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Abstract. Let G be a topological Abelian semigroup with unit, and let F
be a Banach space. We define, for functions mapping G into E, the classes
of polynomials, generalized polynomials, local polynomials, exponential
polynomials, and some other relevant classes. We establish their connec-
tions with each other and find their representations in terms of the cor-
responding complex valued classes. We also investigate spectral synthesis
and analysis in the class C(G, E) of continuous functions f: G — E. It
is known that if G is a compact Abelian group and E is a Banach space,
then spectral synthesis holds in C(G, E). We give a self-contained proof
of this fact, independent of the theory of almost periodic functions. On
the other hand, we show that if G is an infinite and discrete Abelian
group and F is a Banach space of infinite dimension, then even spectral
analysis fails in C(G, E). We also prove that if G is discrete, has finite
torsion free rank and if F is a Banach space of finite dimension, then
spectral synthesis holds in C(G, E).
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1. Introduction

Let G be a topological Abelian semigroup with unit. For complex valued func-
tions defined on G, the classes of polynomials, generalized polynomials, local
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polynomials, exponential polynomials have been defined and their basic prop-
erties have been established. (See, e.g., [5—8,10-12,14-16] and the references
therein.) Our first aim is to extend these notions to the vector valued case.

Let E be a Banach space, and let C(G, E) denote the set of continuous
functions f: G — E. A function f € C(G, E) is a generalized polynomial, if
there is an n > 0 such that Ay, ... Ay, f = 0 for every hy,..., hyp1 € G,
where Ay, is the difference operator. We say that f € C(G, E) is a polynomial,
if it is a generalized polynomial, and the linear span of its translates is of finite
dimension; f is a w-polynomial, if u o f is a polynomial for every u € E*, and
f is a local polynomial, if it is a polynomial on every finitely generated sub-
semigroup. We show that each of the classes of polynomials, w-polynomials,
generalized polynomials, local polynomials is contained in the next class (The-
orem 8). We also prove that if G is an Abelian group and has a dense subgroup
with finite torsion free rank, then these classes coincide (see Theorem 9).

We introduce the classes of exponential polynomials and w-exponential
polynomials as well, establish their representations and connection with poly-
nomials and w-polynomials.

We also investigate spectral synthesis and analysis in the class C(G, E).
It is known that if G is a compact Abelian group and F is a Banach space, then
spectral synthesis holds in C(G, E). In the appendix we give a self-contained
proof of this fact, independent of the theory of almost periodic functions. As
we show, the situation for locally compact Abelian groups is different. We
prove that if G is an infinite and discrete Abelian group and E is a Banach
space of infinite dimension, then even spectral analysis fails in C(G, E) (see
Theorem 17). If, however, G is discrete, has finite torsion free rank and if E is
a Banach space of finite dimension, then spectral synthesis holds in C(G, E)
(see Theorem 18).

2. Vector Valued Polynomials and Exponential Polynomials

Let G be a topological Abelian semigroup with unit. We denote the semigroup
operation by addition, and denote the unit by 0. Let E' be a Banach space over
the complex field C. We denote by E€ the set of maps from G into E, and by
C(G, E) the set of continuous functions f: G — FE.

Let T, denote the translation operator on E¢ defined by Ty f(z) = f(z +
g) for every f € E¢ and g,z € G. A subset V C E¢ is translation invariant,
if T,f € V whenever f € V and g € G. If f € E, then L; denotes the linear
span of {T,f: g € G}.

The operator Ay is defined by Ay =T, —Ty. That is, we have A, f(z) =
f(z+g) — f(x) for every f € E¢ and = € G.

We say that a continuous function f € C(G,E) is a generalized poly-
nomial', if there is an n > 0 such that Ay, ...A,, ,,f = 0 for every

LOur terminology differs from that of [15].
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hi,...,hnt1 € G. The smallest n with this property is the degree of f, denoted
by deg f. The degree of the identically zero function is —1.

By Djokovié’s theorem [5] (see also [6, Section 6]), a continuous function
[ € C(G, E) is a generalized polynomial if and only if f = > | f;, where f; is
a monomial of degree i for every i = 1,...,n, and fy is constant. By a monomial
of degree i we mean a function of the form A(z,...,z), where A(z1,...,2;) is
a map from G’ to F which is symmetric, and i-additive; that is, additive in
each variable. It is easy to see that the representation f =, f; is unique.

It is clear that the set of generalized polynomials forms a linear subspace
of C(G, E) over C.

Theorem 1. (i) A continuous function f € C(G, E) is a generalized polyno-
mial if and only if wo f is a (complex valued) generalized polynomial for
every u € E*.

(ii) If f is a generalized polynomial, then deg (uo f) < deg f for everyu € E*.

(i) If f is a generalized polynomial, then there is an u € E* such that deg (uo

f) =degf.

Proof. The “only if” direction of (i) is obvious, and so is (ii). To prove the “if”
statement of (i), let E denote the set of linear functionals v € E* such that
Ap, oo Ay, (wo f) =0 for every hy,...,hnpq1 € G. It is easy to see that Ej;
is a closed linear subspace of E* for every n =0,1,....

If uo f is a generalized polynomial for every u € E*, then E* = J)__, E.
Then, by the Baire category theorem, there is an n such that int E* # (), and
thus B} = E*. Let n be the smallest such n.

We show that Ap,...Ap,., f = 0 for every hy,...,hypq1. Indeed, if
Ap, .. Ay, f(x) # 0 for some hy, ..., hyp1, 2 € G, then there is an u € E*
such that

Ahl s Ahn+1 (u © f)(.]?) =u (Ahl . 'Ahn+1 f(l‘)) 7& 0,
which is impossible. This proves both (i) and (iii). O

Remark 2. The continuity of the function f cannot be omitted from the con-
ditions of the theorem. In other words, a function f € E“ such that uo f is a
complex valued generalized polynomial, hence continuous for every u € E* is
not necessarily continuous itself.

As an example, let I be an infinite dimensional Banach space, and let G
denote the vector space of F endowed with the weak topology of E. Then G is
a topological vector space. Let f denote the identity on G as a map from G to
the Banach space E. Then f is not continuous, as the original topology of E
is strictly stronger than the weak topology. On the other hand, if u € E*, then
wo f = u is a continuous additive function, therefore, a generalized polynomial.

We show that if G is a normed linear space, then the continuity of f is a
consequence of the other condition.
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Theorem 3. Let G be a normed linear space, and let E be a Banach space. A
function f € E€ is a generalized polynomial if and only if uo f is a (complex
valued) generalized polynomial for every u € E*.

Proof. By Theorem 1, f is a generalized polynomial w.r.t. the discrete topol-
ogy. Thus we only have to show that f is continuous.

Let f = Y"1 fi, where f; is a monomial of degree i for 1 <4 < n, and fy
is a constant. It is enough to show that f; is continuous for every i = 1,...,n.

It is easy to see that f(kxz) = > ., k' fi(z) for every z € G and for every
positive integer k. These equations for k = 1,...,n+ 1 constitute a linear sys-
tem of equations with unknowns f;(z) (i = 0,...,n). Since the determinant of
this system is nonzero (being a Vandermonde determinant), it follows that each
fi(x) is a linear combination of f(z),..., f((n+1)x) with rational coefficients.

If u € E*, then uo f is a generalized polynomial, hence continuous. Then
each of the functions x — u(f(kx)) (k=1,...,n+ 1) is continuous, and thus
u o f;, being a linear combinations of these functions, is also continuous for
every t =1,...,n.

Let B, denote the open ball {x € G: ||z||¢ < r} (recall that G is a
normed linear space by assumption). Let 1 < ¢ < n be fixed. We show that
fi(By1) is weakly bounded in E. Indeed, if u € E*, then the continuity of
wo f; implies that for a suitable positive integer k, |u(f;(x))| < 1 for every
xr € Byjg. Therefore, if x € By, then x/k € By, |u(fi(x/k))| < 1 and
lu(fi(x))] < k%, showing that u is bounded on f;(Bj). This proves that f;(B)
is weakly bounded in E. Since, in a Banach space, every weakly bounded set
is originally bounded [13, 3.18 Theorem], it follows that ||y||z < K for every
y € fi(B1) with a suitable positive integer K.

If ¢ > 0 is given, then there is an integer m such that m > K/e. If
x € By, then

(@) = lm™ fi(ma)|p < K/m’ <e,

proving that f; is continuous at zero. Now, it is known that if a monomial is
continuous at one point, then it is continuous everywhere. See [15, Theorem
3.6]. Note that monomials are “algebraic polynomials” in the terminology of
[15], and that the conditions of [15, Theorem 3.6] are satisfied if G is a normed
linear space and FE is a Banach space. Thus f; is continuous on G for every
i=1,...,n, and this is what we wanted to show. O

A function f € C% is said to be a polynomial, if there are continuous
additive functions ay,...,a,: G — C and there is a P € Clxzy,...,2,] such
that f = P(aq,...,a,). It is well-known that every complex valued polynomial
is a generalized polynomial.

A continuous function m: G — C is called an exponential function, if
m # 0 and m(z +y) = m(z) - m(y) for every z,y € G.

A function f € C% is an exponential polynomial, if there are polynomials
P1s--..Pn: G — C and exponentials myq,...,m, such that f =Y p; - m;.
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It is well-known that a continuous function f € C(G,C) is an exponential
polynomial if and only if dim Ly < oco. (For Abelian semigroups see [12], for
Abelian groups see [14] and [15, Theorem 10.2]. See also [9] for the history of
the theorem and for a simple proof.) In possession of this result the following
definition seems reasonable. We say that a continuous function f € C(G, E)
is an exponential polynomial?, if dim Ly < oo.

Theorem 4. A function f € C(G, E) is an exponential polynomial if and only
if there are finitely many complex valued exponential polynomials f1,..., fi €
C(G,C) and elements ey, ... ,ex € E such that f = f1-e1+ ...+ fx - ek.

Proof. The “if” statement is clear: if fi,..., fir are exponential polynomials
and f = fi-ei+...+ fi-ex, then Ly .o),..., Ly, ., are of finite dimension,
and then so is Ly.

To prove the converse, suppose that dim L; < co. First we show that the
linear subspace F of E generated by R(f), the range of f, is of finite dimension.
Suppose not. Then there are elements x1,...,2, € G such that n > dim Ly,
and f(x1),..., f(x,) are linearly independent over C. Now n > dim Ly implies
that Ty, f, ..., Ty, f are linearly dependent, and thus Y., ¢;T;, f = 0 for some
complex numbers ¢y, ..., ¢,, not all zero. Then > | ¢; f(z+ ;) = 0 for every
z. In particular, putting = 0 we get >, ¢; f(x;) = 0, which contradicts the
fact that f(x1),..., f(x,) are linearly independent.

This proves that dim F' < co. Let eq,..., e, be a basis of F'. Then there
are functions fy,..., fx: G — Csuch that f = f1-e1+...+ f - ex on G. Since
e1,...,ex are linearly independent, there are linear functionals uq, ..., u; € E*
such that w;(e;) = 1 and u;(e;) = 0 for every 1 < i,j < k, i # j. Thus
fi=wu;o fforeveryi=1,... k. Since f is continuous, we can see that so are
fis.--, fr. Also, we have dim Ly, = dim L,,o¢ < dim Ly < oo, and thus f; is
an exponential polynomial for every i = 1,... k. O

The definition of polynomials cannot be generalized to the vector-valued
case, as Banach spaces are not algebras. However, the following observation
makes it clear what a reasonable generalization could be.

Proposition 5. A complex valued function f: G — C is a polynomial if and
only if [ is a generalized polynomial, and dim Ly < oo.

Proof. We noted already that every polynomial is a generalized polynomial.
In fact, one can prove by induction on deg P that if f = P(aq,...,a,), where
P € Clzy,...,2,] and aq,...,a,: G — C are continuous additive functions,
then f is a generalized polynomial of degree at most deg P. Similarly, dim L <
oo can also be proved by induction on deg P. Or, we can argue that if f is
a polynomial, then it is an exponential polynomial, since f = f -1 and the

20ur terminology differs from that of [3, Definition 1.3, p. 366]. As we can see in Theorem 4,
a function is an exponential polynomial in our sense if and only if it is a finite sum of
exponential polynomials in the sense of [3].
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identically 1 function is an exponential. Thus dim Ly < oo follows from a

theorem quoted before. This proves the “only if” part of the proposition.
Now suppose that f is a generalized polynomial and dim L; < co. The

latter condition implies that f is an exponential polynomial; that is, f =

Zle pi-m;, where p1, ..., pg are polynomials and m1, ..., my are exponentials.
We may assume that pq,...,pr are nonzero and mq, ..., my are distinct.

It is known that the representation of a function f: G — C in the form
Zle p; - my, where mq,..., mg are distinct exponentials and pq,...,ps are

nonzero generalized polynomials is unique (if exists). For Abelian groups this
is proved in [15, Lemma 4.3, p. 41] and in [7, Lemma 6]. It is easy to check that
the proof of [7, Lemma 6] works in Abelian semigroups as well. The uniqueness
follows also from Lemma 15 below.

In our case f-1 = Zle p; -m; and thus the uniqueness of the representa-
tion implies s = 1, m; = 1 and f = p;. Thus f is a polynomial, which proves
the “if” part of the proposition. O

The proposition above motivates the following definition: a function f €
C(G, E) is a polynomial, if f is a generalized polynomial, and dim Ly < occ.

Theorem 6. A function f € EC is a polynomial if and only if there are finitely
many complex valued polynomials f1,..., fr and elements ey, ... e, € E such
that f=f1-e1+ ...+ fr - ex-

Proof. Suppose that f = fi-e1+...+fr-ex, where f1, ..., fr are complex valued
polynomials and ey, ...,ex € E. Then f1,..., fx are continuous, hence so is f.
Also, f1,..., fx are generalized polynomials, hence so are fi-eq,..., fi-ex, and
then sois f. Also, Ly, ,..., Ly, are of finite dimension, implying dim L; < oo.
This proves the “if” statement.

If f is a polynomial, then dim Ly < oco. By Theorem 4, this implies
that f = f1-e1 + ...+ fr - ex, where f1,..., fr are complex valued expo-
nential polynomials, and eq,...,e; € E. We may assume that e1,..., e, are
linearly independent. Then there are linear functionals wuy,...,ur € E* such
that u;(e;) = 1 and u;(e;) = 0 for every 1 < 4,5 <k, i # j. Thus fi =u;0 f
for every i = 1,..., k. Since f is a generalized polynomial, we can see that so
are f1,..., fr. Summing up: fi,..., fr are generalized polynomials and expo-
nential polynomials. Therefore, they are polynomials by Proposition 5. U

Theorem 7. A function f € ES is an exponential polynomial if and only if
k ,
f=>,_,m; - p;, where my,...,my are (complex valued) exponentials, and

P1s--. P € EC are polynomials.

Proof. If m is an exponential and p € E, then T, (m-p) = m(g)-m-Typ, and
thus

Ty(m-p) €{m ¢: ¢ € L}
for every g € G. If p is a polynomial, then L, is of finite dimension, and then
S0 iS Lyy.p. Thus m - p is an exponential polynomial whenever m is a complex
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valued exponential and p is a polynomial. From this observation the “if” part
of the statement of the theorem is obvious.

To prove the “only if” part, let f be an exponential polynomial. By
Theorem 4, f = f1-e1 4+ ... + fx - ex, where f1,..., fr are complex valued
exponential polynomials and ey,...,ex € E. Let f; = Z?;l Dij - M4;, Where
pij is a complex valued polynomial and m;; is an exponential for every j =
1,...,n;. Then

k  ny
= szm - (pij - €3),

i=1 j=1

where p;; - e; € EY is a polynomial for every i, j. O

3. The Classes of w-Polynomials and w-Exponential
Polynomials

In the complex valued case the continuous additive functions are automatically
polynomials. In the vector valued setting this is not the case, as the following
example shows.

Let E be an infinite dimensional Banach space, and let G be its additive
group with the same topology. Let f: G — FE be the identity map on G. Then
f is a continuous additive function, but not a polynomial. Indeed, Ly equals
the set of functions x — cx + e, where ¢ € C and e € E. In particular, Ly
contains the constant functions, and thus dim L; = co. Consequently, f is not
a polynomial. On the other hand, it is clear that w o f = u is a (complex
valued) polynomial for every u € E*. This motivates the following definition.

Let G be a topological Abelian semigroup with unit, and let E be a
Banach space over the complex field C. We say that a continuous function
f € C(G,E) is a w-polynomial, if u o f is a (complex valued) polynomial for
every u € E*.

We introduce one more variation on the theme of polynomials. A contin-
uous function f € C(G, E) is called a local polynomial, if the restriction of f
to any finitely generated subsemigroup of G is a polynomial.

Theorem 8. Consider the following properties that a continuous function f €
C(G, E) may have:
(i) f is a polynomial,
(ii) f is a w-polynomial,
(iii) f is a generalized polynomial,
(iv) f is a local polynomial.
Then we have (i)=(ii)==-(iil)==(iv).

Proof. (i)=(ii): If f is a polynomial, then f is a generalized polynomial, and
dim Ly < oo. It is clear that if w € £, then wo f has the same properties, and
thus u o f is a polynomial by Proposition 5.
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(ii)==(iii): If f is a w-polynomial, then w o f is a polynomial for every u €
E*. Thus u o f is a generalized polynomial for every u € E*. Therefore, by
Theorem 1, f is a generalized polynomial.

(iii)=(iv): Let f be a generalized polynomial. As we mentioned earlier, this

implies, by Djokovi¢’s theorem [5], that f =" | fi, where f; is a monomial
of degree i for every i = 1,...,n, and [y is constant. Let f;(x) = 4;(z,...,x),
where A;(z1,...,x;) is symmetric and additive in each variable.

Let H be a finitely generated subsemigroup of G, and let hq, ..., h; be a
generating system of H. It is clear that the restriction f|g is also a generalized
polynomial. We prove that dim Lz < oo.

If z,y € H, then f(z +y) = >, filx
and additive in each variable, we have f;(z +

Z;:o gi(z,y), where

= (§>A<uu>

+ y). Since A; is symmetric
y) = Az +y,....x+y) =

Since y is a linear combinations with nonnegatlve integer coefficients of the
elements hq,...,hg, it follows that g;(x,y) is a linear combinations with
nonnegative integer coefficients of the functions A;(x,...,z,hy,..., hy,_,),
where vy, ...,v;_; € {1,...,k}. Thus T, f; is the linear combination of finitely
many functions that are independent of the choice of y € H. Therefore,
dim Ly, |y < oo for every i = 1,...,n, and thus dim Ly z < oo. This proves
that f is a polynomial on H. Since H was an arbitrary finitely generated
subsemigroup of G, it follows that f is a local polynomial on G. 0

Note that if E is finite dimensional, then every w-polynomial is a poly-
nomial. Indeed, if f is a w-polynomial and eq,...,e, is a basis of F, then
f=fi-ei+...+ fn-en, where fi1,..., fn € C%. The argument of the proof
of Theorem 6 gives that f; = w; o f with suitable uq,...,u, € E*, and thus
fi,..., fn are polynomials. Thus f itself is a polynomial by Theorem 6.

If G is a finitely generated semigroup, then every local polynomial is
a polynomial, and thus properties (i)-(iv) are equivalent. We show that for
Abelian groups somewhat more is true. If G is an Abelian group, then we
denote by ro(G) the torsion free rank of G; that is, the cardinality of a maximal
independent system of elements of infinite order.

Theorem 9. Let G be a topological Abelian group, and suppose that there is a
dense subgroup H of G such that ro(H) < co. Then properties (i)-(iv) listed
in Theorem 8 are equivalent.

Proof. First we assume that r9(G) < oco. Then there is a finitely generated
subgroup H of G such that the factor group G/H is torsion. In other words,
for every h € G there is a positive integer k such that kh € H.

It is enough to prove that if f € C(G, F) is a local polynomial, then f is
a polynomial.



Vol. 75 (2020) Vector Valued Polynomials, Exponential Polynomials Page 9 of 25 150

First we show that f is a generalized polynomial. Since f is a local polyno-
mial, the restriction f|g to the finitely generated subgroup H is a polynomial.
In particular, f|y is a generalized polynomial, and thus f|g = >, f;, where
fi is a monomial of degree i for every ¢ = 1,...,n, and fy is constant.

We show that f is a generalized polynomial of degree m on G. Let
ai,...,ant1,2 € G be arbitrary; we prove Ag, ... A, f(z) = 0. Let H
denote the subgroup of G generated by H and the elements ay,...,a,11,.
Then H is finitely generated. Since f is a local polynomial, it follows that f|z
is a polynomial, hence a generalized polynomial. Thus flz = >7, g;, where
g; is a monomial of degree j for every j = 1,...,m, and gy is constant. We
may assume that g,, is not identically zero on G. We prove m < n.

Since H C H, we have f|g = Z;"Zl g;|m. Now the representation of f|g
as a sum of monomials is unique. If m > n, then necessarily g.,|gp = 0. Let
gm(z) = B(z,...,z), where B is m-additive. If h € H, then kh € H with a
suitable positive integer k. Then

gm(h) = B(h,...,h) = k""B(kh, ... kh) = k™™g (kh) = 0,

as kh € H. Thus g,, is identically zero on H, which is a contradiction.

This proves m < n. Then flz = 77", g; implies that flz is a gener-
alized polynomial of degree at most n. Since ay,...,a,41,2 € H, we obtain
Ay, ... Aq,., f(x) =0, and this is what we wanted to show. Thus f is a gener-
alized polynomial on G. Let f|g = > I, f;, where f; is a monomial of degree
i for every ¢ = 1,...,n, and fy is constant.

Now we prove that f is a polynomial. We only have to show that dim L; <
00.

Clearly, it is enough to show that dim Ly, < oo for every i =1,...,n. Let
filx) = Ai(x,...,x), where A; is symmetric and i-additive. Let hq,..., hy be
a generating system of H. We prove that Ly, is contained by the linear hull of
the functions

Az, ... xhyy .o b)), (1)
i—j
where 0 < j < 4 and vy,...,v; € {1,...,N}. Since the number of these

functions is finite, this will prove dim L, < oo.

Let h € G be arbitrary. Then T),f;(x) = fi(z + h) = Ai(z +
h,...,x+ h) is a linear combination with integer coefficients of the functions
A(z,...,x,h,...,h) (j=0,...,47). Let k be a positive integer with kh € H. If

~——

i—j
Jj is fixed, then
Alx,...,x,h,...,h) =k A(z,...,z kh,... kh). (2)
i—j i—j
Now kh, being an element of H, is a linear combination with integer coefficients
of the elements hq, ..., hy. Since A; is additive in each variable, it follows from
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(2) that A(z,...,z,h,..., h)is a linear combination with rational coefficients
—
i—j
of the function listed in (1). This completes the proof of dim Ly, < co. We
proved that the statement of the theorem is true if ro(G) < oc.

Now we assume that G has a dense subgroup H such that ro(H) < oo.
Suppose that f € C(G, E) is a local polynomial. We have to prove that f is a
polynomial; that is, a generalized polynomial satisfying dim L < oo.

Since ro(H) < oo and f is a local polynomial on H, it follows that
flm is a polynomial on H. Then f|y is a generalized polynomial on H; let
n = deg f|g. We show that f is a generalized polynomial of degree n on G.
Let aq,...,an41 € G be arbitrary; we prove A,, ... A f =0. We have

. An+41

Nay o By f(2) =D (D) (@4 Va1 + ..+ Dnsranga),  (3)
9

where ¥ = (91, ...,9,41) runs through all 0 — 1 sequences of length n+ 1, and
|9 = Z?jll ¥;. Let € G and & > 0 be fixed. Since f is continuous, there is a
neighbourhood U of zero such that

Hf(.’L‘ +dar+ ...+ 19n+1an+1) — f(!L'/ +91hy +...+ 'lgn+1hn+1)HE <€

for every 9, whenever 2’ € U +x and h; € U +a; (i =1,...,n+ 1). Choos-
ing elements 2’ € (U+2)NH and 2, € (U+a)NH (i =1,...,n+1),
and noting that A, ...A,  f(z') = 0 by deg f|z = n, we can see that
|Aq, ... Aq, ., f(2)][g < 2"T'e. Since this is true for every z € G and € > 0,
it follows that A, ... Ag,,, f = 0. Thus f is a generalized polynomial.

Since f|y is a polynomial, Ly g is of finite dimension. Let Ty, f|u
soooy Ty flE be a basis of Ly g, and let V' denote the linear hull of the func-
tions Ty, f, ..., Ty f. I h € H, then Ty, f|g € Ly g, and thus there are complex

numbers ¢, ..., cy such that Ty, flg = Zfil ¢iTy, flu; that is,

N
fa+h) =3 e fa+ k) (4)
i=1
for every x € H. Since f is continuous and H is dense in G, it follows that (4)
holds for every x € G. Thus Ty, f € V for every h € H.
Recall that C(G, E), the set of continuous functions mapping G into
E, endowed with the topology of uniform convergence on compact sets is a
topological vector space. Then V is a closed subspace of C(G, E), as this is
true for every finite dimensional subspace (see [13, Theorem 1.21]).
We show that Ly C V. Let g € G be arbitrary; we prove T, f € V. Since
V' is closed, it is enough to show that for every neighbourhood W of T, f there
isa¢g e VNW. Let K C G be compact and € > 0 be such that ¢ € W
whenever ||¢(z) — T, f(z)|| g < € for every & € K. Since f is continuous, there
is a neighbourhood Z of ¢ such that ||f(z + h) — f(z + g)||g < € for every
h € Z and z € K. Since H is dense in (G, we can choose such a h € H. Then
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we have 1), f € VN W, proving Ly C V. Since V is of finite dimension, so is
Ly. O

Corollary 10. If G = RP with the Euclidean topology and E is a Banach space,
then properties (i)-(iv) listed in Theorem 8 are equivalent.

Proof. QP is a dense subgroup of RP with ro(QP) = p, and thus Theorem 9
applies. O

Remark 11. We show that, in general, none of the implications (i)==(ii)
= (iii)==(iv) can be reversed.

We saw already that the identity function defined on a Banach space of
infinite dimension is a w-polynomial but not a polynomial.

We give another example. Let F' be the free Abelian group of countable
rank. We represent F' as the set of sequences © = (x1, 2, ...) such that z; is
an integer for every i and x; = 0 if 7 is large enough. Let F' be endowed with
the discrete topology.

Let F be a Banach space of infinite dimension, and let the elements
€1,€s,... € E be linearly independent over C. Then the function f(z) =
Yoo, wie; (xz € F) is a w-polynomial, since (uo f)(z) = > 2, u(e;)z; is addi-
tive, hence a polynomial on F' for every u € E*. On the other hand, f is not
a polynomial, as R(f) is of infinite dimension.

Clearly, a complex valued function is a w-polynomial if and only if it is
a polynomial. Now it is known that the function f(z) = > ;o 27 (z € F) is
a complex valued generalized polynomial, but not a polynomial, hence not a
w-polynomial. In fact, it is easy to see that f is a generalized polynomial of
degree 2. On the other hand, f is not a polynomial, as dim Ly = co (see [16]).

Finally, P(z) = > {" 2! (z € F) is a complex valued local polynomial,
but not a generalized polynomial (see [7, Proposition 1]).

We say that a continuous function f € C(G, E) is a w-ezponential poly-
nomial, if uo f is a (complex valued) exponential polynomial for every u € E*.

Lemma 12. If f € C(G, E) is a w-exponential polynomial (in particular, if f is
a w-polynomial), then there exists a positive integer N such that dim L,or < N
for every u € E*.

Proof. Tt is easy to see that

Luop ={uo¢: ¢ € Ly} (5)
for every f € EY and u € E*. If f € C(G, E) is a w-exponential polynomial
and u € E*, then u o f is a complex valued exponential polynomial, and thus
dim L5 is finite. For every positive integer n, let E;; be the set of linear
functionals u € E* such that dim Lyos < n. Then we have E* = |J)~_, E.

We prove that E’ is closed. Clearly, v € E¥ if and only if, for
every fi,...,fn € Ly, the complex valued functions wo fi,...,uo f, are
linearly dependent over C. This is true if and only if the determinant
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det |u(fi(x;))|ij=1,...n is zero for every x1,...,z, (see [1, Lemma 1, p. 229]).
It is easy to see that for every fi,...,fn € Ly and 1,...,2, € G the set of
linear functionals u € E* such that det [u(f;(;))]i j=1,....n = 0 is closed. Thus
E?, the intersection of these closed sets, is also closed.

The Baire category theorem implies that there is an n with int E # (.
Suppose B(ug,r) C E, where B(ug,r) is the ball with center uy and radius
r.

Let u € E* be arbitrary. Then there is a A € C\ {0} such that ug+ Au €
B(up,r) C E}. By (5), the linear space {ugo ¢+ A-uo ¢: ¢ € Ly} equals
L(uy+xu)of, hence is of dimension < n. Since the linear space {ug o ¢: ¢ €
Ly} = Ly, is also of dimension < n, it follows that the dimension of Lo =
{uo¢: ¢ € Ly} is less than 2n. O

Remark 13. Tt is easy to prove that if f: G — C is a complex valued poly-
nomial, then degf < dim Ly (see [8, Proposition 4]). If f € C(G,E) is a
w-polynomial, then dim L can be infinite (see Remark 11). However, by the
previous lemma, there is a smallest integer N(f) such that dim L,y < N(f)
for every u € E*.

By Theorem 8, every w-polynomial is a generalized polynomial, and thus
has a degree. We show that deg f < N(f) holds for every w-polynomial f.

If w € E*, then uo f is a polynomial, therefore, a generalized polynomial.
Then, by (iii) of Theorem 1, there is an ug € E* such that deg (ugo f) = deg f.
Since ug o f is a complex valued polynomial, we obtain

deg f =deg (ug o f) < dim Ly or < N(f).

We also note that N(f) is not bounded from above by any function of
deg f. If, for example, G = R"™ and f = 2% + ... + 22, then deg f = 2. On
the other hand, L is generated by the functions f,z; (¢ = 1,...,n) and the
constants, and thus dim Ly = n + 2.

Our next aim is to prove the following description of w-exponential poly-
nomials.

Theorem 14. A function f € C(G,E) is a w-exponential polynomial if and
only if there are finitely many w-polynomials p1, . .., p, € C(G, E) and complex
valued exponentials my, ..., m, € C such that f = mip1 + ...+ Mypn.

An operator D: E¢ — E€ is called a difference operator, if D is the linear
combination with complex coefficients of finitely many translation operators.
Note that A, =T, — Tj is also a difference operator.

Lemma 15. For every finite set of distinct exponentials {my,...,m,} and for
every integer s > —n there exists a finite set D of difference operators with the
following property: whenever py,...,p, are complex valued generalized polyno-
mials on G such that >, degp; < s and f = Y i | p; - my, then for every
1<i<n thereis a D € D with p; -m; = Df.
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Proof. If n =1, then D = {T} works, independently of s. Therefore, we may
assume n > 1.

We prove by induction on s. Note that, by definition, the degree of the
identically zero function is —1. If s = —n, then p; = 0 for every ¢, and thus
D = {0} works, where 0 denotes the identically zero operator (which maps
every function to the identically zero function).

Suppose that s > —n, and that the statement is true for the smaller val-
ues. Let D be a finite set of difference operators such that whenever ¢1, ..., g,
are generalized polynomials with "  degq; < s — 1 and fi = Y., ¢;my,
then for every ¢ there is a D € D such that Df; = g;m;. We may assume that
0eD.

From s > —n it follows that maxi<;<, degp; > 0. We may assume that
degp; > 0. Since my # m,, by assumption, we can fix an element g € G such
that m1(g) # mn(g). We put Do =T, — m1(g) - To. Then

Dy(p-m) =Typ-Tym —my(g)-p-m = (m(g) - Tygp —mi(g) -p) -m

for every p € C% and exponential m. Therefore, we have

Dof =mi(g) - Agpr-mi+ Y ((milg) - Typs — ma(g) - pi) - mi. (6)

i=2
Since deg Agp1 < degpi and deg ((m;i(g) - Typ; —mi(g) - pi) < degpi, it follows
from the choice of D that mi(g) - Agpr - m1 = D1Dof for some Dy € D.
Similarly, for every ¢ such that p; # 0 there is a D; € D with m;(g)Agp; - m; =
D;Dyf. If p; = 0 then we can take D; = 0, and thus there is such a D; in both
cases. By (6) and by the choice of D we have

(mn(g) - Topn — mi(g) - pn) - mn = E,Do f

with a suitable E, € D. Since

(mn(9) - Togpn — ma(g) - pp) - M =
=mu(9) - Agpn - My + (M (g) — mi(g)) - pn - My,
and my,(g) - Agpn - My = Dyp Dy f, we obtain

ETLDOf - DTLDOf + (mn(g) - ml(g)) *Pn o Mp
and
Pn - My :C'EnDOf_C'DnDOf7

where ¢ = 1/(m,(g)—m1(g)). Therefore, if we add the operators ¢DDy—cD’ Dy
(D,D’ € D) to D, then p,, - m,, = Ef will hold for a suitable E belonging to
the enlarged D. (Note that the element g does not depend on the functions
D1y .- .,Pn, only on my and m,.) The same argument provides finitely many
operators such that if we add them to D then, foreveryi=1,...,n,p;m; = Ef
will hold for a suitable E belonging to the enlarged D. O
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Proof of Theorem 14. Suppose f = mip1 + ...+ m,p,, where p1,...,p, are

w-polynomials and my,...,m, are complex valued exponentials. If u € E*,
then wo f =mq-uopy +...4+my,-uop,. Since p; is a w-polynomial, it follows
that wop; is a complex valued polynomial for every i = 1,...,n, and thus uo f

is an exponential polynomial. This is true for every u € E*, proving that f is
a w-exponential polynomial.

Now suppose that f is a w-exponential polynomial. By Lemma 12, there
is a positive integer K such that dim L,.; < K for every u € E*.

Let P denote the set of all functions p - m such that p: G — C is a
polynomial and m: G — C is an exponential. If ©w € E*, then wo f is an
exponential polynomial, and thus it is the sum of finitely many elements of P.
In other words, for every u € E* there exists a finite set P, C P such that
uo f = meepu p-m.

Let M denote the set of those exponentials m for which there exist u € E*
and a nonzero polynomial p such that p-m € P,. We prove that M contains
less than K distinct exponentials.

Suppose this is not true, and let mq, ..., mg be distinct exponentials in
M. We may assume that for every u € EF* and 1 < i < K there is a unique
polynomial p, ; such that p,; - m; € P,. Indeed, if P, does not contain such
a product, then we add 0 - m; to P,, and put p, ; = 0.

For every 1 < i < K we have m; € M, and thus there is an u; € E* such
that p,, ; # 0. We show that there are complex numbers A1, ..., A such that

K

> Aibu.j #0 (7)

i=1
for every j =1,..., K. Indeed, for a fixed j, the set of K-tuples (A1,...,Ak)
such that Zfil AiDu;,; = 0 is a linear subspace L; of CX. Since Pu,,j 7 0, the
subspace L; does not contain the vector (0,...,0,1,0,...,0) having 1 as the
jth coordinate. Therefore, L; is a proper subspace of C¥. Now C¥ is not the
union of finitely many proper subspaces, therefore, we must have (7) for every
j=1,..., K with a suitable (A1,..., A\g).

Let u = Zfil Aiw;. Then p, ; = Eszl AiDu,;,j 7 0 forevery j =1,..., K.
That is, in the representation of uwo f as a sum of functions p-m € P, each of
mi,..., Mk appears with a nonzero polynomial factor.

Now we need the following result: if V' is a translation invariant linear
subspace of C¢ and Z?:l pim; € V, where p; € C% is a nonzero generalized
polynomial for every ¢ =1,...,n and mq,...,m, are distinct complex valued
exponentials, then m; € V for every i = 1,...,n. This is proved, e.g., in [7,
Lemma 6] in the case when G is an Abelian group. One can easily check that
the same proof works in Abelian semigroups.

Since Loy is a translation invariant linear subspace of C% and uo f =
meepu p-m, it follows that m,...,mg € Lyo¢. Now m1,..., mg are linearly

independent over C, since, if Zf; c;m; = 0, where ¢q,...,cx € C, then the
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unique representation of the zero function implies ¢; = co = ... = cx = 0. We
find that dim L,.s > K, which contradicts the choice of K.

This contradiction proves that M contains less than K exponentials.
Let M = {my,...,my}, where n < K. Then for every u € E* there are
polynomials p,; (i =1,...,n) such that wo f =31 py,;-m;.

Let s(u) = maxi<i<pndegpy,i, and put Us = {u € E*: s(u) < s} for
every positive integer s. By the Baire category theorem we can find an integer
s such that Uy is of second category in E*.

By Lemma 15, there is a finite set D of difference operators such that,
for every u € Us and i = 1,...,m, py,;-m; = D;(uo f) for some D; € D.
Since D is finite, there is an n-tuple (D1, ..., D,) such that the set B of linear
functionals u € Uy such that

pu,i'mi:Di(uof) (izlv"'vn) (8)

is also of second category in E*. We fix such an n-tuple (Dy,...,D,).

We show that B is a closed linear subspace of E*. Suppose uy,us € B,
A1, A2 € C, and put u = Aquy + Agug. Since ujo f = Z?:lpuj,i -m; (j=1,2),
we have

n

wo f =3 (MPuyi+ NoPus.i) - i

i=1

The uniqueness of the representation gives

Dui = MPup,i + A2Pus i
and

Dl(u o f) = )\1Di(u1 o f) + )\2Di(u2 o f) =

= MPuy,i - My + APy, - My =

= Pu,i = M-
Thus u € B, proving that B is a linear subspace of E*. Let w € E* be in the

closure of B. Then there is a sequence of linear functionals u, € B such that
|luy — || — 0. Then

Puy,i - Mi = Di(uy, o f) — Di(uo f)
as v — oo, for every i« = 1,...,n. Thus p,,; — ¢ pointwise, where ¢; =
Di(uo f)/m,.
Now u, € B C Us, and thus p,, ; is a generalized polynomial of degree
< s. It is easy to check that this property is preserved under pointwise conver-

gence in the discrete topology of G. Therefore, g; is generalized polynomial of
degree < s for every ¢ = 1,...,n in the discrete topology of G. Now we have

n n n
g Dui-M; =uo f= lim u,of= lim g puyﬂwmi:g qi - M.
— v—00 v—00 4 7 —
i= i= 1=



150 Page 16 of 25 M. Laczkovich Results Math

Then the uniqueness of the representation gives ¢; = p,,; foreveryi =1,... n.
Thus py,; = Di(uwo f)/m;, Di(uo f) = py,-m; for every i = 1,...,n; that is
u € B.

Thus B is a closed subspace of E*. Since B is of second category, we have
B = E*. Therefore, (8) holds for every u € E*.

Let p; = (Dif)/m; (i=1,...,n)and f =31, p; - m;. Since

uop; =uo (Dif)/mi = Di(uo f)/mi=pu;
is a polynomial for every v € E*, it follows that p; is a w-polynomial for every
i=1,...,n. Now
n n
Uof:Z(UOPi) -m; :ZUODif:
i=1

i=1

=Y Di(uof) =2 pui-mi=
i=1 =1

= U O f
for every u € E*. Thus f = f, which completes the proof. 0.

The following result is an immediate consequence of Theorems 7, 9
and 14.

Corollary 16. Let G be a topological Abelian group, and suppose that there is
a dense subgroup H of G such that ro(H) < co. Then a function f € C(G, E)
18 a w-exponential polynomial if and only if f is an exponential polynomial.

In particular, if G = RP with the Euclidean topology and E is a Banach
space, then a function f € C(G, E) is a w-exponential polynomial if and only
if f is an exponential polynomial.

4. Vector Valued Harmonic Analysis and Synthesis on Discrete
Abelian Groups

Let G be a topological Abelian group, and E be a Banach space. We denote
by C(G, E) the set of continuous functions f: G — E. We equip C(G, F) with
the topology of uniform convergence on compact sets. In this topology a set
U c C(G,E) is open if, for every f € U, there exists a compact set K C G
and there is an € > 0 such that ¢ € U whenever ¢ € C(G, E) is such that
llp(z) — f(z)||g < € for every x € K. This topology makes C(G, E) a locally
convex topological vector space over the complex field.

Translation invariant closed linear subspaces of C(G, E) are called vari-
eties. If f € C(G,E), then V; denotes the smallest variety containing f.
Clearly, V; equals the closure of Ly. We say that spectral synthesis holds in
C(G, E) if every variety V in C(G, E) is the closed linear hull of the set of
exponential polynomials contained in V.
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It is known that spectral synthesis holds in C(G, E) for every compact
Abelian group G and for every Banach space FE. In fact, this result follows from
the approximation theorem of almost periodic functions mapping a group into
a Banach space [2]. More precisely, if G is a compact Abelian group, then (i)
every continuous function f: G — E is almost periodic, (ii) the terms of the
Fourier series of f are constant multiples of characters belonging to V¢, and
(iii) it follows from the approximation theorem that linear combinations of
these characters approximate f uniformly. We note, however, that this special
case can be proved without the machinery of almost periodic functions, and
in the next section we provide a simple self-contained proof.

As it turns out, the situation for locally compact Abelian groups is dif-
ferent. In the rest of this section we concentrate on discrete Abelian groups. In
these groups we have C(G, E) = E€. As we will see shortly, spectral synthesis
does not hold in E€ if G is infinite and E is of infinite dimension. Actually,
the situation is even worse.

By a generalized (resp. local) exponential polynomial we mean a func-
tion of the form Z;;l m; - pi, where m; is an exponential and p; € EC is a
generalized (resp. local) polynomial on G for every i = 1,...,n. We say that
generalized (resp. local) spectral synthesis holds in E€ if every variety V in E¢
is the closed linear hull of the set of generalized (resp. local) exponential poly-
nomials contained in V. Clearly, the condition that spectral synthesis holds in
E% implies that generalized spectral synthesis holds in E“, and this condition,
in turn, implies that local spectral synthesis holds in F.

Let f = Y1, m; - p;, where mq,...,m, are distinct exponentials and
D1, - .. ,Pn are nonzero local polynomials on G. One can prove that m; -p; € V¢
for every ¢, moreover, there are nonzero elements eq,...,e, € E such that

m; - e; € Vy for every i. (See [7, Lemma 7], where the complex valued case is
proved. One can easily check that the proof works in the general case as well.)
This result shows that if local spectral synthesis holds in E®, then spectral
analysis holds in E; that is, every nonzero variety in E¢ contains a function
of the form m - e, where m is an exponential and e € E, e # 0.

Theorem 17. If G is an infinite discrete Abelian group and E is a Banach
space of infinite dimension, then spectral analysis does not hold in EC .

Proof. Tt is easy to see that if spectral analysis holds in E¢, then the same is
true in B! for every subgroup H of G. (For the complex case see [10, Lemma
4]. The proof in the general case is the same.) Therefore, in order to prove the
theorem, it is enough to find a subgroup H of G such that spectral analysis
does not hold in E.

If G contains an element A of infinite order, then we let H be the cyclic
group generated by h. If G is torsion, then we choose a countably infinite
subset A C G, and let H be the subgroup generated by A. Then H is countably
infinite, and is either cyclic, or torsion.
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Let ¢1,92,... be an enumeration of the elements of H. If H is cyclic
generated by the element h, then we choose an enumeration such that go,, = h"
(n=1,2,...). If H is torsion, then the enumeration can be arbitrary.

Since E is of infinite dimension, it contains a basic sequence (x.,) (see [4,
Corollary 3, p. 39]). We may assume that ||z, || = n! for every n = 1,2,.. ..

We define f(gn) = x,, for every n = 1,2, ..., and prove that V; does not
contain any function of the form m - e, where m is an exponential and e € F,
e # 0.

Suppose this is false, and let m - e € Vy, where m and e are as above.
Since H is countable and m-e € Vy = cl Ly, it follows that there is a sequence
of functions f; € Ly such that f; — m - e pointwise on H. Now each f is
a linear combination of the functions T}, f, and thus there is a sequence of
positive integers s; < s < ... such that fj is a linear combination of the
functions Ty, f (n=1,...,s;). Let

Sk
fe=>Y Ty f (=12,
n=1

Let e = 22021 anx, with suitable complex coefficients a.,. Since the series
converges in norm, it follows that ||y, 2, | — 0, that is, n!|a,| — 0. We have

Z CknTn = Z Cknf(gn) = fk(o) - m(O) e=e¢e= Z AnTp
n=1 n=1 n=1

as k — oo. Since the coefficient functionals are continuous (see [4, p. 32]), it
follows that limy_ .o cgn = a, for every n. Let the indices i and j be given,
and put g = g; — g;, Then

f chnfg+gn)_>m Z
n=1 n=1

as k — oo. The elements g + g, (n = 1,...,s,) are distinct, and then so are
f(g+ gn). If k is large enough, then i < sk, f(g + g:) = f(g;) = z;, and thus
fx(g) is a linear combination of finitely many of the elements x,, including ;.
Since the coefficient functionals are continuous, it follows that the coefficient
of x; converges to m(g)a; as k — oo. That is, we have limy_, oo cxi = m(9)a;.
However, as ¢; — «;, we find

a; = m(g)a; = m(g; — gi)o; = (m(g;)/m(9:))c;

and a;m(g;) = a;m(g;). This is true for every ¢ and j, and thus there is a
complex number ¢ such that a;m(g;) = ¢ for every i = 1,2, .. ..

Since e # 0, we have «,, # 0 for at least one n, and thus ¢ # 0. Now we
consider the two cases concerning the group structure of H. If H is torsion, then
the value of m(g) is a root of unity for every g € H. Then |a,| = |¢/m(gn)| = |¢|
for every n. This, however, is impossible by n!|a,| — 0.
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Next suppose that H is cyclic with generator h. Then we have go,, = h™
for every n = 1,2,.... Let m(h) = A, then m(g2,) = A" and |ag,| =
le/m(gan)| = |c| - [N|~™ for every m. This, again, contradicts n!|a,| — 0, com-
pleting the proof. O

Returning to the question of spectral synthesis in discrete Abelian groups,
the previous result shows that spectral synthesis can hold in E¢ only if G is
finite or F is of finite dimension. If G is finite, then every element f € E¢ is
an exponential polynomial, as Ly is of finite dimension. Therefore, in this case
spectral synthesis does hold.

If E is of finite dimension, then spectral synthesis in E¢ is still not
automatic. Indeed, if spectral synthesis holds in E, then it also holds in C.
Now it is known that spectral synthesis holds in C¢ if and only if 74(G) (the
torsion free rank of @) is finite (see [11, Theorem 1]). So the only cases left
are when 79(G) is finite and E is of finite dimension. In the next theorem we
show that spectral synthesis does hold in these cases.

We also consider local spectral synthesis and spectral analysis. Note that
spectral analysis holds in C% if and only if 7(G) is less than continuum (see
[10, Theorem 1]). Also, there exists an uncountable cardinal x such that local
spectral synthesis holds in C% if and only if 79(G) < & (see [7, Theorem 3]).
In particular, local spectral synthesis holds in C% for every countable discrete
Abelian group.

Theorem 18. Let G be a discrete Abelian group, and let k be a positive integer.
() If ro(G) is finite, then spectral synthesis holds in (C*)<.
(ii) If ro(G) < K, then local spectral synthesis holds in (C*)&.

For every set V of maps f: G — C* we shall denote by V the set of maps

7ZF x G > (tl,. .. ,tk,x) — tlfl(ac) +... —l—tkfk(fb) +g($)7 (9)
where (f1,...,fx) € Vand g: G — C.

Lemma 19. If V is a variety of maps f: G — CF, then V is a variety on
7F x G.

Proof. Suppose that V is a variety. It is clear that V is a translation invariant
linear space. We show that V is closed.

Let ¢; = (614,...,01:,0) € ZF x G for every i = 1,...,k, where 0ji is
the Kronecker delta. It is clear that if the function F' is defined by (9), then
Ag, F(ty, ... tg,x) = fi(x) for every i = 1,...,k and (t1,...,tx, ) € ZF x G.
Suppose that h: (Z¥ x G) — C is in the closure of V. From the previous
observation it follows that A.,h does not depend on the variables t,..., .
That is, there are functions hy, ..., hy: G — C such that Ag, h(t1,...,tg, z) =
hi(z) for every i = 1,...,k and (t,...,tx, ) € Z¥ x G. Let

Sty vy tiy @) = t1he(z) + ..+ tphi(x)
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for every (ti,...,tx, ) € ZF x G, and put ¢ = h — s. Then A.,g = 0 for
every ¢ = 1,...,k. Thus ¢ = h — s does not depend on the variables t1, ..., .
Therefore, we have

h(ty, ...tk w) =t1hi(z) + ... + tphie(z) + g(x)

for every (ti,...,tr,x) € Z* x G. We prove that (hy,...,ht) € V. Since V is
a variety, it is enough to show that (hy,...,hg) is in the closure of V.

Let the finite set X C G and the positive number ¢ be given. Since h is in
the closure of V, there is a function f € V such that it is closer to h than £/2
at each point (¢1,...,t,x), where t; = 0,1 for every i = 1,...,k and = € X.
Let

fts ot o) =t fi(e) + .o+ e fi(2) + g1(2),

where (f1,..., fr) € V. Since A, h(0,...,0,2) = h;(x) and A, f(0,...,0,z) =
fi(z) for every x € X, it follows that |h;(z) — fi(z)| < € for every x € X
and ¢ = 1,..., k. This proves that (hq,...,hx) is in the closure of V. Thus
(h1,...,ht) € V and h € V, showing that V is a variety. O

Proof of Theorem 18. (i) Let V be a variety of maps f: G — C*. By The-
orem 4, a function f: G — CF* is an exponential polynomial if and only if
f=(f, .., fr), where f1,..., fi are complex valued exponential polynomi-
als.

We have to show that if ro(G) is finite, then the set of maps

{(p1,-.-,pk) € V:p1,...,pi are exponential polynomials}

is dense in V. Let (f1,...,fx) € V, and let the finite set X C G and the
positive number e be given. If 79(G) is finite, then ro(Z* x G) is also finite.
Then, by [11, Theorem 1], spectral synthesis holds in every variety on ZF x G.
By Lemma 19, V is a variety. Since the function f = ¢, f1(z) + ... + ti.fr(z)
belongs to V, it follows that there is an exponential polynomial p € V such
that p is closer to f than £/2 at each point (¢1,...,tg,x), where t; = 0,1 for
every i =1,...,k and x € X. Let

p(t1, ... te,x) = tipr1(x) + ... + tepr(x) + ga(x).

Then (p1,...,px) €V by p € V, and |p;(z) — f;(z)| < ¢ for every z € X and
i=1,...,k. Since p is an exponential polynomial, so is p; = A.,p(0,...,0,z)
for every 4. This proves that the maps (p1,...,px) € V, where py,...,p; are
exponential polynomials constitute a dense subset of V. This proves (i).

The proof of (ii) is similar to that of (i). If 7o(G) < &, then r7(Z*xG) < k. Thus
local spectral synthesis holds in the variety V. If f = t1 fi(z)+. ..+t fu(z) €V,
there is a local exponential polynomial p € V such that p is closer to f than ¢/2
at each point (¢1,...,tg,x), where t; = 0,1 for every i = 1,...,k and = € X.
As we saw above, this implies that |p;(x) — fi(x)| < ¢ for every x € X and i =
1,..., k. Since p is a local exponential polynomial, so is p; = A¢,p(0,...,0,2)
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for every i. This proves that the maps (p1,...,pr) € V, where p1,...,px are
local exponential polynomials constitute a dense subset of V. O

Corollary 20. If ro(G) < & (in particular, if ro(G) is countable), then spectral
analysis holds in (CF)<.

Proof. Let V. C EY be a nonzero variety, where E = CF. By (ii) of Theo-
rem 18, local spectral synthesis holds in (C*)“, and thus there is a nonzero
local exponential polynomial f € V. Let f = Y1 | m; - p;, where m; is an

exponential and p; € E® is a local polynomial for every i = 1,...,n. We may
assume that myq, ..., m, are distinct and py,...,p, are nonzero. Then, by [7,
Lemma 7], m;-e; € V for every i = 1,...,n with nonzero ey, ..., e, € E = CF.

In fact, [7] deals with complex valued maps, but the argument of the proof
of [7, Lemma 7] works for vector valued functions as well. This proves that
spectral analysis holds in V. 0

Note that if k& = 1, then x can be replaced by 2% in the statement of
Corollary 20 (see [10]). Since w1 < x < 2¢, it makes no difference under the
continuum hypothesis. Still, it would be interesting to see if k can be replaced
by 2“ in the cases k > 1 as well.
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5. Appendix: A Proof of Spectral Synthesis on Compact
Abelian Groups

Theorem 21. If G is a compact Abelian group and E is a Banach space, then
spectral synthesis holds in C(G, E).

Proof. We denote by M(G) the set of complex valued regular Borel measures
on G with finite total variation ||u|. If f € C(G, E) and p € M(G), then we
define p* f(z) as [ f(z —t) du(t). The integral makes sense for every = € G,
as we integrate a continuous function mapping a compact Hausdorff space into
a Banach space (see [13, Theorem 3.27]).


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

150 Page 22 of 25 M. Laczkovich Results Math

We show that px* f € Vy for every f € C(G,E) and p € M(G). Let € > 0
be given. By the uniform continuity of f we can find a neighbourhood V of 0
such that || f(z) — f(v)|| g < &/]|p]] whenever z —y € V. Let U be a symmetric
neighbourhood of 0 such that U +U C V.

Since G is compact, there are points z; € G (i = 1,...,n) such that
G = U, (U + z;). Choose a partition {E1,...,E,} of G into finitely many
Borel sets such that E; C U + x; for every ¢ = 1,...,n. Deleting the empty
sets from the partition, we may assume that E; # ) for every i. Choose a point
t; € B; for every i =1,...,n, and put

o) = [ fa-Ddut) = Y uBfa—t)  @eG. (o)
i=1

Then ||z(2)||g < € for every z € G. Indeed, suppose ||z(z)||g > ¢ for some x.

Then there is a v € E* such that |ju|| <1 and |u(z(z))] > . Now

n

u(z(z)) = /G (wo f)(x— ) dut) = S u(E) - (wo f)(a —t;) =

— Z/E (wo f)(x—t) — (uo f)(x —t;)) du(t).

However, since t —¢; € V and |[u(f(z—t)) —u(f(z—t;))||g < /||p|| whenever
t € E;, we have |u(z(z))| < e, which is impossible.

Now the function >, u(E;) f(z —¢;) is in Ly. By (10) we find that pux f
can be uniformly approximated by functions from Ly, and thus p* f € Vy.

If f e C(G,E) and g € C(G,C) then f  g(x) is defined by [, f(x —
t)g(t) dt, where dx is the Haar measure. Clearly, f*g = pg* f, where p,(H) =
J3; g dt for every Borel H C G. Thus f x g € V.

It is clear that C(G,E) is a Banach space with the norm | f| =
sup,cq |flle- IfA € C(G,E)* and f € C(G, E), then we put Ax f(z) = A(ga),
where g, is the function t — f(z —t) (¢t € G). Using the uniform continuity
of f it is easy to see that A x f € C(G,C). Our next aim is to show that if
AeC(G,E)*, f € C(G,E) and g € C(G,C), then

(Axf)xg=Ax(f*g) (11)

First we assume that the linear span N(f) of R(f) is of finite dimension.
Let eq,...,e, be a basis of N(f). Then there are functions f;: G — C such

that f = Y7, fi - €;. There are linear functionals uy,...,u; € E* such that
u;(e;) = 1 and w;(e;) = 0 for every 1 < 4,5 < k, i # j. Thus f; = u; o f for
every i = 1,..., k. Since f is continuous, we can see that so are f1,..., f.

Let A;i(g) = A(g - e;) for every g € C(G,C) and i = 1,...,n. It is clear
that A; is a bounded linear functional of C'(G, C). By the Riesz representation
theorem, there are measures p1, ..., @, such that A;(g) = ngdui for every
g€ C(G,C)and i =1,...,n. Then A; x g = p; x g for every g € C(G,C) and
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i=1,...,n, and thus

/N

A*Zfl ez>*g—<zn:A* ) —

=1

Ai*fi) *g = (Zﬂi*fz) *g =
- ;

/U'Z*fi *Q_Z,Ufz fz*g):
1=1

I
MTT

1

o
I

[
M:

x (fixg) = ZA* (fi-e)*xg)=

(f * g).
If f € C(G,E) is arbitrary, then a standard partition-of-unity argument?
shows that f can be uniformly approximated by functions f, such that the

linear span of R(f,,) is of finite dimension for every n. Suppose ||f— fnllg < 1/n
(n=1,2,...). Then |[f x g — fn* gll& < [lg]l1/n on G,

[As (fxg) = Ax (fuxg)l < A llglli/n,
(A f = Aox fol = [Ax (f = fo)| < [[A[l/n,
[(A s f) % g = (A fu) 5 gll < AU [lglla/n

Since (A * f,,) xg = A * (fn % g), it follows that the norm of the difference of
the two sides of (11) is at most ¢/n for every n, where ¢ only depends on A
and g. This proves (11).

Let T denote the dual of G. If v € I, then the invariance of the Haar
measure gives

>

(f #7)(x) = /G A — 1) () dt = ey - 7(x),

where e, = [, y(—t)f(t)dt. Thus e, -y € Vy for every v € T'. Each y € T' is
an exponential. Thus linear combinations of the elements e, - vy are E-valued
exponential polynomials by Theorem 4. Therefore, it is enough to show that
f is in the closure of the set IV of linear combinations of the elements e - .
The closure cI N of N is a closed subspace of C(G, E), so if f ¢ cIN,
then there is a A € C(G, E)* such that A(f) # 0 and A(e, - y) = 0 for every
v € T. Let M(g) = A(g), where g(z) = g(—x). Then (M * ¢)(0) = A(g) for

3Let € > 0 be given. Let V be a neighbourhood of 0 such that || f(z) — f(y)|| g < € whenever
z —y € V. Let U be another neighbourhood of 0 such that clU C V, and let ¢: G — R
be a continuous function such that ¢ > 0on U,0< ¢ <1lonV and ¢ =0 on G\ V. Let
z; € G (i =1,...,n) be such that G = U], (U + x;), and put ®(z) = > | d(xz — x;).
Then ® is a positive continuous function on G. Put fo = &1 - 3"  é(z — z;) - f(z:).
Then f. € C(G,E), and the linear span of R(f.) is of finite dimension. Now we have
f@)—fe(x) =271 Y1 | ¢(z—a;) (f(x)—f(z;)) for every z. If & ¢ V+a;, then ¢p(z—z;) = 0.
Ifx € V4+a,;, then 0 < ¢p(x—=z;) < 1land ||f(x)— f(z:)||g < €, and thus || f(z)— fe(z)|| g < €.
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every g € C(G, E). Therefore, we have M * f # 0 and M * (e, -y) = 0 for
every v € I'. Then

(M f)sy=Mx(fxy)=Msx*(ey-7)=0

for every v € I". Since M xf € C(G,C) and the set of trigonometric polynomials
is dense in C'(G, C), it follows that M * f = 0, a contradiction. O
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