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1. Introduction

Let Cp[0,T] denote the classical Wiener space. In [4], Cameron and Storvick
defined the “sequential” Feynman integral by means of finite dimensional ap-
proximations for functionals on the Wiener space Cy[0, T]. The sequential def-
inition for the Feynman path integral was intended to interpret the Feynman’s
uniform measure [12] on continuous paths space Cy[0, T], because there is no
countably additive measure as Lebesgue measure. It is well known that there
is generally no quasi-invariant measure on infinite-dimensional linear spaces,
see [13]. Thus, the Cameron and Storvick’s sequential Feynman integral is a
rigorous mathematical formulation for the Feynman’s path integral. On the
other hand, the concept of the “analytic” Feynman integral on the Wiener
space Cy[0,T] was introduced by Cameron [1]. We refer to the reference [5,
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Section 1] for a heuristic structure of the analytic Feynman integral of func-
tionals on Cy[0,T]. The analytic Feynman integral is not defined in terms of
a countably additive nonnegative measure. Rather, they are defined in terms
of a process of analytic continuation and a limiting procedure. In this reason,
Cameron and Storvick provided the Banach algebra S of analytic Feynman in-
tegrable functionals in [2]. Since then, in [3], Cameron and Storvick expressed
the analytic Feynman integral of functionals in S as the limit of a sequence of
Wiener integrals.

Let D = [0,T] and let (2,8, P) be a probability space. A generalized
Brownian motion process (GBMP) on {2 x D is a Gaussian process ¥ =
{Y:}+ep such that Yy = ¢ almost surely for some constant ¢ € R (in this paper
we set ¢ =0), and for any 0 < s <t <T,

Yy =Y, ~ N(a(t) — a(s), b(t) = b(s)),

where N(m,0?) denotes the normal distribution with mean m and variance
02, a(t) is a continuous real-valued function on [0, T], and b(t) is a monoton-
ically increasing continuous real-valued function on [0,7]. Thus, the GBMP
Y is determined by the functions a(t) and b(¢). For more details, see [14,15].
Note that when a(t) = 0 and b(t) = ¢, the GBMP is a standard Brownian mo-
tion (Wiener process). We are obliged to point out that a standard Brownian
motion is stationary in time, whereas a GBMP is generally not stationary in
time, and is subject to a drift a(t).

In [8,10], the authors defined the analytic generalized Feynman integral
and the analytic generalized Fourier—Feynman transform (GFFT) on the func-
tion space Cy 5[0, T, and studied their properties and related topics. The func-
tion space Cq 5[0, T], induced by a GBMP, was introduced by Yeh in [14], and
was used extensively in [5-11].

In this paper we extend the ideas of [3] to the functionals on the very
general function space Cy [0, 7]. But our purpose of this paper is to obtain
an expression of the analytic GFFT as a limit of a sequence of function space
integrals on C, [0, T]. The result in this paper enables us that the analytic
GFFTs of functionals on the function space C, [0, T] can be interpreted as a
limit of (non-analytic) function space transform.

The Wiener process used in [1-4] is centered and stationary in time and
is free of drift. However, the Gaussian processes used in this paper, as well as
in [6,7], are neither centered nor stationary.

2. Preliminaries

In this section we first provide a brief background and some well-known results
about the function space C, 40,7 induced by the GBMP.

Let a(t) be an absolutely continuous real-valued function on [0,77] with
a(0) = 0 and d'(t) € L?[0,7], and let b(t) be an increasing and continu-
ously differentiable real-valued function with 5(0) = 0 and b/(¢) > 0 for each
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t € [0,7]. The GBMP Y determined by a(t) and b(t) is a Gaussian pro-
cess with mean function a(t) and covariance function r(s,t) = min{b(s), b(t)}.
For more details, see [5,7,8,10,14,15]. By Theorem 14.2 in [15], the prob-
ability measure p induced by Y, taking a separable version, is supported by
Ca [0, T] (which is equivalent to the Banach space of continuous functions = on
[0,T] with (0) = 0 under the sup norm). Hence, (Cq 5[0, T], B(Cqo5[0,T1), 1)
is the function space induced by Y where B(C, ;[0,7]) is the Borel o-field
of Cyp[0,T]. We then complete this function space to obtain the measure
space (Cyp[0,T], W(Cop[0,T]), ) where W(C,[0,T]) is the set of all u-
Carathéodory measurable subsets of C,, [0, T.

A subset B of C, [0, T is said to be scale-invariant measurable provided
pB is W(C, 5[0, T])-measurable for all p > 0, and a scale-invariant measurable
set N is said to be scale-invariant null provided u(pN) = 0 for all p > 0. A prop-
erty that holds except on a scale-invariant null set is said to hold scale-invariant
almost everywhere (s-a.e.). A functional F is said to be scale-invariant mea-
surable provided F is defined on a scale-invariant measurable set and F(p - ) is
W(Cy [0, T])-measurable for every p > 0. If two functionals F' and G defined
on C,[0,T] are equal s-a.e., we write F' ~ G.

Remark 2.1. The function space C, 5[0, T] reduces to the Wiener space C|0, T7,
considered in papers [1-4] if and only if a(¢) = 0 and b(¢t) = ¢ for all ¢ € [0, 7.

Let L7 ,[0,T] (see [8] and [10]) be the space of functions on [0,T] which
are Lebesgue measurable and square integrable with respect to the Lebesgue—
Stieltjes measures on [0, 7] induced by a(-) and b(-); i.e.,

L2,[0,T] = {u : /OT v?(s)db(s) < +oo and /OT v (s)d|a|(s) < +oo}

where |al(-) denotes the total variation function of a(-). Then L2 ,[0,7] is a
separable Hilbert space with inner product defined by

(u7v>a,b:/(; u(t)v(t)dmiq| p(t) E/o u(t)v(t)d[b(t) + [al (B)],

where my,;, denotes the Lebesgue-Stieltjes measure induced by |a|(-) and b(-).

In particular, note that ||ul/q, = /(u, u)ap = 0 if and only if u(t) = 0 a.e. on
[0, T]. For more details, see [8,10].
Let

wl0,T] = {w € Cop[0,T] - w(t) = /0 z(s)db(s) for some z € Li,b[O,T}}.

For w € C%, [0, T], with w(t) = [} z(s)db(s) for ¢ € [0, T}, let D : C%, ,[0,T] —
L2 ,[0,T] be defined by the formula

Duw(t) = z(t) = . (2.1)
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Then C, , = C}, [0, 7] with inner product

(w1, ws)e /zmlmem>

is a separable Hilbert space. For more details, see [6 7].

Note that the two separable Hilbert spaces L2 [0, T] and C/, 50,77 are
(topologically) homeomorphic under the linear operator given by Eq. (2.1).
The inverse operator of D is given by

(D~L2)(t) = / 2(s)db(s), te[0,T].

0
In the case that a(t) = 0, then the operator D : Cf ,[0,T] — L§,[0,T] is an
isometry.
In this paper, in addition to the conditions put on a(t) above, we now
add the condition

T
/0 (&) 2d]al(2) < +oo (2.2)
from which it follows that
TDtﬂmm+Hw—/T“”}www]
| 1o A=) v “

T
< M|ld|zeoy + M?/ 10 (#)[2d]a|(t) < +o0,
0

where M = sup;co,71(1/b'(t)). Thus, the function a : [0,7] — R satisfies
the condition (2.2) if and only if a(-) is an element of Cj ,[0,7]. Under the
condition (2.2), we observe that for each w € C} [0, 7] with Dw = z,

(w, a)c /Dw )Da(t)db(t) = /OTz(t)da(t).

Let {en}52; be a complete orthonormal set in (C7, ,[0,T1, || - [|c; ,) such
that the De,,’s are of bounded variation on [0, T]. For w € C} ,[0,T] and S
Cop[0,T], we define the Paley—Wiener—Zygmund (PWZ) stochastic integral
(w,x)™ as follows:
T n
(w,z)~ = nhi& Z w,ej)cr , Dej(t)da(t)
Jj=1
if the limit exists.
We will emphasize the following fundamental facts. For each w € C7, [0, 77,
the PWZ stochastic integral (w,x)™ exists for a.e. x € Cy3[0,T]. If Dw =z €
Lz)b[O,T] is of bounded variation on [0,T], then the PWZ stochastic inte-

gral (w,z)™ equals the Riemann—Stieltjes integral fo (t)dx(t). Furthermore,
for each w € Cy [0, 7], (w,2)~ is a Gaussian random variable with mean
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(w,a)c; , and variance Hw||c, Thus, for an orthogonal set {g1,...,gn} of

nonzero functions in (Cr.5l0, T] | -llcz ) and a Lebesgue measurable function
f:R" — C, it follows that

/ F(g1,2) -+ (gn )™ ) dia()
Cq 10,7
n -n/2
= g% ULy vy Up,
- (1_12 ly,) [ ) 23)
n L i , 12
X exp{ — Z & (g7|,|26l)ca,b] }du1 - duy,

=1 2|\g;

in the sense that if either side of Eq. (2.3) exists, both sides exist and equality
holds. Also we note that for w,z € C ,[0,T], (w,2)~ = (w,2)cr ,.

The following integration formula on the function space C, [0, T] is also
used in this paper:

/Rexp{ — au® + Buldu = \/;exp{f;} (2.4)

for complex numbers « and 8 with Re(a) > 0.

3. Gaussian Processes

Let C; [0, T] be the set of functions k in C}, ,[0, T] such that Dk is continuous
except for a finite number of finite jump discontinuities and is of bounded
variation on [0, 7. For any w € Cj, ,[0,T] and k € C}; 1[0, T, let the operation
© between C; ,[0,T] and C;; [0, T] be defined by

w® k=D (DwDEk),

where DwDFk denotes the pointwise multiplication of the functions Dw and
DFk. Then (Cj,[0,T],®) is a commutative algebra with the identity b. For a
more detailed study of the operation ®, see [7].

For each t € [0,T], let ®4(7) = D™ xjo,q(7) = [y Xjo.q(u)db(u), T
[0,7], and for k € C; ,[0,T] with Dk # 0 mg-a.e. on [0, 7] (my, denotes the
Lebesgue measure on [O T1), let Z(x,t) be the PWZ stochastic integral

Zy(x,t) = (k© Py, 2)"7, (3.1)
let B(t) = fg w)}?db(u), and let ax(t) = [} Dk(u)da(u). Then Zj :
Ca |0, T] x [0,T R is a Gaussian process Wlth mean functlon

/ Zi(x, t)dp(x /Dk Yda(u) = ag(t)
Cq,[0,T]
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and covariance function

/ (Zi(z,8) — an(s)) (Zi(z,t) — au(t))dp(z)
.5[0,T]

min{s,t}
_ /0 {DE(u)}2db(u) = By (min{s, t}).

In addition, by [15, Theorem 21.1], Z;(-,t) is stochastically continuous in ¢
n [0,T). If Dk is of bounded variation on [0,T], then, for all x € Cy;[0,T7,
Z (z,t) is continuous in ¢. Also, for any functions k1 and kg in C} [0, T,

/ 24, (2,8) Zn,y (2, D) dp()
C, b[O T]

’ min{s,t} s t
:/0 Dk:l(u)Dk:g(u)db(u)—|—/0 Dk:l(u)da(u)/o Dko(u)da(u)

Of course if k(t) = b(t), then Zy(z,t) = x(t), the continuous sample paths of
the GBMP Y, of which the function space C, (0, T'] consists. Choosing a(t) = 0
and b(t) =t on [0,T], as commented in Remark 2.1 above, the function space
Co.p[0, T] reduces to the classical Wiener space Cy[0, T'], and thus the Gaussian
process (3.1) with k(t) =t is an ordinary Wiener process.

From the properties of the PWZ stochastic integral and the operation ®
between C7, [0, 7] and C [0, T}, it follows that for all p € R,

pzk(zvt) = Zpk(xat) = Zk(vat)a
and for any w € C} ,[0,T] and each k € C}; [0, T7,
(w, Zi(x, )~ = (wO k)~ (3.2)

for pra.e. x € Cyp[0,T]. Thus, throughout the remainder of this paper, we
require k to be in € 1[0, 77 for each process Zj.
We define a class of those functions as follows: let

Suppe- [0,T] = {k € C3,[0,T]: Dk # 0 mp-a.e on [0, T]}.

Then for any k € Supp- b[O, T1], the Lebesgue—Stieltjes integrals

T
lw @ klZ, = / (Dw(t))2(Dk(t))?db(t)
’ 0

and

(w© k,a) / Duw(t)Dk(t)Da(t)db(t) / Dw(t)Dk(t)da(t)

exist for all w € C;, ,[0,T7.
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4. Transforms on the Class of Exponential-Type Functionals

Given a function £ € Suppc- b[O,T], we define the generalized Zj-function

space integral (namely, the function space integral associated with the Gauss-
ian paths Zj(z,-)) for functionals F on C, 5[0, T] by the formula

L(F] = I o [F(Z(x. )] = /C (Bl ()

Throughout this paper, let C, C, and 6(:. denote the set of complex num-
bers, complex numbers with positive real part, and non-zero complex numbers
with nonnegative real part, respectively. Furthermore, for each A € C, \'/2
denotes the principal square root of A, i.e., A\'/2 is always chosen to have non-
negative real part.

Definition 4.1. Given a function k € Suppg- b[O,T}, let Z; be the Gaussian

process given by (3.1) and let F' be a C-valued scale-invariant measurable
functional on C, [0, T] such that

Tr(Zi;A) = Do [FOT225(x, )]
exists and is finite for all A > 0. If there exists a function J5(Zg; A) analytic
on C; such that J5(Zk;A) = Jp(Zg; A) for all A € (0,+00), then Jh(Zk; \)
is defined to be the analytic Zi-function space integral (namely, the analytic
function space integral associated with the Gaussian paths Zi(z,-)) of F over
Cop[0,T] with parameter A, and for A € C; we write

an )

L F] = L [(F(2k(, )] E/C o F(Zk(x,))du(@) == Jp(2k; \)(4.1)

Let ¢ be a non-zero real number and let F' be a measurable functional
whose analytic Zp-function space integral J5(Zg; A\) exists for all A in C,.
If the following limit exists, we call it the analytic generalized Z-Feynman
integral (namely, the analytic generalized Feynman integral associated with
the paths Zj(z,-)) of F with parameter ¢ and we write

anf, __ ganfy, . n
LF) = P (2u, )] = lm B2 PEG ), (@2)
where A approaches —iq through values in C.

Next we state the definition of the analytic GFF'T associated with Gauss-
ian process on function space.

Definition 4.2. Given a function k € Suppe- b[O,T}, let Z;, be the Gaussian

process given by (3.1) and let F' be a scale-invariant measurable functional on
Cop[0,T] such that for all A € C4 and y € Cy[0,T], the following analytic
Z-function space integral

To ko (F)(y) = L) [F(y + Zi(z, )]
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exists. Let ¢ be a non-zero real number. For p € (1, 2], we define the L, analytic

Z,-GFFT (namely, the GFFT associated with the paths Zi(z,-)), Tq(f;c) (F) of
F, by the formula,

7®) (F)(y) = %\1 m. Ty 1 (F)(y)

9,k =g
AeCy
if it exists; i.e., for each p > 0,
lim Tk (F)(py) = T,5 (F) (09)|” duly) = 0
A}\*é&’f Ca,b[07T]

where 1/p+ 1/p’ = 1. We define the L; analytic Z;,-GFFT, Tq(}k) (F) of F, by
the formula

TO(F)(y) = lim Tau(F)(y) = I [F(y + Zi(z,-)] (4.3)

for s-a.e. y € Cy [0, T, if it exists.

We note that for 1 < p < 2, Tq(i)(F) is defined only s-a.e.. We also note
that if 7\7) (F) exists and if F ~ G, then T,7) (G) exists and T.}) (G) ~ T,/ (F).
Moreover, from Egs. (4.2), (4.1), and (4.3), it follows that
anf, __ ganf, 1
L F) = L (F(Z(n,)] = T (F)(0) (4.4)
in the sense that if either side exists, then both sides exist and equality holds.

Remark 4.3. Note that if & = b on [0,7], then the analytic generalized Z-
Feynman integral, I, "o [F], and the L, analytic Z,-GFFT, Tq(f;)(F ) agree with
the previous definitions of the analytic generalized Feynman integral and the
analytic GFFT respectively [5,8,10].

Let € be the class of all functionals which have the form

Wy (2) = exp{(w, )™} (4.5)
for some w € €y ,[0,7T] and for s-a.e. z € Cq [0, T]. More precisely, since we

shall identify functionals which coincide s-a.e. on C,[0,7T], the class &€ can
be regarded as the space of all s-equivalence classes of functionals of the form
(4.5).
Given g € R\{0}, 7 € C} ,[0,T], and k € C} [0,T], let & 7 1, be the class
of all functionals having the form
vk (@) = K o o (@) (4.6)

for s-a.e. z € Cy [0, T], where ¥, is given by Eq. (4.5) and K, is a complex
number given by

a i o
Kyex=exo{ o lr okl + (i P obae, | @)
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The functionals given by Eq. (4.6) and linear combinations (with complex co-
efficients) of the W2 ™*’s are called the (partially) exponential-type functionals
on C,[0,T].

For notational convenience, let 9,7 (z) = ¥, (x) and let &, = €.
Then for any (¢,7,k) € R x C/, b[O T) x C!,[0,T7], the class &, ;1 is dense in
Ly(Cy p[0,TY), see [9,11]. We then define the class E(Cqp[0,T7]) to be the linear
span of &, i.e., £(C,[0,T]) = Spané.

Remark 4.4. (i) One can see that £(C, [0, T]) = Spané, .\ for every (q, 7, k)

R x C;’b[O,T] X le"b[O,T].

(ii) The linear space £(C,5[0,T]) is a commutative (complex) algebra under
the pointwise multiplication and with identity ¥y = 1 because

11,k T2,k —
l[/g)llﬁ 1(‘7;)&?3)227'2 2($)_Kq1,7'1,k1Kg2,727 2!pw1+w2(l‘)

for pra.e. x € Cy [0, 7).

(iii) Note that every exponential-type functional is scale-invariant measurable.
Since we shall identify functionals which coincide s-a.e. on C, [0, 7],
E(Cqp[0,T]) can be regarded as the space of all s-equivalence classes of
exponential-type functionals.

The following two theorems are due to by Chang and Choi [6].

Theorem 4.5. Let W, € £ be given by Fq. (4.5). Then for all p € [1,2], any
non-zero real number q, and each function k in Suppo- , [0,T], the L, analytic

Z,-GFFT of W, Tq(,pk) (W) exists and is given by the formula

T (0,) ~ wEF, (4.8)
where U4k s given by Eq. (4.6) with T replaced with w. Thus, T;?,g(ww) s an
element of £(Cap[0,T7).

Let F be a functional in £(C, [0, T]). Since £(Cy 5[0, T]) = Spané, there
exist a finite sequence {ws,...,w,} of functions in C 5[0, 7], and a sequence
{c¢1,...,¢,} in C\ {0} such that

~ > W, (4.9)
j=1

Then for all p € [1,2], any non-zero real number ¢, and each function & in
Suppc:, [0, 7], the L, analytic Z,-GFFT of F, Tq(,’;c) (F) exists and is given by
the formula

q,w;
§ :C] qk) U’ E :le’pwj 7

where Lpgj;ﬂj’k is given by Eq. (4.6) with 7 and w replaced with w; and wj, for
each j € {1,...,n}, respectively.
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Theorem 4.6. For all p € [1,2], any ¢ € R\ {0}, and each k € Suppe- (0,77,

the L, analytic Z,-GFFT, Tq(ﬁc) 2 E(Cupl0,T]) — E(Cupl0,T]) is an onto
transform.

5. Relationship Between the Z;-Fourier—-Feynman Transform
and the Function Space Integral

In this section, we establish a relationship between the analytic Z,-GFFT and

the Zp-function space integral of functionals in the class £(Cl 5[0, T7).

Throughout this section, for convenience, we use the following notation:
for (e Cyandn=1,2,..., let

Gn(C, )
_eXP{{l_ ]i €jr T 1/2—1)i(€j7a)c;,b(€j=$)w}a 5.1)

=1

where {e,, }72; is a complete orthonormal set of functions in Cy, ,[0,77.

Lemma 5.1. Let k be a function in Suppe- [0,T], let {e1,... en} be an or-
thonormal set of functions in Cy ,[0,T], and let w be a function in Cy, ,[0,T].

Then for each ( € C,, and n € N, the functional exp {(w ® k,x)N}Gn(C,x)
is p-integrable, where G,, is given by (5.1). Also, it follows that

Wi (w: k5 ) = /C o O WO GG )

n 1 ¢
— /2 exp { P Z(ej,w Ok)E, Ty [Hw OkE,, =D (ejwo k)%g,b]

Jj=1

+(~ 1/22 ej,a)cy, (ej,w® k)cr

n 1/2
Hereh )y, [wm%;,b—Z<ej7w@k>a,b] b 52)
j=1
where

n

—1/2
k
exgh = [lworlt,, - Y wont, |
i=1

X {w Ok-— Z(ej,w Ok)cr bej}.
=1 ’
Proof. We note that given two functions k € Suppc- [0,T] and w € C ,[0,T7,
w® k is an element of Cj, ,[0,T]. Using the Gramechmldt process, we obtain



Vol. 76 (2021) Analytic Generalized Fourier-Feynman Transform Page 11 of 15 108

e,“;ff € ) ;00,77 such that {es,.. .,en,ez’f{“} forms an orthonormal set in
o0, 7] and

_ w®k
we®k= E cjej + cpt1€, {1
Jj=1

where

(ej,w©k)cr, . j=1,....n
Cj = 9 1/2 .
[||w®kHC;1b—EJ 1(6],w®k)c, } . j=n+1

Next, for ¢ € Cy, using (5.1), (2.3), the Fubini theorem, and (2.4), it follows
that

/ exp{(w © k,z)~ }G, (¢, z)dp(x)

,6[0,T]

R
Rnt1 j=1 j=1

n+1

1< 1 i
+ Z cuj = 5 > Juj = (e, a)cy I = 5 lunsr — (e ,a>c;,b]2}
] 1

X du1 <o dugdug 41

(H 27‘(’ 1/2Aexp{ g 32 [CI/Q(Gj, ) é,b+cj]uj}duj>

1
(271' 1/2/exp{ 3 n+1+[( k a)C(;J, +cn+1]un+1}dun+1>
R

1 1
cexp{ = 5 Ylepalty, - jlereho, |

j=1

n

1
—n/2 —1/2
=¢ eXp{C 1 ;(ejaa)C;,ijJrQZC?
" 1
+ (enf]l_c7 )C/ C’ﬂ+1 + 2 n+1}
n

. _ 1 ¢

= C /2 exp {C 1/2 Z(eja a)C‘;)b(ejz w © k)cé,b + i Z(ejv w © k)QC’

j=1 j=1
n

1/2
+ (et a)er, [Hw O klIE, , - > (ejwe k)QCé,J
Jj=1

1 n
+3 [tz - Y wont, |}

Jj=1
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as desired. O

In our next theorem we express the analytic Z;-GFFT of functionals in
E(Cqp]0,T7) as the limit of a sequence of Zj-function space integrals.

Theorem 5.2. Let F' € E(Cy[0,T]) be given by Eq. (4.9). Given a non-zero
real number q, let {(,} be a sequence in Cy such that {, — —iq. Then, for all
p € [1,2], and each function k in Suppcg b[O,T], it follows that

n—0o0

T (F)(y) = lim (/2 / Fy+ 2k, ) Gn(Co, x)dp(x),  (5.3)
Cq 10,7

for s-a.e. y € Co[0,T], where Gy, is given by Eq. (5.1).

Proof. In view of Theorems 4.5 and 4.6 , it will suffice to show that Eq. (5.3)
with p and F replaced with 1 and ¥, holds true.

From Theorem 4.5, we know that the L; analytic Z;,-GFFT of ¥,, given
by (4.5), Tq()lk) (@), exists. Using (4.5), (3.2), the Fubini theorem, and the first
expression of (5.2) with ¢ replaced with (,, it follows that for all n € N,

% / Gy (4 + Zi(2,)) G (G ) ()
Ca,b[07T]

—<:z/2exp{<w,y>~}[ L ewlwo k)G (G alduta)| O

a,b[():T]
= exp{(w, )"} P W (w3 k5 Ga).
Next, using (5.4), (5.2), Parseval’s relation, (4.7), (4.5), (4.6) with 7 replaced
with w, and (4.8) with p = 1, it follows that

lim ¢/ / o (y + 212, ) G (G 2)dp(x)
Ca (0,7

n—oo

= exp{(w, )~} lim G2 Wa(w;k; )

n—o0

1 &
= exp {(w7y)N + lim f Z(ejvw © k)QC’(’J b
n j=1 ’

1 -
+3 dim (oo b, =Y (oo n?, |

Jj=1
n
i G el e Bl
Jj=1
n 1/2
+ lim (ens1,a)cr, [“w Okl =2 (eswo ’”2%] }

j=1
= exp{(w,y)" }K{ .k
= Ww(y)Ka

q,w,k
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=Ty
=T () (y)
for s-a.e. y € Cy [0, T, as desired. O
The following corollary follows immediately from (4.4) and (5.3).

Corollary 5.3. Let F', q and {(,} be as in Theorem 5.2. Then, for each function
k in Suppcz b[O,T], it follows that

n—oo

29 F] = Tim (02 / F(Zx(x,)) GG 2)dp(@),
Ca,u[0,T]

where G, is given by Eq. (5.1).

We establish our next corollary after a careful examination of the proof
of Theorem 5.2, and by using Eq. (4.1) instead of (4.4).

Corollary 5.4. Let F' € £(C,[0,T]) be given by Eq. (4.9). Let A € C4, and
let {¢,} be a sequence in Cy such that (, — A. Then, for each function k in
Suppc: , [0, 17, it follows that

n—oo

I (F) = lim (2 /C L FEECG D@, 69

where Gy, is given by Eq. (5.1).

Our next result, namely a change of scale formula for function space
integrals, now follows easily by Corollary 5.4 above.

Corollary 5.5. Let F' € £(C,[0,T]) be given by Eq. (4.9). Then for any p > 0,
and each function k in SuppC; b[O,T], it follows that

/ F(pZ(x,-))dp(x) = lim p‘”/ F(Zk(x,)Gn(p™?, 2)du(®)6)
Ca,5[0,T] Cq4,5[0,T]

where Gy, is giwen by Eq. (5.1).

Proof. Note that for every F' € £(C,[0,T]) and all p > 0, the function space
integral in the left-hand side of (5.6) exists. To ensure the equality in (5.6),
simply choose A = p~2 and (,, = p~2 for every n € N in (5.5). O

6. Concluding Remark

It is known that the class £(C,[0,7]) is a dense subspace of the space
L3(Cy p[0,T)). For arelated work, see [9,11]. Thus, using the Lo-approximation
[11, Remark 4], one can develop the sequential approximation such as Eq. (5.3)
for functionals F in Ly(Cyp[0,T]) whose L, analytic Zx-GFFT T.7)(F) ex-
ists. But, there exists a (bounded) functional F' in Ly(C,[0,T]) whose L,
Z,-GFFT Tq(f'k) (F) does not exist, see [5].
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Indeed, the class £(C, 5[0, T]) is a very rich class of functionals on Cj, 5[0, T'.
It contains many meaningful functionals which discussed in quantum mechan-
ics. We finish this paper with a very simple example for such functionals, which
arises in quantum mechanics.

Ezxample 6.1. Consider the functional Fg given by

Fs(x) = exp { /0 : x(t)db(t)}

for s-a.e. © € Cy [0, T]. Then Fs is an element of £(C, [0, T]) because

Fs(x) = exp {(Sb,2)™)}
where S : C, ,[0,T] — C; [0, T] is an operator defined by

a

Sw(t) = /0 [ (T) — w(s)]db(s).

One can see that the adjoint operator S* of S is given by

S*w(t) = /O w(s)db(s).
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