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Abstract. Based on a data-driven selection of an estimator from a fixed
family of kernel estimators, Goldenshluger and Lepski (Probab Theory
Relat Fields 159:479-543, 2014) considered the problem of adaptive min-
imax un-compactly supported density estimation on R¢ with L? risk over
Nikol’skii classes. This paper shows the same convergence rates by using
a data-driven wavelet estimator over Besov spaces, because the wavelet
estimations provide more local information and fast algorithm. Moreover,
we explore better convergence rates under the independence hypothesis,
which reduces the dimension disaster effectively.
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1. Introduction

Density estimation has a long history [1,3]. In 1996, Donoho et al. [4] es-
tablished an adaptive and optimal estimate (up to a logarithmic factor) for
compactly supported density functions on R! with L? risk (1 < p < o) over
Besov spaces by using a non-linear wavelet estimator.

It is quite remarkable that if the assumption that the underlying density
has compact support is disappearance, then the minimax behavior becomes
completely different. In particular, Kerkyacharian and Picard [10] defined a
linear estimator by an orthogonal scaling function and discussed the conver-
gence rates of LP risk for 1 < p < oo over one-dimensional Besov spaces in
1992. Although their density functions do not have compact support, the above
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estimation is non-adaptive and needs an additional condition (Condition N)
for1 <p<2.

How about adaptive estimation for un-compactly supported density func-
tions? Juditsky and Lambert-Lacroix [9] studied the optimal convergence rates
of LP risk (1 < p < o0) by using a biothogonal wavelet estimator, which den-
sity functions are in one-dimensional Hoélder spaces. Seven years later, the
L? risk estimation in one-dimensional Besov spaces was investigated [18]. In
2014, Goldenshluger and Lepski [5] addressed this problem on R? with LP risk
(1 < p < o) over anistropic Nikol’skii classes. They constructed an adaptive
estimator based on a data-driven selection rule from a fixed family of kernel es-
timators, and there are four different regions (convergence rates) with respect
to the minimax behavior which is (nearly) optimal.

Compared with kernel estimators, the wavelet ones provide more local
information which are effective for the estimation of density function with
cusps, because they have the properties of time-frequency localization and
multiresolution (see [2,12-14]). Recently, this fact has been verified by nu-
merical experiments in tables and figures in lots of literatures, including both
density [7,22] and regression estimates [6,11]. What’s more, the fast wavelet
algorithm is important in many practical fields and the algorithm advantage
of wavelet is based on filter banks and Pyramid algorithm (see [15,20,21]).

In this current paper, we use the orthornormal scaling function to con-
struct a data-driven estimator on isotropic Besov spaces and obtain the same
upper bounds as Goldenshluger and Lepski [5]. Compared with their work, our
auxiliary estimators are more concise. Furthermore, motivated by the work of
Rebells [19], we provide another better convergence rates with density func-
tions having independence hypothesis. It should be pointed out that this esti-
mation reduces the dimension disaster effectively.

1.1. Wavelets and Besov Spaces

We begin with a classical concept in wavelet analysis. A multiresolution anal-

ysis (MRA, [17]) is a sequence of closed subspaces {V;};cz of the square inte-

grable function space L2(R?) satisfying the following properties:

(1) : VjCqu-l,jEZ;

(i) . Ujer Vi = L?(R9) (the space Ujez Vj is dense in L2(RY));

(iii) . f(2-) € Vj41 if and only if f(-) € V; for each j € Z;

(iv) . There exists ¢ € L?(R?) (scaling function) such that {¢(-—k), k € Z}
forms an orthonormal basis of Vj = span{¢(- — k), k € Z7}.

When d = 1, a wavelet function ¢ can be constructed from the scaling
function ¢ in a simple way such that {27/2¢(27 - —k), j,k € Z} constitutes an
orthonormal basis (wavelet basis) of L?(R). Examples include the Daubechies
wavelets [8], which have compact supports in time domain. For d > 2, the
tensor product method gives an MRA {V;} of L*(R?) from one-dimensional
MRA. In fact, with a scaling function ¢ of tensor products, we find 2¢ — 1
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wavelet functions ¢¢ (£ =1,2,---,2% — 1) such that
{299208 (2 . —k), jeZ, keZ £=1,2,---,29 —1}

constitutes an orthonormal basis (wavelet basis) of L?(R9).

Let P; be the orthogonal projection operator from L?(R) onto the scaling
space V; with the orthonormal basis {p;x(-) = 2/%2p(27 - —k), k € Z9}. Then
for each f € L%(R%),

Pif =Y ajrpin (1.1)

kezd
with oj:=(f, p;r). Specially, when a scaling function ¢ is m-regular, the iden-
tity (1.1) holds in LP(RY) for p > 1 [8]. Here and after, m-regular means that
¢ € C™(RY) and |D*p(z)| < (1 + |z[>)~2 (la| =0,1,...,m) for each | € Z
and some independent positive constants ¢;. The Daubechies scaling function
Doy X --+ X Doy with N > m + d is an example, and the tensor product of

d times

Do with large N is used in the whole paper.

One of advantages of wavelet bases is that they can characterize Besov
spaces, which contain Holder and L2-Sobolev spaces as special examples. The
next lemma provides an equivalent definition.

Lemma 1.1. ([17]) Let ¢ be m-regular, ¥* (£ = 1,2,--- ,2% — 1) be the cor-
responding wavelets and f € L™(RY). If ajp:={f, ¢jk), ﬂj‘f = (f, wfk), r,q €
[1,00] and 0 < s < m, then the following assertions are equivalent:

(i) . fe B RY;
(i) . A2 B — S} € Ly
(iii) . {27CT DB} € 1y,
The Besov norm of f can be defined by
1f]

d
2

(g d
B =l Il + 1277285111, ) 520 i,

2¢—1
where |, |l = 3 logoxl” and 1851l = X 32 185"
kezZd =1 kezd

Moreover, Lemma 1.1 (i) and (ii) shows that || P;f — f[|, < 277 holds
for f € B ,(R%). Here and throughout, the notations A < B denotes A < ¢B
with some fixed and independent constant ¢ > 0; A 2 B means B S A; A~ B
stands for both A < B and A 2 B.

When r < p, Lemma 1.1 (i) and (iii) imply that with s’ — % =s5— g > 0,

B, (RY) — By, (RY),

where A — B stands for a Banach space A continuously embedded in another
Banach space B. All these claims can be found in Ref. [23].
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1.2. Wavelet Estimator and Selection Rule

It is well-known that the classical linear wavelet estimator is given by
Fi@) =" @il
k

with @jp:=21 3" | ¢;x(X;). Moreover, the parameter j:=j(n) goes to infinity,
as the sample size n — 0. In general, it depends on the index s of unknown
density function f and the estimator is non-adaptive [8,10]. In this subsec-
tion, we give the selection rule of parameter j only depending on observations

X1, ,X,, which is so called data-driven version.
Let H:={0,1,---,[%log, (2]} with |a| denoting the largest integer
smaller or equal to ¢ and
Enlx,7):=Ffj(x) — Ef;(x) (1.2)

be the stochastic error of f] The most important step of the selection rule is
to find a function U, (z, j) such that the moments of random variables

v(@)i=sup [[€ (@, )] — Un(2.5)] (1.3)
jeEH +

are “small” for each x € R?, where a,:=max{a,0}. According to Bernstein’s
inequality in Sect. 3, the function U, (z,j) can be defined by

. A29d1nn A2741nn,
Un(w,j):=\ ———0j(®) + ——— (1.4)

n n

with some constant A > (5p 4 6)||®||s. Moreover, this special choice of A is
used in Proposition 3.1, (3.15) and (4.1). Here and throughout,

i(x):= i(x — = J4P[27 (2 — .
ri@= [ Be-ofwa= [ 2epe-nfne 1)

with ® € Cy(R?) satisfying ® > 0 and

> oz —k)p(y — k)
k

where Cy(RY) stands for the set of all compactly supported and continuous
functions. Clearly, o; € L' (R?)N L% (R?) holds for each j € H, if f € L>=(R?).

Note that U, (x,j) depends on unknown density function f. Hence, we
use a empirical counterpart ﬁn(x, j) instead of that, i.e.,

—~ A24Inn 3A2741
O, )=y =05 (2) + (1.7)

Yo, ®;(z — X;). Then it is easy to find E5,(z) = o;(z).

where 7 (z):==+
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Now, the selection rule of j would be shown as follows. For any z € R¢,
let

Rj(x):= sup ||finje (@) — [y (@) = Un(a,§ A 5') = Unlw,5)|
J'eEH +
U(z,j):= sup Un(z, 7). (1.8)

JTEH:G <5

Here and after, a A b:=min{a,b} and a V b:=max{a,b}. Compared with the
work of Goldenshluger and Lepski [5], the auxiliary estimator f;;  is more
concise than theirs. Thus, the selection of jg is given by

o = Jo(w) = argint, ey | By(2) + 20 (2,5)] (1.9)
Obviously, it only depends on the observation data X7, --- , X, for any 2 € R?.

With aj;, = %Z?:l ©;1(X;) and jo being given in (1.9), a data-driven
wavelet estimator is shown by

J?n,d( f]o Zajokwjok (1'10)

Moreover, the estimator ﬁ%d(x) is a Borel function thanks to the discrete set
H and the continuity of Y, ¢(xz — k)p(y — k) with ¢ = Doy X --- x Doy for

d times

large N.

1.3. Main Results

We shall state main theorems of this paper and discuss relations to some other
work in this subsection. For M > 0, the notation B, (M) stands for a Besov
ball, i.e.,

By (M):={f € B; ,(RY), fis density function and | f||ps, < M}.
Moreover, L>°(M) is defined by the way. Then the following theorem holds.

Theorem 1.1. Let 0 < s < m and r,q € [1,00]. Then for p € (1,00), the
estimator f, q in (1.10) satisfies

~ In n\ Bp.d)p
sup E”fn,d - f||§ S an(p,d) (7> )
fEB: ((M)NL>= (M) n
where
1nn p < < 2sr4dr.
= srtd 7 1.11
on(p,d) { 1, otherwise, ( )
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and
S(l_l) 2sr4dr .
s+d7p%’ ps sr+d
s 2sr+dr 2sr
/G(p d): 2s+d’ sr—+d <p< d +T (1 12)
y ). Zl’ p> > 291“ +r s < (i .
S_%p""d > 2sr +7, s> Q
- Tyrar P2 "

Remark 1.1. When ¢ = oo, Besov space Bﬁ’oo(Rd) reduces to Nikol’skii class
N,.(5,RY) automatically. Then according to Theorem 3 of Goldenshluger and
Lepski [5], the above estimation is optimal up to a logarithmic factor, since the
lower bound estimation holds for all possible estimators including both kernel
and wavelet ones.

Remark 1.2. For the case s > %, the condition L*>°(M) is not necessary because
of B; ,(R?) € L>(R?) in this case [8]. On the other hand, the convergence rates
n (1.11)-(1.12) with d = 1 and p = 2 coincide with Theorem 3 of Reynaud-
Bouret et al. [18]; If d = 1 and r = ¢ = oo, then B, (R) = H*(R) and
Theorem 4 of Juditsky et al. [9] can follows from the above theorem directly.

By a detail observation, the convergence exponents 3(p,d) in Theorem
1.1 tend to zero as the dimension d — oco. Motivated by the work of Rebelles
[19], we reduce the influence of the dimension and improve the convergence
rates in Theorem 1.1 by the independence hypothesis of density functions.

As in Ref. [19], denote Z4;:={1,--- ,d}. For a partition P of Z,, a density
function f has the independence structure P, if

= I fintzn) (1.13)
IeP

with I = {l1,--- g} € Pand 1 <1y < --- <[y < d. Here, xp:=(y,,-- -,
z1,,) € Rl and |I] denotes the cardinality of I. On the other hand, f €
B;q(Rd,P) if and only if fi; € B} (RU\) for each I € P; f € L¥(R%, P)
means fi; € L>=(RII) for each I € P. Furthermore, the following notations
are needed:

B; (M, P):={f € B; ,(R",P), || fi1llz, < M for any I € P};

L>®(M,P):={f € L*(R,P), fi1| € L>(M) for any I € P}.

For f1 € B?q(Rm)7 the corresponding wavelet estimator fn_m(ac[) is
given by (1.10). Then the estimator fn p for f e Bsyq(Rd,”P) is defined by

Fap(z H Fin (@) (1.14)

IeP

Next, we are in a position to introduce the most important result of this
paper.
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Theorem 1.2. Let 0 < s <m and r,q € [1,00]. For any p € (1,00),

Inn\ B,1)p
sup Bllfue = I} S maxan(p. 11)(==)
fEB: (M, P)NL>=(M,P)

where au, (p,|I]) and B(p,|I|) can be found in (1.11) and (1.12) respectively.

Remark 1.8. When P = {{1,...,d}}, |I| = d and the result of Theorem 1.1
can be reached directly from Theorem 1.2. For another extreme case P =
{{1},...,{d}}, the convergence order dose not depend on the dimension d and
the influence of the dimension on the accuracy of estimation is gone because
of |I| =1 in this case.

2. Oracle Inequality

In this section, we shall introduce a point-wise oracle inequality, which is one
of main ingredients in later proofs. Let us begin with the following lemma.

Lemma 2.1. Let X;(z) = [\aj(x) —oj(z)| — Un(x,j)} with j € H. Then
+
Oule,d) = 18Un(2.)] | <2%(2) and [Un(e.3) = Uu(d)] | < Xy(),

where Uy (z, §) and Uy (z,§) are given by (1.4) and (1.7) respectively.

Proof. Define Hy:={j € H, o;(z) > 4A27%122} " According to the definition of
Xj(x),

7;(2) = 7 ()| < Xj(z) + Un(, j).

This with (1.4) and (1.7) leads to
A29dInn [ /2
,LW@@w@mH

| X2iilnn  G;(x) — aj()

V() +

<3 [A27id1Inn X;(x) + Un(x,j)
- n oj(x)

Then for any j € Hg, the above inequality reduces to

(@) + Un(@,j) ;({;)(””’j) < SX(@) 42U ).

~ . . 3
|Un(2,7) — 3Un(z,j)| < 5 oj(z)
Hence,

~ 3 3
Un(.) = 8Un(.4) < S2(@) + 5Un(2.3)
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and
. -~ . 3 3 .
3Un(xa]) - Un(xvj) S 5)(](93) + iUn(xvj)

Furthermore, by a simple calculation, one obtains that

= . . = N9 .

(O ) = 130(,7)] < [Oald) = SU5)] <

+ 2 +
and
NP ) N 24 ,
(Un(@,5) = On@,9)] | < [Un(@,) = 50n(@.)] | < ().
+ 3 +

The desired conclusion is established for the case of j € Hy.
It remains to show the case of j € Hi:=H\H,. Clearly,

. A2Jd1nn A27%0nn  3X2741nn
Un(,7) =\ ———0;(z) + < (2.1)

n n n

due to (1.4) and j € H;y. This with ﬁn(x, ) > M in (1.7) implies

[Un(x,j) - ﬁn(z,j)} =0 (2.2)
On the other hand, according to the definition of X;(z),

N L TA24]
5,(x) < 0,(2) + X (@) + Un(a, ) < ———" + X ()

thanks to j € H; and (2.1). This with v/a + b < y/a 4+ v/b shows that

~ A27d1nn 32274 1nn
Up(z,j) =3\ ———0; _—
(@.) s+ 22
)\2Jd1nn

X;(x) + (3\f 3)2311171

n
Combining it with vab < %t and U, (z,j) > )‘QJH& in (1.4), one knows

~ 3 9. \277] 3
Un(w,5) < 5X(@) + (VT + ) =—— < 3

Then it follows that

X;(z) + 13U, (z, j).

[ﬁn(z,j) - 13Un(:z:,j)]+ < 2X;(x). (2.3)

Hence, the lemma also holds for the case of j € H; thanks to (2.2) and (2.3).
The proof is done. O

To state the point-wise oracle inequality, let B;(x, f) be the bias of the
estimator f;(x), i.e.,

By(x, f):=|Ef;(x) = f(@)| = |P;f(x) = f(@)], (2.4)
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and define

Bi(x,f):= sup Bj(z,f) and U;(x,j):= sup U,(z,j'), (2.5)
J'eN, §'=j J'eN, j'<j

where P; and U, (z, j) are given by (1.1) and (1.4) respectively.
The following oracle inequality is the main result of this section.

Theorem 2.1. For any x € RY, the estimator fn,d(x) in (1.10) satisfies that

Fral@) = ()] < inf {5B](x. f) + 53U, (2.4)} + 5v(x) +120(a)
where v(x) is defined in (1.3) and

w(x):= sup X;(z). (2.6)
JEH

Proof. 1t follows from the definition of ﬁ’,j (x) in (1.8) that
|f‘j/\j0 (3?) - fjo (.%‘)‘ < Ej(x) + ﬁn(xa.j /\jo) + ﬁn<x’]0)
< Rj(z) + 2U;(x, jo) (2.7)
thanks to (1.8). The same arguments as (2.7) show
[ Frong(@) = Fi(@)| < Bjy (@) + 20, (). (2:8)
Then combining (1.9) with (2.7)—(2.8), one obtains that
Foo@) = 1 (@)1 < 1 Fions (@) = Fio (@) + Fions(@) = @) + 1fi () = ()]
< 2R;(x) +4U; (2, ) + |fi(x) = f(=)]. (2.9)
Clearly, by (1.3),
(0 9)] < (16000, )] = Un(@)] | +Unli,3) < 0(a) + Un(a,9).
Moreover, it follows from (2.5) that
|fi(@) = f(@)| < Bj(w, f) + &n(@, )| < B (x, f) + v(x) + Uy (, ). (2.10)
On the other hand, according to (1.2) and (2.4),
Ry(@) = sup ||finy (@) = Fr @) = Unlw,5 A ") = Unla,3")]
J'eH +

< sup [|Bfynr (&) = EF @) 4 [€n(r. A 7)) = Un(.3 A 5) +16n(e. 1)

~Un( ')+ Un(@,3 A5') = On( A3) + Ul ) = Oule 3]

This with supj ey [Efjnj (@) — Efy(z)] < supgjier. jroiy{Bing (@, ) + By
(z, f)} leads to

~

Rj(z) <2Bj(z, f) + 2v(z) + 2w(z) (2.11)
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because of (2.5)—(2.6) and the second inequality of Lemma 2.1. Hence, it follows
from (2.9)—(2.11) that

|Fjo (@) — f(2)| < 5B (x, f) + bo(z) + dw(z) + 405 (2, ) + Uiz, 5).  (2.12)
Note that the fact [Supa F, —sup, Ga]+ < sup, [Fa — Ga]+. Then
Us(w.j) = 13U (w,5) < [Un(a, ) = 1303 (0. j)] | < 250p Xj(2) = 2w(a)
+ JEH

thanks to the first inequality of Lemma 2.1 and (2.6). Therefore, (7:{ (z,5) <
13U (x,7) + 2w(z). This with (2.12) shows that

|fio (@) — f(@)| < 5B} (x, f) + 53U; (x, 5) + 5v() + 12w(z)
holds for any j € ‘H. Furthermore,

| fra(z) = f(2)] = |fio(z) — ()]
< ]1271; {5B; (x, f) + 53U (x,5) } + bv(x) + 12w(x)

due to ﬁLd(z) = ]?jo (z) in (1.10), which finishes the proof. O

3. Two Propositions

This section is devoted to prove two necessary propositions. The following
classical inequality is needed to prove Proposition 3.1.
Bernstein’s inequality ([16]). Let Y7,---,Y, be ii.d. random variables with
EY? <o?and |Y;| <M (i=1,2,--- ,n). Then for any = > 0,

1 n

(2022 4Mzx
P Y, - EY;)| > < 2e7 ",
{ nz( )| = n + 3n } ¢

i=1
Now, we state the first proposition, which plays an important role in the
proof of the second one.

Proposition 3.1. Let v(z) and w(x) be given by (1.3) and (2.6) respectively.
Then for each v > 0, there exists A > (57 + 6)®Ps such that

Elv(z)]Ydz <n~% and Elw(z)]dz <n”%,
R R

where oo = ||P||0o and @ is defined in (1.5).

Proof. According to the definitions v(z) and w(z), one only needs to prove
the first inequality and the second one is similar. Moreover, one will show
Jga Elv(2)]"dz < n™% in two steps.

Step 1. Define F'(z):=f * I|_; qja(x) and

. P20+ () B 20d+2
Ummﬁ:J ] (3.1)
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where \; = max {1, (y+1)jdIn2 +In(F~'(z) An')} with I = 21 +2.

Note that AInn > 2@, A; follows from A > (57+6)P and (y+1)jdIn 2+
In(F~Y(z) An!) <[(v+1) + ] Inn with j € H. Then U, (z, ) < U, (z,j) due
o (1.4) and (3.1). Furthermore,

(60, D)l = Un(ar. )] | < [[én@.0)] = Tnla )] - (3:2)
+
For each t > 0,
P{[ln(@ )| = Tal@. )], >t} = P {lgn(@,5)| = Unla, ) >t}

Hence,

Bl - Tutwdl]| = [ 07 (et i) - Unled) > o) i

This with variable substitution ¢ = vw and w:=/ q)oozjd:(’j(x) + @x??rjldﬁ shows
,Y o0
B[lea(w i) = Tl < [ (0t
+ 0
(I)OOde+2

_ D200+ g (x)
P{|fn<:c,J>|> PP 0 (o) 4 T

thanks to v + y/A; > /v + Aj and A\; > i.

On the other hand,

(v+ /\j)} wdv (3.3)

Z EKJ($7X1)]

3\>—‘

Enlz,j):=F;(z) — Ef;(x

with K (2,y) = 2, ¢(@ — k)(y — k). Then by (1.6),
|Kj(x, X;)| < 279® and EK}(2,X;) < 2/%®0;(x).
Combining these with Bernstein’s inequality, one concludes that

@w2jd+2

P 20+, ‘
P{|£n(aj,j)| > T‘WC)(\/U ) (v + Aj)} < 2¢ TN,
This with (3.3) implies that
Y
Blgu(a. )] - Unler.d)] |

o0 oo
< 27w'7/ v lem Py = 2w Ye N / v eV d
0 0

= 271"(7)w7e_’\f =2T(y+1)

P 279 g (x) N <I>002jd+2‘| ! -y
n 3n
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due to w:= q>°°2jd:0j(x) + Bee 57 ™ Note that 0j(x) = [pa P; Vf(t)dt <
274 and e < 27740V [F(z) V n~!]. Then
gl 0Ny -
> Bl )l =Tate )] | £ 3 (55) 270 F@) v e
jen T jen

< n=z [F(z)V n_l].

Tt follows from (1.3) and (3.2) that

Ep@) <3 Bllen@ ) - Ta@.g)] | Sn 3 F@ v (34)
JEH

Step 2. The second step is devoted to prove [, E[v(z)]"dz < n=% by
Step 1. Denote

={z¢€ RY, F(z) > n_l} and Ty = RNT.

Then with (3.4), one obtains
/ Elv(x)] de <n~% / F(x)dz <n~% (3.5)
T R

thanks to F(z):=f % I[_q ya(z) € L'(RY).
Next, the main work is to prove [, Elv(z)]"dzx < n~%. Define

[, —1, z; +1],  D(x):= {i H{X; e U(x)} < 2}

and D(z) = [lA)(x)}C, where A¢ means the complement of the set A.
Without loss of the generality, supp ® C [—1, 1]¢ is assumed in this
paper. Then

BIK, (. X)) < [

Rd
< ZjdfbooF(x)

d

i=1

B, (x — 1) f(t)dt < zﬂ'd/ B2 (2 — ) f(£)dt

U(x)

because of (1.6) and F(2) = [54 Ly (2)(t)f(t)dt. Moreover,

1 n
- > IK (@, Xo)| + BIK (@, X) ] by

i=1

20t + F(x)].

|§n($7j)|l{ﬁ(x)}

IN

By l>1and A > (57 4+ 6)Py, > 2P, for each x € Ty,

|§n(x7j)|I{D( 3= <o 2jd(n_1 "‘n_l) < q)ooz'jd+1n_1 < Un(w,j),
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which implies that sup; ¢y, (1€ (2, )| = Un(z, 5)] + 1By = 0 holds for z € Ty.
Hence,

; E[v(m)]'yl{ﬁ(x)}dx =0. (3.6)
For the case sz E[v(x)}"yf{%}dx. Note that [&,(z,7)] S 1Kl S

274 < p follows from j € H. Then with v(x):=sup ey [1€n (,5)| — Un(zzc,j)]+

<l /T P {%} dz. (3.7)

According to Markov’s inequality, for each z > 0,

P{D()} = P{Zn: X, e Ux)} > 2} < Blexp(zXoi, IXi € U@)})].

62z

On the other hand,

exp (zZI{Xi € U(x)})] < l/er( )ezf(t)dt + /th( )f(t)dt]

= [e*F(z) +1— F(x)]".
These with (¢ + 1) < ™ imply that

E

P {f)(x)} < e 2[(e* — 1)F(z) + 1] < exp{—22 + (¢ — D)nF(z)}. (3.8)

Put z = In2 — In(nF(x)). Then z > 0 by I > 1 and F(z) < n~! in Ts.
Furthermore, (3.8) reduces to

P {ﬁ(x)} <Sn?F2(x)e @) < n2F% () <n? R (x)

thanks to 0 < nF(x) < n~*! with o € T,. This with (3.7) leads to

E[v(m)}”I{ﬁ(I)}daz < prt2t /Rd F(z)de <n't2t<n™3  (3.9)

Ts

because of F' € L'(R?) and [ = 377 +2.
Finally, the desired conclusion follows from (3.5), (3.6) and (3.9). The
proof is completed. O

Before giving another proposition, we need three more notations. Define
Up(x):= inf { B (x, f) + Uy (2, 5)}, (3.10)
JEH

Qi={z € R4, 2™, < Up(z) < 2m%16,}, (3.11)
Q.. ={z € R, Up(z) < 2™54,}, (3.12)
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(Ch‘”)?ﬁd and mg € Z satisfies 05*““(“ G Mo L gt

where 9,, =

with some constants 1 < ¢’ < ¢’ < oo and C > 0.
Note that Uy(x) < co:=sup, Us(x). Then there exists

mg:=min{m € Z, 2™d,, > co} (3.13)

such that Q,, = () for each m > my. Clearly, mg < 0 < mg for large n

Proposition 3.2. Denote
| fr.a(x) (z)|Pdx  and szzE/ Ur(x)]Pdx
Qp

Img = B
QWLO

P
2.
)

Then the following statements hold

(1). For eachp > 1,
_ m 1 _
oo S (In0)(2706,)P7" +n
(2). Let f € By ,(M)NL>®(M) and m € Z satisfy mo < m < 0. Then
T < oM@ )P,
(M)NL>®(M) and m € Z satisfy 0 < m < ma. Then
ERE

(3). Let f € By,
g 5 zm(p_r_
d d
— ; + =,

2ms’ p(ss

Moreover, if s > % and r < p, then with s":=s
I S 27

Proof. (1). According to Theorem 2.1
[fna(@) = f(2)] S Us(a) + Az),
(x) +w(x) and Uy(z) is given by (3.10). Then for each p > 1

where A(x) =
e = - | Fna(z) — f(z)|Pdx
SE| U@+ A@F fra@) = fl@)lda.
. Hence,

Moreover, Us(x) < 2™0§,, follows from (3.12)
[ a@pems, + Aw)

Qo
(3.14)

g S (27082)P 7 El| fpa = flh + B
On the other hand, \fn’d( )| < L3 @ (x — X;) due to fmd(m) =

>k Qjokjok(x) and | 324 p(x — k)p(y — k)| < ®(z — y). Then

Djo (2

Dz —

Ifnally < 3320 Jpa — Xi)dz

X;)dz < ||®]11Inn

_ 1
Z'L lfUJEH {ZL’ ]O(I) J}
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because of H is a discrete set and the cardinality of H is no more than Inn.
Therefore,

||ﬁb,d—f||1 < < Inn.
This with (3.14) and Proposition 3.1 leads to
Ty S (n)(2706,)P71 4+ 2705,n "% 4 E (3.15)

sr+d

It follows from 2m0 ~ O a4 that 20 5nn_p; < n~% holds for sr —dr+d >

b—

0 and 2m08,n~ "2 < < (2™06,)P~1 holds for sr—dr+d < 0 and p > 1. Combining
these with (3.15), one concludes that

P
2

T < (Inn)(2m065,)P + 072,

mo ~

which is the first desired conclusion.
(2). Clearly, by Q,, = {x € R, 27§, < Up(z) < 2m+15,},

T = / U (@)Pda < (2715,)7 |0, (3.16)
Q

m

where |(2,,,| stands for the Lebesgue measure of the set ,,. On the other hand,
(3.10) tells that Uy(z) = infjey{ B} (z, f) + U, (x,5)}. Then for each j € H,

Q| < {z € RY, Uk (x,5) > 2m716, )
+ Z Hz € RY, Bji(x, f) >2"715,}

JEH, =]
i=J (1) + T (9), (3.17)
since By (z, f) = supjiey, jo>; By (@, f). Moreover, (3.16) reduces to
T < (27160)P [T () + T (5)- (3.18)
If 1 <r < oo, by using Chebyshev’s inequality and f € B} (M),

Yirer, i 1B COIT it
JZ(j) < =LE (;mﬂ&) <2 ST 2
" JEH, 2]

< gmmrg oISt (3.19)

To estimate J!, (j), one chooses j; € Z satisfying

md(2—r) d md(2-r) _4d
02 R 5 < o < 9 5

with two constants co > ¢; > 1. Thus, j; € H for mg < m < 0 and large n. In
fact, if r > 2, then

_d - mod(2—r) __d da-r) (44 dr=2) n
1<y < 2J1d < 92 srid 5n s < CQC sr¥d Oy, Far=d’ < 17
nn

(3.20)



196 Page 16 of 23 K. Cao and X. Zeng Results Math

thanks to the choice of 2™° and 5 +d(d + sff:(;ﬂz_)d) <1.If1<7r <2, then

d(r—2) )

d(2—
sr+dr—d mod( ) n

< 12 srtd On S<2J1d<625 5<7
Inn

(3.21)

d@2-r) —(d4
1 < ¢id 5% a 6y, (5

due to the choice of 20, ‘Si + sfﬁ;ﬁd
from (3.20) and (3.21).

sr+d sr+d

Recall that ¢/§; "¢ < 2mo < 5,774 and §,, = (%)m Then
by choosing C' such that max{1, (2M)%} < ¢; < ¢z < £,

> 0 and c1,c > 1. Hence, j; € H follows

Inn_mde-—r _

1 . .
agid 2 o L Gn = e\ W 52 < 925, (3.22)
n

because of m > mg and ¢ > 1.
Furthermore, according to the definition of U(z,j) and j; € H, one
obtains that

A2 A2 ]
Jh () < Hx € RY, sup /22BN gy 4 A2 2m_15n}‘

J'<ij1 n n
A27'd1nn
< d ., m—2
7‘2 {xGR, — (x) >2 5,1}‘
J'<j1
:Z‘{xeRd () > 22452\ 123‘1”}‘,
= Inn

where (3.22) is used in the second inequality. Moreover, it follows from ||o;|[1 <
1 and (3.22) that

1 om—4s2y—1 N\ ‘d do—2m 21nn
() € (2T ) Y oy 27 g 222 (3.23)
J'<i
For the case 1 < r < oo, combining (3.18) with (3.23) and (3.19), one
knows that
T < (27160)7 [ (1) + T, (51)]
< 9mp§p (2—mr(5—7“2—jlsr + 2j1d2—2m6—2h17n>.
~ n n n n

This with the choice of j; yields

_ 2sr+dr
T S 2mP= ST 6P,

If r = oo, then ¢;(2™0, )*g < 2nd < 02(2’”5")*% also due to the choice
of j1. Moreover J € B, € B, o follows from [9 < [*°. Then

00,q =
sup By (z, f) < sup | By (-, f)]loe < M27915 < Mc; 276, < 2715,
Ji'271 3’271

(3.24)
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by choosing ¢; > max{1, (2M)%}. Therefore, in view of (3.17),
Tm (1) = 0.
This with (3.18) and (3.23) shows

. 1
T < 2P (1) + T2, (0)] S 2mPopgide2mg 22 < gmlp=2- D 5p
n

The proof of the second estimation is completed.

_d : _d
(3). Take j» satisfying c322™8, °© < 2924 < ¢,2?™§,, =, Then by o;(z) =

Jpa ®;(t — ) f(t)dt < L, there exist two positive constants

a . C _92
max{l,(2M)+} < c3 < ¢4 < min 12 C(2VAL +2))
0

such that j» € H and U (z, jo) < 2™~ 1§, for 0 < m < my. In fact, (3.13) tells
that 22 < 2¢6,, . Then due to ¢; < %,
~0

_d ) _d _(dyg n
1< e30,c <2024 < ,22m25 s < 4c4cgc5n(s+ ) < on
nn

Hence, jo € H. On the other hand, according to jo € H and ¢y < C(2VAL +
20) 72

A\27'd ] 27" [2d2d |
Ui (x,j2) = sup { 711”0']‘(1‘) + nn} < (VAL + ) cnn
J'<j2 n n n

a1
< (VAL + A fea22miy B < (VAL + N er[C2m6, <2775,

This with (3.17) implies

I (G2) = 0. (3.25)

When 1 < r < oo, substituting (3.19) and (3.25) into (3.18), one obtains
that

2sr

T < @8I () + T (G2)] S 270 o S g

For the case r = oo, it follows from (3.24) and 0 < m < my that

sup Bj’(th) < M2772s < Mc;az_zids(sn < Qm—l(sn
J'272

due to the choice of ¢3. Thus, J2 (j2) = 0 because of (3.17). This with (3.18)
and (3.25) leads to

T < (27180 [ T, (2) + T3, (72)] = 0.
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To finish the proof of proposition, the case of s > % and r < p is consid-
ered. Note that B C B;:q with s’ =5 — 4 4+ %. Similar to (3.19),

_ Syer o IBr 5
- (2m715n)p

p
”P < 92mmPgp § ’ 9—i's'p
JER, 3’27

A0
< 2—mp5;p2—js/p.
Substituting this above estimate and (3.25) into (3.18), one concludes that

2ms’p s’
p

T < (27F18,)P[ T8 (j2) + T2 (G2)] S (278,)P2~mP6, P22 < 0= i
thanks to 2729 ~ 22’”5;%. The proof is done. O

Remark 3.1. By a careful check of the above proofs, the choice of C in §,, =
(%)W should be chosen large in order to ensure the existence of the
constants ¢, o, ¢3, ¢q. In particular, when r # 1 and r # oo, we can choose
C =1 (ie., 8§, = (22)=7), because the lower bound max{1, (2M)%} of the

n
constants c1, c3 is unnecessary for 1 < r < oo.

4. Proofs

Now, we are ready to prove Theorem 1.1 and Theorem 1.2 respectively.

4.1. Proof of Theorem 1.1
Proof. According to Theorem 2.1, one obtains that

| fsa(@) = f(@)] S Up(x) + v(@) + w(a),

where Uy (x) is given by (3.10). This with Proposition 3.1 implies

Blfua= 11 =B [ 1Fusle) = f@Pde+ Y B [ |Fuale) = fla)pda

Q2my m=mg
ma
SE [ foal) - f@Pdst Y E [ U@)Pde ot
Qg e
mo )
=T+ D, JmAnE (4.1)
m=mqg

Here, J,, and J,, are defined in Proposition 3.2.

To complete the proof, one divides (4.1) into four regions. Recall that
sr4+d

2mo ~ §ar T 9me o 51 and 6, ~ (lnT”)’A‘sid by (3.12)—(3.13). Then with
Proposition 3.2, the following estimations are established.
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2sr+d
(i). For p < 2ertdr

r+d
D WRIEITNSD SRIRS o
m=mqg m=mao
< (Inn)(2706,)P " + 2m0<P- R A L |
1 s(p—1)
< (Inn) (%) i (4.2)

Next, one continues to show the proofs of the rest regions based on the
fact that (2706,)P~! < &2 follows from p > 25r+dr,

sr+d
o 2sr+dr 2sr
(ll).FOI‘W<p< +7',

T +ZJ <Jm +ZJ+ZJ

m=mq m=mgo

< (Inn)(2706,)P L 4+ 6P 4+ 6P +n~
1 7o¥a
(ﬂ) o (4.3)

n

P
2

A

(iii). For p > 2 + 7,

J,;O+i.]m< —I—ZJ+ZJ

m=my m=myo

< (lnn)(2706,)P7 1 + 6% + )6 +n”
(IH—”)T. (4.4)

n

|

A\

(iv). For the case p > 2"’" +r and s > 2. Take m; € Z satisfying

sp(l %>

,,,

2™~ by,

2sr

by balancing 2™ (P="=73")§P and
> g that 0 < m1 < ms. Hence,

mao 0 my mao
Tmg T D I STt D T+ D Tt Y Im

m=mo m=mo m=0 m=mi

S (nm) (28,7 +8 4+ 2m 0505

ml"‘

b

+27 557 4 n %,
Then due to the choice of 2™, §,, ~ (h‘Tn)m and s’ =s— 2+ %, the above
inequality reduces to

s+ S (57 @
mo
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The proof of Theorem 1.1 is finished thanks to (4.1)—(4.5). O

4.2. Proof of Theorem 1.2
Proof. 1Tt is easy to show that

[To-I1n
i=1 i=1
This with (1.13) and (1.14) leads to
| fup (@) = f(2)]

< max {|J?n,u|($1)|lp‘_1, |f|1|(961)|‘7>‘_1} - max | Foan@n) = fin ()],
(4.6)

< m—1 b m—1 .
me{rlnax {lail ;i } {1,”.)fm}‘az i

Obviously, |J?n,m($1)| < |J?n,u|($1) = fin(@o)| + | fir)(zr)| and

| Fuan(@r) = fin (@) 1P1=DP < [lf ani(@n) = fin(en)l+1

Sfun(en) = fin@n]@=Dr +1. (47)

On the other hand, |f|(x)| < 1 follows from fj;) € L>(M). Combining
this with (4.6) and (4.7), one concludes that

[fp (@) = f(@)]”

[ o on) = o)l 41 e By Gor) = i)l

}(d—l)p

Note that |for(27) — fir(@n)| @Y% and |for(2r) — fir(zn)]? attain
their maximum values for the same I. Therefore,

(@) — f(@)P < max |\t (1) — fir ()| % + max |\ (1) — fir ()P,
which implies that
Ellfup = I S o { BN oy = A58 + Bl foy = finlp} - (48)

According to Theorem 1.1 and f € B} (M, P) N L>(M,P), one obtains
that

~ In n\ B(pd,|I)pd
d
Bl = finI54 S an(pd. 11D (=) (4.9)
and
~ In n\ B, IDp
Ell oy = finl S anp, 11D (Z0) 7 (4.10)
Moreover, it follows from (1.11) that for each I € P,

an(pdv |I|) < Oén(p7u—‘)' (411)

Hence, in order to conclude the final conclusion of Theorem 1.2, it is sufficient
to show B(pd,|I])d > B(p, |I|) for each I € P because of (4.8)—(4.11).
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It is equivalent to prove that G(pd,¢)d > [(p,¢) holds for each ¢ €

ds(1-73) 2sr4-Lr.
Tort o PAS T
d 25744 2 :
Bpd,0yd—{ Trr e <PI< AT
’ b PAZEE AT s<
d(s—f+55)
7225 @)fz ,pd > 20 4y s> L
Therefore, (i). For p > 2 +r and s > %,
dis— £+ L) s—Lt4 1L
d.0)d — r pd > T p /
B(pd, £) P TR B(p. 0)

(ii). For p > 2 +r and s < £,

Bpd, 6)d = p— — B(p, 0);

12
L
(iii). If 25”” < p < ZL 47, then the possible values of B(pd, £)d are %
(for s > ;)7 o7 (for s § £) and zdjz Clearly,
d(S*%‘i’pLd) S*%‘F% > S q
7 = 7 = an
s ds S

> . 4.12
mm{p£ 23—&—6}_284—[ (412)

Hence, 8(pd, £)d > 5.5 = B(p,¢) holds in this region.

s Lyt
(iv). If p < 2§T+ZT then the possible values of 3(pd,f)d are o t5a)

r4+0 2(3—%)-&-@
(for s > £), = o7 (for s < H, ngé and d:(jejg). Due to (4.12) and d > 1,

. ds—£4+5) o ds s s(1-1) ds(1—27) s(1-1)
mm{ 2= Dne 0 bl 3sil (2 3ot = ymr and e > o

Therefore, B(pd, £)d > G(J:e f) -

The proof is done. O

B(p, ) follows in this region.
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