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Abstract. In this paper we first discuss weighted mean curvature and
volume comparisons on smooth metric measure space (M, g, e~ dv) under
the integral Bakrnymery Ricci tensor bounds. In particular, we add an
additional condition on the potential function f to ensure the validity of
previous conclusions for some cases proved by the second author. Then,
we apply the comparison results to get a new diameter estimate and
a fundamental group finiteness under the integral Bakrnymery Ricci
tensor bounds, which sharpens Theorem 1.6 in Wu (J Geom Anal 29:828—
867, 2019) and can be viewed as the extension of the works of Myers and
Aubry.
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1. Introduction

Myers’ theorem [18] is one of classical theorems in Riemannian geometry. It
states that if the Ricci curvature of a complete n-dimensional connected Rie-
mannian manifold (M, g) satisfies Ric > (n — 1)H for some constant H > 0,
then manifold M is compact with finite fundamental group and its diameter
is at most 7/v/H. Since then, many works generalize Myers’ theorem, see for
example [1,4,10,31].

In 1990s, Myers’ theorem was generalized to a integral bound setting for
the Ricci tensor. Petersen and Wei [22, 23] extended many classical comparison
theorems and geometrical results of pointwise Ricci tensor condition to the
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integral Ricci tensor bounds. Petersen and Sprouse [21] applied Petersen-Wei’s
comparison results to get a rough diameter bound. Aubry [2] improved this
diameter bound by using Petersen—Wei’s comparison results to star-shaped
domains. For more related results, see [3,5-7,9,11,19,24,26,35] and references
therein.

In 2000s, Myers’ theorem was also generalized by Wei and Wylie [30]
to the smooth metric measure space. Recall that an n-dimensional smooth
metric measure space, denoted by (M, g,e~/dv), is a complete n-dimensional
Riemannian manifold (M, g) coupled with a weighted volume e~/ dv for some
f € C™(M), where dv is the usual Riemannian volume element on (M, g).
The associated Bakrnymery Ricci tensor, introduced by Bakry and Emery,
is defined as

Ricy := Ric + Hess f,

where Hess f is the Hessian of f. If Ricy = pg for some p€ R, then (M, g, e~ dv)
is a gradient Ricci soliton, which generalizes an Einstein manifold and plays a
fundamental role in the Ricci flow [20]. Wei and Wylie [30] proved that if

Ricy > (n—1)H >0 and [f| <k

for some constant k > 0, then M is compact and its diameter has an explicit
upper bound depending only on n, H and k. This upper bound was improved
by Limoncu [14] for large k and furthermore sharpened by Tadano [27] for any
k. Fernandez-Lépez and Garcia-Rio [8] proved that if

1
Ric+§£vgz(n—1)H>0 and |V]|<a

for some constant a > 0, where Ly is the Lie derivative in the direction of
smooth vector field V on M, then M is compact. Under the same conditions,
Limoncu [13] gave an explicit upper bound to the diameter of M. Later, the
upper bound was improved by Tadano [28] and then sharpened by the second
author [32] to be

2a n s (1)

(n—1H ~ VH
Besides, there have been more Myers’ type theorems involving the Bakry—
Emery Ricci tensor; see [12,15-17,25,36] and references therein for details.

Recently, the second author [33] extended Wei-Wylie’s comparison re-
sults of pointwise Bakry Emery Ricci tensor [30] condition to the integral
Bakry-Emery Ricci tensor bounds, and also extended the integral Ricci tensor
case [2,22]. Wang and Wei [29] applied comparison results [33] to get local
Sobolev constant estimates and gradient estimates under the integral Bakry—
Emery Ricci tensor bounds.

From the above works, it is natural to ask.

diam(M) <
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Question. For a complete smooth metric measure space (M,g,e*fdvg), does

there exist a Myers’ type theorem under the integral Bakrny/mery Ricci tensor
bounds?

In order to study this question, inspired by Aubry’s work [2], we see that
the weighted mean curvature, and the weighted area (volume) comparison
theorems will play an important role in the argument. However, the authors
recently found that there exist some errors in comparison Theorems 1.1 and
3.1 of [33] for the case ﬁ <r< ﬁ, H > 0. In this paper, we first correct
these errors by adding an additional condition on f to ensure that comparison
Theorems 1.1 and 3.1 of [33] remain true for the case ﬁ <r< \/Wfﬁ, H > 0.
Meanwhile we correct Theorem 1.6 of [33] correspondingly. These detailed
description and further development will be given in Sect. 2. Then, we apply
the corrected comparison results to obtain a new Myers’ type theorem under
the integral Bakryfl*/]mery Ricci tensor bounds, which improves Theorem 1.6 in
[33]. Our result, in some special cases, obviously includes Myers’ and Aubry’s
diameter estimates.

To state the results, we fix some notations. Fix H € R, and consider
at each point = of (M,g,e fdv) with the smallest eigenvalue \(z) of Ric; :
T,M — T, M. We define the amount of Ricy lying below (n —1)H

Ric?i = ((n—-1H - \x)), =max{0,(n — 1)H — \(z)}.

For a constant a > 0 and a geodesic ball B(x,r) C M with radius r > 0, center
at x € M, a weighted LP norm of function ¢ on (M, g,e~/dv) is defined as

|¢]lp,f,a(r) :== sup (/ |p|P Ape* dtd€n1> ,
zeM B(z,r)
where A; = A (t,0) = e~ f A(t,0) is the volume element of weighted form
e Tdv= Ag(t,0)dt A\ db,,—y

in polar coordinate, A(t, #) is the standard volume element of the metric g and

df,,—1 is the volume element on the unit sphere S™~!. Clearly, |[Ric§{ I ; (r)=
—'p.f.a

0 if and only if Ricy > (n—1)H. The following normalized norm of ¢ is useful

in this paper,

_ 1 v
@, ¢ ,(r) == sup 7/ P Apetdtdb,, ,
|| ”p,f7 ( ) eeM Vf(.T, T‘) Bl | | f 1

where Vy(z,r) = fB(z " e~Fdv. If r — oo above and the limit exists, then we
have a global curvature quantity on M

Wp,f7a(M) = r{ngo mp7f7a(r)'
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Now we can apply weighted volume comparison estimates under the in-
tegral Bakry—Emery Ricci tensor bounds (see Sect. 2) to give a new Myers’
type theorem under the integral Bakry—Emery Ricci tensor bounds.

Theorem 1.1. Let (M, g,e~/dv) be an n-dimensional complete smooth metric
measure space. Given p > n/2 and a > 0, there exists an 0 < e(n,p,a) < 1
such that if

IRicy_||

p,f,a(M) < enpa)

and
Of=—-a or O.f>—-a—2(n-—1)cot (w - ||Ric} H2Pf71 (M))
—'p,fia

along all minimal geodesic segments from any x € M, then M is compact with
finite fundamental group 7 (M) and

—
diam(M) <7 (1 + c(n, p, a)||Ric} I ; (M)) .
~'p.f.a
for some positive constants c¢(n,p,a) and b =0b(n,p,a).

We give some remarks about Theorem 1.1.

Remark 1.2. For any constant H > 0, a renormalization argument readily

shows that we can replace ||Ric} I ; and cot(m — ||R1Cf ||2pf "(M)) by
—'p a a

sJ )

HRic? I ; and vH cot(m — ||RICf I pr " (M)), respectively in Theorem 1.1
—''p,f.a

provided ¢(n,p, a) and 7 are replaced by ¢(n, p,a, H) and 7 /v/H, respectively.

Remark 1.3. When f is constant and a = 0, Theorem 1.1 returns to the
Aubry’s result [2]. If we further assume HRICf | bt (M) =0,ie., Ric>n—1,

then Theorem 1.1 recovers the classical Myers’ theorem [18].

Remark 1.4. In view of the diameter estimate (1), it remains an interesting
question if there exists a Myers’s type theorem for a bound of integral Bakry—
Emery Ricci tensor under only 9, f > —a for some constant a > 0, along all
minimal geodesic segments r from x € M.

Remark 1.5. We also improve the result of Theorem 1 in [34]. In [34], the
number e depends on R and ¢ — 0 as R — oo, and hence it essentially
applies to compact smooth metric measure spaces; while the small number €
in Theorem 1.1 is independent of R.

The rest of paper is organized as follows. In Sect. 2, we give some no-
tations and recall some integral comparison theorems [33] on smooth metric
measure spaces. In particular, we give some minor corrections of Theorems 1.1

and 3.1 of [33] for ﬁ <r<R< ﬁ when H > 0; see Theorems 2.1 and
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2.2 below. In Sect. 3, we apply corrected comparison theorems of Sect. 2 to
give some weighted measures for star-shaped domains and geodesic balls under
integral Bakry—Emery Ricci tensor bounds. In Sect. 4, following the Aubry’s
argument in [2], we first give a key local diameter estimate. Then we apply
the local diameter estimate to prove Theorem 1.1. In Appendix, we give an-
other Myers’ theorem under only the integral of m—Bakrnymery Ricci tensor
bounds.

2. Preliminary

In this section, we recall weighted area and volume comparisons [33] under
the integral Bakry-Emery Ricci tensor bounds. These results can be regarded
as the generalizations of the integral Ricci tensor [2,22]. In particular, we give
some minor corrections of Theorems 1.1 and 3.1 of [33] for 2}? <r<R< %
when H > 0. These results will be used in the proof of our main result.

The weighted volume of the geodesic sphere S(z,r) = {y € M|d(x,y) =

r} is defined as

Af(z,r) = s A (r,0)db, 1.
For a constant a > 0, the model space (My, gy ), the n-dimensional simply
connected space with constant sectional curvature H, can be modified to the
pointed weighted model space My, := (Mp, grr, e "dv,,,, O), where O € My
is a base point and h(z) = —a - d(z,0). Let A% (r) := e Ay (r) be the h-
volume element in (Mg, gy ), where Ay is the volume element in (Mg, gy ).
We let

Ay (r) = Ay (7, 0)dbr,
Sn—l
be the weighted volume of the geodesic sphere in the weighted model space
Mirq. It is easy to see that A% (r) = e Ap(r), where Ay (r) is the usual
volume of the geodesic sphere in (Mpy,gy). Moreover, the weighted volume
of ball B(xz,r) C M and the h-volume of ball B(O,r) C My are defined
respectively by

Vi(z,r) = /OT Af(z,t)dt and Vg(r) = /07" A% (t)dt.

Obviously, Vi (r) < Vi(r) < e*Vy(r). When f is constant (and a = 0), all
above notations recover the usual integral quantities on manifolds [22,23].

In (M, g,e fdv), we assume that 9, f > —a for some constant a > 0,
along a minimal geodesic segment from = € M. As in [33], we consider the
error function

= (my —mu —a)y,
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where my = m — 0, f, m is the mean curvature of the geodesic sphere in the
outer normal direction and mpy is the mean curvature of the geodesic sphere
in (MH, gH)

The correct statement of comparison Theorem 1.1 in [33] is the following,
also see [34].

Theorem 2.1. Let (M, g,e~Fdv) be an n-dimensional smooth metric measure
space. Assume that

orf>—a
for some constant a > 0, along a minimal geodesic segment from x € M. For

< 507 when H > 0),

el (1) < |l P i ()

1
2

and

1 r
2p—1 —ar n—1\" H —at
P Ape " < (2p - 1)P <2p — n> /0 (Ricy )P Ape™dt

along that minimal geodesic segment from x.
Moreover, if zf <r< \ﬁ when H > 0 and f further satisfies

O f=—a or O.f>—a—2(n—1)VHcot(VHr), (2)

then we have

Hsm T 1(\Ft)

1
2

(”—(2;)(_21;)—1) IRic ||p7f7a(r)]

v

2p,f.a

and

n—1

p—1 pr
sin? "N (VHr) P A pe < (2p — 1)P ( ) / (Ric?_)pAfe_“tdt
0

2p—n

along that minimal geodesic segment from x.

Proof of Theorem 2.1. Compared With Theorem 1.1 of [33], we add an addi-
tional condition (2) for the case svg <7< \F H > 0, to make corrections.
Indeed, in the proof of this case (see p. 837 in [33]), the second author made
a mistake from

1
¢+ — (e tataf)e+2mn+a+to D] < Rief

to

©? 2mpgp

¢ g+ SRiep (3)

because the second author overlooked a fact that mpy is negative at this
case. To correct this error, we add an additional condition (2) to ensure
(3) still holds. Note that in the course of discussion, we have used my =
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(n — 1)v/H cot(v/Hr). Then the rest of proof remains correct without any
modification. O

The correction impacts comparison Theorem 3.1 of [33] for the case
2&? <r<R< ﬁ, H > 0. The corresponding modification in accordance
with the correction is that.

Theorem 2.2. Let (M, g,e Fdv) be an n-dimensional smooth metric measure
space. Assume that

orf > —a

for some constant a > 0, along all minimal geodesic segments from x € M.
Let H € R and p > n/2 be given, and when H > 0 assume that R < \F For
0 <r <R, we have

(AeR) T (AT (1)

where

C(n,p, H,R) == <("_1)> i /OR Ag ()" =1 dt.

2p—-1)2p—n
Moreover, if ﬁ <r<R< % when H > 0 and [ further satisfies (2),

then we have
(Af@R>> <Af<x r>>
A% (R) Ag(r)
p—1 _—
n—1 R T / B (VH)% T
= T AN (9 ) Ric R T dt
- <(2p - 1)(2p—n)) (” f _llp.f.al )) L s (VD)
Moreover, from Theorem 1.3 of [33], we have a weighted volume compar-

ison estimate under the integral Bakrnymery Ricci tensor bounds.

Theorem 2.3. Let (M, g,e~Fdv) be an n-dimensional smooth metric measure
space. Assume that

orf > —a

for some constant a > 0, along all minimal geodesic segments from x € M.
Let HER and p > n/2. For 0 <r < R (assume R <

()l <m0

where

ot (gl )T [ ()
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Proof of Theorem 2.3. Compared with Theorem 3.1 of [33], the only difference
is that we add an additional condition (2) for the case ;7= <r < R < -,

2V H VH
H > 0, to make corrections. The proof is the same as in [33] except we use the
present Theorem 2.1 instead of the previous Theorem 1.1 of [33]. O

3. Bounds of Weighted Volume of Geodesic Balls

In (M, g),asubset T C M is called to be a star-shaped set at x, if for any y € T,
there exists a minimal geodesic connecting = to y contained in T'. Clearly the
geodesic ball B(x,r) is a star-shaped set at z. By integrating only along the
direction lies in the start-shaped set at x, we can prove the same comparison
estimates as comparison Theorems 2.1 and 2.2 in Sect. 2 for any star-shaped
set at x, where Ric? _ only needs to integrate on the same star-shaped set.
This will be useful in the following discussion.

In this section we will apply Theorem 2.2 to prove several weighted mea-
sures for star-shaped domains and geodesic balls. When f is constant and
a = 0, these results recover the Aubry’s case [2].

First, we will give a weighted area estimate of a star-shaped domain T
when the Bakry-Emery Ricei tensor concentrates sufficiently above n — 1 on
T, which is the first step of the proof of main theorem.

Lemma 3.1. Let p > n/2. Assume that (M,g,e~'dv) contains a subset T,
star-shaped at a point x, which satisfies

2 il ™2 b
e=R}[Ric;_| (1)< (%)
and
Orf =—a or aer—G—Q(n—l)COt(ﬂ'—GQP%l)

along all minimal geodesic segments from x € M for some constant a > 0,
where Ry is constant such that T C B(x, Ry). There exists an explicit constant
C(n,p) such that for all radius Ry > r > 7, we have

" p(n-1)

ea
Apr(z,r) < C(”aP)TG =1 Vi(T), (6)
where Ay r(x,r) is the weighted volume of S(z,r)(T.

Proof of Lemma 3.1. For Ry > r > mw, we choose the model space with con-
. —€ _pP

stant sectional curvature H, (T=<)? < 1, where ¢ = e»-1. For t €

[ﬁr, 7], since cotangent function is monotonic decreasing, then

Of+a=0 or 8tf—|—a2—2(n—1)cot(7r—e')

> —2(n—1)cot (%t)
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In each case of the above, it implies

(Ocf +a)* = =2(n = 1)(0ef + a) cot(y/ Hyt)
for t € [2(%_6,)7", r]. Then by the weighted area comparison estimate (4) of
Theorem 2.2 for the star-shaped set, we have

( A (o) )_( Ag (@, t) )
e sin™ ! (/H,r) eat sin™t(\/H,t)

= ((Zp—rll)_(le—n)> o (HRiC}J p’f’“(T)> o /t sinz(deTrs) '

By concavity of the sine function on /H,s € [, 7], we have

/T ds - 2 (r —t) - 72 (r —t) o T
sin’(vVHys) ~ 4(m - Ff)(w— VHyr) ~ A(m — VH t)e T 4€’

where we used a fact that — Ft is decreasing in t. Thus, by the theorem’s

assumption, we have
( Apr(z,r) ) - ( Agr(a,t) )
ear sin™ (v H,r) eat sin™t(\/H,t)
§ n—1 B r (VHT)\ T
“\(2p—1)(2p—n) 4 T '

sin (ﬁr) =sin(m — ¢) = sin(e’) < ¢

Since

and
bln(rt) —51n<r w—e)),

then for all ¢ €[5, 7], we further obtain

1
i 1 ear Y\ 2p—1 EI 2p—1
Arp(x,r)ze-1 < A T,t)2-1 | — _—
rr(,r) < Apr(z,t) (eat> (51n[(7r — ¢ )t}>

p—1 1
(=l \ETvmen\mT e
4\ (2p—1)(2p—mn) r

we have

(7)

FOI' t € [2(:_7‘6/)7 6(?—7‘—_”;/)]’
t T 1

1 —_ nZ > n— = —.

sin ((77 6)7") _s1n6 5

When ¢ < %, we have



32 Page 10 of 24 F. Li et al. Results Math

Combining these estimates and applying the inequality
(a + b)2p—1 S 22p—2(a2p—1 + b2p—1)

for any a,b > 0 to the above inequality (7), we get

A < 22p+n73 /("*DiA t
f7T($,T‘) = € eat f,T(x7 )

—-1 =1 __2p—1_ar e
*(( ] > )

2p—1)(2p—n) 4p
for all t € [%, %]
By the mean value theorem, there exists tg € [2(:7;,), %] such that
3(r—¢) [
AﬁT(x,to) = !/ AﬁT(ZL‘,t)dt
o nr
2(m—e€’)
3 [
< - Apr(z,t)dt
™ Jo
3
= -V¢(T).
V(1)
Hence,

ar

2p—1 1 p—1 ol
Af/T(LL',T) S [3 . 22p+7L—3 + T (( i )) ] eTe épfll)‘/'f(T')7

4p 2p—1)(2p—n
which completes the estimate. O

Then we will apply Theorem 2.3 to give some estimates for the weighted
relative volume of geodesic balls, which is the second step of the proof of main
theorem.

Lemma 3.2. Let (M, g,e~fdv) be an n-dimensional smooth metric measure
space. Assume that

orf > —a

for some constant a > 0 along all minimal geodesic segments from x € M.
For any Ry > 0, there exist (computable) constants C(n,p,aRr) > 0 and
B(n,p,aRy) such that when M contains a star-shaped subset T C B(x, Rr)
which satisfies

€0 = R’%”R‘IC?,” (T) < B(nvpv (LRT),

p.f.a
then we have

(i) for 0 <r < R < Rrp,
Vir(z,r) -
ij(.T,R) -

p 2p—1 P
(]. - C(n,p, aRT)GOQIJ_l) W,
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where Vi r(x,r) is the weighted volume of Br(xz,r)(\T, and

2n(2p — 1) n_1 B oy 2
C(n,p,aRy) := % —n ((2}7 1)(2pn)> (e®"T) .

(ii) if T = B(z,Ry),y € T and r > 0 satisfy d(z,y) +r < Ry, then

Vir(y,r) 2’%1> o\
Vf,T(J?, Ro) — \ eaflo Ry

2n+b(n,p,aRg)

’

2 5 //_1 r 2p'-1 21/)_1
X (3 — C(n,p,aRo)ey” ) <Ro> — D(n,p,aRp)el” ,

where p’ := max{n, p}, constant b(n,p,aRy) > % and

(2p—1)n n—1 #4 (paRo) 5553
2 (@-Dep—my) (€)%

L= (3/2)777 (evfo) "5

D(n,p, aRO) =

Proof of Lemma 3.2. For any t < r < R < Ry, by the weighted volume
comparison (5) for a star-sharped set, we have

()™ - ()

n—1 te® \ 2p-1
S((zp—mp—n)) (IR 1. /A ( ) a

Using the facts Vo(r) < V@(r) < e Vo(r), Ao(t) = nt"tw, and Vy(t) = t"wy,
we have

R teat % R teat 2;3%1
Ag(t dtg/ Ag(t <) dt
[ 40 (5m) AN
R at 23%1
:/ (nt"_lwn) (te ) dt
0 t"wn,

2p—1 —n

and

(W)_ - (%)—

Y

_(Vir(@, R\ (Vir(z,r)\ 7T
— \ eeBw, R W™ ’
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where w,, is the volume of the Euclidean unit n-ball. Hence, we have

_1 _1
Vir(z, R) e Vir(z,r)\ >
eaRRn rn
1

2p—1
< D(n.p)(e" )= T REE (IRic)_|I7 ;,(R)) ™,

(8)

where

D(n,p):@pl)n<( W1 ))

2p—n 2p—1)(2p—n

By letting R = Ry and r = R in the above inequality and using the definition
of €y, we deduce that

Vir(z,R) 7T R 2041 5P R" T
L2 >[1-D aRry3EL o) (R
( V1 (T) Z { (n,p)(e™) T ¢g } T I

for any R < Rp. If we further let

. 1 2p41
21 aRp p—1
T RO LR

1 1
Vir(z,R)\ 2! 1 R"™ 2p—1
s > 9
( Vir(T) T2 \e*fir Ry, ®)
for any R < Rrp.

On the other hand, (8) also implies

Vir(x,r) 7T r" T
LA T > (=
Vir(z,R) — \ eaRRn

X |1= D(n,p)R#" (e"R) 51 <

b

then

[Ric |17 (R)\
VfﬁT(I,R)

Using a easy fact HRiC?L o(R) < ||Ric?cinyf,a(RT) for any R < Rp, we

have

1
gt oy B2t (IR0 (F)) 77
nyT(ac,R)

_2p . .0 #
< (ﬂ) W gyt g o2y (IR o (Rr) ) 78 (vmx RT)> s
=\ Rr Vi r(x, Rr) Vir(z, R)
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According to the definition of ¢y and (9) and using R < Ry, the above in-
equality can be further simplified as

Vf.T(xaT) 2p171 r 2p171 Ry2etl 5% = Rr\s+1
B IERSALA > (—— 1-2D aRygpt R g5
(vf,T(a:,R) o I e U G R G b

_1
> <r) T [ 2000, )T (e ]

eaRRn

which implies (i) of the theorem.

Next, adapting the argument of Aubry [2], we will apply the iteration
trick to get the comparison for non-concentric balls. Let z € B(z, Ry), r and
R such that 0 < r < R < Ry — d(z, z). Since B(z,R) C B(x, Ry), dividing by
Vir(z, Ro)/ =Y in (8), we get

1
VfT(ZaR) -t -
= <D aR 2p 1R2p 1 R
(Vf,T(x,Ro) < D(n,p)(e"™) (|| ICf pra( ))
Vf,T(SC,Ro) rn

eaRRn Tl—l
ij(l‘, Ro)

pofa(R) < |IRict_|lp.s.a(Rr) and the definition of ey, we

Viir(z R) ) Ry 2242 (R)
7 < D(n, @
(Vf,m,Ro) < Dlp) ()2 T

e*R R = Vir(z,r) T

" < ™ ) (Vf,T(JU’Ro)> ’
To iterate this estimate with a sequence of balls of increasing size, we will
construct a sequence of increasing balls centered on a minimizing geodesic B; =
B(y;, R;) such that By = B(y, ), By is concentric to B(z, Ry), and B; contains
a ball centered at y;;1 and of radius 7,41 close to R;. Let v : [0,d(x,y)] = M
be a minimizing geodesic from x to y and for some o = a(n,p) € [1/2,1) such
that

Again using ||Ric?c_
have

2 2p—n 3
> —, (2—a)2»—1 —. (11
>3 @Bt <2 )

Denoted |x] by the floor function of a real number x which gives the greatest
integer less than or equal to . We let

| log(1+ Lfn’y))
N log(2 — «)

—loga < 2log(2—a), (2—a)®"a” <1, a%1

J +2, and y; =~(d(z,y) +r—(2—a)" )
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fori <k-1,ye =z,7 = a(2—a)"2r and R; = (2—a)" 1r. Then, we know

B(yit1,7mi+1) C B(yi, Ri) C B(x, Ro)

for any ¢ < k—1. Setting z = y;+1, R = R;4+1 and r = r;41 in (10), by iteration
we have

<Vf,T(yz‘+1, Riy1)

1 _pP
2p—1 2pt1 R2 €0 2p—1
AL A ek S A < D(n, e i+1)2p1 < itl )
Vir(z, Ro) ) < Dim.p) ) R%

_n #
+ (B )z (RzH) (Vfﬂyw"ﬂ)) -
Tit+1 VfﬁT((L)Ro)

2pt1 r2e o1 2pi
< D™ EE ()7 @i
0

+ (e2Ro)z-T

{(2 - Oé)"Vf,T(yi7Ri):| a

Oéan,T(I'7 Ro)

For the above inequality, letting «; = (%) , 0=02-a) 2331,
P

C = D p)(e )5 ()7 and d = (¢)7 T (252)77, then the

above inequality becomes a simple form

ait1 < OB +da;

for any 0 < i < k — 1. Therefore,

- C
<d! — .
a; <d <a1+1—ﬁ/d)

This implies that

_1 n(k—2)
<Vf»T(?/l~c—1,Rk—l)>2’”1 < (20‘) v =
Vf,T(vaO)

«
1 +1 7‘26 P%
( Vir(y,r) )21)1 Dl (e 5 ( 1?20)2 1
X W\ o7 + 5w
ij(l‘,Ro)

1_(2_a>2p 1a2p 1(€aRo) 2p+1
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On the other hand, by (i), we have

<Vf,T(ylc17Rk1)>2pl

Vf,T(l‘,Ro)
. (vf,ﬂyk,rk))zﬁl
- Vf,T(.'L‘,Ro)
2( s )”%[1_cmm@3ﬂ£:ﬁ%4
eatto Ry
> aﬁ@ - a) h’éfz:f) (;n >2p—1 [1 - C(n,p, CLRT)E(szpﬂ]Q}F1 .
eatio Ry

Combining the above two estimates on %, we conclude that there

exist two constants C(n,p,aRr) > 0 and B(n,p,aRr) > 0 such that when
€0 S B(”vpa aRT)7

L k—1 n
Vf T(:lj,?") 2p-1 o 2p—1 r 2p—1 |: ﬁ 2p—1
s M7 > — 1-C . D, R P ]
(nyT(xa RO) — \ eaflo RO (ﬂ p,a T)EQ

P
Din,p)(e) 55 (7)™

2
0
1— (2 — a)51 (eaRo) 21

By our assumption, we observe that

k—2 101%(14'7{1(:"1/))

am \ =1 o™\ @-Dlea(z—a)
—_— >
eaRg - eaRO

—nlogataRg

r (@p—1)Tog(2—a)
Z -
r+d(z,y)

2ntb(n,p,aRg)
r 2p—1

> = )
Ry

where b(n, p,aRp) is constant satisfying

B aRy aRO(Qp - TL)
b(napa ClR()) - 10g(2 _ a) > (2p — 1)2 IOg 3/2
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according to (11). Using this estimate and the last inequality of (11), we finally

get
1 1
Virly,r) N0 (" 7T
VﬁT(.T, Ro) — \ eaflo RBL
2n+b(n,p,aRg)

2 ) [ e
X (3 — C(n,p,aRr)e; ) (Ro)

D(TL pvaRO) > 1:| )

which finishes the proof of (ii). O

4. Diameter Estimate

In this section, we start to apply Lemmas 3.1 and 3.2 to prove a local diameter
estimate, which is a critical step to prove the main theorem.

Theorem 4.1. Assume that (M,g,e~Fdv) contains a subset T satisfying the
following conditions:

(1) T is star-shaped at a point of x;
2) B(x,Rp) C T C B(xz,Ry) for some m < Ry < Rr;

(2)
(3) e= R%HRlcf I fa (T) < B(n,p,aRr) for some constant B(p,n,aRr);
(4) o

4 = —a or 8.f > —a —2(n — 1)cot (r —€2-1) along all minimal

geodesic segments from x € M, for some constant a > 0.
Then M C T and

(n—1)
diam(M) <7 |1+ C(n,p,aRy)e®r- G- 1T+50, a”}

2ma(2p—n)

for some constant C(n, p,aRr), where the constant b(n, p,a) > =17 log(3/2) -

Proof of Theorem 4.1. If constant B(p,n,aRy) is sufficiently small, by
Lemma 3.2, we have

Vir(e,R) R
Vi(T)  ~ 2(e*fr)Ry
Hence we may assume 7' = B(z, Ry) and m < Ry < 27. Fix § € (0, fio=m)_ If
y € M satisfies d(x,y) > m + §, then

B(y,0) C B(z, 7+ 20)\B(x, ).

By Lemma 3.1,

T+26 .
Vir(y,d) < / Ag.r(z,r)dr < 25C(n,p,aRy)e 51 Vy(z, Ro),
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where

2p—1 _ p—1
C(n,p,aRy) := |3-2%Tn=3 4 T <( nol )) 1 eafir,

4r 2p—1)(2p—n

On the other hand, since

¢o = Ry |[Ric}_|

T) < R} |[Ric}_| T) =,

p,fﬂ( p7f,a(

by Lemma 3.2(ii), we get
Vi.r(y,9)
n 21
5" 2 -1 2ntb(n.p.ako) ’
- (eaROR”) p [ (%) 7~ D(n,p, aRr)en T Vi (z, Ro)
0

o ﬁ 1 5 2n+b(n],p,aR0) I/’/ 2p’ —1
= e27ra(2ﬂ-)n 2 (ﬁ) it - D(n7pa aRT)62p -t Vf(ZE, RO)a

=

N
by taking 2 — C(n,p,aRr)e;” ' > & and noting that cot 9 < 0 for 3 <9 < .
From the above lower estimates on Vy p(y,d), we can distinguish two
cases:

(i) either
5 2ﬂ+b2<+1al?m)
(2 ) < 4D(n,p,aR7)é’,
T
where
5. pln—1)@n+b(np.aRy) ’

<
(2p —1)(2p' = 1)(3n — 1+ b(n, p,ako)) ~ 2p' =1’

(ii) or the above inequality becomes

S\ (o
Vir0) = Dl patir) (55 ) €50, o).

Combining the above two estimates about V1 (y,d) gives a bound on §:

6 S 5(nap7 aRT)E(2;)*1)(3"5)’(?;;()"’;”(1}%0)) <12)

for some constant C (n, p, aRr) which only depends on n, p and aRy. Therefore
we can infer that M C B(x, Rp). Indeed, if there exists a point y € M such
that d(z,y) > 7+ ¢, where

1 _
n a 6(2;;71)(3rrf£?+b()7L,p,aR0)) ! Ro —m
» D, T < <

2 )
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then by the connected property of M, along a minnizing geodesic from x to
y, there exists a point ¢y’ € M which exactly equals to (7 + §’) from z, i.e.,
d(xz,y’) = m+ ¢. By the estimate (12), we have

~ p(n—1)
5/ S C(TL,]L aRT)E(2p—1)(3n71+b(n,p,aRo)) ,

which contradicts our choice of §’.
Now let z be any point of (M, g,e~Fdv). Since M C B(z, Ry), then

R2JRick | )z@m@|| ()

Vir(x, Ro
B(z,Ry)) < | L1220
(2, Ro)) < ( R p.fa

p,fya(

We also observe that

n—1

~ (n—1)
B (a:,RO —7m —C(n,p, aRT)e<2P*1>(3"pfl+b<"vp=a30>>) C B(z, Ry).

Therefore, by Lemma 3.2(i), since 7 < Ry < 27, we have

Vir(z Ro) [Ro — 7 —C(n,p, aRT)e<2P—1><3f—(ﬁbl()w-,aﬂo>>}n
Vf’T(LU, R()) B 2eako (27T)"
(o —m)"
= JeaRo (2m)n

as long as B(p,n,aRr) in Theorem 4.1 is sufficiently small. Substituting this
into the above inequality yields

— 4680 (27)m\ ¥
R}||Ric} B(z,Ry)) < | 55—
STic) I, (B o) < (o
This shows that the above argument for the point x can also be suitable for
(4e*F0) L/ (am)m/P

any point z € M by replacing € to €. So we indeed prove that

(Ro—m)n /7
d(y,z) <7+ < Ry
for any y,z € M. This completes the proof. O

Finally we will apply Theorem 4.1 and the universal cover argument to
prove Theorem 1.1.

Proof of Theorem 1.1. For complete smooth metric measure space (M, g, e~/ dv),
we assume that ||Ric} I ; (M) is finite for some constant a > 0. Let {(B(xz,,
My fa

sJ s

27)) }ier denote be a maximal family of disjoint balls in (M, g,e~7dv). Con-
sider the Dirichlet domains

T; = {y € Mld(z;,y) < d(xj,y),Yj #i}.
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If y € T;\B(x;,4m), then there exists x; such that B(z;,2m) () B(y,2r) # 0
by the maximum of {(B(z;,2m))}. If z € B(z;,2m) () B(y, 27), then
d(z;,y) < d(z;,2) + d(z;, z) < 4.
Hence T; satisfies the following three facts:
(1) B(x;,2m) C T; C B(w;, 4m);
(2) T; is star-shaped at the x;;
(3) M =, T; up to a set of zero measure.

Therefore, we have

/M (Ric}_)p.Afe_at = ZEZI/TZ (Ric}_)pAfe_“t
> af Y Vi(Ty)

il
= aPVy(M),

where ac:=inf;¢; |[Ric} I ; (T7). Ifa>B§;f2’“)7where B(n,p,a)=B(n,p,4ma)
N

is constant defined as in Theorem 4.1, then

B(n,p,a)\ " il ) Loea
Vf(M)S <327T2) /M (RIC}_) Afe L,

Elsewhere, there exists a star-shaped set T; satisfying the assumptions of The-
orem 4.1. In particular,

BRI (1) <16 Ric,_|| (1) < 2P
So we bound the diameter of M by Theorem 4.1.
Next, we will prove the m-finiteness when ||Ric}7 ||p ; a(M) is bounded.
The proof of this result is essentially known in [2]. We give a [;roof for complete-
ness. In fact we only need to justify that their universal covers are compact.
Applying Theorem 4.1 to the universal Riemannian cover (]Tj ,9), we have to
construct a good star-shaped subset of M on which the Ricci curvature is

controlled by ||Ric}c I ; (M). The fundamental group acts freely and iso-
.

metrically on M. For all & € M and any subset TcM , which is union of
fundamental domains, we let 67(Z) denote the cardinality of T'()m1(Z). Set
To € M and 7 € B(%,2n) that maximizes 0p(z, 2r). By the preceding discus-
sion, we may assume diam(M) < 27 and then

1 <Op(o,om () <N and Op,em)(7) > N

for all § € B(Zo,2m), where N := 0p(z, o) (Z). For all § € B(zp, 27), we choose
N distinct points ¢1,...,Jx in m1(g) such that

d(g;, Tg) < inf d(z,x
(y O) zem (9\{F1,--IN} ( O)



32 Page 20 of 24 F. Li et al. Results Math

forany 1 <i < N, and let T be the union of {91,...,9n} for all § € B(Zo, 2m).
So, on M, we have

B(ig,27) C T C B(io,6m) and 6 = N.
Hence,

o o059 2 = g [ )

Now we show 7' is a star-shaped subset at & of (M, ). Set j € T and
let v be a minimizing geodesic from § to Zo. Assume there exists Z € vy \ 7.
Since §4(Z) = N, there exist distinct nontrivial decktranformations oy, ..., 0N

such that ;(2) € T for all 1 < i < N. But every element of 7 (M)\{id} acts
without fixed point on M, thus there exists 1 < iy < N such that o;,(y) ¢ T
Since o0y, acts isometrically, then we have
d(-i'ng) < d<3~5070i0(g))’ d(foag) = d(j(ho'io (2»’ d(j],é) = d(aio (?7)70'1‘0 (2»
Now, we have
d(j(% g) = d(i‘Oa 2) + d(27 g)

> d(Zo, 0, (2)) + d(0i (2), 03 (§))

> d(Z0, 04, (7))-
Combining above we have equalities everywhere. We have a minimal geodesics

connecting &, o;,(g) which contains o;,(Z). Hence the geodesic o;,(y) contain
Z and 0y, (Z) = &, which contradicts the fact that o;, has no fixed point. O
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5. Appendix: Myers’ Type Theorem for Integral Bounds of
m-Bakry—Emery Ricci Tensor

In this section, we will state Myers’ type theorem under the only integral m-
Bakryfl*/]mery Ricci tensor bounds. Since the argument is almost the same as
the Aubry’s manifold case, we omit the proof here.

On a smooth metric measure space (M, g,e~ 7 dvg), we can define m-
Bakrnymery Ricci tensor

1
Ric}" := Ricy — —df @ df
m
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for some number m > 0, which is another natural generalization of the Ricci
tensor. This curvature tensor is also introduced by Bakry and Emery. Here
m is finite, and we have the Bochner formula for the m-Bakry-Emery Ricci
tensor

1
iAf|Vu|2 = |Hessu|® + (VA u, Vu) + Ricy (Vu, Vu)

2
> B QA 0,V + RicP (T, V)
m+n
for some u € C°°(M), which is regarded as the Bochner formula of the Ricci
curvature of an (n + m)-dimensional manifold. This property makes sure that
many geometrical results for manifolds with Ricci tensor can be easily leads
extended to smooth metric measure spaces with m—Bakrnymery Ricci tensor
(without any assumption on f), such as Wei and Wylie [30] and Wu [33].
Following Wu [33], on an n-dimensional smooth metric measure space
(M,g,e~dv,), for each z € M, m > 0, H € R and let A\(z) be the smallest
eigenvalue of Ric}" T, M — T,M. We define

Ric}”H7 = ((n+m—1)H — )\(x))+

and introduce a Lfc—norm of function ¢ on the geodesic ball B, (r)

r) = sup Poetdu, )",
6157 1= sup ([ 1ol -ty

Clearly, ||Ric}nH7 llp.s(r) = 0 iff Ric}" > (n+m —1)H. The following normal-
ized norm of ¢ is also useful,

1
o r) = sup 7/ o -edv )
181],,,¢(r) cer \ Vi(z,7) B(J;,T)‘ |

where Vy(z,r) := fB(m ” e~fdv. If r — oo above and the limit exists, then we
have another global curvature quantity on M

Wp,f(M) = 71520 Wp,f(r)'

Applying the comparison theorems in [33], following the above discussion,
we can similarly generalize Aubry’s Myers’ theorem to the case of smooth
metric measure spaces with only the m-Bakry—Emery Ricci tensor integral
bounds.

Theorem 5.1. Let (M, g,e~/dv) be an n-dimensional complete smooth metric
measure space. Given p > n/2 and m > 0, there exists a number 0 < e(n +
m,p) < 1 such that if

[Ric " ||

00 < et m,p),
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then M is compact with finite fundamental group m (M) and

diam(M) <= (1 +c(n + m,p)||Ric’)311”:)f(M)> '

for some constant c(n + m,p).

We would like to point out that the above result may be regarded as the
Aubry’s result for (n+m)-dimensional manifolds. The main reason is that the
Bochner formula for the m—Bakrnymery Ricci tensor can be regarded as the
Bochner formula of the Ricci curvature of an (n + m)-dimensional manifold.
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