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Abstract. For each positive integer m and each real finite dimensional
Banach space X, we set 3(X, m) to be the infimum of § € (0, 1] such that
each set A C X having diameter 1 can be represented as the union of m
subsets of A whose diameters are at most 0. Elementary properties of
B(X,m), including its stability with respect to X in the sense of Banach-
Mazur metric, are presented. Two methods for estimating 3(X,m) are in-
troduced. The first one estimates 3(X, m) using the knowledge of 3(Y, m),
where Y is a Banach space sufficiently close to X. The second estimation
uses the information about Bx (K, m), the infimum of § € (0, 1] such that
K C X is the union of m subsets having diameters not greater than ¢
times the diameter of K, for certain classes of convex bodies K in X. In
particular, we show that ﬁ(lg,8) < 0.925 holds for each p € [1,+0o0] by
applying the first method, and we proved that 8(X,8) < 1 whenever X
is a three-dimensional Banach space satisfying Bx (Bx,8) < 2%, where
Bx is the unit ball of X, by applying the second method. These results
and methods are closely related to the extension of Borsuk’s problem in
finite dimensional Banach spaces and to C. Zong’s computer program for
Borsuk’s conjecture.
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1. Introduction

Let X = (R™,]|-]|) be an n-dimensional Banach space with unit ball Bx. For
each A C X, we denote by int A and bd A the interior and the boundary of
A, respectively. When A is nonempty and bounded, we denote by § (A4) the
diameter of A. Le., d (A) =sup{|lz —y|| | z,y € A}. A compact convex subset
of X having interior points is called a convez body. Since any two norms on R"
induce the same topology, K is a convex body (is bounded, resp.) in X if and
only if it is a convex body (is bounded, resp.) in E* = (R, ||-|| z), where ||-|| 5 is
the Euclidean norm. Let ™ be the set of all convex bodies in E™. A bounded
subset A of X is said to be complete if x ¢ A = 0 ((AU{x})) > §(A). It is
clear that each complete set is closed and convex. For each bounded subset A
of X, there always exists a complete set A (cf. the begining of Section 2 in [24]
for the existence in the finite-dimensional situation), called a completion of A,
with diameter 6 (A) containing A. Note that A may have different completions.
Put

B" ={A CR" | Ais bounded and § (A) > 0}, Cx ={A € B" | A is complete}.
In 1933, Borsuk [5] posed the following:

Problem 1 (Borsuk’s Problem). Is it possible to partition every bounded subset
of E™ into n+ 1 sets of smaller diameter?

The answer is affirmative when n < 3 (cf. [10,14,17], or [16]), is negative
for all n > 64 (cf. [4] and Theorem 1 in [19]).

Progess has been made by providing upper bounds for b(n) = sup
{b(A) | A € B"}, where b(A), called the Borsuk number of A, is the minimal
positive integer m such that A is the union of m subsets having smaller diam-
eter. For example, L. Danzer (cf. [9]), M. Lassak (cf. [21]), and O. Schramm
(cf. [26] and [6]) showed that

(n+2)°2+v2)" ! - s 3%
b(n) < \/ 3 , b(n)<2 + 1, and b(n) < 5nz(4+ logn)<§> ,

respectively.
One can also study Problem 1 via estimating [(n,m) = sup
{B(A,m) | A € B"}, where m is a positive integer and, for each A € B",

1 m
A,m) =inf{ —— 0(Ap) | A= | | Ak ;.
s i i o o 1 4= O
Here we used the shorthand notation [m] := {i € ZT | 1 <i < m}.
In 2020, C. Zong (cf. [32]) proved that 3(A,m) is uniformly continuous on
the space K™ endowed with the Hausdorff metric, and reformulated Problem 1
as the following:
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TABLE 1. Known estimations on 3(n,m)

m

B(n,m)

n 3 4 5 6 7 8
€ [0.8880,0.9887] e[§,0.9425} >V 2 52

Problem 2. Does there exists a positive number o, < 1 such that
B(K,n+1) <a,, VK € D",

where

n/(2n + 2)

Bg}rz
1—/n/2n +2)

Some known estimations of 3(n,m) are listed in Table 1 below (cf., [12,
14,20], and [13]).

Griinbaum extended Borsuk’s problem to the case of Banach spaces and
asked the following (cf. [15]):

D”:{KeianggKg

Problem 3. Let A C X = (R™,||-||) be bounded. What is the smallest positive
integer m, denoted by bx (A), such that A can be represented as the union of
m sets having smaller diameter.

Put
b(X) =max{bx(A4) | A€ B"} =max{bx(A) | A€ K"},
B(n) = max {b((R",]|-])) | ||| is a norm on R"}.
It is clear that
bx(K) <c¢(K), VK € K™, (1)

where ¢(K) is the least number of smaller homothetic copies of K needed to
cover K. Indeed, if {¢; + v K | i € [m]} is a collection of smaller homothetic
copies of K that can cover K, then we have

K= |J (Kn(ci+A\K)) and (KN (ci+MK)) < \id (K), Vi€ [m].
i€[m]

Since Hadwiger’s covering conjecture (see, e.g., [1,3,8,23,31]) asserts that
c¢(K) <2" VK € K", it is reasonable to make the following conjecture (cf. [2,
p. 75]):

Conjecture 1. For each integer n > 3, B(n) = 2".
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When X is two-dimensional and A € B2, bx(A) € {2,3,4} (cf. [3, §33)).
Therefore, B(2) = 4. Let I} = (R", H-||p)7 where

=

”(ala'-'van)”p: Z |ai|p

L. Yu and C. Zong [30] proved that
b(I3) <8, Vp € [1,400]. (2)

By the main result of [18] and (1), there exist universal constants ¢; and ¢z > 0
such that B(n) < ¢;4"e= V™, ¥n > 2. Despite this progress, Conjecture 1 is
still open when n > 3.

In this paper, we study Conjecture 1 by estimating

1 m
Bx (A, m) = inf {Mmax{zs(Ak) | kem]}| A= kulAk}
for A € B", and
B(X,m) =sup{Bx(4,m)| A e B"}.
We focus mainly, but not only, on the case n = 3.
In Sect. 2, we present elementary properties of G(X,m), including its
stability with respect to X in the sense of Banach-Mazur metric. In Sect. 3,

we provide an estimation of G(X,8) for three-dimensional Banach spaces X
such that Oy (Bx,8) is sufficiently small. In Sect. 4, we show that

B(I3,8) < 0.925, Vp € [1,+00],

which can be viewed as a quantitative version of Yu and Zong’s result (2).

2. Elementary properties of 3(X, m)

Proposition 1. For each finite dimensional Banach space X = (R™,|||) and
each positive integer m, we have

B(X,m) =sup{fx(A,m)| AeCx}.

Proof. Put 8 = sup {Bx(A,m) | A € Cx}. We only need to show that 8(X, m) <
8. Let A be an arbitrary set in B™, and A° be a completion of A. For each
€ > 0, there exists a collection {B; | i € [m]} of subsets of A¢ such that

1
AT= ,eL[J]Bi’ and mmax{éx(Bk) | k€ [m]} < Bx (A%, m) +e.
It follows that
A=AnA= ) (AnBy).

1€[m]
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Thus
1
ﬁx(A,m) S mmax{d (AmBk) ‘ k' S [m]} S 6X(Ac7m) +€7
which implies that Ox(A,m) < Bx(A°,m). Thus S(X,m) < [ as
claimed. ]

Let 7™ be the set of all non-singular linear transformations on R™. The
(multiplicative) Banach-Mazur metric d¥,, : K" x K" — R is defined by

dJI\B/IM(KviQ)
=inf{y>1|3T €T™,veR" st. T(K2) C K1 CYT(K2)+ v}, VKi,K2 € K™.

The infimum is clearly attained. When both K; and K5 are symmetric with
respect to o, we have

d¥y (K, Ko) =inf {y>1]3T € T" s.t. T(K3) C K; C yT(K>)}.

In this situation, d¥,, (K1, K2) equals to the Banach-Mazur distance between
the Banach spaces X and Y having K7 and K5 as unit balls, respectively. L.e.,

ding (K1, K2) = digy (X, Y)
;= inf {||T|| . HT_IH | T is an isomorphism from X onto }Y.

We have the following result showing the stability of (X, m) with respect
to X in the sense of Banach-Mazur metric.

Theorem 2. If X = (R”,|:||y) and Y = (R™,||-|ly) are two Banach spaces
satisfying d¥,,(X,Y) <~ for some v > 1, then

B(X,m) < yB(Y,m), Vm € Z*.

Proof. By applying a suitable linear transformation if necessary, we may as-
sume that
By € Bx C yBy.
In this situation we have, for each x € R",
|zl y =inf{A>0]2z € ABx} <inf{A> 0|z € ABy}
= llzlly
=inf{\y >0]| 2 € MyBy}
=~vinf{A>0|z € MBy}
<~inf{A\>0|xz € ABx} =7z -

Hence,

2l x < lllly < 7llelx - (3)
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In the rest of this proof, we denote by dx(A) and dy (A4) the diameter of

a bounded subset A of R™ with respect to ||-|| y and [|-||y, respectively. By (3),
we have

0x(A) < by (A) <~vox(A), VA e B". 4)

Let A be a bounded subset of X. Then A is also bounded in Y. Let A€ be
a completion of A in Y. For any € > 0, there exists a collection {B; | i € [m]}
of subsets of A¢ such that A€ is the union of this collection and that

ﬁmax{%(&) |i€[m]} < By (A%, m)+e.
Then
A=ANA= U (B;N A),
i€[m)]
and, by (4),
1 _ X |
mm&X{(SX(Bi NA)|iem]}< 5y (A) max {8y (B;) | i € [m]}
il .
= 5y an mex (B [i € [ml}

<y(By (A% m) +e).
Therefore, Bx (A, m) < By (A, m). It follows that (X, m) <~B(Y,m). O
Corollary 3. If X = (R",|[|-||x) andY = (R", [|-||y) are isometric, then B(X,m)
Proposition 4. Let 12 = (R",[|-|| ). Then B(I%,2") = %
Proof. Put X = (2. Then every complete set in X is a homothetic copy of
By, see [11] and [27]. Therefore,
ﬂx(A,Qn) = ﬁx(Bx,Qn), VA eCx.

Thus it sufficies to show 8x(Bx,2") = 1.

On the one hand, Bx = %BX + %V7 where V' is the set of vertices of Bx.
Since the cardinality of V' is 2", we have Sx(Bx,2") < %

On the other hand, suppose that By is the union of 2™ of its subsets
By, ..., Ban. For each i € [27], let Bf be a completion of B;. Then

Bxc |J B
i€[2n]
It follows that
volBx < ) vol Bf < ) ( )max{ax(BC) | i € [2"]} vol By,
i€[2m] i€[27]

which implies that max {6x (B¢) | i € [2"]} > 1. Thus Bx(Bx,2") > 3, which
completes the proof. O
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Corollary 5. Let X = (R™ ||-||). If d¥,,;(X,I%) < 2, then B(X,2") < 1.
We end this section with the following result.

Proposition 6. sup {3(X,4) | X is a two-dimensional Banach space} = §

Proof. Putn =sup{B(X,4) | X is a two-dimensional Banach space}. Let K C
R? be a planar convex body. By the main result in [22], K can be covered by
four translates of ?K . It follows that Sx(K,4) < @ holds for each two-
dimensional Banach space X. Thus, n < g

Let X = [2 and By be the unit disk of /2. To show that n > g, we only
need to prove Sx(Bx,4) > V2 Suppose the contrary that Bx is the union of
Al, AQ, A37 A4, where

2
max {0 (4;) | € [4]} < g
Let vy, v9, vz, and vy be the vertices of a square inscribed in the unit circle

Sx of X. Then for any {7, j} C [4]
llvs — vyl = V2.
Assume without loss of generality that v; € Ay and vy € Ay, then
V1 + V2
[[v1 + 02|
Assume that ;21%2 ¢ A3, Then vs,v4 ¢ A1 UAU Az, and A, cannot contain

lv1+vz]

both v3 and vy, a contradiction. Thus, 8x(Bx,4) > g as claimed. O

¢ AU As.

3. Estimating 3(X, m) via 8x (Bx,m)

Let S be an n-dimensional simplex in X = (R™, ||-||). If the distance between
each pair of vertices of S all equals to ¢ (5), then we say that S is equilateral.

Proposition 7. Let T be a triangle in R? and X = (R?,||-||). Then Bx(T,4) <
%. If T is equilateral in X, then Bx(T,4) = %

Proof. We only need to consider the case when T is equilateral. Assume with-
out loss of generality that § (I') = 1. It is clear that Bx(7,4) < 1. Denote by
{a, b, c} the set of vertices of T', and by {p, ¢,7} the set of midpoints of three
sides of T. Then |lp— gl = |lp— /| = llg — || = L.

Suppose the contrary that Ox(T,4) < % Then there exist four subsets
Ty, 12,15, Ty of T such that T = (J;¢ 77 and that max {6 (73) | i € [4]} <
3. We may assume that a € Ty, b € Ty, and ¢ € Tj. Since {p,q,r} N
Uie Ti = 0, we have {p, ¢,r} C T}, which is impossible. Thus fx (T',4) = 1 as
claimed. ]
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Proposition 8. Let T be a 3-dimensional simplez in X = (R3,|-||). Then

9
T,
NGUES
Proof. Denote by {v; | ¢ € [4]} the set of vertices of T'. Without loss of general-
ity we may assume that o = 1 2 ic(a Vi- For each i € [4], put T; = v+ % T.
Then the portion of T not covered by U T is

ZAmAe[ } Vie[], Y x=1

i€l4] icl4]
Suppose that Z ca) Aivi € Ts. Then
?Z)\ivi—OZ?Z)\wi—ZZvi
7/6[4] 7/6[4]
= Z ( z) U
i€[4]
14
(2 () ) S s
jel o e (s —7N)
3
—=T.
€ 7

It follows that Eie[zl] Aiv; € —%T. Thus T5 C —fT It is not difficult to verify
that T can be covered by 4 translates of ZT’ which implies that T5 can be
covered by 4 translates of —%T. Therefore, Bx (T, 8) < %. O

Proposition 9. Let T be a 3-dimensional simplez in X = (R3,||-||). Then
T,9
5x(1,9) < 1%

Proof. We use the idea in the proof of Proposition 8. For each i € [4], put
T; = £v; + % T. Then the portion of 7' not covered by Uie T is

ZAm/\e[ :|V’L€ d =1

i€[4] i€[4]

As in the proof of Proposition 8, T5 C 71—7T By using the idea in the proof
of Proposition 8 again, one can show that Sx(T,5) < ‘;’) Therefore, T5 is the
union of 5 subsets of T5 whose diameters are not larger than 1%5 (T). It follows
that x(7,9) < 2. O

Remark 10. The estimations in Proposition 8 and Proposition 9 are indepen-
dent of the choice of norm on R3.
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For a convex body K, the Minkowski measure of symmetry, denoted by
s(K), is defined as

s(K)=min{A>0|3r € X st. K +x C —AK}.
It is known that
1<s(K)<n, VK € K";

the equality on the left holds if and only if K is centrally symmetric, and the
equality on the right holds if and only if K is an n-dimensional simplex (cf.
29]).

The following lemma shows the stability of Sx (K, m) with respect to K.

Lemma 11. Let X = (R™,||-]|), and K and L be two convex bodies in X. If
there exist a number v > 1 and a point ¢ € R™ such that

K CLCHK +c,
then, for each m € Z*, we have
Bx(L,m) < yBx(K,m).

Proof. For each € > 0, there exists a collection {K; | i € [m]} of subsets of
~vK + ¢ such that

YK +c= U K;

i€[m]
and
6 (Ki) <y (K) Bx(K,m)+¢e <70 (L) Bx (K, m) +¢, Vi € [m].
Since
L=LNnHK+c¢c)= U (LNK;),
i€[m]
we have
€
< —_—

ﬁX(Lvm) = ’YﬂX(Kﬂn) + 5(L)

Since ¢ is arbitrary, Bx (L, m) < v0x (K, m) as claimed. O

Theorem 12. Let X = (R3,|-||), m € Z*, and
7 = sup {ﬁX(T, m) | T is a 3-dimensional simplex inRB}.
We have

) 4e 2(3—¢)
X,m) < 1 B .
A( ,m)_gel(l(}};l/g)maXK +1_35>n, 1 Pxl x,m)}
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Proof. Let K be a complete set in X, ¢ be a number in ( , 3) We distinguish
two cases.
Case 1. The Banach-Mazur distance from K to three-dimensional sim-
plices is bounded from the above by
4de
1-3¢
Then there exist a tetrahedron 7" and a point ¢ € R3 such that

1+

4e

By Lemma 11, we have

Bx(K,m) < (1 ;- ie)n.

Case 2. The Banach-Mazur distance from K to three-dimensional simplex
is at least

4e
1-3e
From Theorem 2.1 in [25], it follows that
s(K)<3-—e.
Denote by R(K) the circumradius of K. Theorem 1.1 in [7] shows that

R L SILILS)

1+

— R(K)/6 (K)
It follows that
R(K) - 3—¢
S(K) — 4—¢
By a suitable translation if necessary, we may assume that
3—¢
K C 4_6(5(K)BX.

For each v > 0, there exists a collection {B; | i € [8]} such that
BX: U Bz and 5(BZ)§26)((BX7TR)+’}/, VZE[m]
i€[8]
It follows that

2(3—¢) 3—¢
< .
Bx (K,m) < —=——Fx(Bx,m) + ;—7
Hence
2(3—¢
g (m) < 22D gy m).
This completes the proof. O

Corollary 13. Let X = (R3,[|-||). If Bx(Bx,8) < 23, then 3(X,8) <
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2(3—£%) 221
Proof. Since % 555 = 1 and

23—¢) 5 2

4—¢ 4—¢
is continuous with respect to £ on (0, 3) there exists a number g9 < z= such
that
2(3 — o
%5}( (Bx,S) <1
— €0

It follows that

B(X,8) < max { (1 +

460 9 2(3*60)
— B 1.
1—380)16’ 4—80 ﬂX( Xa8) <

O
In particular, Corollary 13 shows that B(13,8) < 1 since the unit ball of I3

can be covered by 8 balls having radius 2 5 < ggé By solving the optimization
problem

. 4e 9 2(3—¢)2
min max< ( 1+ —, -,
£€(0,1/3) 1-3/)16" 4—¢ 3

one can show that $(I3,8) < 0.989.... This estimation can be improved, see
the next section.

4. An estimation of B(lﬁ, 8)

Lemma 14. For each p € [1,2], d¥,,(13,13,) < Y2319 ~ 1.85.

P> oo

Proof. Put ¢; = (3,3,-2), c2 = (-2,3,3), c3 = (3,—2,3). Denote by @ the
parallelipiped having

Z 0iC; | o; € {—1, 1}, Vi € [3]

i€[3]

as the set of vertices. We have

E TiCi

i€[3]

| i€ [3]

p
= max {[I(4,4,)ll,,, (=28, ~2)ll, . 8, =2, =2, (2,2, -8)]],,}

= max {||(4,4, 91|, (-2,8,-2)ll, }
= 11(=2,8,-2)ll, = 2[l(~1,4, ~DIl,, = 2[|(1, 1,4)]],
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It follows that

1
st @ C By
2I(x, 1,4, ?

where B is the unit ball of [3. Let ¢ be the number satisfying

1 1
-4 - = 1
rp q

and let f1, fa, f3 be linear functionals defined on I3 such that, for any (o, 3,7) €

R3,

9

F(0,8,7)) = 755 (150 = 56+ 159),

(@, 8,7)) = 155 (~5a+ 156 + 157),

fol(e 5,7)) = g5 (150 + 156 — 57).

Then

cs +span{cy,co} = {x eR?| fi(x) },
co +span{cy,c3} = {x eR3 | fa(x) },
1 +span{es, c3} = {z € R* | f3(z) = 1}.

Thus the distances from the origin o to the facets of @ all equals to

1
1
1

100
1(15,=5,15)]],,°
It follows that
. s 105,-515)0,  IGLLYLIGL, 1
Lo, w0 97 10 2@ L], @

which implies that

1,1,4)].1/(3,1,3 VIS 19

10 - 10 10

O

Remark 15. The last inequality in Lemma 14 can be verified in the following
way. Put

p—1

F(p) = (47 +2)7 - (23? +1) "
Numerical results show that f/(p) = 0 has a unique solution py &~ 1.320 in
[1,2], and
F(po) ~ 17.550 < f(2).
Moreover, f(1) < f(2). Thus f(p) is maximized at p = 2.
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Numerical results show that when p € [1,1.736),
1011, 16, 1,3)], 9
10 -5
The estimation in Lemma 14 could be improved by choosing points ¢, co, c3
more carefully for different p € [1,2].

Theorem 16. We have the following estimation:

V18:-19
b p 6 1’2 9
B(12.8) < {31/2,9 I1,2)

5 p € [2,+00].

Proof. First we consider the case when p € [2,+0oc]. By Proposition 37.6 in
(28], d},,(13,13,) = 3'/7, this together with Theorem 2, implies that 3(I3,8) <

1 priee
Ak

The case when p € [1,2] follows directly from Lemma 14 and
Theorem 2. O
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