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Abstract. We consider kernels of unbounded Toeplitz operators in H? (C™T)
in terms of a factorization of their symbols. We study the existence of a
minimal Toeplitz kernel containing a given function in H?(C"), we de-
scribe the kernels of Toeplitz operators whose symbol possesses a certain
factorization involving two different Hardy spaces and we establish re-
lations between the kernels of two operators whose symbols differ by a
factor which corresponds, in the unit circle, to a non-integer power of z.
We apply the results to describe the kernels of Toeplitz operators with
non-vanishing piecewise continuous symbols.
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1. Introduction

In [20], Sarason presented the basic theory of unbounded Toeplitz operators in
H?(D) with symbols in L?*(T) and, motivated by natural questions that lead
to other types of symbols [13,22,23], of Toeplitz operators with analytic and
co-analytic symbols in more general classes. Unbounded Toeplitz operators
appear naturally, for instance when studying inverses or generalized inverses
of Toeplitz operators with bounded symbols [10,18]. Indeed, the inverse of
a bounded Toeplitz operator, if it exists, is the composition of two Toeplitz
operators which, in general, are unbounded.

We can consider, analogously, Toeplitz operators in the Hardy space
H?(C™") of the upper half-plane C*, and more generally, in H?(C*), p > 1,
which arise in many applications [8,15,18,21,24-26]. One may ask, in that

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-020-01323-z&domain=pdf
http://orcid.org/0000-0002-6738-3216

10 Page 2 of 31 M. C. Camara et al. Results Math

case, what are the natural classes of symbols to consider and what properties
do those operators possess. In particular, we would like to examine their ker-
nels and study what properties are shared with kernels of bounded Toeplitz
operators, which have attracted great interest for their rich structure and the
information that they provide on the corresponding Toeplitz operators (see for
instance the recent survey paper [11]).

We assume here that g is a measurable function and that there exists
a non-zero f € HP(CT) = H, such that gf € LP(R) = L,. We define the
Toeplitz operator T, on the domain

D(Ty) = {oy € H : gp € L}
by
Tg¢+ = P+g¢+7 for ¢+ S D(Tg)a

where P* is the Riesz projection from L? onto H,f. Then kerT, consists of
the functions ¢ € H,S such that

gb. = d_ with ¢_ € H, = Hy.

The kernels of Toeplitz operators are also called Toeplitz kernels. Given
any function ¢, € Hz‘f , there is always a Toeplitz kernel containing ¢ . In
the class of bounded Toeplitz operators, for each ¢, € H;\{O} one can find a
minimal kernel Kpin(¢4 ), which is contained in any other Toeplitz kernel to
which ¢ belongs. If ¢, = I; O, is an inner-outer factorization of ¢, with
I, inner and O, outer in H, then Kuyin(dy) = ker Tr 670, [6]. A first
question that can be asked when we consider unbounded Toeplitz operators is
whether we can also find a minimal kernel containing ¢, for general symbols,
or whether one can find classes of possibly unbounded symbols for which the
minimal kernel of ¢ exists and can be compared with Kpin(¢4 ), for instance
by inclusion.

A second question is how to determine whether or not ker T} is trivial,
which is equivalent to the question of injectivity of 7T,;. The nontriviality of the
kernel is directly connected with the existence of certain types of factorization
of the symbol. Indeed the existence of a non-zero function ¢ in ker T, means
that g¢ = ¢_ € H,\{0}. If ¢ = I, Oy as above, and ¢_ = I_O_ with T_
inner and O_ outer in H,}, we must then have

g=0_10;" (1.1)

for some inner function I and O, O_ outer in H; , and conversely, if g admits
a factorization (1.1) then I, O € ker T, for each I that divides I. It is clear
that if I in (1.1) is not a finite Blaschke product, then dimkerT, = co. We
will thus consider symbols possessing some factorization of the form (1.1). It
is very difficult, however, to describe the kernels of operators whose symbol
admits such a general representation, without imposing certain conditions on
the inverses of the factors.
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For bounded symbols, it is well known that we can go further and study
their invertibility and Fredholmness based on an appropriate factorization of
their symbols, where conditions are imposed on the factors as well as their
inverses ([3,8,10]). In order to define this factorization, let R denote the set
of rational functions belonging to L (R) = L, and write
=
£+

Note that (1.1) can be rewritten as a product of the form g = g_Irg,
with g_ € H,, g7' € H}}.

Ro=RNLy, A:(§)=¢+i, r(§) =

for € €R, and HE = Ay HE,
VA

Definition 1.1. By a p-factorization of g € L., we mean a representation of g
as a product

g=9-1"g; (1.2)
where k € Z and

+ -1 + - —1 -
9+ €Hy, 9o €Hy, g-€H,, g- €H,

with 1/p + 1/p’ = 1; if moreover
g7'PTg='"I1: Ry — L, isbounded, (1.3)

where I denotes the identity operator, then (1.2) is called a Wiener—Hopf p-
factorization. The integer k is called the index of the factorization, and if £ = 0
the factorization is said to be canonical.

If g admits a p-factorization then it is unique, apart from constant factors.
The existence of a p-factorization (where condition (1.3) is not taken into
account) allows one to characterize the kernel of T, and that of T};; the operator
Ty, g € L, is Fredholm if and only if g admits a Wiener-Hopf p-factorization
and, in that case, its Fredholm index is —k; the operator is invertible if and
only if g admits a canonical Wiener—Hopf p-factorization [3,17].

A p-factorization may not exist, however, when g is not invertible in the
algebra of functions continuous on Ry, = RU{oo}. This is the case of symbols

E—i

as simple as /2 (¢) = e where we assume a discontinuity at oo, for p = 2;

it is easy to see that 71/2 does not admit a 2-factorization. We thus generalize
Definition 1.1 and study symbols possessing a (j, s)-factorization, defined in
Sect. 5, which coincides with a p-factorization if j = p, s = p’ with 1/p+1/p’ =
1. This will allow us to describe the kernels of a wide class of Toeplitz operators,
including unbounded symbols and piecewise continuous symbols that do not
admit a p-factorization, and establish criteria for a Toeplitz kernel to be trivial
or not.

A third question regarding the kernels of Toeplitz operators with a pos-
sibly unbounded symbol is the relation between ker7, and ker Ti..,, where
a € R. The relation between ker Ty and kerT,x,, with k € Z, was studied
in [2,5] for bounded symbols. It makes sense to ask also what happens if we
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multiply a symbol by some non-integer power of r. Indeed taking for instance
the algebra of all piecewise continuous functions in R, every function in that
class can be represented as the product of a continuous function, whose kernel
can be described from a p-factorization, by as many non-integer powers of r
as the number of points of discontinuity in R ([8]).

In this paper we address the three questions mentioned above. In Sect. 2
we begin by recalling some preliminary results on Wiener—Hopf factorizations.
Then in Sect. 3 we present some aspects of the theory of unbounded Toeplitz
operators, with particular reference to domains and kernels. Section 4 is con-
cerned with developing the theory of minimal kernels. In Sect. 5 we introduce
the notion of a factorization based on two indices, giving a generalization of
p-factorization, and Sect. 6 studies the properties of the corresponding factors.
Next, in Sect. 7 we apply the theory of factorization to study the kernels of
Toeplitz operators with both unbounded and bounded symbols. Finally, Sect.
8 addresses questions regarding the relation between ker Ty and ker T;.« 4, where
«a € R, obtaining a description of the kernels of Toeplitz operators in HP with
piecewise continuous symbols that do not possess a p-factorization.

2. Preliminaries

Let GA denote the group of invertible elements in an algebra A and let C'(Ry,)
represent the algebra of all functions which are continuous in Ro, = RU {oc0}
and possess equal limits at +oo.

For 1 < p < 00, let L,, denote the Lebesgue space of all complex Lebesgue
measurable functions f which are p-integrable in R and by H ;r the Hardy space
HP(C") of the upper half plane Im (2) < 0, z € C. We define H, similarly for
the lower half plane C~ and we identify as usual Hpi with closed subspaces of
L,. We denote by P* the projections from LP onto H;E, parallel to HT.

It is well known that for p,r €]1,4o0[, if f € Hf and g € HF then
fg € HE with L4+ 1 =1 Recall that A (§) = £+, r(§) = £ We define,
for p > 1,

Ly =MLy,  Hy=X:H,

B, = A2 Ly, By = (A:)’H.
Then we have ([26])

+ - _ ; ) + - _ e
H, "H, =C ifp>1; H,y, NH, ={0} ifp=1. (2.1)

If f e Bz‘f N B, then there exist fi € 'Hf such that %ﬂr = f_, therefore we
have % (f+ — f+() = f- — f* — ) where the left-hand side belongs to HE
and the right-hand side belongs to H, . It follows from (2.1) that both sides
are equal to a constant which is zero if p = 1. Consequently,

BynB, =Py ifp>1; BfnB, =C ifp=1, (2.2)
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where P; represents the space of polynomials with degree less or equal to 1.
We denote by L., the space of all essentially bounded functions on R and
by HI (HZ) the space of all functions analytic and bounded in C*T(C~). We
identify HE with the subspaces of L., (R) consisting of their (nontangential)
boundary functions on R.
For p > 1, let p’ be defined by % + ﬁ = 1. In what follows we will always
assume that p €]1, +ool.

Definition 2.1. By a p-factorization of g € L., we mean a representation of g
as a product

g=9r"g, (2.3)

where k € Z and
grEMY g €HS g eH, g7 €M, (2.4)

If moreover,
g:'PTg='T: Ry — L, is bounded, (2.5)

where R denotes the space of all rational functions in C(Ru) N L, then (2.3)
is called a Wiener—Hopf (WH) p-factorization, or a generalized factorization
relative to L,. The integer k in (2.3) is called the factorization index. If k = 0
then the factorization is said to be canonical.

The representation (2.3), if it exists, is unique up to non-zero constant
factors. It is well known [3,4,8,10] that the Toeplitz operator with symbol
9 € Lo,

T, Hf —H}, T,(64)=P*gos (2.6)

is Fredholm if and only if g admits a WH p-factorization; it is invertible if
and only if the WH p-factorization is canonical and, in that case, T, Lis the
bounded extension of the operator (2.5) to H,':

-1 _ ~lp+ 1. 7+ +
Ty =g Prg- t Hy — Hy.
If g admits a p-factorization, not necessarily satisfying (2.5), then this is enough

to describe the kernel of the Toeplitz operators T}, and its adjoint T,; = Tj.
We have

ker Ty =0if k>0, kerT, =g, K if k<0 (2.7)

where by K,», n € N, we denote the model space

AN
KTn:Span{fii(ngZ) ,j:O,...ﬂ’L—l}. (2.8)

It may happen that two factorizations of the same function with respect to
different L,, spaces coincide, as it happens with continuous functions. We have
the following
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Theorem 2.2. If g € GC(Ry,) then g admits a WH p-factorization, which is
the same for any p > 1. The factorization index is equal to the winding number
of g with respect to the origin.

A p-factorization may not exist, however, for bounded functions as simple
as a non-integer power of r.
For ¢ € Ry, a € C\Z, we define

a _ alogz
zp =e

where the branch cut connecting 0 to oo intersects the unit circle at the point
c—1

Z0 = Pl with zg = 1 if ¢ = oo, and we take log1 = 0. Then the function
£—i\°
X&) = 2.9
w0 (55) (29)

is continuous for all points of R, except for the point ¢ where it has different
finite one-sided limits. Other piecewise continuous functions can be expressed
as products of a continuous function by non-integer powers of r of the form
(2.9). Let PC(R) denote the space of all piecewise continuous functions g,
with finite limits at 00. Any g € PC(Ro) that does not vanish on R, can
be represented as a product

g =hree H el (2.10)
j=1

where h € GC(Rx), ¢; € R (j = 1,...,n) are the points of discontinuity of g
on R and

1 1 1
Qoo = — log 9(+0) with — — < Reay, < —, (2.11)
2mi " g(—00) p Y
1 g(c;) 1 1.
;= — with — — <Req,; < -, (j=1,...,n). (2.12
J 2 g(cj) P’ J » ( ) ( )

([8], see also [3]). Without loss of generality, one may assume that a, and a;,
j=1,...,n, arereal. Indeed r™(@3) is real and positive and therefore admits a
bounded factorization that can be absorbed into h. Denoting by m the number
of exponents ¢ in (2.10) that satisfy the condition —i < Req; < %, we can
also write (2.10) as

m S
g =hrse H el H rij/p. (2.13)
j=1  j=1

To each g € PC(R) and each p > 1 we associate the function [8]

g(§7) +gh) N g(§7) —g(&")
2 2

gp(&,w) = COth(ﬂ'(% + w)), (2.14)



Vol. 76 (2021) Kernels of Unbounded Toeplitz Operators Page 7 of 31 10

€ € Ry, w € RU{+o00} = Ryo. Here we take g(0o®) = g(Fo0). If g € C(Ry)

then g, (&, w) = g(§) for all £ € R, w € Rioo, p > 1. It is easy to see that if
p = 2 then (2.14) takes the form

9(€7) +9(67) | 9(€7) —g(&"

06, w) = ( )2 (€7 o )2 €

The image of g, in the complex plane is a closed curve I' obtained by adding

to the image of g(£), with £ € Ry, certain arcs of a circle (or line segments if

p = 2) connecting the points g(£7) and g(£T) whenever these two values are
different. If

tanh(mw). (2.15)

. .
e g, (&)l

which means that the image of g, in the complex plane, I, is a closed curve
that does not pass by zero, then we say that g is p-nonsingular. In this case, we
associate with g, an integer, ind g,,, which is the winding number of I' around
the origin.

If two functions f and g belonging to PC(R,) have no common points of
discontinuity and are p-nonsingular, then fg is also non-singular and ind,,(fg) =
ind, f + ind,g ( [8]).

We have the following:

Theorem 2.3 [8]. Let g € PC(Rw) of the form (2.10)—(2.12). Then g is p-
nonsingular if and only if f% < Reas < i, 71% < Rea; < % for all

j=1...,n.

Theorem 2.4 [8]. Let g € PC(Ry). The operator Ty has closed range in Hp+ if
and only g is p-nonsingular. In that case Ty is Fredholm, with Fredholm index
—ind,g, invertible if ind,g = 0, and

_ e TT (0| & ! i (gcj)aj
= |h (6 - h
I €= H(&—Cj) "M e e e

J

s a p-factorization of g.

3. Unbounded Toeplitz Operators

Let g be a measurable function on R such that there exists f, € H\{0} with
gf+ € L,. We denote this class of functions by o,. Let T, be the (possibly
unbounded) Toeplitz operator defined on the domain

D(Ty) ={/f+ € H; 19f+ € Ly} (3.1)
by
Tyfy = PT(gf+)- (3.2)
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Note that, if we assume g to be a measurable function on R without any
further restriction, it is possible for D(T}) to be {0}. For example, if g(§) = s
there is no function f, € H;\{O} with gfy € L,. In fact,

| log W (1)

is a necessary and sufficient condition for there to be an outer function O such
that W = |O] ([19], sections 3.9 and 6.4); explicitly, to within a constant, the

outer function is
1 logW(t) 1+ t€
= — | = qdt]). 4
0() eXp(m/R 1+£2 t—¢ (34)

So, for fy € H\{0}, we can have % < —1 only on a set of finite

measure, so that |fy(£)] > exp(—1—&?), i.e., |e§2f+(£)| > e~ ! except on a set
of finite measure and therefore e~ f+ cannot lie in L,,.

Proposition 3.1. T, = 0 if and only if g = 0.

Proof. Assume that T, = 0. Then there exists f1 € H;\{O} such that gf, €
Ly, sor"fy € D(T,) for all n € N, and we have gf, € H,, r"gf, € H, for
all n € N, implying that gf, = 0. Since f € H,\{0}, it follows that g(§) = 0
a.e.. 0

From now on we assume that g # 0 and g € o,,.
The kernel of T}, is the subspace

kerTg:{f+€H;:gf+€H;}. (3.5)
It is clear that ker T is nearly S*-invariant, i.e., a subspace M of H;‘ such
that

feM, r'feH =r'feM. (3.6)

Condition (3.3) provides a necessary condition for this kernel to be non-
zero. Indeed, if fy € H\{0} and gf, € H,, then gf, € H,\{0} and (3.3)
is satisfied for both W = |f;| and W = |gf4|; so we automatically have the
same for W = |g|. We have then the following.

Proposition 3.2. A necessary condition for kerT, to be different from {0} is
that

|log |g(t)]]
/Ril—kﬁ it < o, (3.7)

Proposition 3.3. If g satisfies (3.7) and O is the outer function defined by
(3.4), with W = |g| = |O|, then

D(T,) = {fy € Hy : Of: € H}
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Proof. Clearly, {fy € HS : Of, € Hf} C D(T,). To show the converse, note
that O is the ratio of two H;,r outer functions, obtained by taking W = |gf4|
and W = |f4| in (3.4). Thus O belongs to the Smirnov class Nev, [19] and if
gfy € Ly then Ofy € L,NNev, = H. O

Proposition 3.4. If g satisfies (3.7) then there exists an outer function Q,
bounded below, such that fy — Qfy+ is an isometry from D(T,), endowed
with the norm | fyllo = |Qf¢llp, onto H). Moreover, T, is bounded on

(D(Ty), |- ll@) -

Proof. The result holds provided that f, € D(T,) & Qfy € H, . Suppose
that there is an outer function O, bounded below, with |O| = |g|. Then f. €
D(Ty) < Ofy € Hf and the result holds with @ = O. If O is not bounded
below we can choose an outer function @) such that |[Q| =14 |0] =1+ |g],
which is bounded below. If f, € D(T,) then fi € Hf and Of, € H}, so
Qfy € HJ because Qf, € L, and Qfy = f1/Q~" (where Q! is outer in
HY) is in Nev,. Conversely, since @ is bounded below, if Qf; € H then
f+ € H}. Therefore we have that f, € D(Ty) < Qfy € H, and the result
holds. O

For g € Lo, ker Ty is a nearly S*-invariant closed subspace of H," [6].
For more general symbols, we have the following.

Corollary 3.5. With the same assumptions as in Proposition 3.4, Qker Ty is a
closed nearly S*-invariant subspace of H; and, forp =2, kerT, = Q7' FKy
where 0 is an inner function, Ky = ker Ty is the model space defined by 6, F
is an isometric (outer) multiplier from Ky onto Qker Ty.

Proof. M = kerTy, is a || - ||¢ closed and nearly S* - invariant subspace of
D(Ty), so QM is a closed nearly S* - invariant subspace of H, . In the case
p = 2 the result follows from the Hayashi-Hitt results [12,14]. O

4. Minimal Kernels

Given any f, € H; \{0}, there is always a Toeplitz kernel containing f;
moreover there exists a minimal kernel that contains f, and is contained in
any other Toeplitz kernel, with bounded symbol, to which f belongs. It is
denoted by Kunin(f+) and we can associate with it a unimodular symbol:

Kmin(er) = kerTm/O+ (41)

([6]). The function f is called a maximal function for the kernel in (4.1).
Maximal functions play an important role in the study of Toeplitz kernels,
as they determine the kernel uniquely and can be used as test functions for
various properties [7].

We now study the existence of minimal kernels of Toeplitz operators with
possibly unbounded symbols. We start by considering a class of symbols related
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to Proposition 3.4. Let fi € H\{0} and let f, = I, O be an inner-outer
factorization (I} inner, O outer). Given an outer function @ such that Q is
bounded away from zero and Qf; € H;r , consider the class of symbols h such
that |h] < ¢|@] for some ¢ > 0. We denote this class by og. We have then
f+ € D(Ty).

We denote by Kgin( f+) the minimal kernel of Toeplitz operators with
symbol in the class 0g. Recall from Sect. 3 that, if f, € ker T}, then g satisfies
(3.3) and we can choose @ according to Proposition 3.4., with g € 0¢. In the
next theorem we show that this minimal kernel exists and we associate it with
a symbol in og.

Theorem 4.1. For f, € H;r\{o}’
Kﬁm(f) = ker TQI*{)E'

"
Proof. Since Qfy € H, we have that Qf; = I,(O4Q) is an inner-outer
factorization and

QM (1) = QT (1.0,) = QO e H, (42)
+ +

because the left-hand side of (4.2) is in L, and the right-hand side is the
conjugate of a function in Nev (Ojr1 is outer in H1). Therefore
1,04

f+ € ker wa =kerT, (withk=@Q
epescrs 0,

O+

). (4.3)

Now we have to show that any other Toeplitz kernel ker 7}, with h € og and
such that fi € kerT}, contains ker T}, i.e., ker T, C ker Tj. First note that if
h € og and fy € ker Ty, then Q@ 'h € Lo and Qf4 € ker Tp-1,. So, by (4.1),

ker Tg-1, O Knin(Qf+) = ker Ty o7 = ker Tig-1y,. (4.4)
$ o,
Now,
Yy ekerTy &y € Hf, kY =4¢_ e H, &
Sy B, kQTNQuy) =v_ € Hy. (4.5)
So, if ¢4 € ker T}, we have, on the one hand,
Y
Qv = Q—L € Nevy

and, on the other hand, Qv = Q¢_/k =¢_/(Q~'k) € L, because |Q~'k| =
1 a.e.. Therefore, Q¢4 € Nevpo N L, = pr Now, from (4.5) and taking (4.4)
into account, we have

Qw+ S ker TkQ—l - ker ThQ—l,
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so we conclude that
Yy € ker Ty, = Qvy € ker Thg-1 = Wby € H, = ¢y € ker T),.
O
A natural question that arises from Theorem 4.1 is the relation between

mln( f+) and Kumin(f4). Since the class 0¢ includes all bounded symbols, we
have that

m1n(f+) C Kmln(er) N DQ (46)
where
Do ={¢+ € Hy : Qb4 € Ly} (4.7)

To see that the converse of (4.6) also holds, let ¢4 € Kpin(f+)NDg. Assuming
J+ = 14Oy there exists ¢ € H, such that

Lo, =404 = 1404 . ¢- -
O+ ¢+ - ¢— = O+ + = Q¢— = Q O+ ¢+ - (@)_1 € Hp .
—— N _
GLp ENeV+

So ¢4 € ker T@W and we have the following:
O+

Corollary 4.2. With the same assumptions as in Theorem (4.1), for Dg defined
by (4.7),

mm(er) min(er)mDQ.

Let us now study the existence of a minimal kernel without restricting to
symbols h € og for some outer (). We denote this minimal kernel for general
symbols in oy, if it exists, by K. (f+).

Note that for any Toeplitz kernel T, to have a non-zero kernel, we must
have gf = f_ for some fi € HF\{0}, so g is always of the form f_/f. If
f- =10, where I is inner and Oy is outer in Hf, then

ker Ty /r, = kerTﬁ/f+ D kerTOj/h,

so, when looking for a minimal kernel containing f, it is enough to consider
symbols of the form g = O, /f, where O is outer in HI')‘ or, equivalently, of
the form

g=0_T1,(0,)7", with O outer in H;t. (4.8)

We say that O_ is outer in H if O_ is outer in H;r. We start by studying
some kernels of Toeplitz operators with symbols of the form (4.8).

Proposition 4.3. Let g = O_1,(0O4)7! as in (4.8). Then
kerTg = kerTO T, (04)1 = O+/i
ker Tr-o ;5= N Hf =0,/0_ Knin(I+O_)NH,}.
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Proof. For ¢ € Hg—L,

O_ O_ —0O_

=¢- % — Py =0- & =o-l— —

9o+ = ¢ A b+ =¢ I.0: b+ =¢ + 5 N
N—— ~——

€GLo ENeviNnL,=H}

o 0,
O

Proposition 4.4. Let f, € H\{0} and let f = 1,04 be an inner-outer
factorization. Then f, € ker To_17(0.)-1 if O— is an outer function in H,
and, for any h such that f, € ker T}, we have

ker T}, D ker T07H(0+)_1 N D(T}L).

Proof. Suppose that fi € ker Ty, i.e., hfy € H, . For any ¢ € kerTp_,¢, N
D(T},), by Proposition 4.3 we have ¢, = O, /O_ky with ky € Kuyin(I30_) =
ker T /o and
—O_ 1 —_— _
h(b+ = (hI_‘_O_,_)(I_i_:k_,_)f € NeV+ n Lp =H
~~~ S~—— O_ O- P

€Ly ey S—~~—
cHy

O

If ker Ty 17(0,)-1 C D(I}) for all h such that I, Oy = fi € D(Ty),
then

ker T 1704y~ = Kain(f4)-
As we show next, this holds if I, is a finite Blaschke product and O_ is a
square rigid function in H,, .
We say that an outer function ¢, € Hf is square rigid if and only if 4%
is rigid in H:/2 (see, e.g., [6]). (A rigid function f, € H\{0} is one such that
every function g4 € H;r with g1 /f4+ > 0 a.e. on R satisfies g = Afy for some

A € R*.) It can be shown that span {1, } is a Toeplitz kernel in H, if and
only if ¢ is square rigid and, in that case,

Kmin(¥4) = ker Tﬂ/lﬂr = span {¢4 }
([6,20]). If . € H,, we say that 1_ is square rigid if and only if ¢_ is square
rigid in H;{.

Proposition 4.5. Let g = O_B(O,)~! where B is a finite Blaschke product,
O; € H; is outer and O— is a square rigid function in H, . Then, if B is a
constant,

ker Ty = ker Tp_(0,)-1 = span {0 } (4.9)
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and, if B is not constant,

kerT, = ker T07§(0+)71

=span{O4} @ g_721R+O+spam {ri,j=0,---  k—1} (4.10)

§+i
where z, is any one of the zeros of B, k is the number of zeros of B and R

is rational, invertible in HY, such that B = R_r*R, with R_ = Rfrl.

e}

Proof. If B is a constant we may assume it to be 1. We have
kerTo_jo, = O1/O_ker Ty, 5~ NH =01 /O_span{O_} = span {O4 }.
On the other hand, it is easy to see that if B is a finite Blaschke product of
degree k > 1, then we can write B = R_7* R, with R4 rational and invertible
in HE, such that R_ = R}' ( [10,18]). We have then Kp = RZ'K,.x =
%span{rj,j =0,---,k—1}.

Now, from Proposition 4.3, we have that kerTy go, )
gztker Tpo jo- N H where kerTpo 5= = ker Ty 5= @ O_(¢ — 21)Kp
by Theorem 6.7 in [6]. Therefore

[0) _
1{61“T07/f4r = O:+ (kerToi/i@Of(f — Zl)RJrKrlc) ﬂH;
O+ FORE e a s »
=5 (span{O_}@O_(W)R.,.span{rjd =0, ,k— 1}) ﬂH;"

E—=z

£+i1)O+R+Span{7"j,j =0, ,k—1}.

=span{O+} @ (

O

Corollary 4.6. If g = O_I,(O1)~", where Oy € H, is outer, O_ € H, is
square rigid and I is a non-constant inner function, then ker T, = {0}.

Proof. Tt is easy to see that, as in the case of bounded symbols [5],
kerT7, 4 G ker T,.
Since ker Tp_(0,)-1 = span{O }, we must have ker T, o_(0,)-1 = {0}. O

From Proposition 4.5 and (4.1) we see that, if O_ is square rigid in H,
then kerTp_p(p,)-1 does not depend on O_. We have thus the following:

Corollary 4.7. If g = O_B(O4)~') where B is a finite Blaschke product, O, €
H;r is outer and O is a square rigid function in H, , then kerT, does not
depend on O_ and

kerT07B(0+)71) = O+(£ + i)KrB
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Proof. 1f ¢, € kerTp_ /¢, then g—: € HY and
hand O_ 2= = ¢ e 1

(E—H)O € H+ On the other

1 Boy ¢ -
g—iEZKENeV+mLp:Hp.
Therefore
G 0+ I =o¢4

= B
O+(§+Z) §—i Oy

on (£+ y € ker Iz = K,p, and we conclude that

GH_

which means that
ker TO_E(O_;_)*I) C OJr(E + Z)
Conversely, if ¢, € Oy (& +i)K,p then ¢, € HY, ¢, /O, € HY and

— ¢4 _
B———=¢_c H_ .
Porern
Thus
O_ BO_ O_
i = = - gﬂ'*7
LT o T e
—_— Y
eLp 6Nev+
SO ¢+ c ker T07§(0+)71). D

Theorem 4.8. If f1 = BO, where B is a finite Blaschke product, then
IIlln(f+) - kerTO B(O4)~1Y) — O+(£ =+ Z)

where O_ is any square rigid outer function in H, .

Proof. Obviously, fi € kerTp_,s, . Suppose now that fi € kerT}; we want
to show that kerT), D kerTp_y, .

Since fi = BOy, by near invariance ([6]) we also have O, € ker Tj,. On
the other hand

hBO, = f_ < hR_ "R, O, = f_ &

£ E—21 51 _pys
Vicqo, k=11, I <£+ 04 ) = £ RZ'p R

€H;f €H;,

By Proposition 4.5, we conclude that ker Tp_ /¢, C ker Ty, so K (f1) =

min

kerTo_,¢,, and the remaining equalities follow from O_/f ¢, = ¢_ with
o+ € H;L.
Then
1 1/(§ —i)o—
4 = 4.11
€0’ = o (4.1)
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where the left hand side belongs to L, because, by Proposition 4.5,

1 B 1 ~. by
€= 05"t " €—aBo, ) T P

with é: € HY, while the right-hand side of (4.11) is in Nev,. Therefore
m € L,NNevy = H, and we conclude that kerTp_ /¢, C ker T(gi)er .
The converse can be shown analogously.

Finally, the second equality in this theorem follows from
Corollary 4.7. O

Corollary 4.9. A function fy € H;‘ has an inner factor that is a finite Blaschke
product of degree k if and only if dim (K, (f+)) =k + 1.

Proof. By the previous theorem, if fi = I, O4 where I is a finite Blaschke
product of degree k, then K*, (f;+) has dimension k + 1. Conversely, if
dim (K%,,(f+)) = k + 1, by the property of n-near invariance of kernels for
n € H ([6]), the inner factor of fy must be a finite Blaschke product of
degree k. O

As was mentioned before, f, € HZ‘,“ is square rigid if and only if K (f+) =
span { f1 }. The next result (proved similarly to Corollary 4.9) provides an anal-
ogous description for outer functions in terms of minimal kernels.

Corollary 4.10. A function f, € H, is outer if and only if K} (fy) =
span {£, }.

5. (g, s)-Factorization

Wiener—Hopf p-factorization, presented in Sect. 2, is of the type considered
above. However, even for simple piecewise continuous symbols, it may not exist.
In that case the range of the Toeplitz operator is not closed, so the operator
is not Fredholm (nor invertible), but the question of describing its kernel and
the kernel of its adjoint still stands. In this section we define a more general
type of factorization which will allow us to describe the kernels of Toeplitz
operators whose symbols may not admit a p-factorization, in particular those
with piecewise continuous symbols.

Definition 5.1. A representation of the form

g=g_r*g,, withk € Z, (5.1)
_ 1 _

g- €H;, g €H,, (5.2)

g+ € HT, gt € Hj, (5.3)

where j,s €]1,+00[, 1/j 4+ 1/s < 1, is called a (j, s)-factorization of g with
index k.
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If k& = 0, the factorization is said to be canonical. If j = p, s = p’ then
(5.1) is a p-factorization of g.

It is easy to see that if g admits a p-factorization, then it is unique up to
non-zero multiplicative constants in g1 [10,18]. However, this is not true for
general (j,s) factorizations. Assume that g has two (j, s) - factorizations

g9=9-m"9+,  g=3g-r"g, (5.4)
where k >k and s # j/. Then

9197 =g 9=t (5.5)
If k > k, the left-hand side of (5.5) belongs to Bl+, with % = % + % <1, and
vanishes at 4; the right-hand side belongs to B, , so both sides must be equal
to a polynomial A(§ —i), A € C. So, if k — k > 2, we must have A = 0, which
is impossible.
If k <k, then from (5.5) we get that
9;194—7‘}}7]“ = g:lg_ = Ag + Ba Aa B S (C, (56)
and if k — k > 2 we must have A = B = 0, which is impossible. So we must
have 0 < k — k < 1, and we have the following:
Proposition 5.2. If g admits two (j, s)-factorizations as in (5.4), then
(i) ifgs € 'H;',, g~ 'e H;:, we have k = k andg+§;1 =g g-'=Cec\{o};
(ii) if gy € HE or g~ € Hy with s # j' then 0 <k —k <1 and
if k=Fk, theng gi' =g-g-* = C; (5.7)

i k—F=1, then gy — %% i = C(E—i)g_, with C € C\{0}.
(5.8)

Proof. Only the second part of (ii) is left to prove. Assume that g, € HJ,
g- € H;; then
grgi i =g2g
If k = k, we have g1 g3 = g='§- = A + B, with A, B € C, by (2.2) and,
analogously,
959+ = 9-§=" = A¢ + B,

with A, B € C. So we must have A= A =0, B = % £ 0.

If k—k =1, then g1 g3 'r = g~'§— = A(£ — i), and it follows that (5.8)
holds. O

Corollary 5.3. If g = g_g+ and g = §—g are two canonical (j, s)-factorizations,
then the factors are unique up to a mon-zero multiplicative constant.
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Note that the estimate k — k < 1 in Proposition 5.2 (ii), is optimal.
\1/2
For example, (%) admits two (7, s) - factorizations, for j,s > 2, with
- o0
k—k=1:

(f—i)l/z i 1 L i e
- = —1 - = - - ?
E+i) VE+T VE—i&+1

In the case where g admits two factorizations, with respect to different
pairs of function spaces, we have the following:
Proposition 5.4. Let g = g_r%g, be a (p, ) factomzatzon and g = g— ’5g be
a (j,5) - factorization. If j = ¢, then k < k; if s = p/, then k > k.

Proof. Suppose that j = ¢’. From g;lgy‘k_k = g~'g_, we see that if k > k
then both sides of the previous equality must be zero, which is impossible,
because the left-hand side belongs to B{" and vanishes at i, while the right-
hand side belongs to By . So we have k < k. The second part is proved

analogously. -
1/2
For example, we have a (p,2) - factorization, with p > 2, (% =
oo
\1/2
\/fﬁ, with index 0, and a (2, s) - factorization, with s > 2, (%)m =

\/7&1\/54—2 with index 1 > 0.

Corollary 5.5. If g admits a (j, s)-factorization g = g-rFg., and a (s',5") -
factorization g = §_r*g,, then k = k and we have g_§~' = gjrngr =C ¢

C\{0}.

Proof. From Proposition 5.4, it follows that k& = k and thus J-G+ = G—G+-
Since g_g-! = g;1§+ where the left-hand side is in B; and the right-hand
side is in Bf, both sides are equal to a non-zero constant. O

We will also need the following.

Proposition 5. 6 If g admits a canonical (j,p')-factorization g = G_ g+ where
g- ¢ H, or gJr ¢ H , and g also admits a p-factorization g = g_r*g,, then
k=1 and we have g = Br_g_ € H,, g;'=Br gt e Hj‘, B € C\{0}.

Proof. From g = §_j,. = g_r*g, and Proposition 5.4, it follows that k& > 0.
If k=0, we get g_g~* = §+g;1 where g_g~' € By and §+g;1 € Bf. From
(2.2), we get g_g~ ' = Grg97' = C # 0 implying that §_ € H, and f];l € Hf,
which is impossible. So we must have k > 0. Suppose that k > 1; then we
have

Py
+ i)k

Ry gt =gt gy = G (5.9)
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where Py is a polynomial of degree smaller or equal to k. From (5.9) we see
that Pj, cannot have zeros in C* nor in C~, and from

__ E4a0)F
g+1:( Pk) g+17 k>1

we see that P, cannot have zeros in R either; thus P, = C' € C\{0}. In that
case, we would have

gyt _ 1
+ k-1
= , k—=1>0
g+ c+i C (€+14)
where the left-hand side belongs to HT, % = i + % < 1, which is impossible
for the right-hand side if £ — 1 > 0.
Therefore we can only have k = 1 and in that case

-~ 1 _ . 1 _A{+B
9-r9+ = G-y S 19§ =040y =

Thus A¢ + B cannot have zeros in C*; on the other hand we have g;l gy =

A%JfB where the left-hand side belongs to B, s > 1, so A¢ + B cannot have
B

zeros on R either. Therefore §+g;1 = % and g~ 'g_ = = 0

Corollary 5.7. If g admits a canonical (j,p’)-factorization g = §_g, where
J- ¢ H, or §;1 ¢ H;‘, then g does not admit a canonical p-factorization.

\1/2
Example 5.8. Let g = (%) , which has a canonical (p,2)-factorization
(p>2)

€—i 1/2 -
<5+¢>m BRAN ==

(with appropriate branches). Since g is 2-singular, it does not admit a Wiener—
Hopf 2-factorization; by Corollary 5.7, it also does not admit a canonical 2-
factorization. Moreover, if g admitted a (non-canonical) 2-factorization, by
Proposition 5.6 its index would be 1; so we would have

g-rg+ =\ E§— 1

This implies that

g ey, gt €My

1
VE+T

rgsVE+i=g  \E—i= AecC,

A
£+
because g1vE&+1 € H; for any p > 2, and g-'E—i € H, . Therefore
Ag- = (§+i)vE—i, and we have Ag_ € H; < A = 0. We conclude that

\1/2
(%) does not admit any 2-factorization.
(o]
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6. Properties of (j, s)-Factors

We start by considering the case where j =p, s = p'.

Theorem 6.1. Let 1 < p < oo. If g+ is such that
g+ €My i €My, (6.1)
then log g4 € H2i.

Proof. Let g, satisfy (6.1). Then its analytic extension to the upper half plane
C* is such that gf(z) # 0, for all z € C*. Thus we can define an analytic
branch of log g4 in C* ([1]). On the other hand for

gy =1 gy (6.2)
we have
Ti/p §+ =Tr4+g+ € H;;, ’r‘i/pgll = ’I"+g;1 S H;_
Therefore, defining G (w) = §. (z}f—ﬁ), w € D, we have G, € H? (D),
CNJII € HP(D) ([9,16)). Let log G4 be analytic in D; we have log G4 € H(DD)
if
sup / IRe log G4 (re’)[? df < . (6.3)

o<r<1J -7

Defining, for each r €]0, 1],

L ={0¢e[-mn]:|Gyi(re?)| > 1}
Iy ={0e[—mn]:0<|Gy(re?)| <1},

we have that

/ Re log G, (rei®)|2 df

—T

:/ log? |G (re’)| df

1 21 0 . ) , 1 2 é—l 0 — .
:/ log” |G+ (e &5 ity g 4 [ BN D oy g
Lo |Gy(re?)fp Lo |G (re?)P

<My [ |Gr(re®)Pdo+ M, [ |G (re)|P o
11 12
ng/ |é+(rei9)|pd9+M2/ |G (re™)|P o,
log? «
P

where M, and M, are positive constants and we used the fact that is a

bounded function in |1, +oo], for p > 1.
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Since G4 € H” (D), C?'_T_l € H?(D), it follows that (6.3) holds, and we
conclude that log éJr € H?(D). Thus log g, € Hj and, since log rrz/p’ € Ho
(with appropriate branches), we have from (6.2) that log g, € Hj.

The result regarding ¢g_ is proved analogously. O

Corollary 6.2. If g = g_g+ where g+ satisfy (6.1) for some p > 1, thenlogg €
Lo.

Let now II* be the bounded complementary projections in Lo defined
by

I+ : Ly — HE, Hi<p:r;1Pi(r+<p).
Note that II7 ¢ can be expressed equivalently as

_ 1 L [ o)
O o=r_'Pr_p—= dt Lo.
p=r_"Pr_gp 7T/R1+t2 , p €L

A simple consequence of the previous results is the following.

Corollary 6.3. If g admits a canonical p-factorization g = g_g4 on R, then
the factors g+ are given (up to a multiplicative constant) by

g+ = exp(IT* log g)

Proof. If g admits a canonical p-factorization g = ¢g_g4, then by Theorem
6.1 we have log gt € Hzi and logg_ +logg, = T logg + I~ log g, which is
equivalent to

logg_. — I logg =" logg —log g,

EHy €HT

so both sides are equal to a constant C # 0, and it follows that g+ =
C exp(IT* log g). O

Obviously, if g admits a p-factorization with index k, then g = g_rFg,
with g4 = exp(IT1* log go), go = gr~*.

Corollary 6.3 generalizes a similar result obtained in [26] for piecewise
continuous functions. It might also be obtained by relating a p-factorization

- 14w
Zl—w

weighted L, space of the unit circle LP(T, |1 — w|'=2/P) ( [4,10]), and gen-
eralizing to these weighted L, spaces the existing formulas for the factors in
the case of LP(T"), where I" is a closed rectifiable contour [10,17]). This has
not been done in the published literature, at least explicitly, to the authors’
knowledge, and we take here a different approach, by studying the behavior of
the functions satisfying condition (6.1) on R.

It may happen that a given function a is known to have a factorization
with respect to certain Hardy spaces and, on the other hand, a can be written

with respect to R with a generalized factorization of g ,w e Ty, in a
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as the product of two other functions b, ¢, each having a particular factoriza-
tion. The question then arises of how the factorization of a is related to the
factorizations of the factors b and c¢. We have the following:

Theorem 6.4. Let a admit a canonical (p, q)-factorization a = a_ay, and let
a = be, where b admits an (m,l)-factorization b = b_by and ¢ = c_c4 is a

(4, s)-factorization, with } + 1 = ; and - + % = %. Then a = (b_c_)(bscy)
is a canonical (p, q)-factorization of a.

Proof. We start by remarking that if % + % < 1, then ﬁ + % < 1. We have

= (b_c_)(bycy), which is a canonical (¢, p’)-factorization by Proposition
5.4, and on the other hand a = a_a is a (p, q) - factorization. From Corollary
5.5 it follows that a4+ = bycy, up to a constant factor. O

We have moreover the following.

Proposition 6.5. If g € Hg for every n € N, p > 1, with g () # 0 for all
z € C*, then gs € 'H;‘E, forallp>1, a € R.

Proof. Let n = [a] be the integer part of a; we have
gr gﬁ“ S H; for every p > 1. (6.4)
Defining, for each y < 0,
Ri={zeR:0< |g_(x+1iy)| <1}
Ry ={z eR:|g_(x+iy)| > 1},
we have, for all y < 0,

p
*(z+iy) [ "z +iy) [ e+
/g('y') dxﬁ/ 79(.@ dx—i—/ g W (. _y) dx
R|TH+1y—1 R, | T+ —1 Ry | T+W—1
P
"z +iy) | " (w4
< [|gerr,, [lEte )l
R| T+ —1 R| TH+1wy—1

and from (6.4) we conclude that r_g* € H, . The result for g¢ can be proved
analogously. O

Corollary 6.6. With the same assumptions as in Corollary 6.5 and o € R, we
have that

1
rigs € H;,t for every a > —. (6.5)
p

The assumptions of Theorem 6.4 and Corollaries 6.5 and 6.6 are satisfied,
in particular, if g € QCM(R) and these results provide a partial description of
the behavior of the factors g+ in a neighborhood of any point in R and at cc.
In particular in a neighborhood of oo they show that although gi gf may
be unbounded, they “grow less than” any positive power of £. Corollary 6.6
also means that the domain of the Toeplitz operator T, (in H,) contains all

functions of the form with a > , and analogously for T},

(£+z)
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7. Kernels of Toeplitz Operators in sz_ and
(g, p’)-Factorization

In what follows we assume that g, not necessarily bounded, admits a (g, p’)-
factorization (1 < p < ¢ < 0)
g=g_rg, with k € Z, (7.1)
g- €My, 9~ €H,y g €M, gLt € HY

Note that 1 < p < ¢ < oo implies that % + i <1

Theorem 7.1. Let g admit a representation (7.1)—(7.2).
(i) Ifg-€H,, g+ € H+ then dimker T, = 0 if k > 0, dimker T, = |k| if
k <0 and, in this case, ker T, = g7 Krm.
() Ifg- ¢ H, or g ' ¢ H}, then dimker T, = 0 if k > —1, dimker T, =
|k| — 1 if k < —2 and, in this case, ker T, = %Kr\k\—l.
Before proving Theorem 7.1, note that, by Proposition 5.6, if the assump-

tions of (ii) are satisfied and g also admits a p-factorization, then the latter
has index k + 1.

Proof. We have that ¢ € ker T, if and only ¢4 € D(T}) and PTgp; =0, ie.
¢ € Hf and go = ¢_ € H, . Now, for oy € HF,

gpr=w-erigpL =gl . (7.3)
=
eHf EHT
If £ > 0, both sides of the last equality must be equal to 0. For k& = —1,
both sides must be equal to a function of the form %, with A € C, and it
follows that p_ = ﬁg_ € H,, o §+1g+ € HJr Therefore, in the

case (i), we have ker T, = g;lspan {@} and, in case (ii), we have A = 0 and

ker T, = {0}. For k < —2, both sides of the second equality in (7.3) must be

of the form %, where Pj;|_; is a polynomial of degree smaller or equal to

|k| — 1. It follows that

—1
9- Pl _ 9;' P .
- Tt € Hp =t P et (74
P T e —i(e— )kt L e T B (7.4)
If the degree of Pl is equal to |k|—1, then % is analytic and bounded

_i)lkl _
in a neighborhood of oo; since ¢ € H,™ and, from (7.4), % _ = % €

[ \
H,, with ¢ > p, we must have (?7190 € H,, and therefore % € H,.

We conclude analogously that g* € H,. Thus, in the case (i) the degree of
Pji|—1 must be smaller or equal to |k| — 2.



Vol. 76 (2021) Kernels of Unbounded Toeplitz Operators Page 23 of 31 10

Conversely, in the case (i) we see that every ¢ of the form given in (7.4)
belongs to kerT,; and kerT, = g;lK ix/; in the case (ii) we see that every

gt
or=g7" (E‘Jf‘)w belongs to ker Ty, and ker T, = —KTW_L O

It follows from Theorem 7.1 that Toeplitz operators in HI;" with un-
bounded symbols possessing a (q,p’) - factorization, have the same kernel
as a Toeplitz operator with bounded symbol; we have ker T, = ker T, with
91 =95 g+

If g € L*°, then T}, is bounded in Hp+ and T; = Tj is bounded in H;. In
that case the factorization (7.1)-(7.2) also allows us to describe ker 7.

Theorem 7.2. Let g € L* be such that (7.1)—(7.2) hold.

(i) Ifg-eH,, gjrl € H}, we have that dimker Ty =0 if k < 0; dimker Ty =
k if k>0 and, in this case, ker Ty = g K k.

(i) If g- ¢ M, or g;" ¢ M, we have that dimkerT; = 0 if k < 0;
dimker Ty =k if k > 0 and either g ' ¢ H, orgs ¢ H;{, ; dimker T =
k+1ifk>0,9-" €M, and g, € H},

(i) The result follows from Theorem 7.1, since the existence of a p-
factorization for ¢ is equivalent to the existence of a p’-factorization for g,

with symmetric indices.
[(11)] If ¢y € H; and gy = 1_, then we have

rRg oy =gy (7.5)
If £ < 0, both sides of (7.5) must be equal to 0 because the left-hand side
belongs to H} and vanishes at i, while the right-hand side is in H; (1 =
1,1
» + 7 < 1)
If & > 0, then both sides of (7.5) are equal to (51_37’;),“ where P de-
notes a polynomial of degree smaller or equal to k. Therefore we have ¢, =

(§+z)kg—17 Yo = )k9+, and (ii) follows from here analogously as in the

proof of Theorem 7. 1 0
N1/2

Taking a simple example: let us denote (%) = é +;- Then we have

a canonical (g, 2) - factorization, with ¢ > 2,

\/g+z Ve §+ (7.6)

(with approprlate branches) Where g- =VE—i ¢ H,, =i+id H
g~ ! = 5 - ¢ H,,and gy = —§+ ¢ H . Therefore, by Theorems 7.1 and

7.2, we have for the Toeplitz operator T' \/— in Hy

kerT — =kerT* ={0}. 7.7
e = ke T = {0) (7)
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Note that not only is (7.6) not a 2-factorization, but moreover V& = ¢ does not

admit any 2-factorization, whether or not of Wiener—Hopf type. Note also that
(7.7) could also have been obtained from Theorem 7.1 using the non-canonical

. . §+z 1
(¢, 2)-factorization £+z =VE—1i ¢ Ten

Another example: consider the unbounded symbol g(§) = ‘ gﬂ ) . The

N

function g admits a (3,2)-factorization of the form

e - = () v

By Theorem 7.1, we have that dimker 7, = 1 in H;' and ker T, =
1
{e}

8. Products by Non-integer Powers of r and Piecewise
Continuous Symbols

Eriashan

We start by studying the relations between the kernels of two Toeplitz op-
erators whose symbols differ by a factor which is a non-integer power of r,
motivated by the study of Toeplitz operators with piecewise continuous sym-
bols. For integer exponents, these relations were studied in [2,5], in particular
as regards their dimensions.
Theorem 8.1. Let f € 0, and let

g=frey withceR, 0<a<l
where r& is defined in (2.9). Then D(T,) = D(Ty) and

ker T, = £t

&E—c

Proof. Let ¢ € H,. We have that ¢, € kerT, < g¢, = ¢_ € H, and

) ker Ty N D(T,).

_ o g C “ o g—C “
9o+ = ¢— & frid. = o @f(§+ > ¢+(§_i> P

eHy €H,

= (g;f) ¢ €kerTy = ¢4 € (gji) ker Ty N D(T,).

Conversely, let ¢, € (gfz) kerTf N D(T,). Then ¢4 = (gfi) k4 where

ky € ker Ty, with fky =k_ € H
) € L,NNevy = H, .

_a_ﬁ—i“_ﬁ—i“_ {—c
@t—frccm—f(fic) k+—(£70) k,_k,/(fﬂ

€L,

€Nev
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It follows that ¢ € kerTj,. O

Corollary 8.2. If g = fH] 1 TCJ , where c1,ca, ..., ¢y are distinct points of R
and 0 < B; <1 forallj=1,2,...,m, then

m .\ By
er = er N .
ker T, SN ke Ty 0 D(T,

NS

Recall from Sect. 2 that piecewise continuous functions can be repre-
sented as products of a continuous function in R, by non-integer powers of
r and that, unlike continuous functions, a non-vanishing piecewise continuous
function may not admit a Wiener—Hopf p-factorization, i.e., may be p-singular.
In that case the range of the corresponding Toeplitz operator is not closed, so
the operator is not Fredholm; we may ask however whether another type of
representation of the symbol would allows us to describe the kernel of Toeplitz
operator and its adjoint.

Indeed we show in the following theorem that for every symbol that
can be represented in the form (2.13) where h admits a bounded factoriza-
tion, which includes in particular all non-vanishing piecewise Holder continu-
ous symbols, we can describe the corresponding Toeplitz kernels based on a
(¢, p’)-factorization (assuming the Toeplitz operator defined on H;‘ ). Here we

use the notation H?=1 z; =1

Theorem 8.3. Let h = h_r*h, with ho € GHL, k € Z, and

m
. 1
g=hrs= (e Hr ”
j=1

where m, s are mnon-negative integer numbers, ci(G=1,...,m) and d; (j =
1,...,8) are distinct real numbers,
1 1 1 1 .
—— <0<, ——<a;<- foralj=1,...,m
p p p
Then
(1) of —% < Qs < 1%, we have  dimkerT, = max{0,—k— s}

= max {0, dimker T}, — s} and, if k < —s,

1/p m
kerTy = hZ 1H<§+2) H(;jl> (& +1)*>= Ky
j=1 K

with Ko = {4+ € K.n 1 94+(dj) =0,5=1,2,...,s}.
(i) f @ = ﬁ, we have  dimkerT, = max{0,—k—s—1}
=max {0,dimkerT), — s — 1} and, if k < —s — 1,

ker T, = h_1 H < Sl ) H (ggj_cz)% (f-ﬁ-i)l/plff%
e J
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with Ko = {¢4 € K,u—1 114 (d;) =0, j =1,2,...,s}.
We prove this theorem in several steps, using the following Lemmas.

Lemma 8.4. With the same assumptions as in Corollary 8.2, the function

m
— Ao e 7]
f=hryg | I re)
j=1

admits a (g, p')-factorization with q > p, of the form f = f_r*f. with

eI fmn () T(52)
| 1

Jj=1

The function admits a p-factorization if and only if cee # i.
Proof. We have

f=frrf
with

_ e TT (£ R YA
fo=h_(5—1) 111(5) af+—h+<g+i)amjr_[1(f+z‘]>'

Jj=

It is clear that f, € H;'/, f~te H,; on the other hand f- € H,, f_:l € H;
iff%<am<i.1fozoo:%vvehave

f_ B h m f i B
E—i (5—2’)1“’].1_1(5—%)

with —% < §; < 4 for all j.

Let p< g < min{%,j =1,---,m}NR*; then ; € H, . Analogously,
J
fiten].
It is left to prove that if a,, = 1% then f does not have a p-factorization

(note that the non-existence of a WH p-factorization is a well known result).
By Proposition 5.6 it is enough to show that we cannot have f_ f, = G_rG,
where the right-hand side is a p-factorization. Indeed we would have

G71 . 1 1 1 i f—Cj ﬁj
ST = A= e H, with [T =h _i)l/p,H< )

= G H e
G+ . T é’ +1 Bj
= HY with =
I+ £+ S w1 fr £+Zl/plj1:[1< —cj)
which is impossible because hil e HE, htt e HZ. O

Note that, in the previous result, f;l (;_'H ) ¢ Hf for any d; € R.
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Lemma 8.5. Let d;, j = 1,2,...,s, be distinct points in R and let
g=1f (H;Zl rcll:p> , where we assume that f admits a (q,p’)-factorization with
q > p, of the form
f=fortpy (8.1)
S\ 1/p
such that, for all j =1,2,...,s, we have f_,fl (;jjj) ¢ Hi. Then
(i) kerTy, =0 if s > dimker T,
s AN .
(i) ker Ty, = Hj:l (ggjdj) f+1K0 with Ko = {¢4 € Kun @ ¢4(d;) =
0,j=1,2,...,s} if s < dimker Ty and (8.1) is a p-factorization,
s N1/p -1 — ) —
(ifi) kerT, = [T\, (;j;j) Lo Ko with Ko = {4y € Kuus = 4 (d)) =
0,j=1,2,...,8} if s <dimker Ty and either f_ ¢ H, or fité¢ HE
(iv) dimker Ty = max{0, dimker Ty — s}.

Proof. From Corollary 8.2,
s g +i 1/p
kerTgH<§_dj kerTfﬂH;.
If (8.1) is a p-factorization then, from Theorem 7.1 and Corollary 8.2
ker T, = {0}, if k >0,

s 5_’_2 1/p )
kerTg—H(g_d) fr K,,.mﬂH;, if £ <0.
7

Jj=1

Jj=1

\N1/p
So, for k < 0, since f;l € H;‘ and ( i ) f;l ¢ H}, we see that

£—d;
s .\ 1/p
+1 —
kerTg:H<§_dl) f+1KO
j=1 J
where Ko = {¢y € K. : ¥4(d;) = 0,7 = 1,2,...,s} is equal to {0} if
s > |k| = —k and dim Ky = |k| — s if s < |k|. Thus we have ker T, = {0}

if s > —k, dimkerT, = |k| — s if s < —k, where —k = |k| = dimkerT}; by
Theorem 7.1 if k£ < 0.

If (8.1) is not a p-factorization, ie., f- & H, or fi' ¢ M, then we
conclude analogously from Theorem 7.1 and Corollary 8.2 that

kerT, = {0}, if k > —1,

i \ VP T(E£E)" L g
wr, =1 (§27) fmennm =I(7)

where Ko = {¢y € K- : ¢y (d;) =0, 5 =1,2,...,s}, if k < —1.
Thus ker Ty = {0} if s > —k—1 and dimker T, = |k|-1—sif s < —k—1,
where —k — 1 = |k| — 1 = dimker T by Theorem 7.1 if & < —1. O

j=1 j=1
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Proof. (of Theorem 8.3) Let f = hroe (H;nzl r?j). By Lemma 8.4, f has
a (g,p’)-factorization with ¢ > p, which is a p-factorization if and only if

Qoo F# i. Thus, by Lemma 8.5, (i) and (ii) hold. O

The result of Theorem 8.3 has a simple geometric interpretation in the
case of piecewise continuous symbols. Given any piecewise continuous function
in Ry of the form (2.10), with discontinuity at the points ¢;, j = 1,2,...,n,
and (possibly) at oo, the image of the continuous factor h in the complex plane
is a closed contour which does not pass by the origin, with winding number k,
while the image of the function g, associated to g, given by (2.14), is a closed
curve that includes the image of g as well as arcs connecting g(£7) and g(£™)
whenever these are different. If a point of discontinuity £ = ¢; € R is such
that the corresponding exponent «; in (2.10) is 1/p or, for the point & = oo, if
the corresponding exponent a is 1/p’, then the curve connecting g(£~) and
g(€T) passes by the origin.

Thus we can interpret the result of Theorem 8.3 as saying that dim ker T},
is obtained from the dimension of ker T}, (which is zero if k& > 0, and equal
to |k| if & < 0) in the following way: if £ > 0, dimker T, = 0; if £ < 0, then
dimker T}, is obtained by subtracting from |k| the number of arcs passing by
the origin in the image of g,, if the number of these arcs is smaller than |k|;
otherwise dimker T, = 0.

We present below some examples illustrating this geometric interpreta-
tion.

1. Consider the function g, given by

B (E+1)° £—i
9O= e e\ et

which is a piecewise continuous function with a discontinuity at ¢ = co.
We plot the image of g2 (see (2.15)) in the complex plane, which includes
{9(¢) : £ € R} as well as the segment connecting g(co™) and g(co™),
which passes by the origin. By Theorem 8.3, dimker T, = 2 in H;' , since
dimker T, = 3 where h(§) = %, and we have kerT, =
(€ +i)/?K, 2.

2. Let now G be given by

o= \/g ((5 fﬁ&?i 3@)) (2 . )/ |

G is a piecewise continuous function with a discontinuity at ¢ = 0 and
¢ = o0; the image of Go, obtained according to (2.15), is shown in the
figure below. We have that dimker Tg = 0 in H, since dimker T}, = 2,

where h = % (Figs. 1, 2).
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FiGURE 1. Plot of g,

FIGURE 2. Plot of Gy
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