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Abstract. For a complete Riemannian manifold M with a (1,1)-elliptic
Codazzi self-adjoint tensor field A, we use the divergence type opera-
tor La(u) := div(AVu) and an extension of the Ricci tensor to extend
some major comparison theorems in Riemannian geometry. In fact we
extend theorems such as mean curvature comparison theorem, Bishop—
Gromov volume comparison theorem, Cheeger—Gromoll splitting theorem
and some of their famous topological consequences. Also we get an up-
per bound for the end of manifolds by restrictions on the extended Ricci
tensor. The results can be applied to some Riemannian hypersurfaces of
Riemannian or Lorentzian space forms.
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1. Introduction

In comparison geometry, one of the most important theorems is the Laplacian
comparison theorem for distance function in complete Riemannian manifolds.
The theorem states that for a complete Riemnnian manifold M™ with Ricy; >
(n —1)H, one has Apr < Agr, where Ayr is the Laplacian of the distance
function r on M and Apgr is the Laplacian of the distance function r on
the model space (i.e. a simply connected space form) of constant sectional
curvature H. The theorem has many consequences in Riemannian geometry
such as Myers’ theorem, Bishop-Gromov volume comparison theorem [38],
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Cheeger—Gromoll splitting theorem [11] and their applications in topology [13,
38], etc.

There are some extensions for the Laplace operator. One of the well
known extensions of the Laplace operator is the weighted Laplace operator
which is defined as Ay = A — V.V for f € C°°(M). This operator plays the
same role on weighted manifolds as Laplacian on manifolds. Many results in
comparison geometry for Laplace operator have been extended to this oper-
ator and weighted manifolds, for example refer to [7,13,14,18,22,31,35]. On
these manifolds, the tensor Ricy = Ric + Hessf plays the same role as the
Ricci tensor on Riemannian manifolds. Also Wylie extended the notion of sec-
tional curvature on these manifolds and got some valuable results [19,36]. The

p-Laplace operator A,u = div (|Vu|p _QVu> is another extension of the Laplace

operator and has a rich study in comparison geometry [28-30].

Another extension of the Laplace operator is the elliptic divergence type
operator Lau := div(AVu), where A is a positive definite self-adjoint (1,1)-
tensor field on a complete Riemannian manifold. A natural and major question
is how to extend the results for Laplace operator and Ricci tensor to this
operator. In this regard, Bakry and Emery invented the so-called curvature-
dimension inequality [5]. Let L be a second order differential operator with
L1 = 0. By the use of L, Bakry and Emery defined differential forms I', I's as

follows,
I(u,v) = % {L(uv) —uL(v) — vL(u)}

and
Pa(u,0) = 5 {0, ) ~ Do, () ~ Do, ()}

The operator L satisfies the C'D(n, K)- curvature-dimension inequality, when
the following differential inequality holds,

To(u,u) > —(Lu)? — KT (u,u), Yu € C(M). (1.1)

1
n

The usual Bochner formula can be reformulated as follows in terms of
F7 F27

AT (u,u) =2 ||Hessu||§ + 2T (u, Au) + 2Ric(Vu, Vu).
Since ||Hessu||§ > %(Au)27 the CD(n, K)— curvature-dimension inequality
for A is equivalent to [21]
Ric(Vu,Vu) > K.

In a weighted manifold (M,e~/), f € C°(M) for the weighted Laplacian
L=A—(Vf,.), one has

To(u,u) = Hess f (Vu, Vu) + ||Hessu||§,
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and for m > n, L satisfies the CD(K, m)—curvature-dimension inequality, iff
[21]

Vi@ Vf<(m—n)[Ric+ Hessf — Kg|.

The use of inequality (1.1) and properties of the heat semigroup has been
proved to be a powerful tool in the study of Markov diffusion operators on
manifolds. Bakry and Ledux and their collaborators have succeeded to re-
obtain several well-known fundamental results for Riemannian manifolds sat-
isfying the curvature-dimension inequality, when Laplacian is replaced by L
[6]. Qian used the so called Bakry—Emery’s curvature-dimension inequality and
several basic properties of the distance function to extend the Mean Curvature
Comparison for elliptic operators as follows [25].

Theorem 1.1 [25]. Let L be an elliptic differential operator of second order on
an m dimensional smooth manifold M. If L satisfies a curvature-dimension
inequality CD(n; —K) for some constants n > 0; K > 0, and if the distance d
induced by I' is complete, then

[ 4K p?
Lpggn{l—i- 1+p}, on M — cut(p);
n

where p(x) = dist(x,p).

Inspired by these wonderful results we would like to give some nice ex-
tensions of them as follows:
In Theorem 1.2, we give an extension of the mean curvature comparison the-
orem different from Theorem 1.1. Our proof of Theorem 1.2 is compeletely
different from the proof of Theorem 1.1. This is because we have neither as-
sumed the strong curvature-dimension inequality C'D(n; —K) condition, nor
completeness of the metric induced by I', but we used an extension of the
Ricci tensor and a different Bochner formula obtained in [2,16]. In fact we
give an upper bound for L4r where L, is an elliptic operator of the form
Lyu = div(AVu) and A is a self-adjoint (1,1)— Codazzi tensor field on the
manifold.
We provide another extension of mean curvature comparison theorem. Via
this approach, we use the extension of Bochner formula obtained in [2,16] and
extend the Ricci tensor as (X,Y) — Ric(X,AY). We also extend some im-
portant classical theorems in comparison geometry such as Myers’ theorem,
Bishop—Gromov volume comparison theorem and its consequences including
Yau- Calabi theorem [37] for the growth of the volume of geodesic balls, Gal-
lot and Anderson’s theorem. We also extend some famous consequences of the
mean curvature comparison theorem like as Cheeger—Gromoll splitting theo-
rem and its applications in topology. Finally we get an upper estimate for the
ends of a manifold as for Riemannian or weighted Riemannian manifolds.

Our main results are Theorems 1.2-1.6. We state and explain them as
follows. First we prove the extended mean curvature comparison Theorem
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1.2 which is different from Theorem 1.1. We present two kinds of extensions
of mean curvature comparison. The first one is a result for the differential
operator A4y and we use it to extend Myers’ theorem and Cheeger—Gromoll
splitting theorem. The second one is for differential operator L4 ¢ which is
used to extend the volume comparison theorem.

Theorem 1.2 (Extended mean curvature comparison). Let xg € M, r(z) =
dist(xzo,x) and H be constant.

(a) If (n—1)6,H|X|> < Ric(X, AX) and |fAf < K where K is some con-

stant ( for H > 0 assume r < ﬁ), then along any minimal geodesic
segment from xqg we have,

4K
AAJ‘A'I" S 671 (1 + (W—]_)) AH?".

(b) If (n = 1) 6, H < Ric_pyace(a)(0r, ADy) , |f2] < K and |Trace(A)| < K’
where K and K' are some constants ( for H > 0 assume r < ﬁ), then
along any minimal geodesic segment from xy we have,

) @) 405400,

where the notations Ly, Aay, Ricrrace(a)(Or, ADr)and 6, are defined in
Definitions 2.3 and 2.2, f* is an estimates for a contraction of the tensor field
TVvrA  defined in Definition 3.2.

Lar <6, <l—|—

As a consequence of the extended mean curvature comparison for the
operator A4 ; and by inspiring the ideas of [23,31,34], we prove a variant of
Myer’s theorem via the excess functions as follows.

Theorem 1.3. If Ric(X,AX) > (n—1)6,H|X|" for any vector field X &
X(M) and some constant H > 0 and |f*| < K Then

(a) M is compact and diam(M) < \/Lﬁ + ﬁ,

(b) M has finite fundamental group.

The Bishop—Gromov volume comparison theorem (see [13] or [38]) is
one of the most important theorems in differential geometry and has many
important applications, we extend the volume comparison theorem as follows.

Theorem 1.4. Let M be a Riemannian manifold, xo € M and r(x) := dist
(zo,x). Let A be a self adjoint (1,1)-tensor field on M and Ry be a constant.
Assume the following conditions
(1) For some constant H we have Ric_prqee(a)(X, AX) > (n—1) (5nH|X|2
(If H>0, assume Ry < E ),
(2) |f4] < K and [Trace(A)| < K'.



Vol. 76 (2021) Comparison Geometry for an Extension... Page 5 of 37 215

Then for m = C (6p,n,01, K, K',H) = %ﬁ(fﬂrl{’) + 2, the following
results hold,

(a) If [Vf4| < a, then for any 0 <r < R, then
vol*(B(p, R)) - (as60) R VOlT (R)

volA(B(p,r)) — c vol (r)

(b) Forany0<r <R andp>1,

volt B(R) volt B(r)
R m—1
Cm_ 1/ A tsny— (¢)
= Do (5”p(|vf |))Hp,R/r (vong(t))l“/”dt

(¢) For any 0 <11 <719 < Ry < Ry < Ry, one has the following extended
volume comparison formula for annular regions,

0l (B(xo,r2,R2)) | /P 14 Baor, B\ YP  ew || (51/P A
(1Ovol;’}Bx((3rg,R2) ) _<U0vol}§‘;([;":,Rl) ) Sm (67; (‘Vf ’))

Ry tsn 1 (t) T2 Risn ' (Ry) :|
x i oyt + 1Y o ]

p,Rr

Here B(xg,r) is the geodesic ball with center g and radius r, B(xo, R1, R)
= B(zo, R)\B(z0, R1). 6,,61 and vol? are defined in Definitions 2.2, 4.1 and
f4 is defined in Definition 3.2.

One of the major and beautiful consequences of mean curvature com-
parison theorem, is the Cheeger—Gromoll splitting theorem [11]. The theorem
states that a compelet manifold M™ with nonnegative Ricci curvature which
contains a line can split as a Reimannian product N*~! x R and Ricy > 0.
We extend this theorem as follows.

Theorem 1.5 (Extended Cheeger—Gromoll Splitting theorem). If M contains
a line and Ric(Y, AY) > 0 for any vector field Y, by defining N = (lfr)_1 (0)
and Ay = Proj gu+ (o))t © A O Projigy+ (o)L ON€ has M = N" ! xR and
Ric(X, Ay X) >0, where bt is the Bussemann function associated to the ray
v+ (t) and X € T (TN).

The number of ends of a manifold is an important concept in topology and
Differential geometry, so finding an upper bound for it is an important problem.
Cai invented an approach to estimate the number of ends of a Riemannian
manifold, when the Ricci tensor is non negative outside of a compact set [8].
Wu used that approach for weighted manifolds [33]. Similarly, we get an explicit
upper bound for the number of ends of a manifold, when the extended Ricci
tensor is nonnegative outside of a compact set .

Theorem 1.6. Let zg € M be a fixed point and H, R > 0 be two constants.
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Assume Ric_prgee(a)(X,AX) > —(n — 1)H6,|X|? in the geodesic ball
B(xo, R) and Ric_rrqee(a)(X, AX) > 0 outside the ball B(xo, R), then the
number of ends N(A, M, R) of M is estimated as

N(A,M,R) < 2m (\/ﬁR)imexp <172R ((m— 1)VH + 1>> ,

m—1

where p > m and

. ’
e C (Goom, 61, K, K H) = {&L(n 1) 4(;4(K+K )} 492
1
K = sup |fA (:v)| ,
z€B(x0,25R/2)
K' = sup [Trace(A) (x)|,

z€B(x0,25R/2)

The paper is organized as follows. In Sect. 2, we give the preliminaries.
Passing to Sect. 3, we prove the extended mean curvature comparison Theo-
rem 1.2 and as an application, we prove the Myers’ theorem 1.3. At the end
of this section we recall some weak inequalities which we use them to the ex-
tended Bishop—Gromov volume comparison Theorem and estimation of the
excess functions. Section 4 is devoted to the extension of volume comparison
theorem. As an application, we extend Yau and Calabi theorem [37] on the
growth of the volume and extend Gallot’s theorem on the estimation of the first
Betti number and extend Anderson’s theorem [4]. We generalize the Cheeger—
Gromoll splitting theorem and extend some famous topological results of this
theorem in Sect. 5. Section 6 is for the estimate of the excess function and its
applications in topology. We give an upper bound for the number of ends of
the manifold in Sect. 7. Finally in Sect. 7, as an example we use an extended
Ricci tensor on some hypersurfaces immersed isometrically in a Riemannian
or Lorentzian manifold of constant sectional curvature and show that the ex-
tended Ricci tensor is greater than the Ricci tensor of the hypersurface, so
the study of the geometry and topology of a Riemannian hypersurface by the
extended Ricci tensor maybe better than the original one.

2. Preliminaries

In this section, we present the preliminaries. Throughout the paper M =
(M, {(,)) is a complete Riemannian manifold, unless otherwise stated.

Definition 2.1. A self-adjoint operator A on M is a (1, 1)-tensor field with the
following property,

VX, Y € X(M), (AX,)Y) = (X, AY).
Definition 2.2. Let A be a self-adjoint positive definite operator on M, A is

called bounded if there are constants d1,d, > 0 such that 6; < (X, AX) < 0,
for any unit vector field X € X(M).
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Definition 2.3. Let A be a self-adjoint operator on M. We define La, Aa, Ay ¢,
L4 s, Rica and Ricy as follows:
(a) La(u) :=div(AVu) =3, (Ve, (AVu),e;),

(b) Aa(u) =73, (Ve, Vu, Ae;),

(C) AAJ(U) = Apu— <Vf, Vu) Vfue COO(M), and for X € .%(]\4)7 AA,X
(u) == Asu— (Vf, X).

(d) La,y(u):=eldiv(e T AVu), Vf,u € C®(M).

(e) Ricy(X,AY):= Ric(X,AY )+ Hessf(X,Y), VXY € X(M).

(f) Rica(X,Y) = >, (R(X, Ae;)e;, Y), VXY € X(M). where {e;} is a
local orthonormal frame.

Rica and Ric(—, A—) are both extensions of the Ricci tensor.

Ezample 2.4. Here we give three examples for L4 y and Ay .
(1) When A = id, then L= AAA,f = Af =A— <Vf7>
(2) Let X C M"™*! be a Riemannain hypersurface with shape operator A,
the so-called Newton transformations related to the shape operator A are
inductively defined by [3]

PoZ:id,
Pk :ZSkI—AOPk_l, lgkgn,

Sy is the kth— mean curvature of 2. Associated to each Newton trans-
formation Py, the operator Ly : C*°(X) — C°°(X) which is defined as,

Liu = tr(Py o hessu) = Ap,u
is a second order differential operator. Note that,
Lp,u = div(P,Vu) = Liyu + (divPy, Vu) .
When the ambient manifold M has constant sectional curvature, then
divP, = 0 and
Lku = Apku = kau.
In the case f € C*°(X) is constant, then
Lku = Apkyfu = ka,fu.
(3) If A= Py, and f = H, be the mean curvature function, then
AAJU = Lku —n <VH, Vu> &LAJU
= Lyu+ (divP, — PV H,Vu),ue C(X).
Remark 2.5. The operators Lj are important in the study of the geometry
of hypersurfaces. Applying the maximum principles such as Omori—Yau maxi-
mum principles to these operators led to many beautiful and important results
[3]. Tt seems that the results of this paper provide an approach that may have

potential applications in comparison geometry for Riemannian hypersurfaces
of Riemannian or Lorentzian space forms.
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By the following proposition for the distance function r(x), A4r has the
same asymptotic behavior as Ar, when r — 0.

Proposition 2.6. Let o € M be a fized point and r(x) = dist(xo,z), then
lim, 072 (Aar) = 0.

Proof. One knows that
1
Hessr == ({,) —dr®dr)+O(1),r — 0T.
T

Let {e;} be a local orthonormal frame field with e; = Vr. By Definition 2.3
we have,

Ayr = Zi (Ve,Vr, Ae;) = Zi Hessr (e;, Ae;) =
+0(1), r — 0T,

S | =

(Tmce(projgf o A|3J.)

O

For comparison results in geometry one needs Bochner formula. The fol-
lowing theorem provides the extended Bochner formula.

Theorem 2.7 (Extended Bochner formula) [2,16]. Let A be a self-adjoint op-
erator on M, then,

%LA(|VU|2) <V|Vu| ,div(A )> + Trace (Ao hess® (u)) + (Vu, V(A u))
—A(va)u + Rica(Vu,Vu), Yu e C®(M).
where, Rica was defined in Definition 2.3 and hessu(X) := VxVu.
Definition 2.8. Let B be a (1,1)-tensor field on M. Define T* as,
TB(X,Y):=(VxB)Y — (VyB) X

It is clear that T2 is a (2,1) tensor field and when T = 0, then B is a Codazzi
tensor, that is, (VxB)(Y, Z) = (VyB)(X, Z).

Ezample 2.9. If B is the shape operator of a hypersurface ¥ C M"*! then
TP(Y.X) = (R(Y. X)N)",
where R is the curvature tensor of M and N is a unit normal vector field on
¥ ML
Lemma 2.10. Let B be a (1,1)-self-adjoint tensor field on M, then,
(X, TP(Y,2)) =(TP(Y,X),Z) + (TP (X, 2),Y).
Proof. By computation we have,
(X, TP(Y,2)) = (X,(VyB)Z — (VzB)Y)
- <<vyB> — (VxB)Y,2) +{Y,(VxB) Z - (V2B) X)
=(TP(Y,X),Z)+(T"(X,2),Y).
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To simplify the extended Bochner formula 2.7, we give some properties
of the second covariant derivation of the operator B in the following Lemma.

Lemma 2.11. Let B be a (1,1)-self-adjoint tensor field on M and X,Y,Z €
X(M), then

(a) (V?B) (X,Y,Z)= (V?B) (X, Z,Y)+ R(Z,Y) (BX) — B(R(Z,Y)X),
() (V2B) (X,Y,Z) — (V?B) (Y, X,Z) = (V;TP) (X,Y).
Proof. For part (a) we have,
V2B(X,Y,Z) = (V(VB))(X,Y,Z) = (V% (VB)) (X,Y)
= (Vz(VyB)) X + (VyB) (VzX)
—(VyB)(VzX) = (Vy,vB) (X)
=(Vz(VyB)) X — (Vy,vB) X
Similarly,
V’B(X,Z,Y) = (Vy (VzB)) X — (Vv,zB) X.
Thus
V?B(X,Y,Z) - V*B(X,Z,Y)
= (VzVyB) X — (Vy (VzB)) X — (VizyB) X
=(R(Z,Y)B)X = R(Z,Y)(BX) - B((R(Z,Y)X)).
For part (b), by definition of T', we have
V2B(X,Y,Z) = (V7 (VB))(X,Y)
=Vz ((VB)(Y,X)+T? (V,X))
—(VB)(VzX,Y) - (VB)(X,VzY)
= (Vz(VB) (Y, X))+ (VB) (VzY,X) + (VB) (Y,VzX)
+Vz (TB Y, X) ) (VB)(V2X,Y) - (VB)(X,VzY)
= (Vz(VB)( )+ (V2TP) (X,Y).

Lemma 2.12. Let B be a (1,1)—self-adjoint tensor field on M , then
((AB) X, X) = ((VxdivB),X) — Ricg (X, X)
+Ric(X,BX) +(V'TP(X),X).
where V* is adjoint of V and
VTB(X) = Z (Ve TP) (X, ).
Proof. For simplicity let {e;} be an orthonormal local frame field in a normal
neighborhood of p such that with V¢,e; =0 at p. At p Lemma 2.11 implies,

(AB) X, X) = 3, ((Ve, Ve, B) X, X) = 3, (V2B(X, ¢4, ¢), X))
- Zl <VQB(673’X7 ei)7X> + <V*TB(X)vX>.
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So by Lemma 2.11, part (a) we have

((AB) X, X) =Y, (V?B(ei, X, e:), X) + (V*TH(X), X)
= Zl <VQB(61‘, ei,X) + R(ei, X) (Bel) — B ((R(eZ,X)el)) s X>
+(V*TE(X), X)
= ((VxdivB),X) — Ricg (X, X) + Ric(X,BX) + (V*TB(X), X).

O

The extended Bochner formula 2.7 is very much complicated. The compli-
cation of the formula is due the existence of the term Ay, pu. Howerer, when
Ay, pu <0, the extended Bochner formula yields a simple Riccati inequality
as the usual Bochner formula does for Laplacian. In the following proposition,
we give a presentation for Ay, gu which seems useful for its estimation.

Proposition 2.13. Let B be a (1,1)-self-adjoint tensor field on M, then

A, pyu = Vu.Vu.Trace(B) — (Vu, (AB) Vu) + (Vu, (V*TF) (Vu))
+ 3 (e, TB(Vu, Ve, Vu)) + 3, (TVVeB) (e;, Vu), ;).

Proof. Let B be a (1,1)-tensor field, then

A(gy, Byt = > (Ve,Vu, (Ve, B)Vu) + 3, (Ve, Vu, T (Vu, €;))
=>,€.(Vu,(Ve,B)Vu) — >, <Vu, (VgiB) Vu)
=2 (Ve,Vu, (Ve, B) Vu) + 3, <Vei Vu, TB(Vu, ei)>
=3, ei.(Vu,(VyvuB)ei) + 3, €. (Vu, T8 (e;, Vu)) — (Vu, (AB) Vu)
_A(Vqu)u +23,(Ve,Vu, T (Vu,e;)) .

Note

Y€ (Vu, TB(ei, Vu)) + 23, (Ve, Vu, TB(Vu, e;))
=3 (Ve,Vu,TB(e;, Vu)) + 3, (Vu, (Ve, TP) (e5, Vu))
+ 3, (Vu, TB (e, Ve, Vu)) + 23, (Ve, Vu, TB(Vu, e;))
=3, (Vu, (Ve,TB) (e5, Vu)) + 32, (Vu, TB (e, Ve, Vu))
+32,(Ve, Vu, TB(Vu, €;))
= —(Vu, (V*TB) (Vu)) + 3, (Vu, T8 (e;, Ve, Vu)) + 3, (Ve, Vu, TE(Vu, €:))
= —(Vu, (V*TB) (Vu)) + >, (e;, TB(Vu, V¢, Vu))

In other words,

A, Byu = (Vu,div (Vy,B)) — (Vu, (AB) Vu) — <Vu, (V*TB) (Vu)>
+32, (e, TP (Vu, Ve, Vu)) .

But,
(Vu,div (V. B)) = Z, (Vu, (Ve, (VyuB))ei) = > ((Ve, (VyuB)) Vu, e;)

7

= Vu W i Vvu €, VU),e;
Z<V (Ve ))e+T<vB>( V) >

= Vu.Vu.Trace(B) + Z < TVvuB el, Vu), e,;> .
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So,

Awe. pyu = Vu.Vu.Trace(B) — (Vu, (AB) Vu) — (Vu, (V*TF) (Vu))
+35 (e TP (Vu, Ve, V) + 55, (T 75 (e3, V), e3)
0

So, the extended Bochner formula in Theorem 2.7 can be rewritten as
follows.

Proposition 2.14. Let B a (1,1)-self-adjoint tensor field on M andu € C* (M),
then

%LB(|Vu\2) =3 <V\Vu\2, div(B> + Trace (B o hess? (u)) + (Vu, V(Apu))
—Vu.Vu.Trace(B) + ((VyudivB), Vu) + 2 (V*T8(Vu), Vu)

=3, (e, TB(Vu,V,,Vu)) — 3. (TVv«B) (e;, Vu), e;)
+Ric(Vu, BVu).

Proof. The result follows from Proposition 2.13, Theorem 2.7 and Lemma 2.12.
O

3. Extended Mean Curvature Comparison

In this section, we prove two versions of the extended mean curvature com-
parison theorem, when A is a (1, 1)-self-adjoint Codazzi tensor. The first one
is for the elliptic operator Ay f, which is used for the extension of Myers’
theorem, Cheeger—Gromoll splitting theorem and estimating the excess func-
tions. The second is for the elliptic operator L4 ; which is used to extend
Bishop—Gromov volume comparison theorem and its topological results. For
the first one we use the tensor Ric(0,, Ad,) and for the second one, the tensor
Ricrrace(a)(0r, AOy) = Ric(0y, AD,) + O, (divA, 0,) is used. Let 29 € M be a
fixed point, we define r(z) = dist(xo, ), then r(z) is smooth on M\cut(xo)
and |Vr| = 1. For simplicity, we denote Vr by 9,.. So by Theorem 2.14 we get
Theorem 3.1 as follows.

Theorem 3.1. Let A be a (1,1)-self-adjoint Codazzi tensor on M and r(z) :=
dist(xg,x), then

0 = Trace (Ao hess® (1)) + Or.(Aar) + Ric(dy, Ady) — Z <T(vf’T A) (e, Or), e,->,

i

on M\cut(xg).

To get the extended mean curvature comparison, we need to approximate
Do <T(VOTA)(8T,ei),ei>. When it is negative, a simple Riccati inequality is
obtained, but when this it is positive the case is more complicated, and we
estimate it by using Hessf“(0,.,0,) and adapt the approach of [31] to estimate

Ay parand Ly par. Let us define FA and fA4.
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Definition 3.2. We define the continuous function F4 as follows,

FA(x) = max ZZ <T(V)‘A)(ei,X)7 ei>(a:).

. XeT,M,|X|=1
We define the function f# as a smooth function which satisfies the following
condition,

(*) FAgy < Hess (fA), in the sense of quadratic forms, where gy is the
metric tensor of the manifold M.

Ezample 3.3. In the following f4 = 0.
(a) When ¥" C M"1(c) is a totally ubilical hypersurface, then Ay, au =
0, so FA4 =0, thus f4 = 0.
(b) For a Codazzi tensor A, if V2A = 0 then f4 = 0.

By the following Lemma, we find a radial function f# which satisfies
condition (*) by some conditions on the radial sectional curvature of M.

Lemma 3.4. Assume FA(x) < K(z) and f* be a radial function. If f4 is
a solution of the following differential inequality, then the condition (*) is
satisfied.

h/
wp K(e) = K(r) < (7474 5 17) 2 0
z€B(r) h
where h is the solution of differential equation,

h' —Gh =0,

h(0)=0,R(0) =1
and G is a suitable function, with secyqq < —G (seCrqq s the radial sectional
curvature of M).

Now we present proof of Theorem 1.2. We follow the proof of Theorem
1.1 in [31]. In [31] the Authors proved when Ric + Hessf > (n — 1)H then
Ayr < A"HH’“T. we inspire their proof to get our result.

Proof of Theorem 1.2. We are inspired by the proof of Theorem 3.1 of [31].
For the first part, by assumption A is positive semi-definite, so for any smooth
function v we have
A )
Trace (Ao hess® (u)) > Mc?fl)’
Since A is bounded, we have
1 1
< .
(n—=1)d, ~ Trace(A)
So we get the following differential inequality,
2

0> (Bar)”

“(n—-1)9,

+0,.(Aar) + Ric(d,, AD,) — 8,.0,.f4. (3.1)
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Let v(t) be a minimal geodesic through the point xg. Then,

(Aqr)?

> =47
02 %=1,

+ (Aar)' + Rie (v (1), A' (1) = (£4(1)".
On the space form M7}, with constant sectional curvature H, one has (see [13])

% +(Apr) + (n—1)H =0.

We know that Agr = (n—1) s (r) (see [13]), where

snp(r)

\/% sin(vHr) H >0,
sng(r)=<r H=0,

\/istinh(\/—Hr) H <0.

By assumption, (n — 1), H < Ric(9,, Ad,). So,

(A” - Am) <- <((Am2 - (AHT)2> (M) (32)

On n—1)2 n—1

Formula (3.2) and computation give that

dn on
sn2(r T r r)?
< 20 (A G2 = Ar) = sniy ) (LA - T
sniy(r) %
1) (7a(r)
- ?:Ii (71’; (2(AH"§:A”) —2(Apr)? — (A%T) + (Am)2>




215 Page 14 of 37 S. Azami et al. Results Math

By Proposition 2.6, lim,_o snZ(r) (A{‘ _ AHT) — 0. So integration with

respect to 7, concludes,

isnﬁf (r) (Aar) < sny(r) (Anr) + % /O sy (1) (F4() "dt
= sny (r) (Anr) + 7571%,(7") (fA(r))'
L[ () (A0
n Jo

By Definition 2.3(c) one has,

1 1 " ’
5o () (Baga(n) < smiy(r) (Bar) = 5= | (sn (1)) (F4 (1)) dt.
So integration with respect to ¢ implies,

1

55 () (Bapa(n) < s () (Agr) = 574 (smdy (1)
+é OT (sn2(1))" fA(t)dt
< 7=, s0 (sn3(1)" > 0, thus
%smm (A1) < sy (r) (D) + 2 sty 1)
We know
(sm (1)) = 2smsg () smig(r) = — (Apgr) (sm%y (1)

S0,

(AA,fA (’I’)) S (Sn (1 + (Sn(ill(—l)> (AH’I’) .

For the second part, from the condition on Ricpyqce(a) (Or, AD,) we have,

(AA - Am)' - (((Amz - (Afim ) %(fA() Trace(4))".

6n n — 1) 5,% n

By similar computation,

(sng(r) (A” - AHT))/ < 5 (") (f4(t) — Trace(A))".

On On
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Thus,

1

Esn%(r) (Aqr) < sni(r) (Agr) + i /T sn%[(t)(fA(t) - T?“ace(A))Hdt

= sn?(r) (Agr) + ! —sn¥(r )(fA( ) — Trace(A))/

On
—%/ (an( )) (fA() Trace(A))/dt.
n Jo
Note that A is a Codazzi tensor, so divA = VTrace(A), and

%sn:}[(r) (Aar) + (divA,8,) — 8, FA()) < sndy(r) (Agr)

1
5 (an( )) (fA( ) — Trace(A))ldt,
n Jo
and Lar = (divA, d,) + Aar, thus,

isn?{(r) (LAT' N (r )) < sn%(r) (Apgr)

On
(% sn%{(t))/(fA(t) — Trace(A)) dt
Similarly,
4(K +K'
Lar <6, <1 + 5( o= 1))> (Agr) + 0. f2A(r) (3.3)
O
Remark 3.5. When H > 0, for W <r< QJH we have
" " 45? " " "
/ (sn3 (1) fA(t)dt < K / (sn3; (1)) dt —/ (sn3;(t)) dt
0 0 4&?
2
=K (\/ﬁ - an(2T)>

1 4K
Ay palr On — Agr).
( gl )) = (1+ On (n—1)sin (2\/ET)> (Bar)

This estimate will be used to prove the extended Myers’ theorem.

Corollary 3.6. If Trace(A) is constant and Trace(A)H < Ric (0., AD,), then
Trace(A) 4K
1 A
( - Trace(A)) Hr,

1
Trace(A) <1 - jf:(A)) (Agr) + 0n fA(r).

AA’fAT S

Lar <



215 Page 16 of 37 S. Azami et al. Results Math

Now we prove the extended Myers’ theorem by using the so called excess
functions. In fact the idea is used in [23,31,34]. By adapting their approach
we obtain the compactness result using the extended mean curvature Theorem
1.2 for the elliptic differential operator A4 ra to the excess function.

Proof of Theorem 1.3. (Myers’ theorem) (a) Let p, ¢ are two points in M with
dist (p,q) > \/Lﬁ Define B := dist (p,q) — \/”—ﬁ, r1(x) := dist (p,x) and ro(x) :=
dist (q,x). Let ey q(x) be the excess function associated to the points p, ¢. By
triangle inequality, we have e, (x) > 0 and ep 4 (y(t)) = 0, where v is the
minimal geodesic joining p, q. Hence AA gae(y(t)) > 0 in the barrier sense.

Let y; = (T) and y2 =7 (B + ) So r; (y;) = vt = 1,2. Remark
3.5 concludes that

Ay pa(r)(y;) < 2KVH. (3.4)
From (3.1) and assumption on Ric (9, AD,) we get,
Ay par <Ay parg — (n—1)0,H (r —10).

Thus,

Ay pari(y2) <Ay pari(yr) — B(n— 1), H. (3.5)
So by (3.4) and (3.5) we have
0 < Ay pa(epg) (Y2) = Dapari(ya) + Dupara(ys) <AKVH — B(n— 1), H,
thus B < ﬁ and

dist(p,q) < = + —

(b): Let(M,®) be the universal cover of M, then we define A := ®*A =
(®,) ' o Ao ®,. Note that for any unit vector field X € X(M), we have

> <T(V<I>*XA) (B*e;, B X) ,@*ei> =3 <T<VXA) (e, X) e> o®
< Hessf* (X, X).
So by defining f4 := f4 o ®, one has
> <T(V‘1’*XA) (D e;, @*X) <I>*ei> < HessfA (0* X, d*X),
and
‘fﬁ‘ =|f4 and Ric(®*X,A($*X)) = Ric(X, AX).

Thus the universal cover M is compact and consequently M has finite funda-
mental group. O
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To generalize the inequalities of the extended mean curvature comparison
theorem to M globally, we need three definitions of inequalities in weak senses
(see [13]). The first one is the weak inequality in barrier sense which is originally
defined by Calabi [9] in 1958.

Definition 3.7 (see [13]). Let f € C°(M), X € X(M) and A be a bounded
below (1,1)—tensor field as in Definition 2.2. Then A4 xu > v in the barrier
sense, if for any point xp in M and any € > 0, there exists a function wug, .
which is called a support function and a neighborhood Uy, . of x(, such that
the following properties are satisfied,

(a) Ugge € CQ(Uxo,s)v

(b) Uy e(x0) = u(Ug,) and u(x) > Uy, () for all x € Uy, ,

(¢) A4 xUpye(To) >V —e.
Similarly, As xu < v in barrier sense, if Ay x (—u) > —v in the sense just
defined.

By [9] we know that, If v is a minimal geodesic from p to ¢, then for any
€ > 0 the function ry . (z) = e+dist (y(g), x) is an upper barrier for the distance
function r(z) = dist (p, ). So we get the following inequality in barrier sense
for the distance function. The following lemma is used in Proposition 6.2 for
the extension of Quantitative Maximal Principle of Abresch and Gromoll and
to get the same inequality in distribution sense in Lemma 3.11.

Lemma 3.8 (see [13]). Let p € M and r(z) = dist (p,x). If Ag x(r) < a(r)
point-wise on M\cut(p) for a continuous function o and v € C%(R) be non-
negative, u(z) = v(r(x)) and suppose v’ > 0, then
(a) If v >0, then Aa x(u) < |Vr|?4 V" (r)+a(r)v'(r) in barrier sense on M.
(b) If v/ <0, then Ay x(u) > |V7"|124 0" (r)+a(r)v'(r) in barrier sense on M.
The same results hold for L4 ¢(r).

The second definition of inequality in weak sense is defined in the sense
of viscosity which was introduced by Crandall and Lions in [12].

Definition 3.9 (see [13]). Let h € C°(M), Then L4 sh(p) > a in the viscosity
sense, if L4 rd(p) > a whenever ¢ € C? (U) and (h — @) (q) = infy (h — ¢),
where U is a neighborhood of ¢ . Similarly L4 sh < a is defined.

By Lemma 5.1, it is clear that barrier sub solutions are viscosity sub
solutions. The last and very useful notion of inequality is inequality in the
sense of distribution.

Definition 3.10 (see [13]). For continuous functions u,h on the manifold M,
La,;(u) < h in weak or distribution sense, if [, uLa ¢(¢)dvoly < [,, phvol,
for each ¢ € Lip.(M).
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When A is bounded from below as in Definition 2.2, it is known that, if
u is a viscosity solution of L4 ju < h on M, it is also a distribution solution
and vice versa (see [17, Theorem 3.2.11 | or [20]). The following lemma is used

for proving the monotonicity of the volume of geodesic balls in Theoremsl.4
and 4.3,

Lemma 3.11. Let L s(r) < a(r) point-wise on M\cut(p) for a continuous
function a. Let u(z) = v(r(z)) where v € C?(R) be non-negative and v’ > 0,
"'=0, then La ju < v'a(r) in the distribution sense on M.

Proof. By Lemma 3.8, the inequality is valid in barrier sense for L4 r(r). So
it is valid in viscosity sense and by [20] or [17] it is valid in the distribution
sense. O

4. Extended Volume Growth

In this section, we get some results on the growth of extended volume. We
define the extended volume as follows.

Definition 4.1. Let M be a Riemannian manifold, A be a self adjoint (1,1)-
tensor field on M, g € M and r(z) := dist(xo, z). We define the extended vol-
ume of the geodesic ball B(xg, R) as vol*(B(zo, R) := fB(xO R) (AVr, Vr)dvol,.

We compare this volume with the usual volume of geodesic balls in the
model spaces R™, S™ and H". In order to give the proof of Theorem 1.4 we
state and prove Theorems 4.2 and 4.3.

Theorem 4.2. Let M be as before, xg € M and r(x) := dist(mo, x), A be a self
adjoint (1,1)-tensor field on M. Assume that Lar < %% (D) 4 g, point-wise

C sng(r)
on M\cut(zg) and the following condition holds,
1
— < A . 4.1
Cm=1) = (Vr, AVr) (4.1)

Then

UOZA(B(p7 R)) < e(a/él)Rv()lﬁ(R)
vl (B(p,r) vl ()

Proof. We use the standard method appeared in the proof of Theorem 2.14 of
[24] But the computation is different in our case. By Lemma 3.11, the inequality
holds weakly (in distribution sense) on M. Thus, for every 0 < ¢ € Lip.(M),
we have

- /M (Vo, AVr) dvol, < —/M (Z:LL;{ )) a) pdvol,,. (4.2)

For any € > 0, we apply the test function ¢ (z) to the above (weak) inequality,
pe(@) = pe(r(a))sng; ™ (r(w))e (/o0
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where p(t) is the function

0 telo,r),
—T telrr+e),

~

pt)={ 1 telr+eR—c),
Bt te[R-¢,R),
0 t€[R,+00).

By computation we have,

V. = {_XRE,R + Xryrde ((m — M I (a/51)> Pe}

€ 3 sng(r(x))

><e_(“/‘sl)T(”C)sng’wr1 (r(z))Vr,

for a.e. x € M, where x,, is the characteristic function of the set B(xq,t)\
B(zg, s). By inserting ¢. in to (4.2) and computation we get,
%f(B(wo,R)\B(a:g,Rfs))Sn;{m+1(r(x))e_(a/él)r(w) (Vr, AVr) dvol,
- éf(B(mo,r)\B(mo,r+s))5n_m+ (T(‘r))ei(a/él)r(z) <Vr, AVT‘> d'UOlg
< Jy (& = (m=1)(Vr, AVr)) sn' g (r(x))snyg™ (r(x))e(@/907@) p_dvol,,
+ Ju (a — 5 (Vr, AV?”>) e~ (@/00T@) g1 (r (1)) peduvol,.

So if, (note that sng’(r(z))sny™ (r(z)) > 0)

(1 ~ (m—1)(Vr, Aw>) <0 < (Vr, AV?)

1
C C(m-1)
then
L (Blao, R\Bro,R—c)Sng T (r(x))e (/@) (Vr, AVF) duol,
— éf(B(w07T)\B($O,T+E))snﬁmﬂ r(z))e= (/3@ (Vr, AVr) dvol, < 0.
Letting € — 0, we conclude,

vol(0B(z¢, R)) 7 vol (0B (z0,7)) <0
ela/)RspT=1(R)  ela/drgpn=t(r) =

So the function

vol(0B(p,7))
e(a/‘;l)r(f) Snz_l (7’)

is non-increasing. By using Lemma 3.2 of [3§],

R 1A R (a/61)t gpym—1
Jr, vol*(0B(p,t)dt [ e snly T (t)dt
. volA(0B(p, t))dt ~ I ela/s0)tsn =1 (t)dt’

T

for any r1<r and R;< R and r < R. In other words,

vol*(B(p, Ry, R)) - volrg’(a/gl)(Rl,R)
vol4(B(p,r1,7)) ~ volg’(a/él)(rl,r)'
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Where vol’ (a/0) (. R) f Jgm—1 €/t sn =1 (£)db,y, 1 dl is the volume of
the annulus B(0O, R)\B(O r) in the pointed metrlc measure space Mir 5\ =
(M3}, gu, e ""dvoly,0) and h(z) = —(a/61)dist(z,0) where O is a fixed
point in the simply connected m— dimensional space form M} of constant

sectional curvature H. So by the same discusstion as in [31], the result follows.
O

Theorem 4.3. Let M be as before, xg € M and r(z) := dist(xo, ), A be a
self adjoint (1,1)-tensor field on M. Assume that Lar < %5220 4 5 fA(r)

C sny(r)
point-wise on M\cut(xg) and the following condition holds,
1
— < (Vr,AVr). 4.3
T < (VAT (43)

Then
(a) For any 0 < R, we have,

d (volA(B(xo,R))>< 1 cnRsn] Y(R) <v0lA(B(xO,R)))1_1/p

AR\ woliB(R) ) = 6n (v B(R))""/P \ volfi B(R)

(v 1es))

(b) For any 0 < r < R, we get

R m—1
(61/P(|VfA )HpR/ mdt

(¢) For any 0 <11 <ry < Ry < Ry, the following extended volume compari-
son inequality for annular regions holds,

p,R.

< —
pén

volA(B(wo,rg,Rg)) 1/17_ volA(B(wo,Tl,Rl)) 1/p
vol’”B(rg,Rg) vol¥y B(r1,R1)

<] (Vv D),

tsn; 1 (b) Rysn (R,
URI Wd”fl Wdt}

where vol T} (R) is the volume of B(o, R) in the m-dimensional simply connected
complete manifold with constant sectional curvature H and

(67 G0, = [ 71t

Remark 4.4. If r — 0, then the integral

R m—1
t t
/ sn'y (1J)rl/ i@t
r (volB(t)) P

blows up.
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Proof (Proof of the Theorem 4.3). The proof is based on the same discussion
as in the proof of Theorem 4.2 and inspiration of the proof of Lemma 2.18 of

[24].
we know that
—/ (Vp, AVr) dvol, < —/ gpdvolg—i—/ O fA(r)pdvol,.
M M SnH T l’ M
(4.4)

Let ¢ (z) be the radial cut-off function,p.(z) = pe(r(x))snj; ™ (r(x)), similar
to the proof of Theorem 4.2, we conclude,

vol*(0B(zo,R))  wol*(8B(zo,r)) +1
Snzfl(;{) - Snzfl(:) < I(B(x(i}f)\B z0,1)) 3 A (r)sny™ A(T(I))dUOlg
< snyp™ T (r) f(B(ZmR)\B(wO’T |Vf (r)|dvoly.
Let p > 1, using Holder inequality, we obtain

sn'n L (r)vol® (0B (20, R)) — sn'y ' (R)vol* (0B (w0, 7))

1 1—(1/p) e
6—snm Y(R) (volA (B(zo, R))) v (/B 5n(|VfA|)pdvolg> .

(4.5)

(w07R)

So, we have

d <volA(B(:r0, R))>
dR vol B(R)
_ wolt B(R)vol* (0B (z0, R)) — volf} (0B(R)) vol*(B(zo, R))

B (vol B(R))?

m -2 " 1 m—1 A 1-(1/p)
< em(volf B(R)) 5 ST (R)(vol™ (B(zo, R))) dr
JO n

1/p
X (/ 5n(|VfA})”duozg>
B(zo,R)

m— — 1/
dn (vol B(R))'T/P ' wol B(R) Blaog.R) !

emRsn 1 vol? (B(xo, 1=1/p 1/p
;l(vong(Z))l(ﬁ)/P< lyogémf))) |7 (ws D),

Thus,

d (UOZA(B(;EO,R))>1/p 71<volA(B(a:o,R)))7l+1/pi(volA(B(:co,R))>
dR vol? B(R) " p\  wolB(R) dR vol? B(R)

< @ (9], e
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Consequently,
vol*(B(g, R)) 1/p_ volA(B(zo,7)) 1/p
vol7? B(R) volt B(r)
c B tsnm™ (1)
< Em |l(s1/p A H
<l @ gvr)] L/ TG

For the volume comparison for annular regoins we use the procedures of part
(a) repeatedly. First note that

d (volA(B(xo, r, R)) )
dR voly B(r, R)

vl (8B(wo, R)) [T sny 1 (t)dt — sny ' (R)vol* (B(zo, 7, R))
(vol B(r, R))2

R
= (vol'} B(r, R))72/ [cmsnz_l(t)volA(aB(xo,R)) - cmsnz_l(R)volA(B(mmt))}dt

T

<

R m—l(R) A 7 1-1/p
) I [ (1220

where we use the term vol® (B(zg,r, R)) instead of vol? (B(xo, R)) in the
inequality (4.5). and similarly,

d (volA(B(xo,r,R))>1/p< 1 enRsn H(R)

(" (95D

dR\  wvolyB(r, R) Pon (vol B(r, R))H/r p.R
Thus,
A 1/p A 1/p
vol®(B(zg,r2, R2)) (ol (B(zg, 72, 1)) (4.6)
vol B(r2, Ry) voly B(ra, Ry) '
c 2 tsn L (t)
< Zmll(si/p (v A / H dt.
P5nH( (v D) pR2 JR, (vol“HlB(rg,t))Hl/p
Similarly,

i (s

—volA (dB(xo,T)) ]7R snm () dt — <—snzl_l(7")) vol*(B(zo, T, R))
(UOlz’B(T, R))2

Cm

R
= (vol%y B(r, R))fz/ emsni T (r)vol A (8B (xo,t)) — emsn’i ™ (t)vol A (B (zo, ))dt

r

<

1 cmsngfl(}z)H((;}/v(|va|))Hp7R vol (B(zo,r )\~
bn (volm B(r, R))' /P ( vol7 B(r, R) ) '
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So,

d ((volA(B(mo,r, R)))””) - CcnBs T (R) H(&l/p (\Vf"‘D)Hp,R

dr volj; B(r, R) pon (UolﬁB(r,R))Hl/p.
And
vol(B(xg, 79, Ry)) l/p_ volA(B(xg,71, R1)) /e @7
voly B(ra, Ry) voly B(r1, Ry) '
1—1
Cm A Rysn’y ™ (Ry)
<l @ D), [, e my
Pon PR Jr (volfyB(t, Ry))
By adding (4.7) and (4.6), we get
vol*(B(z¢, 72, R2)) 1/p_ volA(B(zq,71, R1)) Y
volf} B(ra, Ra) vol? B(r1, Ry)
Ro m—1
Cm || (s1/ A tsny— (1)
<zl (vr)| = it
p.R2 | JR, (vol}yB(ra,t))
2 RlsnTHn_l(Rl)
+ [T Ut
r (volf} B(t, Ry))
0

Proof of Theorem 1.4. (Extended volume comparison) The proof is done by
using Theorem 1.2, part (b) and taking

dn(n—1)+4(K + K')
1
in Theorems 4.2 and 4.3. O

m:C(én,n,517K,K’7H):[ + 2,

Now we extended three famous results of the Bishop—Gromov volume
comparison theorem for the extended Ricci tensor. First we extend Theorem
3.13 of [38].

Theorem 4.5. Let M be a complete manifold, A is a bounded self-adjoint (1,1)-
tensor field on it and the following conditions are satisfied,

(a) Ric_rracea (X, AX) > (n—1)5,H|X|?

(b) [f4 <K

(c) |[Vf < a,

(d) diam(M) < D

Then the first Betti number by satisfies the estimate by < C' (51, On,n, K, HD?,
aD).

The second is an extension of Anderson’s theorem [4].



215 Page 24 of 37 S. Azami et al. Results Math

Theorem 4.6. Let M be a complete manifold, A is a bounded self-adjoint (1,1)-
tensor field on M and the following conditions are satisfied,

(a) Ric_pracea (X,AX) > (n—1)5,H|X|?
(b) [f4] <K

(o) [V <a,

(d) diam(M) < D, vol(M) > V.

Then there are only finitely many isomorohism types of m (M).

The proofs of Theorem 4.5 and 4.6 are obtained by the proofs of Theorem
3.13 and 3.14 of [38] by noting that the extended Ricci curvature can also give
control on the first Betti number via the extended volume comparison theorem.
The third and last theorem of this section is an extension of Yau’s theo-
rem, which was originally proved by Calabi and Yau in 1976 [37] via analytic
methods in the Riemannian case for Ricci tensor. We adapt [33] for the proof.

Theorem 4.7 (Extension of Yau theorem). Let M be non compact, xo be a
fized point and Ric_ryace(a) (Or, ADr) > 0, then for any p > n and R > 2,
there is an € = e(m,p, A, R+ 1) such that if

su u
rezpvf d1vol(B(z, R+ 1)) </B(z,R+1)

1/p
|VfA|pdvolg> <e
then

vol (B(zg, R)) > cR,

where ¢ 1s a constant.

Proof. Let x € M be such that dist (zg,2) = R > 2. By the relative compar-
ison Theorem 4.3 for annulus and letting 1y = 0,70 = R—1, Ry = R and
Ry = R+ 1 we have,

(vo(l;4 (B]g’,”R _(1;’ R;)—nﬂlb))>1/p _ (”OZA (ljéx, 0, R)))l/P
+ R m

< ifs: R+ 1" (7 (1954 |

p,R+1'

So

(REAER)« (g2

+CO(R 4 1) P

p

(a7 (V)

p,R+1 ’
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volA(B(z,R+1)) ’

(UOZA (B(z,R—1,R+ 1)))
volA (B(z, R+ 1))

By multiplying with we get

1/p

A|P
<2 DRy 1)mR gy S0 (e ey [V7 " dvoly )
SR z€M d1vol™(B(z, R+ 1)) J

where D is some constant depends on m, p, d;. We choose € = ¢(m, p, A, R+1)
small enough such that
vol* (B(z,R—1,R +1)) _2D
volA (B(xz,R+1)) ~ R’

For R > 2 we have,

vol? (B(z¢,1))

R.
2D

vol® (B(z0,2R + 1)) >

5. Cheeger—Gromoll Splitting Theorem

One of the important applications of mean curvature comparison theorem is
the Cheeger—Gromoll splitting theorem. In this section we extend the Cheeger—
Gromoll splitting theorem by replacing Ric(X, X) with Ric (X, AX). Our ap-
proach for the proof is similar to the original one. i.e, we show that the vector
field Vbl is Killing and HVbj H = 1, where b7 is the Bussemann function asso-
ciated to the ray 4. So by the extended Bochner formula and the restriction
on the extended Ricci tensor, we show bj‘ is a harmonic function. First, one
should provide the maximum principal for the operator Ay x = Agq—(X,V ),
thus we recall the following Lemma.

Lemma 5.1 (see [13]). Let f,h € C*(M) and p € M and U be a neighborhood
of p. If

(a) f(p) = h(p),
(b) f(x) > h(z) for allx € U,
then

(a) Vf(p) = Vh(p),
(b) Hessf(p) > Hessh(p),
(¢) Aaxf(p) = Aaxh(p).



215 Page 26 of 37 S. Azami et al. Results Math

Proof. Parts (a), (b) are clear. For part (c) it is sufficient to show that A4 f(p) >
A h(p). We know that Hess (f — h) (p) > 0. By assumption, A is positive def-
inite, so A = B? and
A (f = h) (p) = Trace (B2 o hess (f — h) (p)
= Trace (B o hess(f —h)(p) o B)

= Z (hess (f — h) (p) o Be;, Be;) > 0.
Thus AAJ('f(p) Z AA7xh(p). D
Now we extend the maximum principle for A 4.

Theorem 5.2 (Extended maximum principle). Let f € CY(M) and As x f >
0 in barrier sense, then f is constant in a neighborhood of each local maximum
of f. So, if f has a global mazximum, then f is constant.

Proof. Let p € M be a local maximum of f. If Ay x f(p) > 0, then we have a
contradiction by Lemma 5.1 part (c). So we assume Ay x f(p) > 0. Without
loose of generality we may assume that there is a sufficiently small r < inj(p),
such that p is a maximum of the restricted function f : B(zg,r) — R and
there is some point z¢ € dB(p, r) such that f(x¢) # f(p). As usual, we define

Vi={z€0B(p,r): f(x) = f(p)}
Let U be an open neighborhood with the property that V' C U C dB(p,r) and
¢ be a function such that,
6(p) =0, ¢l, <0, V0.

Then for the function h = e®® — 1 we have,
Aaxh = e (a (V6, AVY) + A x9) = ae® (adi| Vo[’ + A xo).
So by choosing « large enough we have,
Aaxh >0, hl,<0, h(p)=0.

Now by defining F' = f + 0h, for small enough 6 > 0, we have Ay x F' > 0 on
B(zg,r) and F has a maximum point in B(zg,r), which is a contradiction by
the first part of the proof. O

The second step in the proof of the Cheeger—Gromoll splitting theorem
is the regularity property which states when Af = 0 in barrier sense, then f is
smooth. In fact using this property one can show that, when the Ricci tensor
is positive, the Bussemann functions are smooth. As the original proof, first
we recall the regularity property for A4 x by the following Proposition.

Proposition 5.3. If A is bounded ( 91 > 0 ) and Aa xf = 0 in the barrier
sense, then fis smooth.

Proof. Since A is bounded below, so Ay x satisfies the elliptic conditions in
sections 6.3-6.4 or Theorem 6.17 of [15], thus f is smooth. O
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Now we are ready to prove the extension of Cheeger—Gromoll splitting
theorem. To this end, we use the so-called Busseman functions of a line in M
and show that the gradient of a Busseman funtion b" is Killing and || VbT || = 1.
First we recall the definition of a Bussemann function.

Definition 5.4 [13,31,38]. Let v : [0,400] — M be a ray, the Bussemann
function b7 associated to v is defined as b (x) := lim; o (t — d(z,v(t))).

Now, we should prove that Ay ;4 (b7) > 0 in the barrier sense.
Proposition 5.5. If Ric(0,, Ad,) > 0, then Ay ya (b7) > 0 in the barrier sense.

Proof. For each point ¢ € M the family of functions defined as h¢(z) = ¢ —
d(x,7(t)) + b7(q) are lower barrier functions for b7 at the point ¢, where 7(t)
is one of the asymptotic rays to the ray v at ¢ [13,31,38]. So h; is smooth
in a neighborhood U of ¢. Finally by Theorem 1.2 and the restriction on the
extended Ricci tensor,

41K 1

Ap rahi(q) = —Ay pa (d(g, (¢ Z—(Sn(l—‘r ) — .
Since limy_.oo d(q,7(t)) = oo, for each ¢ > 0 one can find ¢ such that
A, (d(g,7(t))) > —e and this completes the proof. O

Corollary 5.6. If Ric(0,, AD,) > 0 and v+ and v_ are two rays derived from
the line v, and b+ and b~ denote their Bussemann functions, then

(a) bt +b =0,
(b) Ay pabt = Ay pab™ =0 and the functions b™ and b~ are smooth.

Proof. (a) By Proposition 5.5 and the restriction on the extended Ricci tensor,
we know that Ay pab™, Ay ab™ > 0. So

AA’fA (b+ + b_) > 0.

By triangle inequality, (b™ 4+ b7) (v(0)) = 0 is the maximum value of the sub
harmonic function b +b~, so by Theorem 5.2, b* +b~ = 0. For part (b), by (a)
we have Ay ra bt = —Ay4 b, so Proposition 5.5 concludes that Ay pabt =
Ay pab™ =0, finally by Proposition 5.3 b, b~ are smooth. H

Corollary 5.7. If Ric(0,, AD,) > 0, then |VbY|| = 1.

Proof. By Corollary 5.6, the Busseman function b* is smooth, so | Vo] = 1.
For the complete proof see [11,13,14,31,38]. O

Proof of Theorem 1.5. By Corollary 5.7, we have |[VbT|| = 1, so Vy+ Vb1 =
0, since A is a Codazzi tensor, —VbT". Vbt . Trace(A)+(Vyy+ div(A), VbT) = 0.
Theorem 3.1 implies,

0 = Trace (Ao hess® (b)) +VbT.(AxbT) — Z <T(VW+A) (Vb e), ei>
+Ric(VbT, AVDHT)
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Corollary 5.6 yields Ay jabT =0, so Aubt = (Vf4,VbT) and
Vot.(AabT) = Vb (VA Vbt) = Hessf* (VbT,VbT).
By Definition 3.2 we know that

Hessf* (VbF,Vbh) ="

7

(1o D (Wi, ), 1) > 0,
o
0 > Trace (Ao hess® (b)) + Ric(VbT, AVbT).

The restriction on the extended Ricci tensor concludes Trace (A o hess?(bT)) =
0. Since A is positive definite (note that A is invertible), hess?(bT) = 0.
Consequently VbT is a Killing vector field and its flows are isometries. Also
|[VbT|| = 1, so the following function

PY:NXxR—-M
(@, t) = FIVY (x),

splits M isometrically, where N = {z : bt (z) = 0}. Ay is also a Codazzi ten-
sor. To see this note that,

V% (ANY) = Vx (ANY) = Vx (AY — (0, AY') 0y)
= Vx (AY) = (0, Vx (AY)) 9y = projou. (Vx (AY)),

and
AN (VXY) = An (VYY) = projas (A(VxY)).
So

(VEAN)Y = VT (AnY) — Ax (VRY) = projos (Vx (AY) — A(VyY))
= projo. (VyA) X) = (V}]\/]AN) X.

The last part is clear by properties of the Ricci tensor. O

Lifting the extended Ricci tensor Ric(X,AX) to Ric(X,AX) to the
universal covering space of M as it is done in the proof of Theorems 1.3, 1.5
and with a similar argument as in [31] or in [38], we obtain the following
results.

Theorem 5.8. If M is a compact Riemannian manifold with Ric (X, AX) >0
for any vector field X, then M is finitely covered by NU™ M=k 5 T* where N
is compact and simply connected and T* is k—dimentional flat torus.

Theorem 5.8 has the following topological results.
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Corollary 5.9. Let M be compact with Ric(X,AX) > 0 for any vector field
X, then

(a) b1 (M) S n.

(b) w1 (M) has a free abelian subgroup of finite index and of rank < n.

(¢) If at one point Ric (X, AX) > 0 for any non zero vector X, then 71 (M)
is finite.

Similar to Theorem 6.8 of [31], the splitting Theorem 1.5 gives the fol-
lowing extension of Sormani’s theorem [26].

Theorem 5.10. Let M be a complete and non-compact manifold and Ric
(X, AX) > 0 for any unit vector field X € X(M), then

(a) M has only one end.
(b) M has the loops to infinity property. In particular, if M is simply con-
nected at infinity then M is simply connected.

6. Excess Functions and Applications

Excess functions are important in the study of topology of manifolds, so finding
their upper bounds are interesting. Let p,q € M, we recall that the excess
function e, 4(x) is defined as

epq(x) == d(p,x) +d(q,z) — d(p, q). (6.1)

Similar to the classical one, to estimate the excess function we need the
following extension of Abresch-Gromoll quantitative maximal principle (see
[13,38]). The proof of the following theorem is an adaptation of the ideas of
[1] or [10]. First we recall the following definition.

Definition 6.1 [38] The dilation of a function f is denoted by dil(f) and is
defined as

Proposition 6.2 (Quantitative Maximal Principle). Let U : B(y,R + 1) —
R be a Lipschitz function on M. For H < 0, Assume that (n—1)6,H <
Ric (8, Ad,), | f*| < K and

(a) U >0,

(b) dil(U) < a, U(yo) =0, where yo € B(y, R).

(c) A pa(U) <bin the barrier sense,
then U(y) < ac+ G(c) for all 0 < ¢ < R where G(r(x)) is the unique function
on My, such that
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(r)>0 for0<r<R,

"(r) <0 for0<r <R,
(R) =

(51 S (1+ ln— 1)>)G” + 4, <1+ 5 (ne 1))AHG = b, where Ay is

the Laplace operator on the space form MF;.

G
G
G

Proof. We construct G explicitly. Since Ay = g—; + mH(r)% + A Tt is suffi-
cient to solve the ODE

<61 —p (1 + (Sn(i[il)» G" + 6, <1 - %(?fil)> (G" +mpu(r)G) =0,

or equivalently, to solve

4K
5HG + 6, 14+ ——— "= 2
1G7 + < + 5n(n = 1)) mp(r)G (6.2)
For H = 0 we know that my(r) = 2=, so by (6.2) we have
4K n—1
1! " 1 /:
"G +6 ( +5n(n_1)) " G =0,

or equivalently

4K
",.2 _ o — 12
01G"'r*+ (n 1)6n<1+6n(n_1)>Gr bre,

which is an Euler-type ODE. For n > 3, the solutions of this ODE are,

b
G=—r’+¢ —|—627“D

2C
where
4K
On 4K

Now G(R) = 0, gives

iR2 +c1+c RP =

20 ?

By assumption G'(r) < 0, so for 0 < r < R one should have,

b
—r+ DesrP71 <0,
C’T + Dcor <
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Thus, ¢y > chDR*D“. Thus for H = 0, one has,

G(r)—zbo<2 <1+ >R2 ll)RD”rD).

For H < 0, we have,my (r) = (n — 1) y/—H <hv A1) r) Hence by (6.2) we get,

smh (v—Hr)"
4K cosh V—H)
51G" + 6, ( + 1) — G =
' SRS smh -H r)

Thus,

N

Now we return to prove the result of the theorem. By conditions on G and
Lemma 3.8

4K 4K
. > — JE— " [ .
AA,fAG_(él On (1+5n(n_1))>c: + 0, <1+6n(n_1)>AHG

Define V := G — U, so
AA’fAV - AA’fAG_AA7fAU

O

4K
14+ ——— — AU > 0.
+5n( +5n(n1))AHG Ay pal >0

Theorem 5.2 implies that the function V on A(y, ¢, R) = {z: ¢ < d(y,z) < R}
takes its maximum on dB(y, c)U0B(y, R). But Vl],5, p) < 0 and V(yo) = 0,

so if yo € A(y,c, R), there exists some y; € 9B(y,c) such that V(y;) >
V(yo) > 0. Since

Uy) =U(y1) < ad(y,y1) = ac
and
0< V() =Gy) —Uy)-
One has
Uly) < ac+U(yr) = ac+ (G(y1) = V(y)) < ac+ G(o).
If yo € B(y, ¢) then
Uly) =U(y) = Ulyo) < ad(y,yo) < ac < ac+ G(o).
O
Proposition 6.2 gives the following upper estimate for the excess function.

To obtaine the estimate, we recall the definition of the height function h(x) :=
dist(x,v), where dist(x,7) is any fixed minimal geodesic from p to q.
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Theorem 6.3. Let Ric(9,,Ad,) >0, |f4| < K and h(z) < min{d(p, z),d(q, x)},
then

5
O (n — 1) + 4K + 6 1 51+0n(n=1)+4K \ In(n—1)+4K
<2 — -Ch ;
epa(®) < <6n(n—1)+4K—51 2 ' ’
where

_ Sp(n —1) +4K ( 1 N 1 )
2(n — 1) (01 + 0 (n — 1) + 4K) \d(p,z) — h(z) = d(g.x) — h(z) )"

Proof. We follow the original proof (see [38] Theorem 4.15), so we use the
extended Abresch and Gromoll’s Quantitative Maximal Principle. Note that
dil(ep q) < 2. If we choose R = h(x), then for any y € B(x, R) we have

A (epq(y)) < on (1 * 5n(:lfi 1)> <d(pl, v d(ql, y)>

§5n<1+

4K > ( 1 n 1 >
By choosing R = h(x) and b := 6, (1 + %g{_l)) (d(p,x)l_h(z) + d(q,x)l_h(x)),
the conditions of Proposition 6.2 are satisfied. So

epq(x) < OglgR (2r+G(r)).

The function 2r + G(r), for 0 < r < R is convex, hence its minimum is assumed
at the unique point ro, where 0 < rg < R and 2+G’(rg) = 0, thus we conclude,

2r5 " 257 - R*P) =0, (6.3)

+ 55 (
where C, D are defined in Proposition 6.2. By (6.3) we get,

b °-D 1 71 D
L) § E R .
Consequently,

2 b 2
ep,q(2) < 2ro + G(ro) = (1 - D) [2ro +5 (rg — RQ)] <2 (1 - D) o
2 b o p =D
< Y -~ .
<2(1-3) (%)

Applying the estimate of the excess function Theorem, 6.3 gives an ex-
tension of theorems of Abresch—Gromoll [1] and Sormani [27] as follows (see
[31]).

O

Theorem 6.4. Let M be a complete non compact manifold with Ric (0, AD,) >
0 then,
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(a) If M has bounded diameter growth and its sectional curvature is bounded
below then it has finite type topology, i.e, it is homeomorphic to the inte-
rior of a compact manifold with boundary.

(b) If it has sub-linear diameter growth, then its fundamental group is finitely
generated.

7. Number of Ends

In this section we give an estimate for the number of ends of a complete
Riemannian manifold M by some restrictions on the extended Ricci tensor.
Our approach is similar to [8] which is invented by Cai. In fact Cai in [§]
had estimated the number of ends of a non compact manifold which its Ricci
curvature is non-negative out-side of a compact set by means of a lower bound
of the Ricci curvature in the compact set and the diameter of the set. Recently
Wu applied this method to get an upper estimate for the number of ends
of a weighted manifold by the similar conditions on the Bakry—Emery Ricci
tensor Ricy and some conditions on the energy function [32]. First we recall
the definition of an end of a manifold.

Definition 7.1 [8]. Let 71,72 be two rays starting from a fixed point p € M.
1,72 are co-final if for each R > 0 and any ¢t > R, 71(t) and ~»(t) are in
the same component of M\ B(zo,r). Each equivalence class of co-final rays is
called an end of M. The end included the ray v is noted by [7].

To get the estimate, we extend the following lemmas for the extended
Ricci tensor. The proofs of the following lemmas are similar to the corre-
sponding proof for Ricci [8] or weighted Ricci tensor [32], so they have been
omitted.

Lemma 7.2. Let N be a §—tubular neighborhood of a line . Suppose that from
every point p in N, there are asymptotic rays to ¥y* such that Ric_prace(a)
(X, AX) > 0 on both asymptotic rays. Then through every point in N, there is
a line o which if it is parameterized properly, then it satisfies

bl (o (t) =t and b (a (1) =t

Lemma 7.3. With the same assumptions as in Theorem 1.6, M can not admit
a line v with the following property

d(v(t), B(zo,7)) > [t| + 2R forall t.
Similar to [8] the following Proposition can be obtained.

Proposition 7.4. With the same assumption as in Theorem 1.6, if [v1] and [7y2]
are two different ends of M, then d(v1(4R),y2(4R)) > 2R.
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Proof of Theorem 1.6. Let [y1],...,[vk] be k distinct ends of M where vy, ...,
vk are rays from the fixed point p. Let {p, }le be the maximal set of points

on 9B (p,4R) such that balls B (p;, &) are disjoint. As mentioned in [8,32]
Proposition 7.4 implies that k£ < L.
By considering

R 9R 17R

vol4 (B(pj, %))
volA (B(pj7 g)) ’

and with the extended volume comparison Theorem 1.4, the following estimate
is obtained,

we get

N(A,M,R) <

volya (B(pj, 45%)) < (TR/2 vol™; B(1TR/2)

N(A,M,R) < Z2 < —
voliia (B(ps: 5)) vol™} B(R/2)
where
m' = {6n(n—1>+;1(1<1+1</1> 4o,
Ki= sup |f*A(2)],
x€B(p;,17TR/2)
K’y = sup |Trace(A) (z)| .

x€B(p;,17TR/2)
But for all j, we have B(p;,17R/2) C B(xo,25R/2), so the result follows by
the following inequality,
Jo sinh™ 1 (Bt )dt _ 2m1

fOT Slnhmil(ﬁt)dt ~m (ﬁr)_m exp (Oé (m - 1) 57") .

Acknowledgements

The authors would like to gratefully thank the anonymous reviewer for his/her
useful comments.

References

[1] Abresch, U., Gromoll, D.: On complete manifolds with nonnegative Ricci cur-
vature. J. Am. Math. Soc 3(2), 355-374 (1990)
[2] Alencar, H., Neto, G.S., Zhou, D.: Eigenvalue estimates for a class of elliptic

differential operators on compact manifolds. Bull. Braz. Math. Soc. New Ser.
46(3), 491-514 (2015)



Vol. 76 (2021) Comparison Geometry for an Extension... Page 35 of 37 215

[3] Alias, L.J., Mastrolia, P., Rigoli, M.: Maximum Principles and Geometric Ap-
plications. Springer, Berlin (2016)

[4] Anderson, M.T.: Short geodesics and gravitational instantons. J. Diff. Geom.
31(1), 265275 (1990)

[5] Bakry, D., Emery, M.: Diffusions Hypercontractives. Seminaire de Probabilités
XIX 1983/84. Lecture Notes in Math. 1123, 177-206. Springer (1985)

[6] Bakry, D., Gentil, I., Ledoux, M.: Analysis and Geometry of Markov Diffusion
Operators. Springer, Berlin (2013)

[7] Brighton, K.: A Liouville-type theorem for smooth metric measure spaces. J.
Geom. Anal. 23(2), 562-570 (2013)

[8] Cai, M.: Ends of Riemannian manifolds with nonnegative Ricci curvature outside
a compact set. Bull. Am. Math. Soc. 24(2), 371-377 (1991)

[9] Calabi, E., et al.: An extension of E. Hopfs maximum principle with an appli-
cation to Riemannian geometry. Duke Math. J. 25(1), 45-56 (1958)

[10] Cheeger, J.: Degeneration of Riemannian Metrics under Ricci Curvature Bounds,
Lezioni Fermiane, [Fermi Lectures], Scuola Normale Superiore, Pisa, 2001.
MR2006642 (2004j: 53049) (2004)

[11] Cheeger, J., Gromoll, D., et al.: The splitting theorem for manifolds of nonneg-
ative Ricci curvature. J. Diff. Geom. 6(1), 119-128 (1971)

[12] Crandall, M., Lions, P.: Viscosity solutions of Hamilton—Jacobi equations. Trans.
Am. Math. Soc. 277(1), 1-42 (1983)

[13] Dai, X., Wei, G.: Comparison geometry for Ricci curvature. preprint https://
web.math.ucsb.edu/~dai/Ricci-book.pdf

[14] Fang, F., Li, X., Zhang, Z.: Two generalizations of Cheeger—Gromoll splitting
theorem via Bakrnymery Ricci curvature. Ann. Linst. Fourier 59, 563-573
(2009)

[15] Gilbarg, D., Trudinger, N.: Elliptic Partial Differential Equations of Second Or-
der. Springer, Berlin (1983)

[16] Gomes, J., Miranda, J.: Eigenvalue estimates for a class of elliptic differential
operators in divergence form. Nonlinear Anal. 176, 1-19 (2018)

[17] Hormander, L.: Notions of Convexity, Volume 127 of Progress in Mathematics.
Birkh&user Boston Inc., Boston (1994)

[18] Jaramillo, M.: Fundamental groups of spaces with Bakry—Emery Ricci tensor
bounded below. J. Geom. Anal. 25(3), 1828-1858 (2015)

[19] Kennard, L., Wylie, W.: Positive Weighted Sectional Curvature (2014), arXiv
preprint arXiv:1410.1558

[20] Lions, P.: Optimal control of diffusion processes and Hamilton—Jacobi-Bellman
equations part 2: viscosity solutions and uniqueness. 8(11), 1229-1276 (1983)

[21] Ledoux, M.: The geometry of Markov diffusion generators. Ann. Fac. Sci.
Toulouse Math. 9(2), 305-366 (2000)

[22] Lott, J.: Some geometric properties of the BakrnymeryfRicci tensor. Comment.
Math. Helvetici 78(4), 865-883 (2003)

[23] Petersen, P., Sprouse, C.: Integral curvature bounds, distance estimates, and
applications. J. Diff. Geom. 50(2), 269-298 (1998)


https://web.math.ucsb.edu/~dai/Ricci-book.pdf
https://web.math.ucsb.edu/~dai/Ricci-book.pdf
http://arxiv.org/abs/1410.1558

215 Page 36 of 37 S. Azami et al. Results Math

[24] Pigola, S., Rigoli, M., Setti, A.: Vanishing and Finiteness Results in Geometric
Analysis: A Generalization of the Bochner Technique, vol. 266. Springer, Berlin
(2008)

[25] Qian, Zhongmin: A comparison theorem for an elliptic operator. Potential Anal.
8(2), 137-142 (1998)

[26] Sormani, C.: On loops representing elements of the fundamental group of a
complete manifold with nonnegative Ricci curvature. Indiana Univ. Math. J.
50(4), 1867-1883 (2001)

[27] Sormani, C.: Nonnegative Ricci curvature, small linear diameter growth
and finite generation of fundamental groups(1998). arXiv preprint
arXivi:math/9809133

[28] Wang, L.: Eigenvalue estimate for the weighted p-Laplacian. Ann. Mate. Pura
Appl. 191(3), 539550 (2012)

[29] Wang, L.: Gradient estimates on the weighted p-Laplace heat equation. J. Diff.
Equ. 264(1), 506-524 (2018)

[30] Wang, Y., Li, H.: Lower bound estimates for the first eigenvalue of the weighted
p-Laplacian on smooth metric measure spaces. Diff. Geom. Appl. 45, 23-42
(2016)

[31] Wei, G., Wylie, W.: Comparison geometry for the Bakry—Emery Ricci tensor.
J. Diff. Geom. 83(2), 337-405 (2009)

[32] Wu, J.: Counting ends on complete smooth metric measure spaces. Proc. Am.
Math. Soc. 144(5), 2231-2239 (2016)

[33] Wu, J.: Comparison Geometry for Integral Bakry—Emery Ricci Tensor Bounds.
J. Geom. Anal., 1-40 (2016)

[34] Wu, J.: Myers’ type theorem with the Bakry-Emery Ricci tensor. Ann. Glob.
Anal. Geom. 54(4), 541-549 (2018)

[35] Wylie, W.: A warped product version of the Cheeger—Gromoll splitting theorem.
Trans. Am. Math. Soc. 369(9), 6661-6681 (2017)

[36] Wylie, W.: Sectional curvature for Riemannian manifolds with density. Geom.
Ded. J. 178(1), 151-169 (2015)

[37] Yau, S.: Some function-theoretic properties of complete Riemannian manifold
and their applications to geometry. Indiana Univ. Math. J. 25(7), 659670 (1976)

[38] Zhu, S.: The comparison geometry of Ricci curvature. Comp. Geom. 30, 221-262
(1997)


http://arxiv.org/abs/math/9809133

Vol. 76 (2021) Comparison Geometry for an Extension... Page 37 of 37 215

Shahroud Azami

Department of pure Mathematics, Faculty of Sciences
Imam Khomeini International University

Qazvin

Iran

e-mail: azami@sci.ikiu.ac.ir

Seyyed Hamed Fatemi and Seyyed Mohammad Bagher Kashani
Department of Mathematics
Tarbiat modares university
Tehran
Iran
e-mail: fatemi.shamed@gmail. com;
Kashanim@modares.ac.ir

Received: October 20, 2020.
Accepted: September 15, 2021.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.



	Comparison Geometry for an Extension  of Ricci Tensor
	Abstract
	1. Introduction
	2. Preliminaries
	3. Extended Mean Curvature Comparison
	4. Extended Volume Growth
	5. Cheeger–Gromoll Splitting Theorem
	6. Excess Functions and Applications
	7. Number of Ends
	Acknowledgements
	References




