynomials defined in (1.1). The generating func-
tions of these g-analogs include the three g-analogs of Jackson g-Bessel func-
tions mentioned above. We also include the main properties of these g-analogs.
Section 3 introduces a g-Fourier expansion for the generalized Bernoulli num-
bers related to the first and second Jackson g-Bessel functions. Also, their large
n degree asymptotic is derived. Finally, in Sect. 4 as an application, we intro-
duce the connection coefficients between g-analogs and certain g-orthogonal
polynomials.

2. Generalized g-Bernoulli Polynomials Generated by Jackson
g-Bessel Functions

This section introduces three g-analogs of the generalized Bernoulli polynomi-
als introduced by Frappier in [9-11].
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Definition 2.1. The generalized ¢g-Bernoulli polynomials B ()x(x q) (k=1,2,3)

are defined by the generating functions

- oo (1)
eq(zt)eq(F) W tn i
—o =2 Bua@ma—, [tl<—, (2.1)
g (it ) ; ’ (]! 1—g
%:ZBSL?L(%Q)—,, ¢« Do (2.2)
(Zt q) n=0 [n}q 1- q

exp, (vt) exp, (51) _ S BO (1)L 2g% jin
n,a\*") ]

2 ;
(3) (it; q) n=0 [n]q! l—q

where g% )( q) (k =1,2,3) are the functions defined for (k = 1,2) by

st50) = (401 Tl + 1) () IO - i) = T - i)

and

¢\ 7 t .
99 (t;9) 1= (1+q)°Tge(a + 1) <q2 > J® (2(1 —q)qF ;q2>

¢ ;
=J® (2(1 — q)q4;q2) :

Since the generating functions in (1 2), (1.3), and (1.5) can be written as

teg(at)eq(F t”
2sinh, % Zb z34)

LB, () E,(3)

_— = B, ( 2.4
QS’mh t Z (2:4)
q(xt) eq
cosh, Zen

Eq(zt)Eq(%) i n

= E’I’L b) ) 2 5
COShq% ngo (x q)[ ]q! ( )
and
texpy(wt) exp,(F) S tn
= Bn(%‘])i;
ZShq(z) ;::0 [n]q! 26)
equ(a:t) equ(%t) _ iE (2:0) m .
Chy(5) TN

then, if we substitute with @ = +£3 in (2.1), (2.2), and (2.3), we obtain the g-
Bernoulli and Euler polynomials deﬁned in (2.4), (2.5) and (2.6), respectively.
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Lemma 2.2. Forn € Ng and Rea > —1,
e  E(F)
g D(itiq) g (itiq)

Proof. Hahn in [14] proved the identity

(2) 1.

1
, | t]< Emln{hw]l s 2

—¢2
120 = (i) IO, Tel<z (2.7
Since
: N it\ " ‘
it ) = (14 ) Tpla+1) (5 ) IO - ia?) (h=1.2), @9

then, substituting from (2.8) into (2.7), we conclude that

_ 2 ) t —t )
9P (it;q) = (4(1 —~ q)Z;qQ) 9tV (it;q) = E, <2) E, (2) 98P (it; ).

(2.9)
Hence
Eq(%t) _ Eq _Tt) _ eq(_Tt)
92 (itig)  By(HE(G) 9 (itrq) gt (itiq)
which completes the proof. O

Definition 2.3. The generalized ¢-Bernoulli numbers £, o(q), 7(13()1(q) are de-

fined respectively in terms of the generating functions

eq(F) Ey(

oDiitg) @it q) nz;)ﬁ”" q.’ (2.10)
expy(5) (3)

957 (it; q) ;)5 ()[n]q!' (2.11)

PI'OpOSitiOIl 2.4. Forn € N, we have
By fl'q =0 (k=123).
2n+1,« 2 ’ )<y

Proof. 1f we substitute with z = § in Eqs. (2.1)~(2.3), we find that their
left hand side are even functions. Therefore, the coefficients of the odd pow-
ers of t" on the right hand sides of Eqgs. (2.1)—(2.3) vanish. This proves the
proposition. O
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Proposition 2.5. For k € {1,2,3} and n € N, the polynomials B zy(x q) have

the representation Béﬁi(x; q) =1,

-

BUM(x59) =) | | Bo-ral@)a®, (2.12)
k=0 L g
" n] k(k D

BO(x9) =) |, Br—kalq)z", (2.13)
k=0"* -4
" [n]  ke-n

B (w39) = el 4T 6ff’_)k,a(q)wk. (2.14)
k=0"* -4

Proof. We prove the case (k = 1). The proofs for (k = 2, 3) are similar and are
omitted. Substituting with the series representation of e,(x) from (1.4) into
(2.1) gives

()
ZBS«):( ;q) ] 1= q) 2 eq(xt)
q!

1
n=0 gé (Zt, Q)

(S et ) ().
ne0 [n]q! ne0 [n]q!

ZB,(}ZY 3q) ]q. = Z il ,Z[ } Bt 2", (2.15)

n=0

Hence

where we applied the Cauchy product formula. Equating the nth power of ¢
n (2.15), we obtain (2.12). O

Proposition 2.6. For n € N and k € {1,2,3}, the polynomials Bgf(),t(x;q) sat-
i1sfy the g-difference equations

B (259) = [n], Bﬁf_)l,a(x; q) (2.16)
Dy IB@) (239) = [n]y BY | o (a:9), (2.17)
Sg.0 B (w39) = [)yBY o (x59). (2.18)

Proof. We only prove the case (k = 1) and the proofs of (k = 2, 3) are similar.
Calculating the g-derivative of both sides of (2.1) with respect to the variable
z and taking into consideration that

Dy o €q(xt) = teg(xt),
we obtain

te

ga q'
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Therefore,
+1 ik
ZBnoz €L q ] ZDQJCBSL(I q)[ ] . (219)
q!
Equating the Correspondlng nth power oft in (2.19), we obtain (2.16). O
Corollary 2.7. Let n € N and k be a positive integer such that k < n. Then for
z € C,
1
D Bi'A(z;q) B, (w:0)
Pl =Kl
2
Dk Br(Lz,zy(xv q) - szjk7a(x’ q)
Tl =k
q q
3
s Bi@ia) _ Blua(wi0)
7 Infg! [n — k!

Proof. The proofs follow from Proposition 2.6 and the mathematical
induction. g

Proposition 2.8. For |t [< = mln{]1 a,]ﬁl, 2},

i B, <;JQ> [;;q! ! (2:20)

n=0 (2) (Zt Q)
- 1 tn 1
> BY), <; q> (2.21)
— T \2 [n]q! (1)(zt q)
Proof. Set x = 1 in (2.1), we obtain
¢ —t o0
= _- 1 tTL
) 550 () e o
go (i) 20 277 [l
Substituting from (2.9) into (2.22), we obtain (2.20). Similarly, we can prove
(2.21). O

The following Lemma from [22] gives the reciprocal of exp,(z) in a certain
domain.

Lemma 2.9. Let z € Q, Q := {z € C:[1—exp,(—2) [< 1}. Then

exp, ( q

where
n qzl 13'(5i_1)/4

(2.23)
Pt e [s1]4'[s2]q! - - - [Sk]q!
5;>0 (i=1,...,k)
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Proposition 2.10. For Rea > —1 andt € Q={t € C:[ 1 —exp,(—t) |[< 1},
[eS) n ck 3
w1 1Pk (D) (2.24)
9 (it; q) nz::o ZQk”_] e
where ¢, is defined in (2.23).

Proof. Substitute with z = 0 in Eq (2.3). This gives
equ @
(3) Zt Z /Bn o3
q n=0
From Lemma 2.9,

1 oo
= 53
. —t 5
gff’)(lt;q) expy () ngo e

(e ><§ﬂ‘3>< i)

Applying the Cauchy product formula, we obtain (2.24) and completes the
proof. O

Theorem 2.11. For n € Ny and x € C,

iqu(”( rq)BY, (239) =an[ ] Bt(@) B (9):

k=0 =0

71

Proof. If we replace by —z in ( 1), then
eq(—at)eq(F (1) "
ey B ( . (2.25)
(1)(’Lt q Z & [n]q'
Since eq(—xt)Eq(xt) = 1, then multlplymg (2.2) by

Ey(Feq(F 3 =
(2>(( i <(>2') - (Z Prales) Mq!) <

it; Q)ga (ZtaQ) n=0
From (2.10), we obtain

0 n 2 ) n N
(Z ﬂn,a(Q)[Ti}q!> => t— > {Z} By (~2;9)B{Y,, o (x:0).

n=0

25) gives

(2.
S BE) G qﬁ ) .

Hence

> . > mqﬁk,a(qmn_k,a(q)

=2 [7:;! [ﬂ B (-~ )Bfl);m( 1q). (2.26)

So, equating the nth power of ¢ in (2.26), we obtain the required result. O
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Proposition 2.12. Forn € Ny, x € C and q # 0,

n(n 1
BO) (2:q) = Mﬁﬂn@). (2.27)
q

In particular,
n(n—1) ]_
Brald) =0 7 Bna (q> : (2.28)

Proof. Replacing ¢ by é on the generating function in (2.1) and using E,(z) =
e1(x), we obtain
q

%Wﬂwﬁziyn@¢>”. (2.20)
Wt ) ]

Since

W (1) Z - (1—q 1) (5)*"
Ja (t’ > ;J(q 2 (g% 072),

i 2n 2n(n+a)(2) n B (2)(%. )
q q2a+2q)n 7904 7’7q7

n(n 1)

where we used the identity (a;¢™ 1), = (a7 ¢)n(—a)"q~ . Since [n]y /4! =
g [n]g!, then (2.29) takes the form

BB |y (1) o0

ga (it;q) ’ [n]4!

Therefore,

0o n(712—1) i

(2) - (1)

S BEL( ZB () e (2.30)

n=0
Equating the coefficients of t" in (2.30) gives (2.27) and substituting with
x = 0 into (2.27) yields directly (2.28). O

Al-Salam in [3] introduced the polynomials

H,(z) = Z mq aF Glz) = Z mq ¢ TRk, (2.31)

k=0 k=0
He also proved that

E (z)Ey(—z) = iq%cn(—l) [s]n', z e C, (2.32)
eq(@)eq(—x) = Hy(=1) o |z |< % (2.33)

o [n]q!”
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The following theorem introduces connection relations between the polynomi-
als B;lé(x, q) and B,(fzx(x; q).

Theorem 2.13. For n € Ny,

~ [n
B =Y 3] 0B, o, (2.34)
k=0 q
n k(k—1)
B (x:q) = [ﬂ ¢ 7 dG(-1)B, (@59). (2.35)
k=0 q
Proof. Since Ey(xt)es(—xt) = 1, | ot |< 1=, then from (2.9), the generating

function of B,(ley(x, q) can be represented as
eq(wt) o(5) _ By(xt)Eq(F)
&(it; q) 9 (it q)
From (2.1), (2.2) and (2.33), we obtain

2 Bilu(z:a) [:;v = (Z Bf&(%f])ﬁ,) (Z H7L(—1)([Z?T>
q* q: =0

eq(zt)eq(—at).

n=0 n=0 q-
o tn n
=3 n Y |b] A mens?, e
n=0 [n]q. k=0 q

(2.36)

Therefore, equating the coefficients of the nth power of ¢ in the series of the
outside parts of (2.36) gives (2.34). The proof for Bi°A(z;q) follows similarly

from the generating function of B¢ )a(a: q) and the identity (2.32), and is omit-
ted. O

Theorem 2.14. Let x and o be two complex numbers, with Rea. > —1, and n
a positive integer. Then

S (-0 By (50 (12,
222

o n(x),
— 2 + |
k=0 [n = 2klg! (a*, "+ )k [n]y!
(3] o) o2 .. §
Z 1 — q)2k g2kt )B( )zk,a(_§’q) _ (—1/2) nc) @)
% (1 —q)quk2+k/2 B(3) k,a(_%;q) B (=1/2)" %(_Z‘ - |
k=0 22k [n - Zk] (q q2a+2 q )k - [’n]q' q q 7q n-
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Proof. We can write the generating function of the polynomials By(ll()l (z;q) as

t n
colettes (5 ) =it ZB(U 2
.
> (1 _ q)2nt2n (1)
= Bna x;q) .
(3 sty ) (S oot

n=0
(2.38)

On one hand, applying the Cauchy product formula in (2.38), we obtain

%] 2k (1) .
(I’t Z £ Z (1 ) Bn—?k,a(m7 q) '
22K [n — 2k]4!(q%, 422 ¢

n=0

On the other hand, using the series representation of eq(z) in (1.4) followed
by the Cauchy product formula, and using (2.31) yields

—t o~ (—1\"
t - | = — | H,(—2x). 2.
e (3) =X g (5 #at-22) (2.39)
Hence
i 7,‘/" (_1>n Z m & (1 )QkBi )2k a(SC; q)
n=0 [n]q' 2 n=0 k=0 7172]{3] (q 7q2a+2;q2)k,
(2.40)
equating the coefficients of t" in (2.40), we get
(3" Hul20) _ § (1= 0By (@) o)
[n]g! 22k[n7 2k]41(q%, ¢* 22k ‘

Replacing z by =* in (2.41) gives

()" Hy () Eoa- )%Br(Ll)zk o(5554)

[n]4! = 22K [n — 2k]o1 (g%, >3 P

which readily completes the proof for Bn ,)x(x q). The proofs for B,(fzx(x, q) and
B,(f()y(w, q) are similar and are omitted. O

If we set © = 0 in (2.37), we obtain the following recurrence relations for

Br,al) and B4 (q),

O -0 Brale) ()"
2%k [n — 2k]4H (%, ** %% [n]y!

(1—q)2kg"" T2 (q) ™2y
k,a 2
22k [n — 2k],! (¢%, ¢**2 ¢ [n]y!

w3

(2.42)

—

wlz |

— o

k=0
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As a consequence of the recursive relations in (2.42), and the fact that

Bo.ala) = Bia(q) =1,

we can prove that

1 1 _ g2+t — (1 — g20-1
Buald) = —50 Pral) = =T Bunle) = ).

1 (q+¢@)A-¢*)1—-¢) (1-q@1—-¢%

Bi,a(q) = 6 16(1 — g2o+2)2 T 16(20F 2 ¢2),
Bs.o(q) = 1+ —¢")(¢* — ¢**1?) L= ¢)1-¢°) 1
5, 32(1 — g20+2)2 32(q2+2; ¢2), 32’
and
B 1/2(1 _ 2a+2\ _ .3/2(1 _
3 y_ —1 @,y P01 =¢*") —¢?*(1—q)
51,04((1) =50 2,04(‘1) = 41 — 2o +2) )
_3/2(,3 _ 2042
q q q
B = L)
8(1 — g***?)

16(1 - q2““) (I —g?)  16(1 — ¢**F2)%(1 — g> )
L 4Bl (1= ) (¢ (1 — ¢?*12) — ¢*2(1 — q))
16(1 _ q2a+2)2(1 _ q2a+4) )
54¢°(1 = ) (1 + ¢*)(¢* — ¢** ) (1 — ¢**™)
32(1 _ q2a+2)2(1 _ q2a+4)
[5leg°(1—q)(1 = )1 — %) (1 —¢** )1 — ¢** 1)

T 32(1 — 20+2)2(1 — 2o+4)  32(1 — 20F2)2(1 — g2o+d)’

/6(3) (q) B 3( 2a+2 ) (1 _ q2a+2> [3]qq5(1 _ q)2(1 _ q2a+2>

3
) (q) =

Theorem 2.15. For n € Ny and complex numbers a and x,

n
n
B (x59) = [k} (a;)s 2B, (a3 q), (2.43)
k=0 q
BZ)(x Z[ } F(1/a;q)e "B, (azsq). (2.44)

Proof. The proof of (2.43) follows from the generating function (2.1) since

eq(wt)eg(F)  eqtax)eq(F) eq(tw) i 1
( )(Zt q) - gc(xl)(it;q) eq(atr)’ [t ]< 1—q

From the g-binomial theorem (see [12, Eq.(1.3.2), p. 8]), we can prove that

eq(te) Z (a;Q)n((l —qtx)", |tz |< %—q

eq(atx) "0 (Q; Q)n
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Therefore,
) e} m e’} @ q)n B
X%B” T (;)Bﬁl%L(ax;q)Mq!) (Zjo([?lf!(m) )
=3 S b ot B, i)
n=0 " 19" k=0 q

(2.45)

where we used the Cauchy product formula. Equating the coefficients of t" in
(2.45), we obtain (2.43). The proof for B,(“)l(x q) is similar and is
omitted. 0

Lemma 2.16. Forn € Ny, Rea > —1, and | (1_72‘1” <1,

t t a4+ o
gV (it; q) E, (5) = g{2(it; 9)eq(5) = 261 (" 3 gt 2 g, 5

(2.46)

Proof. From Lemma 2.2, we conclude that

. t t
i Gtiatey (5) = o008, (3)

From the series representations of E,(z) and gg})(it;q) in (1.4) and (2.38),
respectively we obtain

t 0 1— 2nt2n w("; 1 — ag)"t"
g (it; Q) E, (2) = <Z an((q27q(]2>a+2 2) ) (Z : )Z) )
(

n—0 747 )n
0 (1 o q)nq"(";l)tn 3] q2k272nk+k
; ,;) 2n kzzo (@ @)n—2k(4% ¢ T2 4%,
n(n—1) [Q] _
_ i ¢ = (L—g"t" i (g5 q)an
= 2Maan (PP
where we used the identity, see [12, Eq. (1.2.32), p. 6],
(CL; q)n vk EE=D ok
a;Q)p— = ————(—qa 2 k=0,1,...,n). (247
( q)’ﬂ (aflqlfn;q)k< q ) q ( ) ( )

aq; ¢*), yields

. t ¢ 2 (1=9"(E)" X )@ )
(1) t E _ — 2 I )
90 (it:) q(z) > (424202, 2k

Therefore, using the identity (a;q)an = (a;¢%)n

N A

201(q7 ", " T L ).
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Since
b2. 12 n(n
Mq (2 L

(0% 9)n (n e N),

201 ("¢ b q7) =
see [12, p. 26], then

oD (it ), <f> 2 (@ ) (—g T E ) (U5
“ 2) = (a3 D)n(@* 5 9)n

1 1 (1—q)t
=2 (q“”,—q“”;qm“;q, 2) -

(2.48)

Hence from Lemma 2.2 and (2.48), we obtain (2.46) and completes the
proof. O

Theorem 2.17. Let o be a complexr number such that Rea > —1. Then

(o] e,

=x
2a+1. ’
m=0 m 2m( “ Q)m
2”’: [n} (5 ¢%)m By o (230) S
meo L g 2m(g** 5 @)
n (7] 3 nn-1)
Z (71)771 . qk2+k/2 (1 - q)2k Cm—2k BT(L )m a( 7(]) _ q 4 T
2 (@ ** 2% [n —m],! ]! 7

m=0 k=0
where (c)r are the coefficients defined in (2.23).

Proof. We can write Eq. (2.1) in the form

t’I’L

eq(at) = E, < ) M (it; ;Bnl ]!
= Z dpt" i B (x:q) tn .
n=0 n=0 ’ [n]q|

From Lemma 2.16, we obtain

9\ (it; q) E. ( > Zdnt" (2.50)

(2.49)

where

(1—9)"(¢** 5 ¢°)n
d, = 2.51
(@ (@ ) (2:51)
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Now, applying the Cauchy product formula in (2.49) gives

deiLl)m a(z; Q) S (xt)n
t" — = (2.52)
S $ e S
Equating the coefficients of the nth power of ¢ in (2.52) gives
" dy BN (2 n
Z n m,a(' q) _ X - (253)
[n —m],! [n]q!

m=0
Substituting from (2.51) into (2.53), we get the result for Bﬁllz,t (z; q). Similarly,
we can prove the result for B,(Abkz,(x, q) (k=2,3). O

Theorem 2.18. Let n be a positive integer and x be a complex number. If
Rea > —1, then

B (x:q) — (—1)" Bl (~23q)
k

-y m e (_21)ka(—2$)—(;)ka(2$)) Bfi)k,a(%;q)-
(2.55)

Proof. We give only the proof of (2.54) since the proof of (2.55) is similar.
From (2.1),

eq(at)eq(3) eq (zt)eq(5) i (1) " iB(l) (_x;q)(—t)".

9 (it; q) W(—it;q) = [nly! &= e [n]q!
(2.56)
Since

g (=it q) = ¢{)(it; @),
then Eq. (2.56) can be written as
eq(@t)eqg(SH) — eq(at)eq(L) = (1) 1 t"
= Bna(m;q)_(_l)nB( )( €5 q) .
(1)(zt q) 7;)[ ' } [n]q!
(2.57)

Replacing x,t by —x, —t, respectively in (2.39) gives

calit)eq(y) = > o (5)" Ha(22). (2.58)
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From (2.39) and (2.58), the left hand side of (2.57) can be written as

eq(:ct)eq(%t) - eq(xt)eq(%) 1 =

g((xl)(it; q) 9o (it;q) 120 [n]q!

Therefore, by (2.21) and the Cauchy product formula, we get
eq(xt)eq(_;) eq(a?t)eq(%)

g8 (it; )
B nf;] nnql kﬁ% { } (()ka(—%) - (;)ka(%)) Bfi)kﬂ (;;q> )

(2.59)

Since the left hand side of (2.57) and (2.59) are equal, then equating the
coefficients of ¢ on the right hand sides of (2.57) and (2.59) yields (2.54) and
completes the proof. O

Proposition 2.19. If ag > —1 satisfies the condition

(1L = q)® < (1—¢*)(1 - g**?), (2.60)
then (t/2)*“J,§2)(t(1 —q);q?) has no zeros in | t|< 1 for all a > ap.
Proof. Set

(q; q)oo B ) > k 2k(k+a)(1 _ q)Qk
Ft) = — 2% (¢ /9)=e 72(4(1 - q); ) = S :
a+1. (e 2k 2a+2. ’
(¢“" @)oo = 2%(¢% T )k

q2k(k+a)(1 )Zk

PP
Then, under hypothesis (2.60) and since 0 < g < 1,
POV —¢?) < P11 - ) < (1 - ) (1 — > T?)
< (1-¢)1-g*),
holds whenever a > «. Hence
Ak2(a+1) (1 — )2 B @D (1 — )2

Qp ‘=

Ap+1 q

= <1
we A0 @1 ) S A )1 )
forteR, |t|<1
F(t) = Zt%(a% — agr1t?) > (ag — ait?) > (ap — a1) > 0.
k=0

This proves that F(¢) has no zeros on [—1, 1], since F(t) has only real zeros,
then F(¢) has no zeros in the unit disk. i.e | F(¢) |> 0, for |¢|< 1. O
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Corollary 2.20. There exists ag > —1 such that J& (t(1 —q); ¢*) has no zeros
in the unit disk for all a > .

Proof. Since for a fixed ¢ € (0, 1),
lim ¢***? =0, lim (1-¢*)(1-¢**"*)=(1-¢%,

o— 00 a— 00

then there exists ag > —1 such that the condition (2.60) holds for all o > «p.
Consequently from Proposition 2.19, Jéz)(t(l —q); ¢*) has no zeros in the unit

disk for all o > «y. O
Theorem 2.21. For n € N,
1\" ne-
i B2 (i) = (~3 ) G (-20), (2.61)
lim B\ (z;q) = 2" i-q : (2.62)
a0 n,o 231" .

Proof. Taking the limit on both sides of Eq. (2.2) as « — oo we get
E(at)Ey (S @) "

o/—>oo ZB e

From Corollary 2.20, there exists cg > —1 such that g( )(zt; ¢q) has no zeros in

By(xt)Ey(F)
g (it; q

for all @ > «ag. Therefore, we can interchange the hmlt with the summation in

(2.63) when | ¢ |< 1 to obtain
E (xt)
hm g zt q)

lim
a— 00 (2)(Zt q)

N (2.63)

|t |< 1 for all @ > ap. This means that is analytic in | ¢ |[< 1

Z lim Bna x; q)
La—oe [n }q

Since

el qn(n—l)/Q(ty)n T

lim gP(itiq) =1, Ey(at)E,(yt) = TG,
)

n=0

then from (2.32)

n(n— 1)/2tn —1\"
Z lm B, (x: Zq <2> Go(=20).  (2.64)

Equatlng the coefficients of " in (2.64) gives (2.61). The proof of (2.62) follows
directly from the relation (2.9) since

t —1
= 1 () (¢ = — J— 1 (1) e
1 ah—{go 957 (it;q) = Ey (2) E, ( 5 )ah_{r;o g5 (it; q).

Hence

. . t —t
ah_)n;o g (it; q) = e, (2) €q <2> , [t(1—q) < 2.
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Therefore, computing the limit in both sides of (2.1) gives
e a:t
q 1
E lim B, (x; )
a—?m [

From the g-binomial theorem (see [12, Eq.(1.3.2), p. 8]), we have

}q

o0

eg(zt)  (5(1-q)i@)e > (i;q)n(

e(3) (@1 -qkid)s = (@)

zt(1—¢q))", |2t(1—q) [< L.

Hence
>\ tn = (xt)™ 1
lim B (x;q) = (5= Dns (2.65)
nz::Ooz—n)o ’ [n]q' 7;) [n]q' 2x
equating the coefficients of " in (2.65) yields the required result. O

Corollary 2.22. Forn € N,

lim Boalg) = (—~1)"2 "¢ 7. (2.66)

a—00

Proof. Since

n—1 n—1
A o q~ . ¢
birk (zﬂ) = (1‘293)—52% (““z
n k=0 k=0

= (-2,

then substituting with = 0 into (2.62) yields (2.66). O

Lemma 2.23. Let ag > —1. If ¢*?(1 — ¢)? < (1 — ¢*)(1 — ¢>**2), then
(q%t/2)_ajé3)(%(l — @)q T ;%) has no zeros in [t|< 1 for all a > ayp.

Proof. The proof is similar to the proof of Proposition 2.19 and is
omitted. 0

Theorem 2.24. For n € N,

n(n— —1\" _1)kgk(n—k+3) (.
hmB(3)(:p q)= q(41)<2> (=1)"q (g™ q)

2k 1-n
(2(1}'q 2 §Q)n72k7

2. 42
= (4% ¢*)x
(2.67)
n 2] . .
lim ,6(3)( ) q% <_1) (_l)qu( 2k+z)(q ;Q)Zk.
oo 2 ) = (@ a®)k
(2.68)

Proof. Taking the limit as & — oo on both sides of (2.3), we obtain

exp, (rt) ex t t"
m S expg(F) ZB<3> . (2.69)
a— 00 (3)(Zt q) a—00 ]q'
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We can choose ag > —1 such that
_ 2 _ 20042
q3/2 < (1-¢)(d—gq )

(=g (=g
1—¢q 1—¢q - 1—gq 1—¢q

for all @« > «g. Hence from Lemma 2.23, the function g((f) (it;q) does not

vanish on the unit disk, and the left hand side of (2.69) is analytic for | ¢ |< 1.
Therefore, we can interchange the limit as a — oo with the summation in
(2.69) to obtain

equ(xt) equ( D) ) _ Z lim B7(L3()1($§Q)
hm g( )(zt q) it

i

n

(]!
Since

> n?4 2 2n
. , gt tE(1—q)*
lim g(S) it;q) = lim ~——5—F—%—(=
Jm 00 = ), Jim g,

2 n
B f: ¢rTE(l - q)Qn(%)?n (_qg(l _ Q)2t2'q2>
(oo}

)Qn

2. 2
P (4% ¢%)n 4

Hence

exp,(xt)exp,(5- > t

p, () exp, () =Y tim BE(z9) (2.70)

(_W;qz) e o

But
0o 4 n(n—1)
—t (F)'q Tt i
exp, (xt) exp, (2) = Z(J[”—M(qu 25 q)n-

Therefore,

(e 1_5%2/4 ) ) (onienon3)

00 n('n. D _t\n
( 1) (Zq (, ) (22972 ;q)n>
n=0

(1 q
q.
n [ﬁ] 2 —n
Z n(n n(n—1) ( 17(] ) - ( 1)kqgqu k+k/2 (21‘qlian) 2k
2 )i o

k=0 (q 5 q Q7q)n72k:
"<" ” ) (5] k, k(n—k+3) [ —
(_1) q (n—k+ )(q n§Q)2k l-n
= 22q° 2 ;q)n—2k-
Z Z 2. 2 (22475 @) n—2x
n=0 k=0 (0% %)

(2.71)

Substituting from (2.71) into (2.70) and equating the coefficients of t" yields
(2.67). The proof of (2.68) follows directly by setting x = 0 in (2.67). O
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Theorem 2.25. Let o be a complex number such that Rea > —1. Then for
neNn > 2
[

-1

w3

(1 —g)? (1= q)/2)* Buok-2.a(g) . (—=1)"
Pl == = [0 =2k = 2]Me? T %) T
B (q) = [nlglg*?(1 = g)? BT ok (1 - q) /20 8%,y L (0)

4 = =2k =201 ¢ g%k
(—1)ng™
+ T

(2.72)

Proof. We give in detail the proof of 3, o(¢) in (2.72). The proof for S ) «(q)
is similar. Since

(1) Zﬁn (@) (2.73)

n=0

Pl (j) - iﬂn,a<q>[;i! a(3)

Consequently, from the series representation of e,(¢) in (1.4), we get

ff)((zt))@ gl (it; q)) Z(ﬁn,a(q)— (;i)n> tn.. (2.74)

it q n=0

then

Since
1— )2m+2t2m
W (i 1) — 2 (1-g¢
( (z Q) mZ: 22m+2(q q2a+2 q ) +17 (2~75)

then substituting from (2.75) into (2.74) and using (2.73), we obtain
n 1 _ q)2n+2t2n
2
(Z Pr.ala ) ( t Z 22n+2 (¢2,q22+2: %) i1
-3 <ﬂ”’a@ )

n=0
Therefore, by the Cauchy product formula

(1-g2 &, <1—q>2% 2-salt)
_n:0 (ﬁn,a(Q) 2n )[n]q!'

(2.76)
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Equating the coefficient of t™ in (2.76), we get the required result and the
theorem follows. O

The following theorem gives a recursive relations between the polynomials
Bia(wiq) and BJ . (w:q) (k = 2,3).

Theorem 2.26. If Rea > —1 , x € C, and k € N, then

(2) (1. [5} 1— 2k h(2)
n,o (75 q) 20042 k( q) k+1( ) (2)
— = =2(1—q E -1 B, o1 (xig
[n]q! ( ) k:o( ) [n — 2k],! o +1( )
(2.77)
(3) (3] 2kt (3)
By a(x;q) 2042 k(l Q) hk+1( ) (3)
, _ _ « -1 .
[n]q! (I-q )kzo( ) 22’“[7172]6],1 B, ok a1 (@ 0),
(2.78)
where

o0 (r) (a(r) 2k
(r), 2y B Ja+1(]m asq ) 1

o I (560 |, i
and (]m 0é)m 1 (r=2,3) are the positive zero of Jg")(g 7).
Proof. We start with the proof of (2.77). From [6,13], we have the identity
J(Q—gl 2n—1
o Z h{P (q)t (2.79)
o 7q n=1
where

2n
= 207Ul d®) [ 1
2)() = a+1\m.a;
W (g) = ol R

m=1 dZJ(2)(Z ) |, Jm,a

Z2=Jm)a
Replacing t by it(1 — ¢) and ¢ by ¢? in (2.79), we obtain
1 1
A2 (it(1 —¢))* 1. (2.80)
Dt —arat) I ) Z

Multiplying (2.80) by E,(2t)E,(5t) to obtain

Eq(wt)Eq(F) Ey(#t)Eq(F) , n—

O = s 2 WP (@)t - )* T (2.81)

Jo (@1 = q);q®) S (it(1 —a)i¢?) n 3

Substituting from (2.8) into (2.81), we get

Ey(at)Ey(5) (14 q)a+1], E - @) on—1
_ : h: .
9 (it; q) (%) ga+1(2t q) nz:l )

(2.82)
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Consequently,

ZBffL (z59)
]q

(1;— q)[ + g2 (Z B7(12z)1+1(m Q)[t]nq.) (Z hg)(qz)(it(l _q))2n1>

n=1

— 2a+2 ( 2231-'—1 QZ‘ q > <Z hf_,)_l 2 2n _q))Qn)

[’]

(SIS

= )% 1 (6

_ gt Ztn TGN 2k o1 (T3 Q)-
n=0 :0
Hence
e n
S B2 (2:) t
v [n]4!

00 [%] k 2k 7,(2)
—D*(1 - q)* 1y (07)
2a+2 n k+1 (2)

(2.83)

Equating the coefficients of t" in (2.83), we get (2.77). The proof of (2.78)
follows from the identity (see [1, Eq. (4.3), p. 1201]),

J<3>

a+1 Z h(3 t2n71
)

where
o0 (3) (53 2n
W) = Y i ) ( ; )
o Y S Y N JOR oo
and by using the same technique. O

3. Asymptotic Relations for the Generalized g-Bernoulli
Numbers

In this section, we derive asymptotic relations for the generalized g-Bernoulli
numbers defined in (2.10).
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Theorem 3.1. Let n be a non negative integer and o be a complex number such
that Rea > —1. Then for n € N,

-(2)
o0 jka
Bana(0) = 210" (G0 Y Cosalanyy)

2 (2
k:l ) 2”+J'jééﬂ1)(z;q )lz:‘yl

)

a\30-g)
Bon+1,a(q) = 2(=1)"(¢; @)2n+1 Z 12 2 )
o Gt 2780 (=60 |y
where jOEZ)(z; q) 1is defined in (1.7).
Proof. Since
i
G(Z)_ qu Zﬁna .7 |Z|<1_q7
n=0
then
(n)
5n,a(q) — G (0)’ ne NO-
[n]q! n!
G E, (=

Now, we integrate f(z) := z”(fz , G(2) = (‘)1(72) on the contour T',,, where

(iz;q)
T, is a circle of radius Ry, | 2m |< Rm <| Zm+1 |- From the Cauchy Residue
Theorem, see [2],

/F f(2)dz = 2mi Z Res(f, zi),

where {z;} are the poles of f that lie inside I';,,. The function f(z) has a pole
(2

at z = 0 of order n + 1 and simple poles at +z; where 2z, = : koo

Consequently,
27”/ f(2)dz = Res(f +ZRes z), +2g). (3.2)
Since
J"(0) _ Bnalg)
Res(f,0) = e ],
Res(f, ) = o 201

dzgé)(w’q) Iz 2k (

-(2)
“k.a N\ —n n
Eyorty)  ()"(1—g)
2 (2
£IP(5R) e G

Zk)nJrl
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and

E (—’f) 1
Res(fa 72,(3) = 2 n
dzgg‘ )( q) |Z—*Zk (_Zk) i
ij i),
Eolznzy) ()" -o"
£IL () e G

Then Eq. (3.2) can be written as

1 Brola)
[l
(2)
ko (1 — q)n
+ 2Re | (— ’
Z ( <2(1 —q))) ( (2 )77,—‘1-1 d jcv ( ) |Z:j(2)
(3.3)
substituting into (3.3) with —i = e~ 7 gives

(2)
]k «
Brn.a(q) T Cos, (2(1 q)) 1

I, = +2(1—q)”cos—z 5 e
[n}q! 2 k=1 dz ( )( 2;q%) | _J(2> (]l(wl)njq

(2)
m S’L’I’Lq <2jk o )
nmw (1—-q) 1
72(17q)"sin—z . .
23 £ EP) e G

Now, we show that the integral I,,, — 0 as m — oco. Bergweiller and Hayman
[7] introduced the asymptotic relation for E,(z),

—(logr)?

| M(r; Ey) |:=sup{| Eq(2) || z|=r}~ e 2lea | when r=|z]|— occ.

In [4], Annaby and Mansour proved that for r =| z | = oo

1 2 log2
Ziujéz)(Z;Q) ~ €Xp *7( 08 T) R logr ).
2log g loggq

Hayman in [15] introduced the higher order asymptotics of J£2)(Z; q). Then,
Annaby and Mansour, see [4], pointed out that the first order asymptotics of

the zeros of JLEQ)(Z; q?) is given by

i, =2¢7"g T 1+ 0(¢*™)),  (m — o).
@)

Hence if (2, )m are the positive zeros of g4’ (iz; q), then
:(2)

Jmy ¢, lim z, = occ. (3.4)

m—00

. Zm .
lim = lim
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Let 0 < € < (¢! — 1). There exists My € N such that if m € N, m > M,,
then

(1) < <@ (1+e).

Zm+1

Hence 2z, < qzm1 for all m > My. We can choose R,,, § := ¢~ sup

such that (z,, < 0R,, < qzZm+1 < Ry,). Indeed,
z z
§=q ' sup —— >q¢ ' m > M.
m> M Zm+1 Zm+1

But gzpmi1 < Ry, leads to 0 > £ and 50 z,, < 0R;,. Now,

. Z _
0= q_1 sup > q_1 lim T —yq 1q2 =q.
m>My #m+1 m—00 Zm+41

Also § = ¢~ sup < q(1+¢€) < 1. Hence 1 > 6 > q and so by

m>My Fm+1
q
Zm < Ry < S+ S Zmt (3.5)
the annulus 0R,, < |z| < R,, has no zeros of the function g( )(
from the minimum modulus principle we have

iz;q). Hence,

2
(log Rm)?% _ log2 log2 1,05

|9 izi0) | = e e UERRT R >0,
—(log Bmy2 (3'6)
|E( )| < cre 2w, e >0,
Therefore, from (3.6)7 we conclude that
_ —(iog fgn)?
EAF) | o o
()(zz q9 e—%—iigilogém
< 2 iz (((log 8Rm)? —(log F32)%) )+ 1352 log 6 R
<4
< 672eKeZIOgIQO;ong_i_logrié;qum
c
where
1
= log§)? — (log2)? + 2log2logd) .
21qu((og )? = (log 2)* + 2log 2log 9)
Now, using the ML-inequality (see [2]) to obtain
I | =] [ 72z |< rRo) | MO 1)
T
27TRm82 BK 6210g12;1g05 Rm+10g51;<;qu7n 1 (37)
T a t
27.[-02 K 2log2 log § —n

R log q Rlogq

C1
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From (3.4) and (3.5), we have lim R,, = oo. Also, since 0 < ¢ < 1 and
1> 0 > q then

21og 2 “n
Ryw2* — 0 and R#{gq —0 asm — oo.

Hence lim I, = 0. Consequently,

m—00

)
]k «
Brn.a(q) N ~— Cos, (2(1 Q)) 1

= —2(1—q)"cos—z
! 2 2\
[l! 2 (ST e G

(2)
o'} SZ’I’Lq (2]k = )
s (1—q) 1
—|—2(1—q)"sin—z 3 G .
2 S AP0 e G

Therefore,

) COSq ( (311(331 )>
q
Bon,alq) = 2(=1)""(g; @)2n
; (3(2))2n+1 dj(Q)(Z q ) ‘ 2)

)

bl

T
> Sing | z0=g
ﬂ2n+l,a(q) - 2( q7 2n+1 §

2n+2 d j(2 (2 q ) ‘Z:jz(cz)

which completes the proof of the theorem. O

Remark 3.2. If we substitute with o =  in the second equation in (3.1),
then (zj)r will be the positive zeros of Sin,(z) and consequently, the series
in the left hand side vanishes which coincide with the known result that the
odd Bernoulli numbers vanish (82,41(¢) = 0, n > 1) (see [19]). Similarly, if
we set a = —% in the first equation in (3.1), the series in the left hand side
vanishes and this coincide with the fact that the even Euler’s numbers are zero

(E2,(q) =0, n > 1) (see [19]).

Corollary 3.3. The asymptotic relations of the generalized q-Bernoulli numbers

(ﬂn,a(Q))na
Cos, (2(]52%1))
_ n+l/ .
ﬁQn,a(q) - 2(_1) + (QaQ)Q ( (2))2n+1 d j(z)(z 7 ) | J(Q) (1 +0(1))a
Sing ( (jf;q)>
Bon+1,a(q) = 2(=1)"(¢; ¢)2n+1 (1+o0o(1)),

( (2))2n+2 dj(2)(z q )| i 2)

where j(gz)(z; q) s defined in (1.7).
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Proof. The proof follows directly from Theorem 3.1. g

4. Applications of the Generalized g-Bernoulli Polynomials

In this section, we introduce connection relations between the generalized g-
Bernoulli polynomials B,(L’?Y(x, q) (k =1,2,3) and the ¢g-Laguerre and the little
g-Legendre polynomials.

The ¢-Laguerre polynomials L% (x; ) of degree n are defined by

« 1 7n57:17 n+ao
Ly(x;q) : = @ 201 (q 0 wdt “)
o 41
_ (@50 5~ (@R ety gk )
T gy re
The Rodrigues formula is given by
(1 B q)n —a Mn xa-l-n
Lg(xQQ):W(_tT;‘I)oox Dq m ) (4.2)
and the orthogonality relation is
o0 l‘a
7La . La . d
| o Ema L@
(% oo (5D
= T'y(—a)Ty(a+ 1)0mmm,
(@) (@0)ng" a(Ze)Tq(e 1)
(4.3)

a > —1, where §,,, is the Kronecker delta function, see [17,21]. The g-Laguerre
polynomials L& (z; q) satisfy three term recurrence relation

—zanly(w;9) = Ly (25q) — b Ly (25.9) + dn Ly (259),
where

grtett g(l—g"™  _q(l—q"")

Ay = bn:1+ 1—(]"""17 niil_qn-‘rl .

o 1_qn+1’

In the following, let & > —1 and P,, = {p(z) : degp(x) < n} with the inner
product

where p(z), g(z) € P,,.

Theorem 4.1. Let p(x) € P,,. Then p(x) can be expanded as

n

p(x) =Y CoLi(w;9),

m=0
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where

o, — 19" @ g)u /°° pm <( zotm >p(x)d$.
0

(439 T\ (—2;9)

Proof. Since

1) =3 CuLi(w:q),
m=0

in order to calculate the constant C,,, we use (4.3) to obtain

(p(2), L (23 9)) <ZC Ly (5.9), L (; q)>
m=0

= Z (z39), L (59))-
Then
(p(x), Ly, (73 9)) = Cu(Lyy, (25 9), Ly, (25.9))
_ (q0+1 ) (1 q)l-&-ar (Oé-i—l).
O (@ O !
Therefore,

o 9" (¢:9) / *_
T (@ gm(l - @) Ty (a4 1) Jo (—a50)
Using (4.2) with n replaced by m, we obtain

m o m—1(, a+m-+1. [e'e] a+m
o 19" g 1) oo / o ((1’) p(@)dz,
0

(4500 T\ (—2:9)

Ly, (z; q)p(x)da. (4.4)

and the theorem follows. O
The following Lemma, see [18], is essential in the proof of Theorem 4.3.

Lemma 4.2. Let the functions f and g be defined and continuous on [0, 0].
Assume that the improper Riemann integrals of the functions f(x)g(x) and
f(z/q)g(x) exist on [0,00]. Then

/°° f(x)Dgg(x)dx = M Ing — }/OO 9(x)Dy-1 f(x)dx
0 q.Jo

1-¢q
= M Ing — /00 9(qx) Dy f(x)dx
0

1—q
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Theorem 4.3. Ifn € N and x € C, then

n k(2n— k 1 7n 7@7’6. —k.
Bilh(z:q) = Z Am, <Z Jrenn (q,’:)):(q O ﬂn—k,a(Q)> Ly (x39),

nk —-n ,—a—k. —k.
A ( @ "”mﬁn_k,a(q)) L3 (w:0),
k=m

m

(q; Dk

3

k(an—k+1) (g~ ", g~k
<Z Lk (07" g (q-f)):(q 1 )m 7(13)ka(q)> & (z:q).
k=m ’

Bih(wiq) = > Am
m=0
where
—q" (T T ) T
(1-0)(¢, 49  sin(am)’

Ay =

Proof. We prove the identity for B,% (z;q) and the proofs for B zy(x q) (k=
= Bgzy(:r;q) in (4.4). This gives

2,3) are similar. Substitute with p(z) =

4" (¢ Dm oz o o
(5 @) m(1 — @)1 +eTy(a + 1) / (=25 9)oo L5 ) B s a)da
(4.5)

Cn =

Since {L% (z;q)}nen is an orthogonal polynomials sequence then C,, = 0 for

m > n, and

n

B (w59) = > Con Ly (2:9).

m=0

Now, we calculate C,,. Using (2.12) in (4.5) gives

7" (GDm Z[ } Bkl q)/ = ;;:m & (x; q)d.

Om = @ ) (1= @) ol (a + 1)

Since

o ot . X

———— Ly (v;q)x"dr =0, for k <m,

0 (7'1:7(])00
then

qrn(q; q)7n " |:7’L:| /oo potk N
Cm = n—k,« 7Lm ;q)dx.

(q‘”‘+1;q)m(1 _q)1+an(a+ 1) k;n k qﬁ § (q) 0 (—x;Q)oo (:c q) *

From (4.2), we get

¢ (1= )" (@ e {n} > zoT N\ &
Cm = Brn— ,alg / D" z"dx,
(49 k;n k], onh @ o T \(79
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then applying the g-integration by part introduced in Lemma 4.2 m times, we
obtain

(—1)™mqm(1— )™ (g )
(45900

n m—1
" ik ) _Ma! et
S8 (o) o [ e

From [16, Eq. (5.4), p. 465],

Con =

1 sinmz /°° t—*
= dt, Rez > 0.
Lq(2) ™ Jo (=1 -9);9)e
Then
oo gpotk T 1
do — 1 — g)oatk+t
/0 (—2;¢) o :c sin(—a — k) Fq(—a—k)( 9
Therefore,
C _( 1)mqm(qa+m+1 Q)oo
(1 - a2 4D
n m—1
I ™
X k().
,;(U “ ) (@ Dot (@ Db 50— — Ty " @
(4.6)
Since
m—1
i = (_1)k_1#, H ¢ "= qm(yg_l)q_km7 (4.7)

sin(—a — k) sin(am)

then substituting from (4.7) into (4.6), we get
/2

(—1)mgmgmm=D/2(getmtlig) (g7 ) T

Cn = =)@ s 0" sin(am)

(
% Z k: 1 —k:m ((q ) ( _a_k;q)k ﬂnfk,oz(q)

On—1(6 Dk—m

Using the relation (2.47), we obtain
0" (@) T
(1=9)(¢: 49 sin(ar)

n _ —n. —k?.
quw(q )k q)m (g

(¢ Dk

Cm =

—ak:)

ﬁn ka()

and this completes the proof of the theorem. O
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The little g-Legendre polynomials (P, (z | q)), are defined by

—-n ,n+l1
Po(x]q) = 201 (q ,qq q;qﬂﬂ)

= (@@ ket
- z:: (4:9)x (@ )x

0
They satisfy the Rodrigues formula
qn(n—l)/2(1 _ q)n
(€ @)n

and the orthogonality relation

Po(z [ ) = Dy (a™(qw;q)n), forn =0,  (4.8)

q

1
17
/0 Pl | @) Pl | q)dgw = O(_qql)am for m,n >0, (49)

see [21]. Let P,, = {g(z) : deg g(x) < n} with the inner product

1
(9(2), plx)) = / o(2)p(x)d,z,
where p(z), g(z) € Py,.

Theorem 4.4. Let g(x) € P,. Then g(x) can be represented by

g9(z) =Y CkPi(x | g),

k=0
where

k(k=1)/2(1 _ Nk—1(1 _ 2k+1 1
Ck _ q (1 Q) (1 q ) / D’;_l(xk(qx;q)k)g(:r)dqx.
(4 9)x 0

Proof. Since

g(z) = CpPi(x | q),

k=0
then by the orthogonality relation (4.9), we obtain

(1 _ q2k+1)

= (1-9q)

L 2k+1y L
). Pute | ) = S [ R gt
(4.10)
By using (4.8), we get
qk(k—l)/2(1 _ q)k—l

(4 9)x
which readily gives the result. O

Cyp =

(1_q2k+1) ! k(2 (ga: x)d,x
/O Dq,l( (q73q)1)g(x)dg,
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Theorem 4.5. For n € N and x € C,

B{!h(z;q) = ZM(Z( 1ymg ™ (¢"":9)m(a"™; 9k B ma(q)> k(@ | q),

A (¢ q)m+k+1

m

M:

B (x:q) = ZM(
A(w;q) = ZM(

where

(—1ymgnm+1 (q";q)m(qm;Q)kﬁnm’a(qO Pz | ),

A (6 Dmtrt1

m

q%+l @™ )m(@™; O
(¢ D mtrs1

M:

Bff_)m,a(fI)) Py(z | q),

I
el

m

—k(k=3)

AMe=q 7 (1—¢*").

Proof. Substitute with g(z) = B,(Ll,L(x, q) in (4.10), we obtain

(1 - ¢2+1)
ck:i/ Pl | @) B (23 q)dga (4.11)
(I=a) Jo “
Since the polynomials { Py (z | ¢)} are orthogonal, then Cj, = 0 for k& > n, and
B ) (x;q) =Y CrPi(z | ). (4.12)
Set
B 172% Z |: :| ﬁn—m,a(Q)xm~
m=0
From (4.11),
1— 2k+1 n 1
Ok = ((13)) |:’I’7;’LZ:| ﬁn—m,a(q)/ Pk(z ‘ q)l‘mdq.I
q m=0 q 0
(1_q2k+1) n [n} 1
= anm,oz q Pk x|q x™d €,
(1 . q) n; m . ( ) 0 ( | ) q
since

1
/ Py(z | Q)a™dgz =0 for m < k.
0

Hence, by the Rodrigues formula in (4.8), we obtain

1— 2k+1),k(k—1)/2 1— k—1 ™
Cr = ( q )q ( q) Z |:T":L:| anm,a(Q)

(¢ @)k mk b g (4.13)

1
X/o Ds,l(xk(qx;q)k)xmdqx.
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1

Using the ¢~ -integration by parts

/Oaf (2) Dyglthdet = g <(fg) (Z) B (fg)(O)) - /Oag(t)Dqlf(t)dqt

(4.14)

where f and g are continuous functions at zero, see [5]. This gives

/ D qx qQ)r)x"dgr =q [me];fll(xk(qx;q)k)}j
(4.15)

1
- [m]qql_m/o xm_lD’q“fll(mk(qx; qQ)k)dg.
The first term on the right hand side of (4.15) vanishes because
Dy (a*(qw; q)r) = [k]g-12" " (@3 @) + 2" Dy1 (23 9,
and
i Klq!
[k — Jlq!

D;—l(qx7q)k¢ |w:l:a’ (1 q) O fOI'j:O,l,...,k—l.
q

Therefore,

1 1
/ Dg,l(xk(qm;q)k)xmdqx = —[m]qql_m/ Jcm_lefll(CUk(qx;Q)k)dqx
0 0
(4.16)

Now, applying (4.14) k — 1 times on the right hand side of (4.16), and using
that D;’ll(xk(qx;q)k =0atzx=0,z= % (m=0,1,...,k—1) yields

/1 DY (z"(qz; q)r)z ™ dgx = (—1)* kﬁlqkm*j _mla! /1 ™ (qx; Q) dgx
0 a ' ! =0 [m —klq! Jo ' o

Since
1
By(z,y) =/ "M (qt; q)y—1dyt
0

1

1 (t3 @)oo

= [ #1222 gt Re(x) >0, Re(y) >0,
/0 (tq¥; @)oo (@) 2

see [5, Eq. (1.58), p. 22], then
— —1 '
/ Dy (2*(gz; )e)a™ dgw = (—1)rg gk el g )
[m — klg!
— (_1)kqwq—mk [m]q'rq(m + 1)Fq(k‘ =+ 1)
[m — k]Ty(m +k +2)

P R R
= (=1 e T

(4.17)
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Substituting from (4.17) into (4.13) yields

S (6 D)n (60 m
Cr = (=DFgF1 -1 > gk Br—m.a(q)
. (@& Dn—m (G Dm—1(GQmrri1
n m@nomil) gq o
—k-a) md 2 " )m(@™k
— - ) 3 (-1 W )m@ Dk a),
m=k (¢ @)mart1

(4.18)

where we used the identity in (2.47). Therefore, from (4.18) and (4.12), we
get the required result for BT(LIB,(x,q) Similarly, we can prove the result for

B (w3 ) (k = 2,3). O
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