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Abstract. The purpose of this paper is mainly to prove that if f is a
transcendental entire function of hyper-order strictly less than 1 and
f)" +arf'(z) 4 -+ arf¥ (2) is a periodic function, then f(z) is also
a periodic function, where n, k are positive integers, and ai,--- ,ar are
constants. Meanwhile, we offer a partial answer to Yang’s Conjecture,
theses results extend some previous related theorems.
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1. Introduction and Main Results

Herein let f denote a non-constant meromorphic function and we assume that
the reader is familiar with the fundamental results of Nevanlinna theory and
its standard notation such as m(r, f), N(r, f), T(r, f), etc (see e.g., [4] and
[11]). In the sequel, S(r, f) will be used to denote a quantity that satisfies
S(r, f) = O(T(r, f)) as r — 00, outside possibly an exceptional set of r values
of finite linear measure, and a meromorphic function a is said to be a small
function of f if T(r,a) = S(r, ). We use p(f) and p2(f) to denote the order
and hyper-order of f respectively.
The convergence exponent of zeros of f is defined as

log N (r, 1 log n(r, &
7(f) = limsup # = lim sup #

r—o0 logr r—0o log r

In addition, a complex number a is said to be a Borel exceptional value
of fif
log™ n (r, ﬁ)
li —_— < .
im sup ogr p(f)
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In this note, we mainly consider the periodicity of entire functions, namely,
if f(2)" +ayf'(z) + -+ arf®(2) is a periodic function, then f(z) is also a
periodic function.

The motivation of this paper arises from the study of the real transcen-
dental entire solutions of the differential equation

F(2) 1" (2) = p(z) sin’ z,

where p(z) is a non-zero polynomial. It seems to us that Titchmarsh [9] firstly
proved that the differential equation f(z)f”(z) = —sin? z has no real entire
solutions of finite order other than f(z) = +sinz. The follow-up works were
due to Li, Lii and Yang in [8], where they considered the similar problem when
f(2) is real and of finite order. They obtained f(z)f"(z) = —sin? z has entire
solutions f(z) = +sinz and no other solutions. Recently, Yang proposed the
following interesting conjecture, see e.g., [8] and [10].

Yang’s Conjecture. Let f be a transcendental entire function and k(> 1) be
an integer. If f(2)f®)(z) is a periodic function, then f(z) is also a periodic
function.

From then on, a number of papers have focused on Yang’s Conjecture,
see e.g., [6,7] and references therein.

Recently, regarding Yang’s Conjecture, Liu et al. [5] obtained the follow-
ing result.

Theorem A. Let f be a transcendental entire function and n, k be positive inte-
gers. If f(2)"f%)(2) is a periodic function and one of the following conditions
1s satisfied

(i) k=1,

(i) f(z) = e, where h is a non-constant polynomial;
(iii) f has a non-zero Picard exceptional value and f is of finite order,

then f(z) is also a periodic function.

A natural question would arise: what will happen if we drop the condition
“finite order ” in Theorem A. In this note, by considering a different proofs, we
obtain the following result, which offers a partial answer to Yang’s Conjecture,
and improves Theorem A and references therein.

Theorem 1.1. Let f be a transcendental entire function of hyper-order strictly
less than 1, and n, k be positive integers. Suppose that f(z) has a finite Borel
exceptional value b, and f(2)"f*)(2) is a periodic function, then f(z) is also
a periodic function.

Remark 1.1. If b is a Picard exceptional of f, then b is a Borel exceptional of

I

In addition, Liu et al. [5] also obtained the following result.
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Theorem B. Let f be a transcendental entire function and n > 2,k > 1 be
integers. If £(2)" + f*)(2) is a periodic function with period c and one of the
following conditions is satisfied
(i) k=1;
(ii) f(z+c)— f(2) has no zeros;
(#ii) the zeros multiplicity of f(z + ¢) — f(z) is great than or equal to k; then
f(2) is also a periodic function with period ¢ or 2c.

In this paper, we will prove the following result.

Theorem 1.2. Let [ be a transcendental entire function of hyper-order strictly
less than 1, andn (> 2), k (> 1) be integers. If f(2)" +ayf'(2)+---+anfF)(2)
is a periodic function, where ay,--- ,a are constants, then f(z) is also a pe-
riodic function.

Remark 1.2. (i) The condition “ n > 2 ” in Theorem 1.2 is necessary. For
example, let f(z) = ze *. Then

FE+ )+ (2)+ [ (2) =277

is a periodic function, however f(z) = ze™# is not a periodic function.
(ii) Carefully checking the proof of Theorem 1.2, we may find when n = 2 or
n > 4, the hypothesis “ pa(f) < 17 can be removed from Theorem 1.2.

2. Lemmas

In order to prove our results, we need the following lemmas.

Lemma 2.1 (see, e.g., [3]). Let [ be a non-constant meromorphic function with
p2(f) <1, ceC. Then

m(r, f(;(_:)C)) = S(T7 ),

outside of a possible exceptional set with finite logarithmic measure.
It is pointed out that if f is of finite order, we have

Lemma 2.1’ (see, e.g., [2]). Let f be a meromorphic function with p = p(f) <
+00, ¢(# 0) € C. Then for each € > 0, we have

) ot

By applying Lemma 2.1 and the Logarithmic Derivative Lemma, we have the
following result.
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Lemma 2.2. Let f be a non-constant meromorphic function with pa(f) < 1.
Then for ¢ € C and any positive integer k, we have

m(r, f(k?f((zz;— C)) = S(r, /),

outside of a possible exceptional set with finite logarithmic measure.

Lemma 2.3 ([11], Lemma 5.1). Let f denote a non-constant periodic function.
Then p(f) > 1.

Lemma 2.4 ([1] ). Let g be a function transcendental and meromorphic in the
plane of order less than 1, and h > 0. Then there exists an e-set E such that

Je+o _, g+o)
et g0

uniformly in ¢ for |c| < h. Further, E may be chosen so that for large z not in
E the function g has no zeros or poles in |( — z| < h.

—1 as z— o0 in C\E,

Remark 2.1. According to the works of Hayman (see, e.g., [4]), an € set F is
defined to be a countable union of open discs not containing the origin and
subtending angles at the origin whose sum is finite. Suppose that E is an ¢ set,
then the set of » > 1 for which the circle S(0,7) meets E has finite logarithmic
measure and for almost all real 6 the intersection of £ with the ray argz = 6
is bounded.

Lemma 2.5. ( [11], Theorem 1.62) Suppose that f;(j = 1,2,---,n) (n > 3) are
meromorphic functions which are not constants except for f,. Furthermore, let

j=1
If f, Z0 and
n 1 n o
S ON@, )+ (=1 N(r, ;) < A+ o())T(r, fr),
j=1 fi j=1
where r € I, I is a set whose linear measure is infinite, k € {1,2,--- ;n — 1}

and A < 1, then f, = 1.

3. Proof of Theorem 1.1

Note that b is a finite Borel exceptional value of f. Next, two cases will be
considered.
Case 1. If b = 0, by the Hadamard factorization theorem, we get

f(2) = Q(2)e"?,
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where @ is the canonical product of f formed with its zeros, and p is a non-
constant entire function satisfying p(p) < 1. Using the facts (see., e.g. [11],
Theorem 2.2 and Theorem 2.3 ), it is easy to deduce that

p(Q) = 7(Q) = 7(f) < p(f).

Thus, p(f) = p(eP). Besides, since f(z)"f*)(z) is a periodic function
with period ¢, then

FE P = fz+ 0" P (2 + o). (3.1)
Substituting f(z) = Q(2)eP*) into (3.1), it follows without difficulty that
[Q(2)e" PP H (2) = [Q(z + )e? FTIePCHI (2 4 ¢),  (3.2)
where H; is a differential polynomial of @ and p, namely,
Hi(2) = QW (2) + 41Q" D (2)p(2) + A:Q% 2 ()" (2))* + -+ + Q(2)p™ (2)

with constants A4; (i =1,2,--+)
Thereby, p(H1) < max{p(Q), p(p)} < p(f).
)

Now, we can rewrite (3.2) as

. Hi(z +¢) Q=+ )"
(n+1)[p(z)—p(z+c)] _ 211
e AE IR (83)

In addition, (3.3) shows that p(eP(*)=P(+€)) < too since p(H;) < 400,
p(Q) < 4o0. This implies p(z) —p(z + ¢) is a polynomial, say p(z) —p(z+c) =
qoz™ + -+ 4+ @m, where m is a natural number and qg, - - - , ¢, are constants.

If m > 1, then p(™*+1(2) — p(™+1) (2 + ¢) = 0, which implies p™+1) is a
periodic function. Therefore, Lemma 2.3 and p(p{™*+1) = p(p) < 1 show that
p(™*1)(2) is a constant, this leads to p is a polynomial, say p(z) = agz™*"! +
-+« + amy1. In this case, it is easy to see p(f) =m + 1, and p(p) = 0.

Set p(Q) = 0. Then p(H;) < o0, and o <m + 1.

Again, applying Lemma 2.1’ to (3.3), we obtain

L e (3 H ;EZ(;C) Qg(;i)”)
1

which implies r™ < O(r°~17¢). This is impossible since we can choose € > 0
small enough such that o — 1 +¢ <m.

Thus, p(z) = agz + a1, where ag, a; are constants. Furthermore, if we set
e(nthaoc — A then

L HG+0QGETo
Hi(z)  Qx)"
On the other hand, by Lemma 2.4, there exists a e—set F such that
Hi(z+¢) Y Q(z+c¢) Y
Hy(2) Q(2)

as z — oo in C\E.
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Trivially, A =1, and
Hi(>+¢) QG+
Hi(z) Q)"
It means that H; (2)Q(z)™ is a periodic function. Hence p(H1(2)Q(2)") >
1 if H1(2)Q(z)™ is not a constant. It follows by p(Hy(2)Q(2)™) < 1 that
Hi(2)Q(z)" is a constant. Therefore,  must be a constant. Thus, we con-
clude that f(z) must be a periodic function with period 2(1—7;1
Case 2. If b # 0, then by the Hadamard factorization theorem, we get

f(2) = Q(2)e"™ +b,

where ) is the canonical product of f — b formed with its zeros, and p is a
non-constant entire function satisfying p(p) < 1. Using the same methods as
the proof in Case 1, p(Q) = 7(Q) = 7(f — b) < p(f —b) = p(f) follows. Thus,
p(f) = p(e).

Since f(z)"f*)(z) is a periodic function with period ¢, then

F@" P () = fz+ )" fP (2 + o). (34)

Substituting f(z) = Q(2)eP*) + b into (3.4), we have

[Q(=)e”™) +0]"e" D Hy(2) = [Q(z + c)e?+) 4 0]"e?H I H (2 + ),
where H; is a differential polynomial of ) and p, namely,
Hi(2) = QM (2) + A1QU D (2)p'(2) + A2Q¥ 2 ()" ()] + - + Q(2)p™(2)

with constants A4;(i = 1,2,---). In this case, we conclude

p(Hy) < max{p(Q), p(p)} < p(f).

=1

Besides, we find
Q(z)ne(n-‘rl)p(z) + O}le(Z)n—lenp(z) N Cz—lbn—lQ(z)e%)(z) + bnep(z) —
H(Z)[Q(z+c)ne(n+1)p(z+c) _’_Crlle(z_’_c)n—lenp(z+c)
o O TIQ(2 A )P 4 prePE o],
where H(z) = 11C+9 and p(H) < p(f).

H1 (Z) ?
Dividing both sides of the above equation by b"eP(*) gives
H
#e(nJrl)p(erC)*p(Z)Q(z +o) 4+ H(Z)ep(erc)fp(Z)
_%ew(ﬂ — = Cgfl%z)ep(ﬂ = 1. (3.5)
Next, we will prove mp(z + ¢) — p(z) (m = 2,--- ,n 4+ 1) are not constants.

In fact, if p is a non-constant polynomial, it is obvious. Now, we assume that
p is a transcendental entire function. In this case, if mp(z 4+ ¢) — p(z) = ¢,
here ¢ is a constant, then mp'(z + ¢) = p/(z). Noting p(p) = p(p/) < 1, we
apply Lemma 2.4 to p’ and obtain m = 1, a contradiction. Thereby, mp(z +
¢) —p(z)(m =2,--- ,n+ 1) can not be constants. To complete the proof, we
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now employ Lemma 2.5 to (3.5) and have H(z)eP(*+¢)=P(2) = 1Tt means that
Hi(z + ¢)eP#He) = H\(2)eP®) | and
b+ QU] = b+ QL= + )"

follows. Thus f(z)"™ = f(z+c¢)" shows that f is a periodic function with period
c or ne.
This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2
By assumption, f(2)” 4+ a1 f'(z) + --- + arf*)(2) is a periodic function with

period ¢, then
fG+o"+af'z+o)+ - +afPz+0) = FR)"+af () + -+ afP(2),
and thus

[t o = @ =alf' () = £+ O+ + alfOE) - f9 e+ )

(4.1)
Next, we consider three cases.
Case 1. n = 2. In this case, we can rewrite (4.1) as
[f(z+ )+ Ff (24 ¢) = £(2)] (42)

=ai[f'(z) = f'z+ )]+ -+ axlfP(2) — FP (2 + 0.

If f(z+¢)— f(2) =0, then f(2) is a periodic function with period c.
Next, we may assume that f(z 4 c¢) — f(z) #Z 0. In this case, (4.2) can be
rewritten as

O T B (O L
et ot )= —m oy CRE) — S+ o
ORI L5
"9(2) Fz)
(4.3)
where
9(z) = f(z) = f(z + ). (4.4)
Define pl(z) = % (Z = 1727 e 7k)a and
H(z) = —a1p1(z) — -+ — appr(2). (4.5)
Then (4.3) becomes
f(z+c¢)+ f(z) = H(2). (4.6)

Besides, applying the Logarithmic Derivative Lemma to (4.3), we have

T(r,H)=m(r,H) <m(r,p1)+---+m(r,pr) + O(1) < S(r,g). (4.7)
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Combining (4.4) and (4.6) yields that

7(2) = HE) + 9], T 46) = [H() — g(2)]
Thus, a routine computation leads to
g(z)+glz+c)=H(z)— H(z+¢). (4.8)
Moreover, (4.8) results in
99(=) + 99z + ) = HO(2) - HO(z + ) (4.9)
Thereby, it follows by ¢\ (2) = p;(2)g(z) and (4.9) that
p1(2)9(2) + pi(z + 0)g(z +¢) = H'(z) - H'(z + ¢),
p2(2)9(2) + p2(z + 0)g(z + ¢) = H"(2) = H"(2 + ¢),

...... (4.10)
p(2)g(2) + pi(z + gz + ) = HO(2) - H® (2 + ).
Now, combining (4.5) and (4.10) yields
H(z)g(z) + H(z + c)g(z + ¢) = —ar[H'(2) — H'(z + ¢)]
— i —ap[H® (2) = H®) (2 + o)].
(4.11)

Furthermore, substituting g(z+¢) = H(z) — H(z+¢) — g(z) in (4.11), we find
H(z)g(2) + H(z + ¢)[H(2) = H(z + ¢) — g(2)]
= —a[H' (2) —H'(z+¢)] — - —ap[H® (2) = H® (2 4 ¢)].
If H(z + ¢) # H(z), we obtain

—ai[H' (2) —H'(z4¢)] — -+ —ar[H® (2) — H® (2 + ¢)] + H(z + ¢)®> — H(z + ¢)H(2)
H(z) — H(z+¢) ’

9(z) =
(4.12)
It follows from (4.7), (4.12) and Lemma 2.2 that
T(r,g) < S(r.g9),

which is impossible. Hence, H(z+c¢) = H(z), and (4.8) gives g(z)+g(z+c¢) =0,
this implies that f is a periodic function with period 2c.
Case 2. n = 3. Now, we can rewrite (4.1) as

[f(z+ ) = F2If(z +0) = nf(2)][f(z + ¢) = n*f(2)]
=alf'(z) = flz+ )]+ +a[fP2) — FP(z + o),

where 7(# 1) is a cube-root of the unity.
If f(z+¢)— f(2) =0, then f is a periodic function with period c.

(4.13)
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If f(z+¢)— f(2) £0, (4.13) can be rewritten as
[f(z+c) = nf(2)lf(z +c) = f(2)]

O (T S (O e
NIOECED) T T g (4.14)
_ _algl(z) o akg(k) (2)
9(2) 9(2)
where
9(2) = f(2) = f(z+0). (4.15)
Define p;(z) = %, i=1,2,--+ ,k,and H(z) = —a1p1(2) — -+ — arpr(2).
Then (4.14) becomes
[f(z+c) = nf(f (= +¢) =0 f(2)] = H(2). (4.16)

Besides, the Logarithmic Derivative Lemma gives
T(r,H)=m(r,H) <m(r,p1) + - +m(r,pr) + O(1)
= O(log(rT(r, g))) (r — oo,7 € Ey),

where Ej is a set whose linear measure is not greater than 2.

Note that p2(f) < 1, T(r, f(z 4+ ¢)) = T(r, f(2)) + S(r, f) ( see, e.g., [2]
and [3] ). By making use of (4.15), it is easy to see that T'(r,g) < O(T(r, f)).
It clearly follows by po(f) < 1 that logT'(r,f) < 7, where A(< 1) is a
positive number. Hence, T'(r, H) < O(logrT(r,g)) < O(r*), which implies
that p(H) < 1. In addition, by the Hadamard factorization theorem, (4.16)
can be changed as

fz+¢) = nf(z) = i (z)e" ) (4.17)
and
fz+¢) =0 f(z) = TMa(2)e >, (4.18)

where « is a non-constant entire function satisfying p(«) < 1, II1(z) is the
canonical product of f(z + ¢) — nf(z) formed with its zeros, IIs(z) is the
canonical product of f(z+¢) —n?f(z) formed with its zeros, and 11 (2), IT5(2)
satisty

I (2)I1a(2) = H(z). (4.19)
Using Theorem 2.2 and Theorem 2.3 in [11] , it is easy to deduce that
p(ly) = 7(Ily) < 7(H) < p(H) < 1.
By applying the same analysis, we can easily conclude the following result

p(Hg) < 1.
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Combining (4.17) and (4.18) yields
B T (2)e*(®*) — y(z)e= ()

£(2) o , (4.20)
fe+e) = "Hl(z)ea(z ~Thige (121)

Thus, a routine computation leads to
NPT (2)e*®) — nlly(2)e™ ) = I (2 + €)e®FTO) —TIy(z 4 ¢)e @+,

(4.22)
Now, dividing (4.22) by 7?11, (2)e®*), we obtain
1Ha(2) sae) , LM +6) aiog-at) - LI2(E40) aeio-ae) _
1 1 (2) n? Ih(2) n? Th(2)

(4.23)

Since « is a non-constant entire function with p(a) < 1, then —a(z +¢) — a(z)
is not a constant. Otherwise, if —a(z + ¢) — a(z) is a constant, then o'(2) is
a periodic function, and p(a’) = p(a) > 1, a contradiction. Now, applying
Lemma 2.5 to (4.23) yields
1Ih(z+c¢)
n? 1h(z)
On the other hand, dividing (4.22) by nllz(2)e~*(*) implies

ezte)—alz) = 1 (4.24)

Hl(z) e2a(z) _ 1 Hl(z + C) ea(z+c)+a(z) + 1 HQ(Z + C) efoz(z+c)+a(z) -1

I5(2) n Ia(z) n Ia(z)
(4.25)

Obviously, 2a(z) and a(z+c¢)+a(z) are not constants. Armed with Lemma 2.5
and (4.25), we deduce
1Ta(2 +6) —atetopra) = . (4.26)
n Iy(2)
Combining (4.24) and (4.26) yields
I (z + )T (2 + ¢) = II1 (2)1a(2).

This suggests that H(z+c¢) = H(z). We conclude from p(H) < 1 that H must
be a constant. Thus, f(z + ¢) —nf(2), f(z + ¢) — n*f(z) have no zeros, which
shows that II;(z), IIz(z) are constants. It follows from (4.24) and (4.26) that

ea(erc)fa(z) — ,'72 and efa(z+c)+o¢(z) =,
this results in
alz+c)—alz) =C, (4.27)

where C'is a constant. Differentiating (4.27) yields o/ (z+c¢)—a/(z) = 0, namely
a/(z) is a periodic function. Noting p(a’) = p(a) < 1, we know o/(z) must be
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a constant, say, A. Thus, a(z) = Az + B with a constant B. By (4.20), we see
that f is a periodic function with period %.
Case 3. n > 4. To complete the proof, we rewrite (4.1) as

[fz4+)" P+ flz4+ )" 2f(2) + -+ F)"[f(z +¢) — f(2)]
=ai[f'(z) = fz+ )]+ +ar[fP(2) — fF (2 + ).

If f(z+¢)— f(2) =0, then f is a periodic function with period c.
If f(z+¢)— f(z) £ 0, we change (4.28) into

Fle+o" T+ fz+ "2 f(2) 4+ f(2)" T

(4.28)

N (OE (CE T B O Gl
NIORNIEED) F IR -t (429)
_ . 9z akg(k) (2)
" 9(2) 9(z)
where
9(2) = f(2) = fz + o). (4.30)
Define p;(z) = g;i()z()z), i=1,2,--- .k and H(2) = —a1p1(2) — - — appr(2).
Then (4.29) becomes
)" P flz+ )" 2 f(2) 4+ f(2)" T = H(2). (4.31)

Now, using the Logarithmic Derivative Lemma, we have
T(r,H) =m(r, H) <m(r,p1) + -+ m(r,p) + O(1) < S(r,g).
By (4.30), we conclude

(1= T57) =t 42
Moreover, (4.31) gives
s (Mt + e+ 1) = e
(4.33)
Set w(z) = L) Obviously, w # 1. Combining (4.32) and (4.33) yields
(1—w(z)"! _ gt

w) Tt w(z) 24 Fw(z) + 1 H(z) ’
and so
(n—=1)T(r,w)=(n—1T(r,g9)+ S(r,g).
Therefore, equation (4.33) implies

W ()" () + 1= HE)
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and, consequently

]\/v(r7 i +wn721+,,,+w+1) = N(n%) <T(r,H)=S(r,g9) = S(r,w).

Now, applying the second main theorem gives

(n=2)T(rw) < N(“ i1) +N<r’ w1 +w”—21+~-~+w+ 1) +5(rw)
SN(T, il)—t-S(r,w)
ST(T, il)—&-S’(T,w).

Thus, w (# 1) must be a constant. It follows by (4.32) that T'(r, f) = T'(r,g) +
S(r ,f). A contradiction follows by (4.33) and (n — 1)T(r, f) = T(r,H) +
S(r, f)=S(r,g9) = S(r, f) since n > 4.

This finishes the proof of Theorem 1.2.
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